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ABSTRACT. For a nonempty finite set A of integers, let S(A) = {}Y,cpb: 0 # B C A} be the set of all
nonempty subset sums of A. In 1995, Nathanson determined the minimum cardinality of S(A) in terms
of |A| and described the structure of A for which |S(A)] is the minimum. He asked to characterize the
underlying set A if |S(A)| is a small increment to its minimum size. Problems of such nature are inspired
by the well-known Freiman’s 3k — 4 theorem. In this paper, some results in the direction of Freiman’s
3k — 4 theorem for the set of subset sums S(A) are proved. Such results are also extended to the set of
subsequence sums S(A) = {Y,,cg b : 0 # B C A} of sequence A, where the notation B C A, is used for B
15 is a subsequence of A. The results are further generalized to a generalization of subset and subsequence
sums. The main idea of the proofs of the results is to write the set of subset sums S(A) and the set of

I
[2[@[s[=]3]e]e]~]o]a]s]e]|r]|-~

16
— subsequence sums S(A) in terms of the h-fold sumset hA and the h-fold restricted sumset #"A. Such

17 . . .

— representation also gives other proof of some of the results of Nathanson and Mistri et al.

18

19

20 1. Notation

21

5, Throughout the paper, we follow the following notations. We write A = {a1,ay,...,a;}7 with a; <
o3 @2 < --- < agand 7= (ry,ry,...,r;) to mean that A is a sequence consisting of k distinct integers
o4 @1,42,...,a; With a; appearing r; times in A for i = 1,2,... k. By |A| we mean the number of terms
o5 (including multiplicities) in A. By the size of sequence A = {ai,ay,...,ar}7 we mean the number

s YX_, r;. For integers a and B, we define a* A = {aay, aay, ..., 0aq )z, A+ B ={a+B:ac A} and
o 1o Blr={a,a+1,..., B}z for a < B. We use the usual set notation A to write the set {ay,az,...,ax}
o Of distinct elements of sequence A. If A = {ai1,ay,...,a;} is a nonempty finite set of integers, the
oo hotations defined above for sequences have the usual set theoretical meaning: [A| denotes the number
5 ofelementsinA, axA = {aa,aa,...,0a},A+B={a+p:acA}and [a,f] ={a,a+1,...,B}
5 foro < B. We denote the greatest common divisor of the integers xj,x2,...,x; by (x1,x2,...,x) and

. write d(A) in short, when A = {x,x2,...,x;} is a set. In addition, for a sum of the form Y'__ f(x) with

32
integers a, b such that a > b, we mean zero. Furthermore, we write N for the set of natural numbers

33
34 and O for the golden mean 1%6

35

36 2. Introduction

7 LetAbea nonempty finite set of integers and /4 be a positive integer. The h-fold sumset, denoted by hA,

8 is defined as the set of integers that can be written as a sum of /4 elements (not necessarily distinct) of

39

40 The corresponding author.

41 2020 Mathematics Subject Classification. 11P70, 11B75, 11B13.
42 Key words and phrases. Subset sum; subsequence sum; sumset; restricted sumset; Freiman’s 3k — 4 theorem.

7 Aug 2024 00:03:31 PDT
231221-Pandey Version 2 - Submitted to Rocky Mountain J. Math.


http://msp.org/
https://doi.org/rmj.YEAR.-
https://doi.org/rmj.YEAR..PAGE

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

FREIMAN’S (3k—4)-LIKE RESULTS FOR SUBSET AND SUBSEQUENCE SUMS 2

1 A, and the restricted h-fold sumset, denoted by h"'A, is defined as the set of integers that can be written
> as a sum of A distinct elements of A (see [1,21]).

Two problems associated with sumsets that are studied extensively in the literature are direct and
inverse problems. A direct problem is to determine the minimum cardinality and properties of the
sumset and the inverse problem is to characterize the underlying set(s) when the cardinality of the
sumset is known. The following are some of the classical results that give the minimum cardinality of
7 h-fold sumset hA and h"A and also describe the underlying set A when the cardinality of the sumset is

g minimum.

3
4
5
6

° Theorem 2.1. [21, Theorem 1.4, Theorem 1.6] Let A be a nonempty finite set of integers. Then, for
9 h> 1, we have

- hA| > h|A| —h+ 1.

15 Moreover, if h > 2 and |hA| = h|A| — h+ 1, then A is an arithmetic progression.

4 Theorem 2.2. [21, Theorem 1.9, Theorem 1.10] Let A be a nonempty finite set of integers, and
15 1 <h<|A| Then

16 |WA| > h|A| —h? +1.

% Moreover; if |W"A| = h|A| —h? 41 with |A| > 5 and 2 < h < |A| —2, then A is an arithmetic progression.

19 Freiman [10, 11] proved the following inverse theorem for the 2-fold sumset 2A, which is well
20 known as Freiman’s 3k — 4 theorem.
?"_Theorem 2.3. [11, Theorem 1.9] Let k > 3. Let A be a set of k integers. If |2A| =2k—1+b < 3k—4,

22 . . ; .
— then A is a subset of an arithmetic progression of length at most k+ b.
23

24 This inverse theorem is a consequence of the following result.

> Theorem 2.4. [11, Theorem 1.10] Let k > 3. Let A = {ag,ai,...,ar_1} be a set of integers such that

® 0=ay<a; <--<ar andd(A) = 1. Then
27

= . < .
28 |2A| > ar_1+k, ifar_1 <2k—3;
k=3, ifap >2%k—2.

29
Z% Lev [16] extended Theorem 2.4 to the sumsets hA for & > 2.

g Theorem 2.5. [16, Theorem 1] Let k > 3. Let A = {ag,ay,...,ax_1} be a set of integers such that
3 0=ap<a) <-<ar and d(A) = 1. Then, for h > 2, we have
3 |hA| > |(h—1)A| + min{ay_1,h(k—2)+1}.

35
s For the restricted sumset 2"'A, the following was conjectured by Freiman and Lev [15], indepen-

57 dently.

%_Conjecture 2.6. Let k > 7. Let A = {ag,ay,...,ar_1} be a set of integers such that 0 = ap < aj <
% ...<a_1andd(A) = 1. Then

40

s ’2/\A’Z{ak—l+k_27 ifag1 <2k—35;

42 3k—1, ifag_, > 2k—4.
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1 The lower bounds in Conjecture 2.6 are tight, as letting A = {0, 1,...,k—3}U{ar_1 — L,ar_1}, we
o oget2?A={1,2,....2k—TyU{ar_1—1,...,a,_1 +k—3}U{2a,_ — 1}. Freiman et al. [12] made
'3 some progress on Conjecture 2.6 by proving the following result.

* Theorem 2.7. [12, Theorem 1, Theorem 2] Let k > 3. Let A = {ag,ai,...,ax_1} be a set of integers
° suchthatO=ag<aj < -+ < ay_; and d(A) = 1. Then
. _ —3. if a1 < 2k—3;
‘ZAA‘ > 0.5(ap—1+k)+k—3.5, ifar_1 <2k—3;
2.5k—5, ifar_ > 2k—2.

[e|e]~]e

A year later, Lev [15] improved Freiman et al. [12] results in the following theorem.

—_ | =
|= |3

Theorem 2.8. [15, Theorem 1] Let k > 3. Let A = {ag,ai,...,ax—1} be a set of integers such that
O=ap<a;<---<ayandd(A) = 1. Then

ar—1+k—=2, ifa1 <2k-35;

(9+1)k—6, ifak,122k—4.

—_
N

—_
w

—
»

12"'A| >

-
2]

In a recent paper, Daza et al. [7] have almost solved Conjecture 2.6, but we shall not make use of
17 their result in this paper.

8 The purpose of this article is to prove results similar to Theorem 2.4 and Theorem 2.8 for the set of
19 subset sums and the set of subsequence sums, which are defined below.

20 Let A be a nonempty finite set of k integers. For a nonempty subset B of A, the subset sum of B
21 is defined as s(B) = ¥ ,cpb. The collection of all nonempty subset sums of A, denoted by S(A), is
22 defined as

23 S(A) == {s(B):(Z);éB gA}.

** Nathanson [22] initiated the study of direct and inverse problems for S(A) over the group of integers.

Z— Such studies are done on other groups also (see [2,4, 8, 13], and the references therein). However,
o in this article, we restrict ourselves to the group of integers only. Nathanson [22] determined the
e minimum cardinality of S(A) in terms of |A|, and also gave a characterization of set A when |S(A)|
v is the minimum (see Lemma 3.1). Lev [17] extended Nathanson’s direct theorem to sequences of
— nonnegative integers (see Lemma 4.3). Mistri et al. [18] (also see [19]) extended Nathanson’s inverse
o theorem to sequences of nonnegative integers (see Lemma 4.1 and Lemma 4.3) while giving a new
> proof of Lev’s result. Jiang and Li [14] later proved the direct and inverse results for the subsequence
S, Sums when the sequence contains both positive and negative integers. For the sake of completeness,
o we define the subsequence sums below.

- For a nonempty finite sequence A of integers, we denote by S(A), the set of all subsequence sums
o of A, i.e.,

- S(A):={s(B): 0 #£#B C A},

s Where s(B) = Y.,cp b.

2o The direct and inverse results for the usual subset and subsequence sums are further extended by
.o Bhanja and Pandey [5, 6] considering the o-analog of subset and subsequence sums, which are defined
., below. For a given positive integer «, let

42 Sa(A):={s(B): BCA,|B| > a},
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1 and
2 Sa(A):={s(B) :BCA,|B| > a}.
3

~, Recently, Dwivedi and Mistri [9] reproved some results of Bhanja and Pandey using a generalization
Iy of h-fold sumset hA. The reader is also directed to see the article of Balandraud [3], where Sy (A) is
~5_ introduced in this context, and also the minimum cardinality of S¢(A) is obtained over the finite cyclic
-~ groups of prime order.

5 In[22], Nathanson asked to prove Theorem 2.4-like result for § (A). In this paper, we prove some
o results (see Theorems 3.2, 3.3, 4.2, 4.4, and 4.5) for S(A) and S(A) which are similar to Theorem 2.4
.o and Theorem 2.8. Our idea is to write S(A) and S(A) in terms of sumsets #A and h"A, and then use
., Theorem 2.4 and Theorem 2.8 to obtain Freiman like results for S(A) and S(A). Such representation
., will also lead us to give new proofs of some results of Nathanson [22] (see Lemma 3.1) and Mistri et
.5 al. [18] (see Lemma 4.1 and Lemma 4.3). Further, we prove analogous results for S¢(A) and S¢(A) in
7 the last two sections of this paper. The proofs of the results of sections 5 and 6 are quite similar to the
- ones in sections 3 and 4, however, in sections 5 and 6 the proofs are more involved and depend heavily
g on o.

;7 To prove the main results of sections 3 and 4 of this article, we first reprove the direct and inverse
;5 Tesults for the usual subset and subsequence sums. In other results that we prove in sections 5 and
1 0, we directly use the already proven results for the oc-analog of subset and subsequence sums. The

,, following are the two results that we use to prove our results in sections 5 and 6.

2! Theorem 2.9. [5, Theorem 2.1, Theorem 2.2] Let A be a set of k positive integers. Let 1 < ot < k be

2 an integer. Then

23

— k(k+1) a(o+1
25

26 Moreover, if k > 4, & <k—2, and |Sq(A)| = k(k2+1) (‘Hl) + 1, then A = d x [1,k| for some positive

27 integer d.

+1.

28

oo Theorem 2.10. [5, Theorem 3.1, Theorem 3.2] Let A = {ay,az,...,a;}7 be a sequence of positive
o integers such that a; < ap < --- < ay and ¥ = (ry,ra,...,ry) withr; > 1 forall i € [1,k]. Let 1 < a <
o Zé‘:l ri be an integer. Then there exists an integer m € [1,k| such that Zl'.”:_ll r<a<y® riand

32

33 |Sq(A) 2

34

% Moreover, if k>4, a < YE 1 =2, and |Sq(A)| = X5 iry — X" i +m(X i — &) + 1, then
% A=dx [1,k]7 for some positive integer d.
37

HM»

38 .

o 3. Freiman’s theorem for subset sum

g In the following lemma, we reprove the direct and inverse results of Nathanson for S(A) when the set
41 A contains positive integers. Then, in the next two theorems, we prove Freiman-like results for S(A) in

42 the cases in which A contains positive integers and A contains nonnegative integers with 0 € A.
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1 Lemma 3.1. [22, Theorem 3, Theorem 5] Let A be a set of k positive integers. Then

2 k(k+1
5 6D sy = SEED,
4

E Moreover, if k > 4 and |S(A)| =

6
~ Proof. Let A ={ay,ay,...,a;} with 0 < a; < ap < --- < a;. It is easy to see that the result holds

s for k=1,2. Assume that k > 3 and the result holds for all sets that have less than k elements. Let
9 B=A\{ax_1,ar}. Then 2"(AU{0}) and S(B) + ax_1 + a; are two disjoint subsets of S(A). By
10 Theorem 2.2 and the induction hypothesis, we get

k(k+1)

, then A = d x[1,k| for some positive integer d.

" (32) [S(A)] = [2M(AU{0})] +[S(B) +ax—1 +a
12

13 22(k+1)—3+(k_2)2<k_1)

14

- _ k(k+1)

6 2

- _ k(k+1)

" Now, suppose that k >4 and |S(A)| . Then by (3.2), we have |2 (AU{0})| =2(k+1) —3.

% Applying Theorem 2.2 on AU {0}, we get that AU {0} is an arithmetic progression. Hence A =
27 ajp x [1 ,k] O

21 Theorem 3.2. Let k > 3. Let A = {ay,ay,...,a;} be a set of k positive integers such that a; < a; <
22 ... <agand d(A) = 1. Then
23

— k(k—1

24 ap + (2 ), if ap <2k —3;

= S(4)] 2 )

26 O(k+1)—4+ ,ifag>2%k—2.

27 2

os Proof. From equation (3.2), we have the following inequality

2 S(A)] > [2"(AU{0})| + |S(B) + ax—1 + i,

30

51 where B=A\ {ay_1,a;}. Applying Theorem 2.8 on AU {0} and Lemma 3.1 on B we obtain
= S(4)| = [2"(Au{0})| +[S(B)|

33

— ( k—1)(k—2

34 a;ﬁ—k—l%—w, ifap <2(k+1)-5;
o 2

> = k—1)(k—2)

3 (9+1)(k+1)—6+(2, if ap > 2(k+1)—4,
37 .

na ( k(k—1

38 a;ﬁ—g, if ap <2k—3;

39 > 2

40 - k(k—1

0 9(k+1)—4+(2), if a > 2k —2.

41 \

a2 O
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1 Theorem 3.3. Let k > 4 and A = {agp,ay,...,ar_1} be a set of k nonnegative integers such that
2 0=ap<a;<--<apandd(A) = 1. Then

E k—1)(k—2

4 ak—1+()2()+17 if a1 <2k—35;
5 S(A)| >

o ISl = L k=D(k-2) . -
B Ok—3+ "=, ifa =2%k—4
7

s Proof. Set B={ay,as,...,a;_1}. Then B is a set of k — 1 positive integers with d(B) = 1. Further, we
5 have S(A) = S(B)U{0}. Thus, by Theorem 3.2, it follows that

10 k—1)(k—2

11 ak—1+()2()+1a ifap_1 <2k-—25;
o S(4)/ > S(B)] +1 > TR

E 9k—3+f, ifak,122k—4.

14
— O
15

16

- 4. Freiman’s theorem for subsequence sum

18 1In this section, we start by giving a new proof of direct and inverse results of Mistri ez al. [18] for S(A)
19 in Lemma 4.1. Then, using Lemma 4.1, we prove a Freiman-like result for S(A) in Theorem 4.2 when
20 the sequence A contains positive integers. In Theorem 4.4, we improve our previous bound assuming
21 that every element of the sequence appears at least twice. To prove Theorem 4.4 we first prove Lemma
22 4.3. Further, in Theorem 4.5, we prove a similar Freiman’s 3k — 4-like theorem for S(A) when the

23 sequence A contains nonnegative integers with 0 € A.
24
> Lemma 4.1. [18, Theorem 3.1, Theorem 3.2] Let A = {ay,az,...,ax}7 be a sequence of positive

o integers such that ay < ap < --- < ay, 7= (r1,r2,...,1x) and r; > 1 for all i € [1,k]. Then
27 k

28 (4.1) IS(A) > Y iri.

2? i=1

30 Moreover, ifk >4 and |S(A)| = YX_, ir, then A = d = [1,k]; for some positive integer d.

31
-, Proof. To prove (4.1), we use induction on k. For k = 1, we have A = (a;);, and so S(A) =

32
- {ai1,2ay,...,r1a1}. For k =2, we have A = (aj,ay); with ¥ = (r,rp). It is easy to see, in this case,
3jthat

35 S(A) D) {ia1 (i E [1,7‘1]}U{(7‘1 — 1)611 +iay:i€ [l,rz]}u{rlal +iay:i€ [1,1’2]},

36 where the three sets on the right hand side are pairwise disjoint. Therefore (4.1) holds for k = 1,2.
37 Assume that k > 3 and (4.1) holds for all sequences whose number of distinct terms is less than k.
38 SetB = {al,az, e ,ak_z}g with 5 = (rl,rz, ceey I‘k_z). Then ZA(A U {0}) and S(B) +ai—1 +ai are two
39 disjoint subsets of S(A). For 1 <i<r_;—1and 1< j<k—2,define

40

— k=2
a sij= Y, na+(nejor— Dag—j_1 + (i+)a— +ay,
42 t=1#k—j—1
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1 and
— k—2

2 .
= Sik—1 = Y, ray + (i+ Dag_y +a.
3 =1
4 Similarly, for 1 <i<r—1and 1< j<k—1,define
= k-1
5 Ui j = Z rtat+(rk—j_1)ak—j+(i+1)ak,
L t:17t7£k7./.
® and
i k—1
10 Uik = Zrzat+(i+l)ak

11
1» Itis easy to see that

t=1

13 Sin <Sip <o <Sip—2 <Sik—1<Sitrl1,
" Sp 1 k—1 < Ui,

15

— and

16

- uin <ujp <o <Ujg—1 < Uif <Ut1]1-

1g Therefore, the elements s; ; and u; ; are all distinct, all are in the set S (A), and bigger than the elements
10 of 2(AU{0}) and S(B) + ax_ + ax. Note also that s; j is not defined for r,_; = 1 and u; ; are not
o0 defined for ry = 1. By Theorem 2.2 and the induction hypothesis we get

21 —1—Tk— ne—1 k

22 S(A)] > [2(AU{0}) | +[S(B) +ax—1 +ax| + U U +1U Yuij
23 i=1 j=1 i=1 j=1
QZ re—1—1k—1 -1 %

25 =[2"Aau{oh)|+Is@®)|+ Y ZH— Z

Zi i=1 j=1 i=1 j=1

27

e 2(k+1) 3+er, D(re1 — 1) + k(g — 1)

30 (4.2) =Y ir

31 i=1

2 Now suppose that k > 4 and |S(A)| = ¥¥_,ir;,. Then from (4.2) it follows that |2 (AU {0})| =

% 2(k+1)—3. Theorem 2.2 implies that AU {0} is an arithmetic progression. Hence A = ay * [1,k];. O
4

3
35 Theorem 4.2. Let A ={ay,ay, ... ,a;}y be a sequence of positive integers such that a) < ay < --- < a,

36 F=(ri,ra,...,rg) and r; > 1 forall i € [1,k|. Let d(A) = 1. Then

37 k. .

N A . _ < . £

38 ’S(A)’ > Z;{:] lrl+ak k7 l.fak = 2k 3’
YK intO(k+1)—k—4, ifay>2k—2.

39
gPI’OOf. Set B = {Cl],az,... ak,z}gwith 5= (l’],l’z,...,l’k,z). From (4.2) we have

41

2 [S(A)] = 2" (AU{OD)|+IS(B)|+ (k= 1) (re1 = 1) +k(rie— 1).
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Applying Theorem 2.8 on AU{0} and Lemma 4.1 on B, we get

1

% S(A)]

0 - ar+k— 1+ 2+ (k= 1) (g — 1) +k(r — 1), ifap <2(k+1)-5;

5 O+ 1)(k+1)—6+X5Zir+(k—1)(r—1 — ) +k(n—1), ifa>2(k+1)—4,

% [ it a—k, if ap < 2k —3;

" YE i+ 0k+1)—k—4, ifa >2k—2.

E This completes the proof of the theorem. (|
10

- In the next theorem, we prove an improved bound for |S(A)| than that in Theorem 4.2, when every
o element of A appears at least twice in A. Before that, we prove the following lemma, which is crucial
o for our next theorem.

12 Lemma 4.3. Let A = {ay,az,...,a;}7 be a sequence of positive integers such that k > 2, a; <
15 ay < - <ag = (ri,r,....,rx), and r; > 2 for all i € [1,k|. Let r := min{ry,ra,...,r} and B’ =
16 {a1,a0,. .. a5}z witht = (r1,r2,...,1%_1). Then

17 (4.3) IS(A)| > [F(AU{0}) \ {0} + |S(B)| + k(i — 7).

% Proof. 1If ry = r, then r(AU{0})\ {0} and S(B’) 4 ra; are two disjoint subsets of S(A). Thus
20 [S(A)] > [r(AU{0}) \ {0} + |S(B') + rax| = [r(AU{0})\ {0} +|S(B")].
2V Ifry>r,for1<i<r,—rand 1< j<k—1 we define

22

e k—1

23 Vij= Z rea; 4 (re—j— Vag—j + (r +i)ay,

24 t=1t#k—j

25 and

27 Vik = Z rea; + (r+i)ay

[ t=1

%8 Then

29

- Vil <V <o < Vi1 < Vig <Vitl1-

Z% Therefore, the elements v; j are all distinct, all are in the set S(A), and bigger than the elements of
o r(AU{0}) and S(B') + rai. Thus

33 n—r k

4 S(A)] > [r(AU{0})\ {0} + |S(B') +rax| + | | Ui

- i=1 j=1

3 = |r(AU{0}) \ {0} + |S(B")| +k(r —r).

37 N

*® Theorem 4.4. Let A = {a1,ay,...,a;}7 be a sequence of positive integers such that k > 2, a; < ap, <
B t= (ri,r2,...,rx) and r; > 2 foralli € [1,k|. Let d(A) = 1 and min{ry,ra,...,rc} =r. Then

g k—1
% IS(A)| > |(r— 1)(AU{0})| 4+ min{a, r(k— 1)+ 1} — 1+ ; iri+k(re—r).
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Proof. SetB' = {ay,az,...,a;_}z with? = (ry,r2,...,r¢_1). Then from (4.3) we have
[S(A)] > [(AU{0}) \ {0} + |S(B)| +k(re —r).
Applying Theorem 2.5 on AU {0} and Lemma 4.1 on B’, we obtain

k—1
IS(A)| > |(r—1)(AU{0})| + min{ag,r(k—1)+1} — 1+ ; iri+k(rg—r).

]

This completes the proof of the theorem. O

ofe|~[ofo]s]o]n]

10 In the following theorem we prove a result similar to Theorem 4.2 and Theorem 4.4, when the

11 sequence A contains nonnegative integers with 0 € A.

'® Theorem 4.5. Let A = {ag,ai,...,ar_1}7 be a sequence of nonnegative integers such that 0 =
Blag<ay <o <agy F= (ro,r1y-..,rk—1) and r; > 1 for all i € [0,k —1]. Let d(A) =1 and
% min{ry,ry,...,re_1} =r.

. (1) If r > 2, then

17 k=1

18 IS(A)| > |(r—1)A| 4+ min{ay_1,r(k—2)+ 1} + Z(i— Drici+ (k= 1)(rg—1 —r).

19
20 (2) If r =1, then

21 ) ‘ ‘
_ A T <op_s.
22 |S(A)| Z Ag—1 k+2+§l:1(1 1)}"1717 l‘fak—l < 2k 5’

Ok—k—2+Y,(i—Vri-1,  ifa1>2k—4

i=1

23
2 Proof. LetB" :={ay,a,...,ax_1 }y withV:= (r1,r2,...,r—1). Then d(B") = 1 and S(A) = S(B") U
5 {0}. If r > 2, then applying Theorem 4.4 on B”, we obtain

26

27 [S(A)] = [S(B")| +1
o8 k=2
2 > |(r— DA|+min{ag_1,r(k—2)+ 1} = 1+ ¥ iri+ (k— 1) (1 —r) + 1

I; i=1
31 k=1
o > |(r—= DAl +min{ag_1,r(k=2)+ 1} + Y (i— Driy 4+ (k= 1) (1 —r).
- i=1

Z% If r = 1, then by Theorem 4.2, we have

3 S(A)] 2 [S(B")|+1

36 1 - .

p— < a1 —k+1+Y " iri+1, ifa <2(k—1)—=3;

s T 0k—k—-3+Yin+1,  ifag >2(k—1)-2,

39 _ ak,l—k+2+):f-‘:1(i—l)ri_1, ifa,_1 <2k-—5;

j% T\ Ok—k—2+YE (i— Dy, ifa >2k—4.

g This completes the proof of the theorem. 0J
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1 5. Freiman’s theorem for a-subset sum

— In this section, we prove Freiman-like theorems for Sy (A), when the set A contains positive integers and
3 . .. . . .

o when the set A contains nonnegative integers with 0 € A, in Theorem 5.1 and Theorem 5.2, respectively.

- To prove our results, we define

SY(A):={s(B):BCA,1 <|B|<|A|—a}.

6
" Then Sg(A) = Yiena— (S¥(A)U{0}). Therefore, |Sq(A)| = [SF(A)|+1if 0 ¢ A and |Se(A)| =
8 |S¥(A)]if 0 € A.

9

1o Theorem 5.1. Let k > 3. Let A = {aj,az,...,ax} be a set of k positive integers such that a; < ap <

;1 - <arand d(A) = 1. Let o« < k—2 be a positive integer. Then

k(k—1 1
% ap + (2 )—a(a;— )—f—l, ifap <2k—3;
z S=(4)] 2 k(k—1)  a(a+1)
5 Ok+1)—4+ =2 — =+ 1, ifa>2%—2.

g Proof. Set B=A\{ax_1,ax}. Then
18 2M(AU{0}) U(SY(B) +ar—1 +ax) C ST(A).

19 Here we are assuming that S¥(B) + ax_ +a; = 0 if @ = |B|. Observe that 2" (AU {0}) and S¥(B) +

20 ay_1 + ay are disjoint. Thus
21

o [Sa(A)] = [ST(A)[+1 > [22(AU{0})[ + ST (B)|+ 1 = |2(AU{0})[ +1Su(B)|-

zE If ap <2k—3=2(k+1)—25, then applying Theorem 2.8 on AU {0} and Theorem 2.9 on B, we obtain

= k—2)(k—1 ala+1

25 \Sa(A)lzak+k—l+( )2( ) _ (2 )+1
. k(k—1 ala+1

27 =a;+ (2 )— (2 )—i—l.

Z% If a; > 2k —2 =2(k+ 1) — 4, then again by Theorem 2.8 and Theorem 2.9, we get
o (k—2)(k—1) a(a+1)

%0 1S (A)] > (6 +1)(k+1)—6+ 5 SRS
31

3 k(k—1 a(o+1

%2 =0(k+1)—4+ (k-1 oflast )+1.

33 2 2

34 This proves the theorem. 0

35

36
57 Theorem 5.2. Let k > 4. Let A = {ap,ay,...,ax_1} be a set of nonnegative integers such that 0 =
58 Ao <ajp <---<ag_andd(A) = 1. Let & < k—2 be a positive integer. Then
39 k=1)(k—2) a(a—1
0 Clk71+( )2( ) _ o > )+27 ifap—1 <2k—5;
" |Sa(A)] =
k—=1)(k—=2) a(o—1)

We also have the following theorem when the set A has 0 as an element.

41

o Ok —4+ 5 2 a2 2k—4
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1 Proof. Set B'={ay,as,...,ax_1}. Then B is a set of k — 1 positive integers, d(B') = 1 and S{(A) =
2 S%1(B)U{0}. Then, from Theorem 5.1, it follows that

3

— [Sa(A)] = |ST(A)]

5 = [s71 ()| +1

6 k—1)(k—2) ala—1

e ak_1+( )2( )— ( 5 )—|—2, ifa,_1 <2k-5;

B = k—1)(k—2 1

’y 9k—4+( )2( ) _ o 5 )—1—2, ifag_1 >2k—4.

"% This proves the theorem. 0
11

2 6. Freiman’s theorem for ¢-subsequence sum

13

12 Let A = {ay,az,...,a;}7 be a sequence of positive integers, where 7 = (ry,r2,...,ry) with r; > 1 for
15 alli € [1,k]. Let min{ry,ry,...,r} = r, and let & < Y'X_, r; — 2 be a positive integer. In this section,

16 we prove Freiman’s 3k — 4-like results for S (A). The proofs are quite similar to the ones in Section
17 4, however, in this section, the proofs are more involved and depend heavily on o. In Theorem 6.1,
18 we assume that o = Z;‘Zl ri —2. Then, in Theorems 6.2 and 6.3, we consider the case that r > 2
19 and o < Y*_, r; — 2. Further, in Theorems 6.4 and 6.5, we assume that r = 1 and & < Y5, r; — 2.
20 In Theorem 6.4, we consider all possible cases with r = 1, except the one that r,_; = 1 and ry # 1,
21 with which we deal in Theorem 6.5. In all the above-mentioned theorems the sequence A contains
22 positive integers. We prove similar results in Theorems 6.6, 6.7 and 6.8, when the sequence A contains
23 nonnegative integers with 0 € A.

24 Before proceeding to the results of this section, we first define

25 )
26 SH(A) := {s(B):BgA,lg\Bygzn_a}_

27 i=1

2E Then Sq(A) =Y cpa— (SY(A)U{0}). Therefore, |S¢(A)| = |ST(A)|+1if 0 ¢ A and [S(A)| =
29 |SF(A)]if 0 € A,

30

51 Theorem 6.1. Let k > 3. Let A = {ay,as,...,ax}y be a sequence of positive integers such that

p a1 <ay <---<ag 7= (r,r,...,rx) and r; > 1 for all i € [1,k|. Let r = min{ry,ra,...,r¢}. Let
s 0=YK ri—2andd(A)=1.Ifr =1, then

34

* S (A)’>{ak+k, if ap < 2k —3;
o -

O+ 1)(k+1)—4, ifap>2k—2.

36
BiIfrZZ, then

38 art+k+1, ifa <2k-—1;
» Sa(A)] > .

9 3k, if ap > 2k.

40

41 Proof. If r =1, then

42 SE(A) =2 (AU{0}).
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Therefore, by Theorem 2.8, we get

1

2

— ap+k, if ap <2k—3;
3 [Sa(A)] = |SF(A)+1> % L

; O+ 1)(k+1)—4, ifag>2k—2.
5 If > 2, then

% ST(A) =2(Au{0})\ {0}.

. Therefore, by Theorem 2.3, we get

9 a+k+1, ifap<2k—1;
o Sa(A)| = [S¥A)|+1> ’

0 SalA)] = IS5 (4) _{% o

. 0

® Theorem 6.2. Let k > 3. Let A ={ay,ay,...,a;}7 be a sequence of positive integers such that
Ya<a<o<apF= (ri,r2,...,rx) and r; > 2 for all i € [1,k|. Let min{ry,r,...,ry} =r and
®dA)=1. Leta < YX | ri—r be a positive integer. Then there exists an integer m € [1,k| such that
16 vm—1 . mo .

— Y <o <Y! riand

17

k—1 m m
. ISe(A)| > [(r—1)(AU{0})| + min{ag,r(k— 1)+ 1} + ;iri—;irﬁ—m (Z}ri—a> +k(ri—r).

20
21 Proof. Set By ={ai,as,...,ar_1,ar}s With §; = (r1,r2,...,re—1,7x —r). Then

2 (rAU{ON\{0}) U (ST(B1) + rax) C ST (A),

24 where (r(AU{0})\ {0}) N (S¥(B1) + rax) = 0. Therefore

z% [Sa(A)] = IST(A)[+1 = [r(AU{0}) \ {0} + [ST(B1)[+ 1 = [r(AU{0})] +|Sa(B1)[ — 1.
o7 If m < k—1, then applying Theorem 2.5 on AU {0} and Theorem 2.10 on B;, we obtain

28 k-1 m

29 1Sa(A)] > |(r—1)(AU{0})| + min{ay, r(k— 1)+ 1} =1+ Y iri+k(re—r) =) iri
30 i=1 i=1

31 m

5 +m ;ri—a +1

] ) -

ol =|(r—DAU{ON)|+min{ag, r(k— 1)+ 1} + Y iri— ) iri+m (Zn-—a)
8 i=1 i=1 i=1

® +k(rg—r).

37

s 1f m =k, then again applying Theorem 2.5 on AU {0} and Theorem 2.10 on B;, we obtain

39 k=1

‘E |Sa(A)|2|(r—1)(AU{O})]—|—min{ak,r(k—1)—|—l}+k< ri—i—rk—r—(x).

4 i=1

42 This proves the theorem. 0

7 Aug 2024 00:03:31 PDT
231221-Pandey Version 2 - Submitted to Rocky Mountain J. Math.



1

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

FREIMAN’S (3k—4)-LIKE RESULTS FOR SUBSET AND SUBSEQUENCE SUMS 13

In the following theorem, we prove a similar result for the remaining values of «, i.e., ):le ri—r<

2 oa<Yl -2

° Theorem 6.3. Let k > 3. Let A ={ay,ay,...,a;}7 be a sequence of positive integers such that

—ay<ay <---<ay ¥=(r1,ry...,rx) and r; > 2 for all i € [1,k]. Let min{ry,r,...,rs} =r and
2 d(A)=1. Let Y*_;r; —r < a < ¥, r; — 2 be a positive integer. Then

ak—k—|—2+k(2l1r, oc), ifar <2k—1;

|Sa(A)] >
k+1+k(X ri—a), if ag > 2k.

10 Proof. Set B, = {al,az,...,ak_l,ak};z with §5 = (r1,r2,...,rk_1,l”k—2). Then

11
2

—_

(2(AU{0})\ {0} U (ST (B2) +2ax) C ST(A),

E where (2(AU{0})\ {0}) N (ST (B2) + 2ax) = 0. Therefore,

14

[Sa(A)] = ST(A)+1 = 2(AU{0H) \ {0} + ST (B2) [ +1 = [2(AU{0})| + [Sa(B2)| — 1.

. Applying Theorem 2.4 on AU {0} and Theorem 2.10 on B, we obtain

17

18

19

20

21

22

23

24

25

26

27

28

1Sa(A)] = [2(AU{0})| — 1 +& (Eri+rk—z—a> +1

i=1

ap+k+1+k(Th ri—a) =2k ifa<2(k+1)-3;
>

3(k+1)—3+k(Xi ri—a)—2k, ifa>2(k+1)-2,

ap—k+1+k(T5 ri—a), ifa<2k—1;

k+k( ri—a), if ag > 2k.

The case r = 1 is considered in the following two theorems.

2E Theorem 6.4. Let k > 3. Let A = {ay,ay,...,ar}7 be a sequence of positive integers such that a; <
30 ay < - <ap7=(r,ra,...,rx)and r; > 1 foralli € [1,k]. Letry_y # land ry # 1 orr_y =rg =1
31 orrey #landry=1. Letd(A) = 1. Let a < Zf;l ri — 2 be a positive integer. Then the following

32 holds.

B8 ) Ifa< Zl | ti— 1, then there exists an integer m € [1,k — 1] such that Zm L nSa<Yt
34 and

= ar—k+ 1+ Y5 i =Y in A m (X0 ), if ap <2k—3;

= [Soc(A)] =

37 O(k+1)—k—3+Y5 ir, =YY" iri+m(Xm ri—a), ifag>2k—2.

38

29 (2)If):l 1r,—1<a<Z, 17i —2, then

40

41
42

Sal(A)] > ak—k+k(zl 1ri— Oc), ifap <2k—3;
o -
0k+1)—k— 4+k():l 1 ri— (x), ifap > 2k —2.
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Proof. SetBs = {ay,as,...,ak_1,a}s, With 3 = (r1,r2,...,rk—2,7k—1 — 1,1y — 1). Then

2 (AU{0}) U (ST (Bs) + a1 +ax) C ST(A),

1

2

3

4

5

6 where 2" (AU{0}) N (S%(B3) + ax—1 + ax) = 0. Therefore,
7

8

B [Sa(A)] = [ST(A)[+1 = [2M(AU{0})] +[ST(B3)| + 1 = [2"(AU{0})| + [Sa(B3)|.
10
1

s Casel (rp_1>2andr, >2). Ifa < Z i1 2 ;. then m < k — 2 for both A and Bs. Applying Theorem
— 2.80on AU{0} and Theorem 2.10 on B3, we get

15 [Sa(A)]

= > [2(AU{0})]| +[Sa(Bs)|

18 ar+k—14+Y5 i — (k=1) k=YX iri+m (X0 ri —a) + 1,

19 if ap <2k —3;

20 >

21 (O+1)(k+1)—6+X5 iri— (k—1)—k—Y/ iri+m (XL ri—a)+1,
22 if ap > 2k —2,

23

oa B ar—k+1+Y5 i =Y i m (X i —a), if ap <2k—3;
25 O(k+1)—k—3+Y5 in—Y" iri+m(Xr, ri—a), ifa;>2k—2.
26

28 IfY*2r <a<Y!r—1,thenm=k—1 forboth A and Bs. Applying Theorem 2.8 on AU {0}
29 and Theorem 2.10 on B3, we get
30

% 1Sa(A)]
33 > [2MNAU{0})] +[Sa(Bs)]

34 .

o ap+k—1+Y5 i — (2k—1)— (X i — (k= 1)) + (k= 1) (X' ri— 1 —a) + 1,

o if a < 2k —3;

e =

o (O+1)(k+1)—6+X5 jiri—(2k—1)— (T} in—(k—1)+ (k-1 (T2 ri-1-a)+1,
o if a > 2k —2;

40 ap—k+1+ Y5 i =X i+ (k= 1) (T2 ri— ), if ap < 2k—3;

41 =

2 O(k+1)—k—3+Y ir— Y lin+(k—1) (X ri—a), ifa>2k—2.
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If Zf.‘;ll ri—1 <o <Y r—2, then applying Theorem 2.8 on AU {0} and Theorem 2.10 on Bj,

we get
|Sa(A)]
> 2" (AU{0})| +1Sa(B3))
a+k—14+k(X ri-2—a)+1, if ap < 2k—3;

O+ 1) (k+1)—6+k(Xr ri—2—0a)+1, ifa>2k-2,
ak—k—i—k(zl 1 ri— Oc), if ap <2k —3;

-
[Bfefe|~]ofo]s]e]n]-

—_
—_

O(k+1)—k—4+k(X ri—a), ifa>2k—2.

-
S|

E Case II (r;,_; > 2 and r;, = 1). In this case, the sequence B3 has k — 1 distinct elements and the
14 vector §3 has k— 1 terms. If o < Z;:lz ri, then m < k — 2 for both A and B3. Applying Theorem 2.8 on

15 AU{0} and Theorem 2.10 on B3, we get
16

v 1Sa(a)]

18 > [2MAU{0})| + |Sa(B3)|

19

o ap+k— 1+ 2+ (k=) (e — 1) =X i+ m(X i —a) + 1,
o1 if ap <2k —3;

2? Z k m m

s (O+1)(k+1)— 6+Z_11r, (k=1)(re—1 — 1) =X iri+m(X, ri—a)+1,
s if ap >2k—2,

25 ak—k+1+2f:1ir,-— miriAm (Y o), if ap <2k—3;
26 =

2Z 9(k+1)—k—3+):{-‘:1irl~—2§”:1iri—l—m( ;"er,-—oc), ifakZZk—Z

28

o9 If Zf;lz o< Zf;ll ri—1= ):l 1 7i — 2, then m = k — 1 for both A and B3. Applying Theorem 2.8
30 on AU{0} and Theorem 2.10 on B3, we get

31

> Sal)

3 > 2" (AU{0})] + |Sa(Bs)|

z% ar+k—1+4(k=1) (2 2r+n1—-1-a)+1, if qp < 2k —3;

> >

36 O+ 1)(k+1)—64+(k—1) (T Pri+trn—1—a)+1, ifa>2k-2,

37

o B ap—k+1+ Y5 i =YX+ (k= 1) (T ri—a), if ap < 2k—3;

9 Ok+1)—k—=3+Xk jiri— Y lin+ (k—1) (X2 ri—a),  ifa>2k—2.

40

41 Case III (rx—1 = ry = 1). In this case, the sequence B3 has k — 2 distinct elements and the vector §3

g has k — 2 terms. Thus, m < k — 2 for both A and B3. Applying Theorem 2.8 on AU {0} and Theorem
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2.10 on B3, we get

1

% |Sa(A)]

o > 2 (AU{0})| +[Sa(Bs3)|

5 a+k— 14X 2 i — Y0 i m (S0 i — o)+ 1, if ap < 2k—3;
j O+ 1) (k+1)—6+X5Zir =Y in+m(Xr, i—a)+1, ifa>2k—2,
% ap—k+ 1+ Y5 ir— Y™ iri+m(E ri—a), if aqp < 2k—3;

—_
o

O(k+1)—k—3+Y i =Y iri+m(Y ri—a), ifag>2k—2.
11

— U
12

E Theorem 6.5. Let k > 3. Let A = {ay,az,...,a;}7 be a sequence of positive integers such that
Woa<ay<---<ay F=(ri,ry,...,rg), r;> 1 forallie [1,k—2|, r_y =1and ry > 2. Let d(A) = 1.
15 Let o < ZLI ri — 2 be a positive integer. Then the following holds.

16

o ) Ifa< Zlf ri, then there exists an integer m € [1,k — 2| such that Zm < a<Y riand
17

18 ap+k+ X5 i =X i m (X i — @) + (k—mA+1) (e — 1),
o if ar < 2k —3;

20 [Sa(A)] =

21 O(k+1)+k—d+Y2ir— Y ir+m (X ri—a)+ (k—m+1)(r— 1),
22 if ap > 2k —2.

23

o I <a<YE ri—2, then

25 k .

= ar—k+24 (k—1) (X5, ri—a), if ap <2k —3;
2i ‘SQ(A”Z ( i=1 )

27 O(k+1)—k—2+(k—1) (Y ri—a), ifa>2k-2.
28

o9 Proof. Set By = {Cl],az,. .. ,ak_z}s*;‘ with §3 = (rl,l"g, .. .,I”k_z) Ifa< Zz 1 Ti> then 2/\(AU{0}) and
50 (ST¥(B4) +ax—1 +ay) are two disjoint subsets of SF(A). For | <i<r—land 1< j<k—m—1,

51 define

?; m k—1

il Vi = ng—a a, + Z rea; + (re—j— Dag—j+ (i+ 1)ag,
s (=1 t=m+1,t#k—j

i m k—1

® Vigem = | Y re—0—1)am+ Y, nac+(i+1ay,
36 /=1 t=m+1

37 and

38 m k—1

39 Vik—m+1 Z — O | am+ Z rtat+(i+1)ak
- (=1 t=m+1

e It is easy to see that

42 Vil <Vig2 <o <Vikem—1 <Vik—m < Vik—m+1 < Vi+1,1-
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1 Therefore, the elements v; ; are all distinct, all are in the set S{'(A) and bigger than the elements of
2 2"(AU{0}) and S¥(B4) + ax—_1 + ax. Therefore, we have

=!2A(AU{0}>!+\Sa(B4)y+; Z] 1.
= Jj=

3
4 [Sa(A)| =[ST(A)[+1

= r—lk—m+1

6 > 2N Au{o})|+ ISt + | J U wij|+1
e =1 j=1

8 re—1lk—m+1

9

10

"

E By Theorem 2.8 and Theorem 2.10, we have
13

s 1S (A)]|

15

. (@ +k— 1+ X5 20— Y™ ir+m (X ri— )+ 1+ (k—m+1)(re— 1),
17 ifap <2(k+1)-5;

ia >

18 =

. (O+1)(k+1) =6+ X5 Firi— X iri+m (X ri— o)+ 14 (k—m+1)(re— 1),
2 | ifax>2(k+1) 4,

% ap+k+ Y ir =X i m (X i — o) + (k—m+1)(r — 1),

2 _ if ap < 2k—3;

24 O(k+1)+k—4+X52ir =Y iri+m(Xr ri—a)+ (k—m+1)(rp— 1),
z% if a > 2k —2.

26 Now, let Y 2r <a<yt lr,—Z—Zl Zritre—1. Setd, | =ag 1y, =rc— 1, and Bs =
2&{611,027---,%—2,01{,1}55 with §5 = (r1,r2,...,rk—2,7,_,)- Then
30

31 2MAU{0}) U (ST(Bs) + ax—1 +ax) C ST(A),

32

* where 2" (AU {0}) N (S*(Bs) + ax_1 + ax) = 0. Thus,
34

35
% |Sa(A)] = [ST(A)] +1 > [2M(AU{0})| + ST (Bs)|+ 1 = |2 (AU{0})| + [Sa (Bs)] -
37

38 As Zl i< Zl : r,—f—rk 1» by Theorem 2.10, we have

39

g k—2
i |Soc(B5 |> (Zrl—i—rk 1= >+1—( —1 (Zr,—f—rk—l— )—|—1

42 i=1
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This equation together with Theorem 2.8 applying on AU {0}, give

1

= Sa(A)] = [2(AU{O})] +ISa(Bs)

4 ap+k—1+k—-1) (T ritn—1-a)+1, if a4 < 2k —3;

= O+ V)(k+1) 6+ (k—1) (T 2r+n—1—a)+1, ifa>2k—2,

7 a—k+2+ (k—1) (£ i — ), if ap < 2k—3:

% - O(k+1)—k—2+(k—1) (T ri—a), ifa>2k-2.

E This proves the theorem. 0

11

E In the following three theorems, the sequence A contains nonnegative integers with 0 € A.
13
12 Theorem 6.6. Let k > 4. Let A = {ag,ai,...,ax_1}7 be a sequence of nonnegative integers such
5 that0=ap <a; <---<ap_, 7= (ro,rl, .y rk—1)and r;> 1 foralli € [0,k—1]. Let d(A) = 1 and
e r=min{ry,r,...,r_1}. Let o0 = Zl oti—2. If r=1, then
17
— ak,1—|—k—1, ak,1§2k—5;
8 [Sa(A)] =
(0+1)k—5, ar_i>2k—4.

19
20 Ifr>2, then

21
= 14k 1 <2k-3;
22 ’Sa(A)‘Z ar-1+K, a1 =<

3k —3, ai_1 > 2k—2.

23

24

= Proof. If r=1, then
25

e Sq(A) =2"AU{0}.

2Z Therefore, by Theorem 2.8, we get
28

o 1+k—1 1 <2k-5;

&3 Sa(A)] = 2] 41> { At TIT o @S

30 (0+1)k—5, ak,122k—4.

*' If r>2, then

32

ez Therefore, by Theorem 2.3, we get

35

a6 1+k 1 <2k—3;

. [Sa(A)] = [20A] 41> § 91 TR @

37 3k—3, aj_q1 > 2k—2.

= 0
39

40 Theorem 6.7. Let k > 4. Let A = {ag,ai,...,ar_1}7 be a sequence of nonnegative integers such

4 that0=ag < ay < --- < ag_1, ¥ = (ro,r1,...,1¢—1) and r; > 1 forall i € [0,k — 1]. Let d(A) = 1 and
42 min{ry,r,...,r—1} =r>2. Let a < Zi.‘;ol r; — 2 be a positive integer. Then the following holds.
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() Ifo<a< Zf.‘;ol ri —r, then there exists an integer m € [1,k] such that Z;":_OZ <o <y 01 ri
and

1

2

3

4

5

i k—1 m

% 1Sa(A)| >|(r— DA|+min{ag_y,r(k—2)+ 1} + Y (i— Drioy = Y (i— Dricy
i=1 i=1

9

E (Zrl 1— ) —1)( 1—}").

11

12

13

14

6 (2)Ileor, r<(x<210rl 2, then

20

21 |S (A)|> ak,l—k+2+(k 1)(21 1 i— 1—06), l'fak,1 S2k—3;
[0 il

z% k=14 (k—1) (L5, 1 —a), if a1 > 2k—2.

QZ

25

26 Proof. Set Bg := {a1,az,...,ar_1}5 with 5 := (r1,r2,...,7_1). Then d(Bs) = 1. Observe that
27 S%(A) = S(Be) U{0} if 0 < & < ry and S“(A) ST (Be) U {0} if 1o < a <y lri—2. Note
28 also that, if a > ro and Z;": o<y 0 r; for some m € [2,k]|, then Z’" rifo—r< Z:”;ll r;.
29 Therefore the integer m for A will work as m — 1 for By.

30 If0 < a < 1, we have from Theorem 4.4 that

31

"3

33

Si

z% Sa(A)| = [ST(A)]

- = [S(Bs)| + 1

o k—2

38 ) .

o > |(r—1)A|+min{ag_1,r(k—2)+1} -1+ Z iri+(k—1)(rg1—r)+1
> i=1

40 k-1 l

ar =|(r—1DA|+min{ay_1,r(k—2)+ 1} + Z(i— Dricy+ (k= 1)(rg—1 —r).

42 i=1
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If rg < a< Zl o i — 2, then we have two possibilities: either ryp < @ < Zf;ol ri—ror Zf.‘;ol ri—r<

1
2 o< Y5 ) r;—2. In the first case, we have 0 < @ —rg < Y4~ r; — r, so by Theorem 6.2, we obtain
3

“

S5 |Sa(A)]

% = ST (A)]

s =[S+

% - }Sa—ro(B6)‘

- . k2 omel

v Z|(r—1)A|—|—m1n{ak_1,r(k—2)—|—1}—1—;113-—;m-ﬁ-( Zr, o —ro)

8 —|—(k—1)(rk,1—r)

i k—1 m

% =|(r—1)A|+min{ay_1,r(k—2)+ 1} + Z(i— Driy — Z(i— D)ri—y

16 i=1 i=1

17 m

18 DY rii—a|+k=1)(r—1—r).

19 =l

20

21
>» In the second case, we have Zf.‘ r—r<o—ryg< Zl | i — 2. By Theorem 6.3, we get

23

24
2 1Sa ()] = [Sa—ry (Bo)|
26

- a1 —k—+2
27

+ (k=1 (S ri—(a—ry)), ifa3<2k—3
8 k—1+(k—1)
I
1)

(X5 = (a—r0)), ifa | >2%k—2,

29

— a1 —k+2

(
2 (k )( 1 1Ti— 1—06), ifak,1§2k—3;

31 =1+ (k—

(T rici—a), ifap | >2k—2.
32

33

Gz This completes the proof of the theorem. O
35

36

37

- The following theorem is for » = 1.

39
g Theorem 6.8. Let k > 4. Let A = {agp,ay,...,a;_1}7 be a sequence of nonnegative integers such
41 that0=ag < ay <---<ag_1, 7= (ro,r1,...,rx—1) and r; > 1 forall i € [0,k—1]. Let d(A) = 1 and

ﬁg min{ry,ry,...,r_1}=r=1 Let o < Zi.‘;ol r; — 2 be a positive integer. Then the following holds.
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(1) Ifo< (X<Zf:02ri—lwith ree1# landry £ lorrey=re=10rr._; # 1 and ry =1, then

1
E there exists an integer m € [1,k] such that Y™ 2 r; < o0 < Yo' ri and

3

" S(A)]

% (27| —k+2+2§:1(i— l)r,-_l —Z?n:l(i— l)ri_l + (m— 1) (Zinzl ri—1— OC),

- if a1 < 2k—35;

8 Ok —k—2+ Y5 (i—D)rig =Y (i—Drio+(m—1) (X ri — ),

9 ifag_1 > 2k—4.

0

" ) Ifo.:()zri—l <a< Zi':ol ri—2withry 1 #landr,#1orre1=r,=10rr,_1# 1 and
2 ry =1, then

8

% a1 —k+1+(k=1) (X rimi—a),  ifay <2k—5;

15 IS(A)] > (k - )

E 9k—k—3+(k—l)():i:1rl-,1—Oc), ifag_1 > 2k—4.

5 B) IfO<a<rgwithry, o= 1and r,_1 # 1, then

9 akfl—k+2+2§:1(i—l)ri,1, ifap_1 <2k—5;

20 |Sa(A)] =

21 Ok —k—24+Y% [ (i—Driy,  ifa g >2k—4

22

EE @ Ifnn<a< Zf-:g ri with ry_p = 1 and ry_1 # 1, then there exists an integer m € [1,k| such that
24 ):;”:_02 rn<a< ):;":_01 r; and

25

s 1Sa(h)]

27 =1/ m (s m

. ag_1+1 +Zi-(:11(l —Drio =Y, (= Drici+(m—1) (X% ric1 — &) + (k—m)(rg—1 — 1),
29 . ifag—1 <2k—5;

0 =) 0k =34+ LA = Dy — X = iy + (m— 1) (E2 iy — @)+ (k=) (e — 1),
31

o ; >0k —4.

2 if ap > 2k —4

33

— ®)) Ifo.‘;g rn<o< Zé:o] ri—2withr=ry_o=1and ry_| # 1, then

35 k .

— ak_l—k+3+(k—2) Z-: ri-1—ao), zfak_1§2k—5;
63 ’Sa(A)‘Z ( i=1 )

37 Ok—k—1+(k-2) (X rii—a),  ifas>2k—4.
38

39 Proof. Set By := {ay,az,...,a5_1}g with 57 := (r1,r2,...,r—1). Then d(B7) = 1. Observe that
w0 SH(A) = S(B7)U{0} if 0 < o < rg and S¥(A) = ST "*(B7) U{0} if ro < & < ¥i~ r; —2. Note
41 also that, if ot > rp and Z;.":’OZ n<o< Z;";Ol r; for some m € [2,k], then 2?1:]2 rn<oa—ry< Z;'l;ll ri.
42 Therefore the integer m for A will work as m — 1 for B;.
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Casel(ry_1#landry#lorr_j=r,=1orr#landrp, =1). If 0 < & < r, we have from

Theorem 4.2 that
Sa(A)] = ST (A)]
=[S(By7)|+1
a1 — (k=1)+ X iri+ if a1 <2(k—1)-3;

Ok — (k—1) — 4+z’<1m+1, ifap_ 1 >2(k—1)—2.
ar—1 —k+2+zl~:1(i— l)l’i_l, ifak,1 < 2k—5;

-
[Bfefe|~]ofo]s]e]n]-

Ok —k—2+Y (i—Driy,  ifay >2k—4.

—_
—_

12
5 Ifro<a< Zk_l r; — 2, then we have two possibilities: either 0 < o —rp < ):l yri—1lor Zl 1 ri—
w I1<a—rn< Zl (ri—2. Ifo—rp < Zf-‘zlzr, 1, then by Theorem 6.4, we get

—_

5 |Sa(A)]

16 —|§Y

" ST (A)]

18 = |sF 0 By)| +1

19

2E = ‘Sa ro IB7)|

21 (o — k24 X iy = X0 i (m = 1) (205 7 = (00— 7o)

2i 1fak_1§2(k—1)—3,

23 Z

zz Ok —k— 2—|—Zkllr, Z?:lliri—l—(m—l)(Zi.”:]lri—(a—ro)),

25 \1fak_122(k—1)—2,

26

27 At —k+ 24 L5 (= Dy = X7 (= Drimy 4 (m = 1) (T rimt — o),
28 if ap_y <2k—5;

29 =

o Ok —k—2+Y5 [ (i—Dri =YX i—Driog+(m—=1) (X, rii1 —a),
v if ap_; > 2k —4.

% IfZl 1rl—l <oc—ro<Zl 1’”1 2, then again by Theorem 6.4, we get

34 |Sa(A)]

. = |Sa—r, (B7)|

36

37 . a1 —k+1+(k=1) (T ri—(a—ry)), ifa; <2(k—1)=3;
. |Gk —k=3+ (k1) (T = (e —r)),  ifar >2(k—1)-2,
39

40 a1 —k+1+(k=1) (X ri—a), ifa <2k-5;

41 =

s Ok—k—3+k-1) (X rioi—a),  ifa >2k—4.
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Casell (r;_p=1and r,_1 #1). If 0 < o < rp, we have from Theorem 4.2 that

1

% Sa(A)] = [S(B7)[+1

’ a1 — (k=) + Yl in+1,  ifag <2(k—1)=3;

= Ok — (k—1)—4+ Y Lir+1, ifae >2(k—1)—2.

7 Gy —k+2+ X5 (i~ Dricy,  ifag g <2k-5;

- Clek—k—24%E (- Dy, ifa >2k— 4.

% fro<a< Zf;g ri,then0 < @ —rg < 25:13 r;. Thus, it follows from the proof of Theorem 6.5 that
12 |S(A)]

o =|Sa r(B7))|

% (a1 +k—1+ X5 ir - Y tiri+ (m—1) (875 ri— (0 —r0)) + (k—m) (re—1 = 1),

16 N ifap_1 <2(k—1)-3;

| Ok ks i X i (- 1) (52 - (o 7))+ (k= m) (i — 1),

o fa=2(k=1)-2,

z% a F 1AL (= Vi = X (= Drica+ (m = 1) (S iy — @) + (k—m) (r -1 — 1),
o ifa,_ <2k-25;

2 ) Ok =34 T - D — X = Do+ (m— 1) (5 71— @) + (k—m) (g — 1),
. | if a > 2k—4.

26 If Zk Sri<a< Zl —o ri — 2, then we have again from Theorem 6.5 that

2 [S(A)] = |Sa—r, (B7)

2i Aj— 1—k+3+(k 2 (Z r,—( —ro)), ifak_1§2(k—l)—3;

30 >

o Ok—k—1+(k—2) (X /ri—(a—r)), ifa>2(k—1)-2,

2% a1 —k+3+(k=2) (X i1 —a), ifa <2k-5;

34 Ok—k—1+(k—2) (X5 rio1—a),  ifa;>2k—4.

z% This completes the proof of the theorem. 0
37
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