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9 ABSTRACT. It’s well known that the integral of the top exterior power of the first Chern form over a
o closed complex manifold is an integer, called a Chern number, which is the Euler number Y in the case
— of complex dimension one. Now we show that its integral over an irreducible algebraic hypersurface
" of degree d in complex Euclidean space C"t! is also an integer, with absolute value between 0 and
12 d(d —1)"; and the upper bound is reached by an affine hypersurface whose projective completion is
13 nonsingular and transverse to the hyperplane at infinity. In particular, the total Gauss curvature of a
14 general smooth affine plane curve is equal to 27(y — 1 —/T—%).

15

16 1. Introduction

17

1s There is a way of establishing Gauss-Bonnet theorem for hypersurfaces in Euclidean space in terms of
19 the degree of the Gauss map. We also have a notion of degree of a rational map between algebraic
oo Vvarieties. In light of these, consider a complex algebraic hypersurface

21 V ={f(z0,-- ,2n) =0, f prime} c C"*!

22

o3 and its rational Gauss map

r @: V0= Pz [folz) i fal2)]

25 where VO = {Vf = (fo, -, fn) # 0} NV is the smooth locus of V. Coincidentally, the Kahler form 1
26 of the Fubini-Study metric of P" pulls back to —1 times the first Chern form ¢; of V° with the induced
27 metric from ambient Euclidean space (Lemma 2.1). By Wirtinger Theorem, the volume form is pulled
28 back as

29 ®*(dP") = @*(n" /n!) = &*(n))" /nt = Een .

%0 If @ is dominant with degree m, then there is a nonempty Zariski open subset U C P" such that &

1 restricts to a m-sheeted smooth covering map, which is proper, from Zariski open subset &~ (U) c V°

°2 onto U connected. By virtue of the relation between degree of proper maps and integration of top

% forms (Theorem 2.3),
34

- O (dP") = / dP"
® [b‘(U) (@P") =m U

% provided the latter integral exists. Since a nowhere dense analytic subset of a complex manifold has

%" measure zero (Proposition 2.4, Remark 2.5), which does not affect integrability or the value of integral,
38

39 (PP =m [ aP".

40 v P
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AN INTEGRAL FORMULA 2
1 Substituting 1 / n! for the volume of P"* ([6], page 297), we obtain the formula (Theorem 2.9)
S () [ "= (=1 deg(®).
— which can be interpreted as the first Chern number of V. We will show that (Theorem 2.7)

m<d(d—1)" whered =degf,

and the upper bound is almost always reached (Theorem 3.4). Because

E (2) KdV =2mc) K : Gauss (sectional) curvature

10

;; for a Hermitian Riemann surface, we develop the Gauss-Bonnet formula for affine plane curves under

;» some additional assumptions (Theorem 4.3).

13

v 2. For arbitrary affine hypersurfaces

5 The following observation first appeared in ([1], prop 3, page 819), as far as I know. However, I give
16 another proof, which also provides an expression (3) for the first Chern form of a hypersurface in
7 complex Euclidean space without using the metric.

18
19 Lemma 2.1. Suppose a hypersurface M is the zero locus of a holomorphic function f defined in an open

20 subset of Euclidean space C'"*' whose gradient vanishes nowhere on M. Let 1| be the Kahler form of P",
21 whose homogeneous coordinate representation (i.e., pull back via the projection 7 : C"'\ {0} — P") is
2 N = (21) 'iddlog(|Wy|*+- - -+ |W,|?), then 1 pulls back to minus the first Chern form ¢\ associated
23 with the induced metric of M via the holomorphic Gauss map ® : M — P", z — [fo(z) -+ : fn(2)].

24 . .
— Proof. Because @ is the composition
25

26 d: M-l pr

27 2= Vf(@) = [fol2) - fa(2)],

28 =

55 and pull back by a holomorphic map commutes with d,d; 1 is first pulled back to
30 (27) ' idd log(|Wo|* + -+ [Wu[?)

31

- n+1

5 on " \{0} and then to . X i

3 (27) " iddlog(|fol "+ +|ful") = @

34 on a neighborhood of M. Locally M is the graph of a holomorphic function, say, zo = h(zy,...,2,), and
35

% @215 20) = (A(215320) 21505 Z0)

37 is a coordinate patch of M with Jacobian matrix

38

3E hl’l .. h(’)”

0 .

il Do =

4“1 ¢ : .l

42 0o --- 1
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1 Let bj (j=0,...,n) be the determinant of the submatrix of D¢ obtained by deleting the jth row.
"2 Suppose the induced metric on M has Hermitian components [g,;],xx, then

det[g,;] = |[D@"D@| (up to a constant factor)
= Y bibj=1+ Y |h;|* (Cauchy— Binet formula)
j=0 i=1

=1 % \fi/ ol = (V4P / 1ol

So |y has coordinate representation

.
[Ble|e|~|ofa]s]e|

11 (277)711'8910%(‘]?,00@‘2‘%"’+|f,n°(P|2)-

— Since ¢ = —(27) " liddlogdet[g,;], we see that

(3 Oy =—c

.

6 O
e Proposition 2.2. In the same setting as above, the top form c{" vanishes at a point of M if and only if
19 fi| 2 0 (k,l =0,...,n) at that point.

oo | S S

21 Proof. In the notation of the previous proposition, on the graph of the holomorphic function zg =

22 h(zi,...,zn), the Kahler form
23 S —k .
oy A =iggd NdZ (jk=1,...n)

25 satisfies Wirtinger Theorem (here z; = 7/ and repeated indices are summed over)
26

- A" =nldV® = nli"|g gldz' AdZ' A~ NdZNdZ"
28 _ . ..
oo Likewise, the Ricci form

30 R = (27)c1 = iR zd? NdZ* = iddlog|gy| = iddloga

31

n
%where ar = fr(h(z1y-120),205y20), @= Y, |ax|* satisfies
k=0

34

o R" =nli"|R gldz' AdZ Ao A NAT

% We calculate that

37 _

= |~ Ryl =|(loga) ;| = " detlag a—aa,]
39

E ajla — aja’l v ajna — aia7n
‘E — a—2n

42 ama—apd) --- Appd—Aaidnp
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17 aila e aina —aja,l aﬂa s ajna

2 =a (| 1 |+ :

i aﬁ]a e (lﬁn(l —aﬁa?] aﬁza tee aﬁna

4

S at,a —asap -+ aT,d ata -+ ay, a4 —azd
o 1 142 n 11 In—1 1%n
- + : +...+ : )
5 apla —amdp - Aupd apl@ -+ App—14 —dpdp
9

10 a7T1 “e a’Tn a7T a7T2 “ee a7T}’l

11 =a 2a" (a —a

2 ant - Agan An am2 " Aun

13 - _ _ _ P

= aT afg ay aT aTn—1 afg

14 )

g “+a 2 —...+ aJ, )
16 anpl —ag a mn anl apn—1 —ag

17

5 a aj an

— aT asy at

E _af(nJr]) ,1 ,11 Jn

20 :

21 an Anl A nn

22

23 apg ap -+ dp ap ap1 -t Aon

ll 0l %1 411 a7 | | a1 ai ain

25 =a () 7 . ;

26 _ _ _

27 aon Adig ann an dpi An.n

28

29

30 and

31

32

33

= ap aop1 -t Aon

34

- ap apn ain )
35 . ] :‘ ai Ay j ‘:‘ f,k ﬁkj+ﬁk0h7j ‘ (k:(),...,l’l,]:l,...
36 : ’

37 ap  Aapl an.n

38

39 fo Sfor+foohy - font foohn

0 fa fu+faohy - fant faoha

41 : : - :

42 f7n f,nl + f7n0h,1 te fnn + f,nOh,n
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fo for - fon fo foohi fo2 - fon

1
2 fiu oo fan S fiohy fi2oo fan

3 = : S SR : A LT

% fn f7n1 T f,nn fn f,nOh,l f,nZ T f,nn

o fo Jfor - fom-1) Sfooln

% fa fuo fimen faoha )

o oo : :

10 fﬂ f,nl e f,n(nfl) f.,nOh,n

1"

E 0 f70 le

3 fo foo o fon .
13 S I A ) i =i
e =0 Lo (expand according to the Oth row and use /1 ; = f,(j> ).
E f,n ﬁnO Ut f,nn

N
\A‘ov
U

E Recall that the degree of a proper smooth map f : M — N between oriented boundaryless manifolds
19 with N connected is the integer

20 o

e deg(f)= Y. sen(df,) (0if f~'(q)=0)

v f(p)=q

o3 for any regular value g € N. Given a compactly supported differential form @ on N, if M is also
o4 connected, we know that

) | ro=desr) [ o

27 which can be proved using de Rham cohomology ([4], Theorem 2.3, page 105). Now we generalize it

% to integration of forms with closed support.
29

30 Theorem 2.3. Let f : M — N be a proper smooth map of oriented boundaryless manifolds with N
31 connected, ® a top form on N. Assume further that the number of preimage points of any regular value
32 is bounded above by the same positive integer. If ® is integrable on N then f*® is integrable on M,
33 and Equation (4) holds.

Z% Proof. The regular values of f with nonempty preimage constitute an open set Q C N, and f restricts
5 toa finite sheeted smooth covering map from f~!'(Q) onto Q, with the number of sheets bounded
o above by /. Every point g € Q has a neighborhood V,, C Q whose preimage is a finite disjoint union
.~ of open sets Uj,'s in M and the restriction of f on each is a diffeomorphism. All such open sets V,'s

38

4 cover O, and there is a partition of unity {¢;} subordinate to the cover, with supp¢; C V;. Since ¢;® is

0 compactly supported in V;, and f is diffeomorphic on U;;, we have
a1

- 17 @iol= | ool
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and summing over i,

/fl(Q) gl = /fl(Vj) 7~y < l/v,- |90 = l/Q 9.

Suppose o is integrable on N hence also on Q,
Y [ 10l = [ o] <
FR4Y 0

by monotone convergence theorem. Therefore

Zél |_/#®Vmﬂ:AAﬁM<m

since Y ;¢;0f =1on f~ 1(Q) and f*w is zero on M\ f~1(Q). That is, f*® is integrable on M.

E Now taklng orientation into account,
14

5 [H(¢j0) =+ / 9,0,
16 Uij
17 according to whether f is orientation preserving or reversing on U, assuming that V,'s are connected.

18 Summing over i, since all points of Q have the same signed degree m = deg(f),

21
-» Assume integrability and sum over j, the right hand side becomes m fQ o (dominant convergence

o5 theorem), while the left hand side is

N N

% If m # 0, then f is surjective, N \Q is the set of critical values which has measure zero, so
27

28 / ffo= m/ .
2o M N
30 1f m =0, this equation also holds. O

jele[~]ofa]s]e]m]-

—_
o

_A_.

3T Proposition 2.4. A nowhere dense analytic subset of a complex manifold has measure zero.
32

33 Proof. This is a straightforward consequence of the fact that the zero set of a holomorphic function not
34 identically zero on a connected open set of C" has (Lebesgue) measure 0 (Corollary 10, page 9 of [3]),
35 because a nowhere dense analytic subset A of a complex manifold M can be covered by connected
36 holomorphic coordinate charts {Ug, @} such that U, NA is the common zeros of a finite number of
37 holomorphic functions not identically zero on Uy,. O

Z% Remark 2.5. If M is equiped with a volume density which induces a positive regular Borel measure
o o0 M by Riesz representation theorem, then A also has y measure 0.

41 Proposition 2.6. The dominance and degree of the rational Gauss map of an affine hypersurface is
42 invariant under nonsingular affine transformations.
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Proof. Given an affine transformation
¢(x) =Ax+b, x,b € K", A invertible

and a hypersurface {f =0} C K", let g(x) = f o ¢(x), then the hypersurface {g =0} C K" is mapped
by ¢ isomorphically onto { f = 0}, in such a way that their gradient vectors at corresponding points
6 are related by

1
2
3
4
5

(&1(x)s180) = (L1(@(X)); -, fn) A

o If there is a Zariski open set Q C P"~! such that each ¢ € Q has exactly D preimage points in {f=0}
10 under the mapx — [f1(x) : -+ : ], then the Zariski open set QA = {¢qA|q € Q} C P"~! has the property
11 that each gA € QA has precisely D preimage points in {g = 0} under the map x — [g 1 (x) : -+ : g ]
12 That is, their Gauss maps have the same degree. 0

[ |~

" Theorem 2.7. If the Gauss map ® of a hypersurface V.= {f(zo,...,zn) = 0, f prime with degree d} C

% C"*!is dominant, then deg(®) < d(d —1)".

6 Proof. The image of the dominant rational map & contains a nonempty Zariski open set whose points
'7_have precisely m = deg(®) preimage points in V. Since critical values have measure zero, one of
'8 them, say g € P", must be a regular value. After an affine transformation which does not change the
9 degree by the proposition above, we may assume g = [1:0: -+ : 0]. Each of the m points satisfies the

20 system of equations

21 _

22 {f=0, f;=0, j=1,..,n}.

23 By Proposition 2.2, the following determinants are nonzero at these regular points

24

— 0 fo O

25 0 _ ’ .

o £ ]{»f‘k (ok=0,.on)=1| fo foo fox | (jik=1,...n)

o R 0 fjo fi

28 :—f()’ 0 (ok=1,...,n),

2 Sl Lio Lk

ig so all of the m solutions are nonsingular in the sense of Lemma 2.8 below. Since f; has degree at most
31 d—1, it follows from the lemma that m < d(d —1)". O

32
33 Lemma 2.8. Let fi,..., f, € C[z1,...,2,) be polynomials of degrees d, ...,d, respectively, then the

a4 humber of nonsingular common zeros of them (i.e. at which [f; j|1<i j<n has full rank) is at most the
5 product dy---d.

% Proof. Let Fy, ..., F, be the homogenizations of fi,..., f,, respectively, whose degrees do not change.

" Then (z1, ..., 2,) is a nonsingular solution of the system {f; =--- = f, =0} ifand only if [1: 2 : -+ - : 2]
® isa nonsingular projective solution of the system {F; = --- = F, = 0}, thus Lemma 11.5.1 of [2]
9 applies. 0
40

E Theorem 2.9. Given an algebraic hypersurface V = {f(zo,...,z») = 0, f prime with degree d} C
22 C"1, let @ = (21)~1iddlog(|Vf|?) defined in a neighborhood of the smooth locus VO of V. If

22 Aug 2024 10:19:16 PDT
240215-HeYi Version 5 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

AN INTEGRAL FORMULA 8

0 fi
fi L

(j,k=0,...,n) does not vanish identically on'V, then the Gauss map ® is dominant andd

/VO " = deg(®) < d(d —1)"

— Proof. ® is dominant if and only if the smooth map @ is regular at some point p € V°, in which case
— the determinant in the premise of the theorem is nonzero at p by Proposition 2.2. So Theorem 2.7 holds.
. Moreover, the smooth locus V? of an irreducible complex variety is connected in the analytic topology,
o thus a proper closed algebraic subset of V' is nowhere dense by the identity theorem of holomorphic
o functions on connected complex manifolds, so it has measure zero according to Proposition 2.4.
1* Therefore the argument before Formula (1) goes through. 0

12 Remark 2.10. Let S=C(fo/fj,--rfn /fj fj#0€C(V) be the subfield of the rational function
13 field C(V) generated over C by these n functions, then ® is dominant if and only if the degree of the
14 field extension C(V) D S is finite, in which case deg(®) = [C(V) : S].

ofa|a|w|m|=

15
. Example 2.11. nondegenerate quadrics in affine space
— A nondegenerate quadric V C C"*! is equivalent under the group of affine transformations to either of

. the two canonical ones:

18 zo+z%+---+z£=0,

E B+E -+ =1

— Since the index is affine invariant by Proposition 2.6, we need only to calculate it for the two canonical

21
— quadrics. For the former,
22

o =C(f1/f0sfn)f0) =C(z1,r20),
" ( ) =C(20,--,2n) = S(20)-

2ESince

26 zo:—zf—---—zﬁeS,

27 we get

28 [C(V):8]=1.

% For the latter,

30 S=C(f1/f0srfn/fo0) =C(z1/20,r2n/20),
% CQ(V)ZC(ZO, »Zn)— S).

— =0+ (1/20)*+ +(@/20)?) €S, 20¢S,
— hence

fa [C(V):8]=2.

35
36 Example 2.12. the surface V = {z/*? = x> +y?, p prime} C C?
37 Let f=x*+y* — 2", then

z% S:C(fx/fmfy/fz) :C(X/Zp+l7}’/zp+l)a
- and C(V) = C(x,,2) = S(2).

Y. . . 2p+2
;. Dividing through the equatipon by z°” +

, we get

42 l/Zp :x2/z2p+2 +y2/z2p+2’
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Q
=

= ((x/ZT+ (/) T =aes.

Since S contains pth roots of unity, and p is prime, C(V')/S is Kummer extension with degree p.

3. For general smooth affine hypersurfaces

o ||| w|m |~

~ For smooth projective hypersurfaces W = {F(Zy,...,Z,) = 0} C P", there is a nice formula which
5 states that the integral of the top exterior power of the Kahler form 71 equals (up to a constant factor)
5 the degree d of the hypersurface ([5], page 227)

) [ =a.
1 W

2 One can check that the constant factor is correct by choosing V to be a hyperplane Zy = 0 C P", then
13 the formula is consistent with the volume of P"~!.

14 LetV={F(1,21,...,20) = f(21,..-,2n) = 0} C C" be its affine part, in a neighborhood of which the form
- n

% o = (27)~1iddlog(|Vf|?) is defined. Since |Vf(z1,....z4)[> = ¥ |Fj(1,21,...,24)|?, the expression

1% =1

17 = ~

- (27)tiddlog(|F1(Zo,Z1, s Zn)|* + -+ |Ful*) = @

n
"% seems to extend o, but it needs some interpretation. |J {Fj # 0} = A is a nonempty Zariski open
j=1

20

21 subset of P" whose preimage under 7 : C""!\ {0} — P" is the domain of definition of @.

22 ~
- Proposition 3.1. @ is the pull back via T of a unique form & on A that extends @.

24 Proof. Recall that given a surjective submersion from manifold M to N with connected fibers, a basic
25 differential form on M is one that vanishes on any vertical vector, and so does its exterior derivative;
26 it is the pull back of a unique form on N. Now we show that @ is a basic form. Since ® is closed,
27 we need only to show that the form vanishes on any vertical vector. Any vertical vector is a linear

28 combination of Z, Z. Write (repeated indices indicate summation)

o 6 = (21) ' i0dlog(|FiP + -+ |Ff)
o = (27) " liddlogg = (2%)7]i(g71g7j)7Ede NdZy .

32 The contraction

33 Zi(g e )z=1(8'Zgj)z=0
34 because

5, Similar calculations show that its contraction with Z is also zero. So @ = 7*& for some & defined on A.
55 To see what & looks like in an affine chart {Z; % 0} of P", note that the chart map is the composition
s P=ToT:

0 (20, -Zj-s2n) = (20, L, oeszn) = [zot - 0 1t zn) 5
E )
2 p'E = T,
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1 which means that we simply substitute (z, .., 1,..,z,) for (Zy,...,Z,) in the expression of 7*&. For
2 example, in the case j =0,

g = (21)'iddlog(|Fi (1,21, 2) [ + -+ [Fal)

= (2m)7'idd1og(|f1 (21, s z0) P+ + | fal ),
which coincides with @ defined on AN{Zy #0} C P"={Vf#0} C C". O

Proposition 3.2. & defined above is cohomologous to d — 1 times the Kahler form 1 of P" on their
common domain of definition.

jo |~ o |o]s]e]

% Proof. Replace F by Z% 4+ Zﬁ and let / run through O, ..., n in the proof of Proposition 3.1, we get
. that ¥ is also a basic form. We have
8 wE— (d - D)a'n =d(idlog(}. |2,/ Y |F, ) = ap

J=0 J=1

14 . . . .
Lon n~1(A). B is a basic form with respect to the submersion 7 onto A because

6 B=idlogf=if""f;dz;,

7 vertical vector Z = Z ]8]-, any vertical vector is a linear combination of Z, Z,

18

o B(Z) :;f—lﬁij:if_I%],ZIf(tZB,...,th)

o =if 'L f(Zo,....Z,) = 0=B(Z).

21 Therefore, § = n* o, and

22 T (E—-d-1)n)=né—(d-1)n"'n=df =drn*o =n"da,

23

5, and by uniqueness, & —(d—1)n =da on A, which proves the claim. O

25 Sometimes ® can extend to a neighborhood of the whole of W, this happens when A contains W.

26
- Proposition 3.3. If the degree d hypersurface W = {F =0} C P" (d > 2, n > 2) is nonsingular and
og [ransverse to the hyperplane L = {Zy = 0}, then & can be defined on a neighborhood of the whole of W.

. Furthermore, the premise is a Zariski open condition and satisfied by a general degree d hypersurface.

ig Proof. The transversality condition can be expressed as the Jacobian matrix having full rank at nonzero
31 points where F(0,Z;,...,Z,) =0

. Fo Fi -+ Fu ]’
34 or equivalently, the system of equations

35

l {F=Fi=-=F,=0}

37 has no nonzero solution with Zy = 0, so LN'W is contained in A. On the other hand, on {Zy # 0} "W,
3g by Euler’s identity,

39 ZoFo+Z\Fy---+Z,F, =0,

40 Fy=-.-=F,=0wouldimply Fo = 0, contradicting the smoothness hypothesis. So A contains W.
41 Now assume nonsingularity, which is a Zariski open condition as we know. That is, the projective
42 space P™ that parameterizes all degree d hypersurfaces in P" contains a Zariski open subset U such
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1 that that a hypersurface is nonsingular if and only if it corresponds to a parameter value in U. The
2 system
B (F=Fy == F, =0}

*_cannot have projective solution with Z # 0 by the argument above, so the hypersurface is transversal
5 to L if and only if the system has no projective solution regardless of Z. To show that this is also a
6 Zariski open condition, we work with a generic F € Z[Yy, ..., Y, Zo, ..., Z,] with m+ 1 indeterminate
" coefficients. The system above defines a Zariski closed set in P" x P™ which projects to a Zariski
8 closed set B C P™, because the projection P" x P — P™ is a closed map in the Zariski topology.
° Points in U N BC correspond to those hypersurfaces that are both nonsingular and transverse to L. To
19 show that U N B¢ is nonempty, we need only to find a particular hypersurface satisfying the condition.

11 n
o SetF=Ya jZ;-i , aj # 0, whose gradient never vanishes in P". If VF(Zy,...,Z,) is proportional to
j=0

E (1,0,...,0), then Z; = - -- = Z, = 0; there is no such point on {F =0} C P", so it is transverse to L. [J
14

15 Theorem 3.4. For a nonsingular hypersurface V.= {f(z1,...,z,) = 0, f prime with degree d} C C",
15 let © = (2m)71iddlog(|Vf|?) defined in a neighborhood of V. If the projective completion W of V is

. also nonsingular and transverse to {Zy =0} C P", then [, "' =d(d—1)""".

'8 Proof. The formula is trivially true in the case of d = 1, henceforth we assume d > 2. By Proposition

19 3.3, @ extends to a form & defined on a neighborhood of W, such that & is cohomologous to (d — 1)1,

20 s0

21 /wn—l :/ én—l :(d_l)n—l/ nn—l :d(d—l)n_l
22 v w w

23 by Proposition 2.4 and Formula (5). O

24
s Remark 3.5. If we parameterize affine hypersurfaces by the same parameter that parameterizes their

o projective completions, then the theorem holds for a general affine hypersurface by Proposition 3.3.

27

o8 4. For general smooth affine plane curves and beyond

2E Cohn-Vossen’s inequality ([9], section 4, Theorem 10 or [8]) states that a complete boundaryless finitely
30 connected (i.e. homeomorphic to a closed surface N minus a finite number / of points) Riemannian

31 2-manifold M whose curvature integral exists satisfies
32

33 / KdM <2mx (M),
M

34
- where the Euler number
36 X (M) =x(N)—L.
32 By relation (2), we apply Theorem 2.9 in the case of irreducible affine plane curve V of degree d,
38
- OKdvoz—/wZZﬂd(l—d).
14 14

40
e Corollary 4.1. For a nonsingular irreducible complex affine plane curve V of degree d,

42 d(1-d) <5 [, KdV < x(V).
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1 Proof. V = {f =0} is a complete Riemann surface with the induced metric tensor because it is a
"2 properly embedded submanifold of the complete Euclidean space C2. It is biholomorphic to a Zariski
'3 open subset of a smooth projective curve, so V is finitely connected. Integrability of @ means that V
"4 has finite total absolute curvature, hence Cohn-Vossen’s inequality applies. 0

= Example 4.2. Euler number of the affine part of a complex nonsingular irreducible projective plane
° curve

a Suppose the curve V’ C P? has degree d, then its Euler number x (V') = d(3 — d). Its affine part V is
% V/ minus a finite number [ < d of points, so

o 2(V) = 2(V')~1>d(3—d)—d = d(2~d),

" consistent with the inequality above.
12

13 Theorem 4.3. If the projective completion V of an affine plane curve V. C C? is smooth and transverse
14 to the line at infinity (this is satisfied by a general affine hypersurface by Remark 3.5), then

15

= o= | Kav =22(v) ~3() = 2(V) =1 = T=2(V)

? Proof. Suppose the defing polynomial f(z;,z2) of V is irreducible and has degree d > 1, the highest
o degree terms H of f is homogeneous of degree d, so the homogenization F of f can be written as

QE F(ZO,ZI,ZZ) :H(ZI,ZZ)—‘FZ()G(Z(),ZI,ZZ) .
21 Since

2 VF(0,21,2) = (G(0,Z1,2,),VH(Z1,25)),
o,V is transverse to {Zp = 0} in P2, or equivalently,

25 (a1,az)7é(0,0), H(a1,(12):0 = VH(al,az);éO.

“ H is a product of linear factors, and if one of them, say a;Z; + a;Z; has multiplicity bigger than one,
. then

2? H(Clz,—al) :0, VH(dz,—al) :0,

30 acontradiction. So F has exactly d distinct projective zeros in {Zy = 0}. Therefore the Euler number

s x(V)=x(V)—d=d3—-d)—d=d(2—d).

32

33 Theorem 3.4 and relation (2) tell us that

il ey Kav =d(1—d)=x(V)—d=2x(V)—x(V).

z% Solve the equation Y (V) = d(2 —d) for d, we get

87 d=1+1-x(V),

Z% where we have dropped the solutiond = 1— /1 — x(V) since d > 1. Finally,

0 I/KdV:x(V)—d:x(V)—l— 1—x(V).
zi 27 \%
42 (]
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Moreover, Yau and Yang proposed some generalizations of Cohn-Vossen inequality to higher
dimensional complete Riemannian and Kahler manifolds respectively ([10], Questions 1.1 and 1.2),
later Liu solved Yang’s question under some additional assumptions ([7], Theorem 1.6) such as
nonnegative bisectional curvature. But a complex hypersurface in complex Euclidean space has
nonpositive holomorphic sectional and bisectional curvature ([1], page 816, prop 1). Thus our integral
formula in this paper suggests that Yang’s question in the special case of integrating the top exterior
power of the Ricci form (proportional to the first Chern form) over complete noncompact Kahler
manifolds might also have a positive answer under other or no curvature assumptions.
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