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)
9 ABSTRACT. Delay Gronwall inequality with a weakly singular kernel has been a subject of interest in
0 various mathematical studies. In this article, we will delve into the consideration of this inequality and
— its application in the study continuity of the state trajectory for a Volterra integral equation with delay.
m Using delay Gronwall inequality with a singular kernel, we investigate the behavior and properties of
2 the state trajectory if there are delays. This analysis aims to improve our understanding of the dynamics
13 associated in del Volterra integral equations with delay. In addition, we present a comprehensive example
14 demonstrating the practical significance of our results.
15
16
17 1. INTRODUCTION

" The delay Gronwall inequality with a singular kernel is a fundamental result in the field of mathematical
19 analysis and is widely used in various areas of mathematics, physics, and engineering. The inequality
20 provides a powerful tool for estimating the growth and behavior of functions and has applications in
2 diverse fields such as differential equations,delay systems, mathematical modeling, control theory, and
??_ stochastic processes.

> The Gronwall inequality, named after American mathematician Thomas H. Gronwall, establishes an
s upper bound for the growth of a function based on its integral and the behavior of a singular kernel. The
i inequality has proven to be an indispensable tool for studying the properties of solutions to differential
— equations and integral equations.

. The delay Gronwall inequality with a singular kernel offers a rigorous mathematical framework to
il analyze the growth and stability of functions subject to delays and singular influences. By considering
?° the integral of a function multiplied by the singular kernel, the inequality provides an upper bound on
% the growth rate of delayed functions, enabling researchers to derive essential bounds and estimates. This
o inequality is indispensable for studying the stability and convergence properties of delayed differential
— equations, integral equations, and time-delay systems.

% Furthermore, the delay Gronwall inequality with a singular kernel has profound implications in
*_ various scientific fields. In control theory, it plays a vital role in analyzing the stability and performance
% of control systems subjected to delays, ensuring robustness and preventing undesired behaviors. In
% signal processing and communication systems, it assists in understanding the impact of time delays on

37 . . . o . . : o
— signal transmission and reception, contributing to the design of efficient and reliable communication

38

39

40

41 2020 Mathematics Subject Classification.

42 Key words and phrases. Gronwall inequality, well-posedness, singular kernel .

10 Apr 2024 23:48:01 PDT
240201-Mahmudov Version 2 - Submitted to Rocky Mountain J. Math.


http://msp.org/
https://doi.org/rmj.YEAR.-
https://doi.org/rmj.YEAR..PAGE

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

DELAYED GRONWALL INEQUALITY WITH WEAKLY THE SINGULAR KERNEL 2

1 networks. Its versatility and broad applicability make the delay Gronwall inequality with a singular
2> kernel a valuable asset in both theoretical and applied mathematics.
'3 In this paper, we aim to provide a comprehensive overview of the delay Gronwall inequality with a
‘4 singular kernel. We will explore its mathematical formulation, discuss its properties, and examine its
‘5 applications in different areas of mathematics and science. By understanding the intricacies of this
‘6 inequality, researchers and practitioners can employ it effectively to tackle various problems and gain
7 insights into the behavior of complex systems.

In recent research [1]-[15], different generalizations of the Gronwall inequalities have been de-
veloped. In particular, Ping Lin and Jiongmin Yong [1] derived a notable inequality under certain
o conditions.

11 We will denote the following necessary theorem, which we use it for proof of the delayed Gronwall’s
12 inequality for singular integral.

% Lemma 1. ([1]) Let B € (0,1) and g > 1/B. Let L(-), a(-), y(-) be nonnegative functions with
15 L(-) € L1(0,T) and a(-), y(-) € Lt (0,T). Suppose

16

[o |~

—_

_ t

17 (1.1) y(t) <aflt) —|—/ &Es)ds, ae. te€]0,T].

18 0 (t—s)1-h

' Then there exists a constant K > 0 such that

20

21 t L(s)a(s)

2z y(t) < aflr) —l—K/O mds, ae. t€l0,T].

23

-, Another interesting scenario, if we replace assumption (1.1) with the following condition:
2

d s) s) " L(s

2i(1.2) é(t)§z9(t)+/o ) +/ =) 1 —ds, ae., te[0,T].
28

2E Then, there exists a constant K > 0 such that
30

31

2 V(s)

%2 (1.3) E(r) <Bu(r)+K 7vds, t€[0,7].

Pi / t—S 1

% Where

35

36 _ [k L(S)ﬁ‘(S) ” Lok L ()0 (s —h)

38
39 The assumption (1.2) is considered natural and plays a crucial role in investigating the well-posedness
40 problem discussed in Section 4. These results highlight the significant advancements in understanding
41 the properties and generalizations of Gronwall inequalities, paving the way for further exploration and
42 applications in various mathematical analyses.
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1 2. Preliminaries

o In the forthcoming section, we will provide initial findings that will prove beneficial in subsequent
— analysis. To begin, consider a predetermined time horizon denoted as T > 0. We will now define the
— subsequent spaces:

LP(0,T;R") = {(P ([0, T]—=R" | ¢() is measurable,

o0, =  [Ttowrar) " <l isp<e

44
|=[3]e]e]~]o]a]s

—_
N

L”(0,T;R") = {(}) ([0, T]—R" | @(-) is measurable, |¢(-)||=esssup|d(r)| < oo}.
t€[0,T]

14
15 Also, we define

= P40, T;R") = | JL'(0,T;RY), 1<p<es,
— r>p

18

. L’ (0,T;R") = (| L'(0,T:R"), 1<p<es.

<
20 '=p

21 In the subsequent analysis, we utilize the notation A = {(t,s) € [0,7]?|0 < s <t < T}. It is important
%2 to note that the “diagonal line” represented by {(z,7)|t € [0,T]} does not belong to A. Consequently, if
23 we consider a continuous mapping ¢ : A — R" where (¢,5) — ¢(z,s), the function ¢ (-,-) may become
24_unbounded as the difference |t —s| — 0.

In the article, we adopt the notation #; V1, = max{#1,t> } and t; At = min{¢t1,%, }, for any 71,7, € R.

26 Notably, t+ =1V 0.
27

2E Lemma 2. (Lemma 2.1, page 138, [1]) Let p,q,r > 1 satisfy %—%—1 = é—{— % Then for any f(-) €
2 LA(R"), () € L"(R"),

25

30
31 2.1 1£C) 8 lzowry < NF O zarm I8Nl rey-

32

55 Corollary 3. (Corollary 2.2, page 138, [1]) LetBe(0,1),1<r< ﬁ and%—f—l = $+ %, p,qg> 1.

52 Thenforanya<b, 0<36<b—a and¢(-)€Li(a,b),

3 atd | gt p N\1/p 1—r(1-B) \ 1/r
Q(s)ds )
36 (2.2) (/ / 13 df) < < o) za(a,p)-
a7 a a (t—s)1-P 1—r(1-P)
% 3. Main result
39

‘E In this section, we will present the following theorem that demonstrates the delay Gronwall inequality

41 with a singular kernel.
42
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i Theorem 4. Let v € (0,1), h >0, and q > +. Suppose that L(-),9(-),&(-) be nonnegative functions
2 with9(t)=0,L(t) =0 t <0, where L( ) € L1(0,T) and O(-),5(+) € Lq%l[—h,T). Assume

3

Z(31) () < o) + S ds+ [ fff)ds, ae. tel0,T],
S £(1) =0, t <0.

6

7 Then there is a constant K > 0 such that

’ )0

?(32) (1) <Onlt —I—K/ t_s)l(szlds, ae. t€0,7T],

10

11 Where

2 GLIG ¥ I ik L (5 (s~

E Proof. Let’s contemplate the partition of [0, 7] by intervals of length &, where there exists an integer n
16 suchthat0 <h <2h<---<nh<T < (n+1)h.
17 e Step 1. Consider (3.1) on the 0 < < h,

o 5(;)§ﬁ(z)+/()tmczs+/oths.

20

21 Since £(t) =0, —h<t<0, it follows
22

23 " L(s)S(s)

= &) <o)+ | RsTEL

25 By using Lemma 1, we obtain

26

27 ' L(s)¥(s)

7 34) E(1) < do(t) +1<0/0 s, e 0]

29 where %y(t) = V(t).
30 e Step 2. Now, employing the same principle, we take & < t < 2h,
31

2 E(r) < 19(:)+/0[L(s)5(s) ds—i—/htL(s)é(s_h)ds

33 (t—s)1=v (t—s)l-v

% Substituting (3.4) into the above
35

Cs=ze0 s [ GO [ o m ek [ ER R as

89 By applying the Fubini’s theorem,
40

[ s [ et
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1 Utilizing the Holder inequality, and letting r = i:l}zl:: implies

oo L(s)d t i/ d T
3 s)ds / g >‘1 </ s ) q
3 < L(s)1ds

A /Hh (t—s)I"V(s—h—1)"V _< T+h (5 T+h (t—s)(lfv)%(s—h_f)(lfv)%

° ! 1 d T
2 , -
. <o) (] )"
e om0t Vo (1) e

8

o Since g > + that is equivalent to

10 1-v vg—1

(3.5 0<1—(q_1)q q"_l,

2 we get

13

- —1

L L(s)ds Ol p(va=lva=1NT _ K

s Hhﬁ—ﬂk”@—h—rﬂﬂ“_O_h_rfwwygi g—1"q—1 T (t—h—T)lV’
16

17 where, B(-,) is the well-known Beta function.

E Therefore,

19 s) s) "L(s t=h L(s)9(s)

o (3. < K, _BWTS)

21(3 6) 40 _19(t)+/0 ) +/ dS+ / h_s)l—vlds’

21

5, suchas

fll o1

23 vg—1 vg—1\ ¢

on Ky =||L(")||;B

" e e I

2 -1 1

26 vlzl—(z(l—v)—q—>:v+(v—7)>v.

- q q

s By using the following inequality in (3.6)

29 1 C

£(3.7) (=) < (=5 0<s<t<T,

1 we receive

32

5 L(s)5(s) (3)19 hL(s)0(s)

33 t§19t+/ ds—l—/ K/ —————ds.

37 &() () 0 ( S)l v (f _h_s)l \%

g By using Lemma 1, we achieve

36

7 ' L(s)D(s)

= (3.8) &) <o) +K | s

. here

— W

e tL(s)O(s—h) t=h L(s)0(s)

" 0= 00) 11 [ L0y g [ L0000

P 1 (1) () + A (t—s)iv s+ 2 Jo (t—h—s)-v
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e Step 3. Subsequently, we examine the range where 2h <t < 3h,

1
2 L) L, [ L)E—h)
— <Y ——=—d ——————=d
B s <o)+ [ PR s+ | PR
hl Again substituting (3.8) into the last expression
5
e * L(s)S(s) t L(S) / L(7)D(s)
6 <v ——=—d —— O (s— K —d d
3 By using the Fubini’s theorem and mequahty (3 7)
9 ’L t=h s)ﬁ(s)
n t=h L(s 19( h) — 2h (s)ﬁ(s)
K3 —d K3 ———d
“ * / —h—sv T / ((—2h—s)iv"

.
@]

14
E Applying Lemma 1, we get

- (39) §0) <os()+Ks [ (Lt(f)gfs)v ds,

— where

9 —h OO (s t—2h O (s
20 193(t):19(t)+K4/0 (tf(h)i()fvdwm/o O_L;h)f(s))l_vds

t=h L(s)(s—h)
h (t - h — S) 1—v
24 As T is finite, there exists n € N such that T < (n+ 1)h. Continuing the given recursive relationship in
25 the same manner for nh <t < (n+ 1)h, we obtain the following inequality:

22 *L(s
gl +K4 / d + Ky ds.

23

26
gz E(t) <O, (¢ +K/ _Sl(S)vdS ae. t€][0,T],

28

2? where, K is the maximum value of K; fori € N, and

o B ( +KZ/ kh 1 s +KZ/ —t_kh ) ds.

= 0

33

34

35
36 In this section, we consider the continuity of the state trajectory for the delayed Volterra integral

37 equation with initial condition, and we will show the application of the delayed Gronwall inequality.

% {g(t) §(r) + fy KsSGD 0N s, qe. 1€ [0,T]

4. Well-posedness in L” space and continuity of the state trajectory.

39 (4.1) 1=s)i 7Y
5 é(t)zo, —h<tr<0, h>0.

g our state equation. Let U be a separable metric space with the metric d ,which could be a nonempty

10 Apr 2024 23:48:01 PDT
240201-Mahmudov Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

DELAYED GRONWALL INEQUALITY WITH WEAKLY THE SINGULAR KERNEL 7

1 bounded or unbounded set in R" with the metric induced by the usual Euclidean norm. With the Borel
> o-field, U is regarded as a measurable space. Let ug € U be fixed. For any p > 1, we define

Up0,T) ={u:[0,T) - U |u(-) is measurable, d(u(-),uo) €L’(0,T)}.

(H): Let k: [0,T] x [0,T] x R" x R" x U — R" be a transformation with (z,s) — k(¢,s,&, &, v) being
measurable, (§,&,) — k(t,s,&, &y, ) being continuously differentiable, (§,&,,v) — k(t,s,5,&,,0)
(&,8n,0) = ke (2,5,6,8h,0) and (§,8,,0) = K¢, (5,8, &4, v) being continuous. There exist non-
negative functions. Lo(-),L(+) with

||~ ]ofo]s]e

9 @42 Lo(-) €L¥*(0,T), L() L1 (0.T)

0

1, forsome p> L andv € (0,1),v €U.

12 (4.3) |k (t,5,0,0,00)| < Lo(s), ¢€][0,T],

13

14 (4.4) |1c(t,5,8, 80, 0) — K(1,5,8", 85, V") S L(s)[|E = &' + & — &l +d (v, ")),
E for (I’S)EA7 §’§/7§h7§]’/LERn7 D7D/GU'
16

7 We point out (4.3)-(4.4) declare

18 (45) [K(1,5,8, 8, 0)| < Lo(s)+L(s) (1] +&n| +d(v,v0)],  (1,6,8,,0) €[0,T] X R" x R" x U.

19

50 (4.6)

21|K(tvsaéaéhav)_K(t/7saé7éhav)|SKw(|t_t/|)(l+|§|+|§h|)7 t7t/€[07T]7 §7§h€Rn7 'UGU,
22 for some modulus of continuity @(-). Moreover, it is evident that L is included in a smaller space,

23 compared to the space to which Ly belongs.
24 We will now demonstrate the well-posedness of the state equation (4.1) when considering L” spaces.

—_

25
o Theorem 5. Assume that (H) satisfies with some p > 1 and v € (0,1). Hence for each §(-) €

>, LP(—=h,T;R")and v € %[0, T], (4.1) admits a unique solution & (-) =& (-, & (), v(-)) € LP(—h,T;R"),
g and the following estimate satisfies:

® @) 1861 < 1O+ K (1+ 1400wl
31 If (&1(4),01(+)), (&(-),v2(+)) € LP(—=h,T;R") x % P[0,T] and &(-),&(+) are the solutions of (4.1)

32 corresponding to (& (+),,v1(+)), and (&(+),02(+)), accordingly, then
- &0~ &0 < £{160) - L0,

34

35 T e iy —k(t _h p 1l/p
5{(48) _’_|:/ </ |K( ,S,é](S),gl(S ),'U](S)) 1(_( ,S,éz(s),éz(s )71)2(s))’ds> d[:| }
il 0 0 (t—s)'=v

37

a5 Proof. Assuming a fixed function {(+) in the space LP(—h,S;R"), and a control function v belonging
4o to the set P[0, T]. For each z(-) € LP(—h,S;R") with 0 < S < T, such that z(t) =0, —h <t < 0.

2o Define
:1? Tz())(t) = C(t)+/0 K(t,s,z((i)ffv;l—iz),v(s))d& a.e. 1€]0,8].
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1 1
— v,Wlth +1—5 ﬁ

/f x(t,5,2(s),2(s —h), U(S))ds
0

(t—s)=v

Hence by Corollary 3, foreachg > 1,0 < € <

P p ql/p
17 2O e nsny < NSO o nsrn + {/O dt]

<O+ [ [ ([ 1M, ““”'ds)"d,}””
QMQWP+[A (ALM”+L@NkGN+k@—hﬂ+dw@%wmd0ﬂhym

(t—s)1-v

5 M)+ LOBO it~ W+ (), )l

Sl—(1+s)(1—v)
o —(I+¢&)(1—

13 We will examine three cases.
14 Casel.p> 1 . In this part, ; > —£- and

44
[=[3]ele][~]ofals]e]|r]|-~

@9 <+ (5

—_

> 1. For every € € (0, 1), that is equivalent to

4 Ea

15 (1-v)(1+e¢) <1 we obtain (w1th0ut any constraint on p > 1 for the current case)
16

— 1 1 1 1 1 1 1 1 1
17 el <=l = —fV<], ———=1——— <V,
o q P l+e " p 1+5 »p q p I+e
19 Therefore,

20 1 v

o pPq

21 >1, — N\, £/ ——.

— q\l+v p—q\v @ /(l—v

22

% As Lo( -) belongs to LﬁJ“(O, T) and L(-) belongs to L$+(O, T), we was able to find € close enough

24 P4
2? to 1= such that Lo(-) belongs to L4(0,T') and L(-) belongs to L?=4 (0, T ). Hence

2 o)+ LO O + I = B+ (), )0y < o) o
T@10 O RO B0, w0

2E which yields

31 gl-(1+&)(1-v) =

B 17O nsm <O+ (S rrgay) - IROlson
@ HILON, g O = 1)+ (), 00) s |
® gl-(1+e)(1-v)  \ THe

3 IO+ (rraaey) - ROon
o HILON, g0, CIO+ 10, 00

g Hence, we can conclude that the operator .7 maps functions in L”(—h, S; R") to functions in L? (—h, S; R")
41_for all S belonging to the interval (0,T]. Moving forward, suppose § € (0,7] be undetermined, and
42 consider two functions z () and z>(-) belonging to L”(—h, §;R"). We will investigate the following
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1 expression (using Corollary 3):
2
2
4
2
°
L S p I/p
8 . — . = . — .
o |7010 - 7E(10], = [ JAECIOEE0)0 dr]
E i k) t p l/p
» _ / / K(Z‘,S,Zl(s),zl(s—h),’l)(s))—K(I,S,ZQ(S),ZZ(S—h),l)(s))ds gt
2 0 [Jo (t—s)l-v
o h h r 7
4 < / / [K(t,5,21(5), 21 (s = ), 0(s)) = K25, 22(5), 22(s = h), ()] | \*
5 (r=s)!=Y
1 si-(+e(-v) \ e
a2 (Pmaiey) Ol a g (180 =20l nse
o izt (=) =22 =) o gian)
20 :
o X Sl-(1+e)(1-v) T+e .
21 < . — (- .
o Piraay) | Ol 0 - 20ls e
2
2i
25
26
27
28

—(1+&)(1-v) ]L

29 Consider choosing a value of 0 from the interval (0, 7| such that 2 m |IL ()HLP o)

3T 1. This choice of & ensures that the operator .7 : LP(—h,6;R") — L”(—h,6;R") is a contraction, and
5, therefore has a unique fixed point E(-) in LP?(—h,d;R"). This fixed point is the unique solution of the
S, state equation (4.1) on the interval [0, 8], with (¢) =0, —h <t <0.

o Next, we focus on the state equation (4.1) over the interval [0,26]. Let z(-) be any function belonging
55 0 LP(8,26;R"), and define the following expression:

36

37

41 8 s S S — S, s
L RO =g+ [ SEAED BTN, DDV g e ),
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1 Denote Z(-) = §(")%0.6)(") +2(-)x5.25) (") € LP(=h,28:R"),  Z(- —h) = &(- — W) xo.5) () +2(- —
2 h)X5.25)(+) € LP(—h, 25;R”). Hence similarly to (4.9) - (4.11)(with S =26)
% K(t,s, & —h),(s)
o H +/ —S)l v ¢ LP(8,28:R")
D [ 5 c(t,5,E(5),E(s— ), 0(s) 7]
% _[/5 t)+/0 (=) ds dt]
? 6 6 6 A A S — S P l/P
v <([rcwra)” + /52 ( [l ,é((t),_és()l_vh),v( mds) dt]
% [ (25 8 Lo(s s s s — s p VP
e <UL+ /5 </O Lo(s) + L(s)[|&( )lf_‘f)(l_vh)'”("( ), )] ds> dt]
% : 28 ) Lo(S) p 1/p
o seen | (i) dt]
a 25 18 L(s) [[2(5)] + |25 — )| +d(v(s),00)]  \" 1"
s oo ) dt]
<EC K |1 20O )+ 212 gz + 1ol

EE Following a similar argument to the proof of (4.11), we can conclude that the operator .7 maps
24 functions from L”(8,26;R") to LP(8,28;R").Suppose we have two functions, z;(-) and z,(+), both
25 belonging to LP(8,28;R"). By using Corollary 3, we obtain
26

— 28 p U/

27 . — . = . — .

i | 71010 - 72010 P { /8 T 1 ())(1) = Tlz2(-)] (1) dt]

& B (1 K(Es,21(5). 215 = ), 0(s) ~ k(1.5 a(s),aals =) 0(s)) 17T
= / / — ds| dt

0. k) S (t—s)l v

31

. 8 _ ) — (s — 1/

o S{/2 </t L(s)[|z1(s) ZZ(s)Iﬂz]l(s h) —z(s h)‘]ds)pdz] P

33 8 8 (t—s)l=v

sz s1-(+e)(1-v)  \ T5e

- (v MO g [0 -0l s

36

5 llea(- =) =22 = W)l 2500

38 sl-(+e)(1-v) \ e

39 . D — 7o (- .

o Sz(l—(l—i—e)(l—v)) ILON, 1 o 1516 = 2Ollos 250

zz Hence we get the existence and uniqueness of the solution to the state equation on [§,26]. Using the

42 induction, we can obtain the solution §(-) € [-h, 8],[5,20],--- ,[(%)5,T].
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1 Now, suppose {i(-),v1(+)), (&(:),v2()) € LP(=h,T;R") x %"[0,T] and &, (-), & () become the
2 corresponding solutions. Hence
180 - 0] <60~ )+ [ RS EZR0E) ZHn B S0=h 00,
= *x(1,5,81(5),61(s = ), 02(s)) = K(2,5,82(s), Eas — 1, V2(s))|
% —1—/0 (t—s)l— ds
8 |K t S, S) 61(3_ ) (S))_K(tvsv§2(S)7§2(S_h)7v2(s))|
. <160~ G0l+ [ gy ds
o 9)[1&1(5) éz<s>|+rél<s—h)—éz<s—h>|}
o +/ (t—s)“" ds
5 ' L(s ' L(s s—h
E Then, by using Theorem 4, we W111 get
§(4.12)
o 1—kh B(s) nol ek L(s) 9 (s —h)
E‘gl() & ()| <8 () +KZ/ TS>1vd +Kk 0/ T_S)”ds ae. t€[0,T],

20 for some constant K > 0. As a result,

% t—kh s 1—kh , 1Y
=t -g0l<k| [ (onx g [y +z<z/ EULLSLIN dt]

24

ZZ SK(/OT (lg(t))l?dt>1/p < K{Hgl(z) ~ &M,
gg [/ (/ 1k(s,81(5),81(s—h )vl((t)_)s)1 (v éz(s),éz(s—h,uz(s)),dsydt]1/p}.

:ﬁ proving the stability estimate. We are able to the similar argument to prove (4.7).
31 Case2. 1<p< ﬁ In this case,

= 1

33 —< P , p <l1.

> v p—1 1+vp

gAlso, sincel—v§%<1f0reach8€(0,p—1),the following satisfies:

36

37 1 <1 1

o 4 < —.

il 1+¢

i% This imply (1 —v)(14€) < 1. Hence

e 1 1 1 1 p—q 1 1

41

A —<-= ——I—l—— l, —=——-=1-——/"—, as & —1.
42 P q . g P 9 1+6f 7
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i Therefore, we can choose a value for & close to p — 1, given that Lo(-) € L'*(0,T) and L(-) €
2 LTSl+(O, T). This will ensure that Ly(-) € L4(0,T) and L(-) € Lra (0,T). The remaining steps of the
3 proof will be identical to Case 1.

4 Case 3. p=1. In this part, the condition reads Ly(-) € L'*(0,T) and L(-) € L*(0,T). Hence we
5 take € =0, and (4.11) reads

5 (4.13)

7 SV

o NTEOM sz < NEOT+ Ao 1o,y +IZC =07y 2l + (0 (), v0) I 0,5) -
°  The remainder of the proof is comparable to that of Case 1.

10 O
11

12 Example 6. Let

13 262 2-2

" K(l‘,S,é(S),é(S—h),U):\/’S_1| |t+1| y+|§(s)|+‘é(s_h)|

14 ls— 1|+ 117 ’
15

o V(t,s,E,E V) EAXR* XU, y<l1, s#1.

17 Consider the following Volterra integral equation

18 — -
- 1 CVls =12+ 1227 € (s)| + |E (s — h)]

414) E()= — / ds, ae, 1€[0,T
;2( ) E(1) ]t—l\‘*‘f—’— A STV £ 1 —5)1B s, a.e [0,7)
o forsome v,B € (0,1), 6,6 € (0,1}, and y > 1. We can take
22 1 1 1
- =115 Li&)=7—5+% L)=—"7 t#1 1.

28 g() ‘t—l‘l_c’ O(S) |S_1|2_v_57 (S) |s_1‘1_v7 7é ) S#
24 We see that

25 . .

26 C(-)ELP(0,1)<—I?(1—G)<1<:>p<§ (6200)’
27

= ) 1

all Q-v-0)f <l <=2-v-p-06<,

29

> = p<

31 P<ovpo.

32

33 (2—-v-46<1 < v+B>1.

:i 1

® — L() LTV 0,7),

36

37 <l = vep>1,

38

39

= — )2 _ _ 1 1
n (I-Vv);5 <l <= 1-v<l—y <= p>y
41 Ly_p_

- L(-) e L8770, 1).
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1 Then, (4.14) has a unique solution &(-) € LP(0,T) for any
B 1 1
B re(y "T—o)v Q—v—ﬁ—&+»
% supplied
5 (4.15) v+B>1, v+8>1.
7

Let us highlight that the solution & (-) of equation (4.10) does not have to be continuous in general,
2 even if the free term {(-) is continuous. Specifically, when we set & to 1 and consider {(t) as a constant
2 function equal to 1, which is continuous, we observe that the solution &(-) is positive. This positivity

19 can be determined by applying the Picard iteration method. Thus,
11

2 (4.16) mE() > 1+1im [ ds _/ld‘_m
B t—1 i—~1Jo |s—1]27V=0(t —s)1-B 0 (1—5)3-v—p-93 ’

Esupplied
%(4-17) 3—-v-B-06>1 < v+B+6<2.

17 This will be the case if we take
18

19

1

B=5=>.

T) where p € (%,3). However, it should be noted that

2
V= g,
20 . : : .

o In this scenario, there is a solution & (-) € LP(
> the solution is not continuous at t = 1.
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