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Abstract

In this paper, we investigate the global Hopf bifurcation of a delayed diffusive
predator-prey system with hunting cooperation and Holling type-III functional
response. Firstly, we obtain the stability of positive steady state and the exis-
tence of local Hopf bifurcation by analyzing the characteristic equation. Sec-
ondly, we prove that the predator-prey system has the permanence properties
and the positive steady state is global attractive for the system without delay
by establishing the Lyapunov function. Then, according to the global Hopf bi-
furcation result of Wu [32], we establish the existence of global Hopf bifurcation.
Finally, the results are illustrated by numerical simulations.
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1. Introduction

The dynamic relationship between predators and preys is one of the crucial
topics in mathematical ecology due to its ubiquity and importance. In [1, 2],
Leslie proposed a predator-prey model in which the capacity of the predator in
the environment is proportional to the number of prey
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where v = u(t) and v = v(t) represent the densities of prey and predator at
time ¢, respectively; and r, k,d,h and by are positive constants. The numbers
r and § are the growth rates of the prey and the predator, respectively. The
parameter k stands for the carrying capacity of the prey population and b; is
the predation rate. The value 7 denotes the carrying capacity of the predator
population, where h is the scaling coefficient.

Holling proposed the different functional response functions to describe the
relation of predator-prey (see [3-5]). Population dynamics models with differ-
ent dynamic functional response functions were established for different species.
The Holling III functional response is suitable for the analysis of vertebrate
dynamic behavior, and it has been studied by many scholars (see [6-11]). Sim-

ilarly, Holling type-III functional response alf; is added to the Eq.(1), and the
parameter m is introduced considering that the predator has other food sources.

The model is usually written in the following form (see [12])

du u buv
— =TU (1 — —) —_

dt k) a+u?

dv ( hv ) (2)
—=d0v|1l- .

dt m+u

In order to better understand predator-prey dynamics, many scholars intro-
duced time delay into biological models (see [13-17]). In [18], Ma introduced
maturation delay of the predator and the time delay in digesting prey. Similar-
ly, for Eq.(2), we introduce the parameter 7 > 0 and u, = u(t — 7), where 7
denotes the time taken for digestion of the prey. Then we have

W (1Y) R

dt k) a+u?’

dv ( hv > (3)
— =dv|1l-— .

dt m+ u,

Considering the uneven distribution of predators and their prey in different
spacial locations within a fixed area, as well as the tendency of various species to
spread into smaller population areas, many scholars have extensively studied the
predator-prey model with diffusion (see [19-23]). Similarly, adding a diffusion
factor to Eq.(3), then we obtain

ou U buv
ov hv
A 1—

5 do 'U—|—511( m—l—uT)’

where u = u(z,t) and v = v(x,t) represent the population densities of mature
prey and predator at location x and time ¢, respectively; u, = u(z,t—7); d; > 0
and dy > 0 are the diffusion coefficient.

The cooperative behavior of some predators in finding and attacking the
prey in order to improve their foraging efficiency, is called hunting cooperation
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and widespread in biological systems. For example, wolves, wild dogs and lions
often work together to capture their preys [24]. In 2010, Berec [34] simulated
a predator-prey model with foraging facilitation using ordinary differential e-
quations, and explored the dynamic effects of different interference of different
intensities on the predator-prey model. In 2017, Alves and Hilker [35] believed
that the attack rate of predators is not constant, but increases with the increase
of predator density, so it is essential that add a cooperation term to the attack
rate of the predator population. Then, they proposed the hunting cooperation
models with Holling types I, I, ITT and IV functional response, respectively. Ac-
cording to the ideas in [35], we also replace the predation rate b in Eq.(4) with
p(v) = af’iv, where a; > 0 is a parameter describing predator cooperation in
hunting. Then, in this paper, we consider this following model under Neumann

boundary condition for non-negative initial values

m:dlAu+ru(1_u)_( buv?

2 b
ot k a+ u?) (ay +v) et 0,
90 _ gyiv + o0 (1 - 1
gt »evTov m+u, )’ (5)
ou  Ov
_— = — = Q
%~ 9 0, x €I, t>0,

u(z,t) >0, wv(z,t) >0, r€Q,te[-70],

where © = (0,In) and [ is a positive number. Other models with such hunting
cooperation effect can be seen in [25-27].

We would like to mention that it is difficult to study the existence of global
Hopf bifurcation in partial functional differential equation (PFDE) because of
the existence of space factors. The global Hopf bifurcation of PFDE was inves-
tigated in [28-31] by using the global Hopf bifurcation result of Wu [32], and the
authors proved the global attractiveness of the system without delay by using
the method of upper and lower solutions. However, this method is not suitable
for predator-prey model where the reaction function is monotone with respect
to u,. In this paper, we use the comparison principle to obtain permanence of
Eq.(5) and have the range of the positive periodic solution. In order to avoid the
contradiction, the range is compressed by using the iterative method. Then, we
establish Lyapunov function in this range to prove the attractiveness of positive
steady state when 7 = 0. Finally, we obtain the conclusion about the existence
of global Hopf bifurcation.

The rest of the paper is organized as follows. In section 2, we study the
existence of positive steady state and local Hopf bifurcation for model (5). In
section 3, we investigate permanence of model (5), and prove the attractiveness
of positive steady state when 7 = 0 by establishing Lyapunov function. In sec-
tion 4, we verified that the conclusions in section 2 and section 3 are reasonable
by using numerical simulation.
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2. Stability and local Hopf bifurcation

Firstly, we analyse the existence of constant steady state of Eq.(5). Obvi-
ously, the constant steady state of Eq.(5) satisfies

U bu?v? hv
T“(l_ﬁ)_(a+u2)(a1+v)_o’ 5”<1_m+u>_0' (6)

We can obtain the trivial and semi-trivial steady states of Eq.(5), which are
S1 = (0,0), So = (0,%) and S3 = (k,0). In addition, the positive constant
steady state Sy = (ug, vg) satisfies

Ayug + Biud + Crug + Dyug + Ey =0, vy = wv
where
Ay :—%, By :rh—w—b, 4 :rh(alh—f—m)—%—%m,
Dy =rah — M —bm?, B = rah (a1h +m).

k

It’s pretty obvious that A; < 0 and E; > 0, but the signs of By, C7 and D are
uncertain. For convenience, we define

o(u) = Ayu* + Byu® + Cu® + Dyu+ By, ue Ry = (0,400).

To better analyze the conditions for the existence of positive constant steady
state, we take the derivative of ¢(u) with respect to u for u € Ry. Then we
have

QS/ (’LL) = 4A1u3 + 3Blu2 + 201’& + Dl,
¢ (u) = 12A41u> + 6Byu + 2C;.

For ¢ (u) = 0, a quadratic function of one variable, the discriminant is A =
3687 — 96A4,C}, and the sign of A is indeterminate. By further analyzing
the derivative function of ¢(u), we can obtain the following lemma about the
existence of positive constant steady state.

Lemma 2.1. If (I1) holds, Eq.(5) has a unique positive constant steady state,
where
(I1): one of (a) — (I) holds,

(a) & <0;

(b) A >0,Cy >0 and D; > 0;

(¢) A>0,C, >0, D; <0 and max ¢ (u) < 0;

(d) A >0, C1>0, Dy <0, max ¢ (u) > 0, and ¢(u1) > 0 or ¢p(uy;) < 0,

where ¢ (u1) = ¢ (u11) =0 and 0 < uy < uyy;
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(e) A >0,B;y >0, C, <0, D; >0, and gb/(ug) >0 or (]5/(1622) < 0, where
—3B1—4/9B?—-24A,C} w —3B1+4/9B?—-24A,C4
22 =

Uz = 124, ) = 124, ;

(f) A>0,B; >0,C; <0, D >0, (ZS/(UQ) <0, ¢/(U22) >0, and ¢(U33) >0
or ¢(usss) < 0, where ¢/(u3) = ¢/(U33) = ¢5/(u333) =0and 0 < ug <
U3z < U333; /

(g) A>0,B;>0,C;<0,D;<0 cmd(b(uz)SO;

(h) &>0, B1>0,C1 <0, D1 <0, (ug) >0, and $(ua) > 0 or ¢(uas) <0,
where ¢ (ug) = ¢ (ugq) =0 and 0 < uy < Ugy;

(Z) A>0, Bl>0, 01:0 anlezo;

() A>0,B, >0,C;=0,D,<0 andmaxgb/ u) < 0;

(k) A >0, By >0, C; =0, D; <0, maxgb,(u) > 0, and ¢(us) > 0 or
d(us5) < 0, where oy (us) = oy (us5) =0 and 0 < us < uss;

(l) A>O, Bl<0and01§0.

The proof of this lemma is given in the appendix.

Next, taking 7 as the bifurcation parameter, we study the stability of positive
steady state and existence of local Hopf bifurcation. Define the real-valued
Sobolev space and the abstract space, respectively,

X = {(u,v) € H*(0,17) x H*(0,In)|uy = v, = 0,2 = 0,Ir},
C:C([—T,O],X).

Let = (0,7)T, where

®:ru<l—g)—( bu*v? T:&)(l— o )

k a-+u?) (a1 +v)’ m+ u,

The linearized system of Eq.(5) at positive constant steady state Sy in the phase
space C can be expressed as

U(t) = DAU(z,t) + AU (x,t) + BU (z,t — 7), (7)

where U(z,t) = (u(x,t),v(z,t))*, D = diag(dy,dz), and

— or _ —a(ug) —PB(uo)
3U(x,t) (uo,v0) 0 —J ’
g O | (00}
8U([L’,t—7’) (uo,v0) n 0
with
B 2rug 2abug(m + ug)?
alug) = —r + A h(a + w2)2(arh + m + w)’
bud (m + ug)(m + ug + 2a1h)
= > 0.
Bluo) (@ +ud)(arh +m+ ug)?
5
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For convenience, denote L(U;) = AU(z,t) + BU(z,t — 7). Then the linearized
system Eq.(7) is equivalent to

U(t) = DAU(z,t) + L(Uy). (8)

According to Wu [32], we have that the characteristic equation for the lin-
earized system Eq.(8) is as follow

Ag—DAg—L(e¥g) =0, gé€dom(DA), g#0, (9)
where
dom(DA) = {(u,v)" : u,v € C*([0,1n],R),uy = 0,v, =0 at x = 0,Ir} .

Considering the following eigenvalue problem under Neummann boundary con-
dition

—Ap = pp, x € (0,17), ¢'(0) = ¢'(Im) = 0. (10)

It is well know that Eq.(10) has eigenvalues p, = ?—22, (n =0,1,2--+) and
corresponding eigenfunctions ¢, (x) = cos 7. Substituting

o0
n Jin
= coS — T ,
1= oy ()
n=0
into Eq.(9), we obtain

dy % + aug) /3(21&0) (gln) 1\ <91n>
—8emAr do% 46 ) \92n 9on )

Consequently, the characteristic equation of Eq.(7) can be expressed as

An(N) =N 4T, \+ D, + He™* =0, neNy:=NUJ{0}, (11)
where
2
T - % T
didan? n? 12
= + (0d1 + d2a(uo)) 75 + Do, (12)

o 12

D
)
H = EB(UO) > 0,

with
To = a(uo) +46, Dg= a(uo)(S.
Define

ug:aum>>nmx{,

Then we can obtain the following results.
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Lemma 2.2. If (I1) and (I2) hold, then all roots of Eq.(11) have negative real
parts when T = 0.

Proof. Assume that (I7) holds. When 7 =0, Eq.(11) is equivalent to
N+ T, A+ D, +H=0. (13)

If (I3) holds, then we have Ty > 0, d16 + daa(ug) > 0 and Dy + H > 0. It
follows that

d d>)n?
T, = % + Ty >0,
d1d2n4 ’I’L2
D, +H = i +4M1+@am@h5+Dm+H>0.

Hence, all roots of Eq.(13) have negative real parts. The proof is complete. [

Lemma 2.3. If (I1) and (I3) hold, then A =0 is not a root of Eq.(11) for any
T>0.

Proof. Suppose (I;) and (I2) hold. Combined with the proof of lemma 2.2, we
known that D,, + H > 0 for any n € Ny. If A = 0 is the root of Eq.(11), there
exists n € Ny such that D, + H = 0. There is a contradiction between the
two results. Thus, A = 0 is not a root of Eq.(11) for any 7 > 0. The proof is
complete. O

By the above lemmas, we have that as time delay 7 increases, the stability
at (up,vo) changes when the roots of Eq.(11) pass through the imaginary axis
into the right. Next, we will analyze when does Eq.(11) have pure imaginary
roots. Note that D,, increases monotonically with respect to n. Therefore, if
Dy — H >0, then we have D,, — H > 0 for any n € Ny and if Dy — H < 0, then
there exists n, € Ny such that

D,—H>0, n>n.néecNp,
D, —H<0, n<n.néeNg.

For convenience, we define Ny = {n | n > n.,n € No} and No = {n | n <
n.,n € No}.

Lemma 2.4. Assume that I holds.
(i) If ha(ug) — B(ug) > 0, then A,(X) = 0 has no pure imaginary root for
n € Np;
(i) If ha(ug) — B(ug) < 0, then A,(N\) = 0 has no pure imaginary root for
n € Ny and a unique pair of pure imaginary roots £iw, when 7 = 7, ; for
n € Ny and 5 € Ny, where
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—(I2 —2Dy) + /(T7 — 2D,,)? — 4(D} — H?)
Wn = D) ,
1 —w2+D,
V= — T T 4 ohr ).
Tn,j o (arccos —H + ]71')
Proof. Let A = iw, (w, > 0) be a root of A,(\) = 0. Substituting it into
Ap(A) =0, we have
—w2 + Dy, + Tyhwni + H(cosw,T —isinw,7) = 0. (14)
Separating the real and imaginary parts of Eq.(14), we can obtain that

,21 — D, = Hcosw,T, (15)
Thwy, = Hsinw,T.

w

Squaring and adding both equations of Eq.(15), one has

wh +(T? — 2D, w2 + D2 — H? = 0. (16)
Let z = w2, then Eq.(16) is equivalent to

22+ (T? -2D,)z+ D? - H? =0. (17)

Under the assumption (I3), we know that D,, + H > 0 for any n € Ny. Further-
more, it is clear that
n2
=
If ha(ug) — B(ug) > 0, it is easy to see that Dy — H > 0. Then for any
n € Ny, we have D2 — H? > 0. It follows that Eq.(17) has no positive real root
and A, (A) = 0 has no pure imaginary root. The proof of (i) is complete.
If ha(ug) — Bug) < 0, then we have Dy — H < 0. Note that D,, — H > 0 for
n € Ny, which implies that A,,(A\) = 0 has no pure imaginary root. For n € Ny,
we have D,, — H < 0, which implies that D — H? < 0. It follows that Eq.(17)
has a positive real root and A,,(\) = 0 has a pair of pure imaginary roots +iw,,

4
T2 — 2D, = (d* + d%)% +a2(ug) + 0% + 2(dialug) + dad) = > 0.

where
1
—(T2 - 2D, T2 -2D,)? —4(DZ - H?)\’
wn:@:( (T3 >+¢<n2 )P~ 4D >) |
In addition, according to Eq.(15), we have
) ~ Thwn =0  —w2+ D,
SiwnT = —p ,  COSW,T = oy
Consequently,
1 —w24+D
Tn,j = o (arccos w’ii;[" + 2j7r) , J € Np. (18)
The proof of (i) is complete. O
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Next, we state the following lemma about the transversal condition.

Lemma 2.5. Assume that (I2) holds and ha(ug) — B(ug) < 0. Let A(1) =
a(t) £iB(7) be the root of A, (X) = 0 satisfying a(r, ;) = 0 and B(Tn ;) = wn
forn € Ny and j € Ng. Then the transversal condition is Re%L:T > 0.

Proof. Treating 7 as a function of A in A, (\) = 0 and differentiating both sides
of A, (A) =0 gives that

AT _ DAk T
d\ S o Tow2 + (w3 — Dpwy)i  wpi
Therefore,
A d B
. . T
Sign <Red7_ . 7) = Sign (Red)\ . 7)
-1
T2 -2D,)% —4(D2 — H?
| (V@ 2D P —amr =) |
Tpwi + (wi — Dp)?
The proof is complete. O

Note that 7, ; is monotonically increasing with respect to j, which implies

that min {7, ;} = min{r, ¢} := 7. Thus, all roots of Eq.(11) have negative
n€Ny,j€Ny neNy

real parts when 7 < 7, and Eq.(11) has at least two roots with positive real
parts when 7 > 79. Next we can state the following theorem on the stability of
positive steady state (ug,vo) and the existence of local Hopf bifurcation.

Theorem 2.6. Assume that (I1) and (I3) hold.

(i) If ha(ug) — B(ug) > 0, then the positive steady state (uo,vo) of Eq.(5) is
locally asymptotically stable for any T > 0;

(ii) If ha(ug) — B(ug) < 0, then the positive steady state (ug,vo) of Eq.(5)
is locally asymptotically stable for 7 € [0,79) and unstable for T > 1p;
furthermore, Hopf bifurcation occurs at (ug,vo) when T = T, ;, where
7o = min{7, 0} and n € Ny, j € Ny.

For convenience, we define
(13) = ha(ug) — Bug) < 0.

Obviously, under the assumption of (I1)-(I3), the local Hopf bifurcation will
occur near the positive steady state (ug,vp).
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3. Global Hopf bifurcation

In this section, we investigate the global continuation of periodic solutions
bifurcating from the positive steady state (ug, vp) by using global Hopf bifurca-
tion theorem given by Wu [32]. Firstly, we prove permanence of Eq.(5) to obtain
the range where periodic solutions exist. Secondly, we compress the range by
using the iterative method to avoid contradiction. Thirdly, by establishing a
Lyapunov function in the compressed range, we investigate the global attrac-
tiveness of the positive steady state (ug,vo) when 7 = 0. Finally, according to
[32], we have the results about the global Hopf bifurcation.

Lemma 3.1. If u(z,0) # 0 and v(z,0) % 0 for x € Q, then Eq.(5) has the
permanence properties. To be specific,

limsup max u(z,t) < g, limsupmaxv(x,t) < ¥,

t—oo xEQ t—oo xEQN
lim inf min u(z, t) > o, lim inf min v(z, t) > 9,
t—oo Q) t—o0 Q)
where
5 R m 4+ Ug . kraaq R m + g
iy = Uy = g= —————, Uog=—.
’ h raay + bko3’ h

Proof. Obviously, we have that u(x,t) > 0 and v(x,t) > 0 for any = €  and
t > 0 by the maximum principle. From the first equation of Eq.(5),

ou u
— < — — .
atﬁdlAu—kru(l k:)’ e t>0

Suppose that l.?o(x, t) is the solution of the following equation

oy  ~ | - Uo
at—d1AUO+TUO<1—k>, JUEQ7t>O,
% 0, €9, t>0,

Ox

Uo(z,0) = u(z,0), z€Q.

By the comparison principle, we have u(z,t) < 00(x,t) for x € Q and t > 0.
Note that tlim Uo(z,t) = k for any = € Q. Thus
— 00

lim sup max u(x,t) < k := 4.
t—oo TEQ

Then, for any e; > 0, there is Ty > 0 such that u(z,t — 7) < @ig + &1 for x € Q
and ¢ > T7. From the second equation of Eq.(5),

0 h
—UgdgAv—i—év (1—}), zeQt>T.
ot m+ug + €1

10
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Let Vo(z,t) be the solution of the following equation

o - hVo

— = AV + 0V |1 — —— |, e Q,t>1T,
ot 2AVy + 0( m+ﬂ0+€1> T 1
%:O, IE@Q,t>T1,

ox

Volz, Th) = v(z,T1), =€

By the comparison principle, we know that v(x,t) < f/q(x,t) for z € Q and
t > Ty. Moreover, it is obvious that tlim Vo(z,t) = mH8tes for any z € Q.
—00

Since €1 is arbitrary, we can obtain

. m+u -
lim sup max v(z,t) < 9= .
t—oo TEQ h

Then, for any €2 > 0, there exists T > T3 such that v(z,t) < 9y + &2 for x € 9]
and t > T5. Combined with the first equation of Eq.(5),

ou [1 - (1 + b(To + 2)°

- > diA Q,t > Ty,
o = u—+ru A aarr )u}, relilt>1s

Assume that Up(z, ) is the solution of the following equation

. ) A ) - 2\
%ZdlAUo—F’/‘UQ 1-— 7—|—M Up|, xe€Qt>Ts,
ot k aaqr

g]—0:07 r €00, t > T,

or

Uo(x,Ty) = u(z, Ty), x€Q.

By the comparison principle, we have u(z,t) > ﬁo(x,t) for z € Q and t > Tp.
In addition, it is easy to see that

kraay ch
, T )
raay + bk(0y + €2)?

Jlim Up(a, ) =

It follows from the arbitrariness of 5 that

kraaq

lim inf min u(x,t) > = Up.

t—=00 zeQ raay + bkﬁ(z)

Let €3 > 0 and &3 is sufficiently sm_all. Then, there exists T3 > T5 such that
u(z,t — 1) > tipg —eg > 0 for z € Q and ¢t > T3. Combined with the second
equation of Eq.(5),

ov hv
— > dy A ov|ll— —— Ot > Ts.
8t =2 vt U( m+ﬁ0€3>’ TEL> 13

11
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Suppose that Vo(x, t) is the solution of the following equation

oV . N RV

=0 — 4y AV, + 6V (1-}3), zeUt>Ts,
ot m+ Uy — €3

%:O, xE@Q,t>T3,

ox

%(w,Tg) =o(x,T3), x€Q.

By the comparison principle, we know that v(z,t) > X_A/O(:r, t) for x € Q and t >
T;. Notice that tlim Vo(w,t) = mH80==3 for any & € . From the arbitrariness
—00

of €3, we have

lim inf min v(z,t) > m+ to = 0p.
t—=o0 zeQ h
The proof is complete. O

From Lemma 3.1, we can obtain that the positive periodic solutions of Eq.(5)
are in Go = [to, tUg] X [0g, Ug]. That is, all of the positive periodic solutions of
Eq.(5) are uniformly bounded. Next, We compress the region Gy where positive
periodic solutions exist into a smaller range by using the iterative method.

Lemma 3.2. If u(z,0) # 0 and v(x,0) Z 0 for x € Q, then every solution of
Eq.(5) is attracted to G, = [4,q] x [0,0], where

@= lim @, @= lim 4,, o= lim §,, ©= lim o, (19)
n—oo n—oo n—oo n—oo
with
. kr(a+a2) (a1 + 0,) B m + Gy
Up41 = =5 - = Ungl = ———,
r(a+ a2)(ay + 0,) + kb02 h (20)
. kr(a+42) (a1 + Upi1) . m + U1
Upt1 = ntl = ———-

r(a+a2)(ar 4 Ongr) + kb02,
and ug, Do, Uy and Uy are defined in Lemma 3.1.

Proof. Let ¢4 > 0 and &4 is small enough. Then, _there is Ty > T3 such that
u(xz,t) < g+ €4 and v(z,t) > 09 —eg > 0 for € Q and t > Ty. According to
the first equation of Eq.(5), we have

1 N 2
du < diAu+tru [1 — ( + bt — e4)

,x € Qt>Ty.
o k r(a+(ao+e4)2)(a1+ﬁom)M ) !

Assume that U (z,t) is the solution of the following equation

8[}1 ~ ~ 1 b(f}o —54)2 ) ~ }

— = d{AU Uy |1— |- U], € Q,t>Ty,
@ 1”1[ (k+r(a+(ﬂo+54)2)(a1+©0—54) L 1
oU

L0, ze€o0,t>Ty,

ox

Ul(I,T4):U(I,T4), IEQ

12
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By the comparison principle, we have u(z,t) < U, (z,t) for z € Q and t > T.
From

~ 2 N 3
lim U (z,t) = Fr(a + (o +24)") (a1 + % — e4) zeQ,

t—oo r(a + (ﬂo + 54)2)(a1 + 09 — 84) + kb(f)o — 64)2 ’

and the arbitrariness of €4, we have

k a3 0
lim sup max u(z, t) < rla + d)(a + %)

= Uy.
t—oo zEQ r(a+ ’ﬁ%)((h + 0g) + kb’f)g !

For any €5 > 0, there exists T5 > Ty such that u(z,t — 7) < @1 + €5 for z € Q
and ¢t > T5. From the second equation of Eq.(5),

hv

@SdQAU—Fév (1—~
m—+ Uy + €s

, e, t>1Ts.
ot )x b

Let Vi(z,t) be the solution of the following equation

8‘71 ~ =, hf/l

— = AVI+Vi |1 - —— |, e Ot >1Ts,
8t 2 1+ 1( m+ﬂ1—|—€5> . g
%:0, IE@Q,t>T5,

ox

‘71(.1?,T5):U(.’E,T5)7 er

By the comparison principle, we know that v(z,t) < ‘71~(.11,t) for z € Q and
t > Ts. Moreover, it is obvious that tlim Vi(z,t) = % for any x € Q.
—00 z

From the arbitrariness of e5,

. m+u -
lim sup max v(z,t) < L= 3.

t—o0 €N h

Let ¢ > 0 and e¢ is small enough. Then, there exists Tg > T5 such that
u(z,t) > g —eg > 0 and v(z,t) < 01 +e6 for x € Q and t > Ts. Combined
with the first equation of Eq.(5),

ou |:1 . <]. b(f)l + 56)2

— >dA — e Q,t>1Ts.
gi — reutTu kT (a0 —e6)%)(ar + o —|—€6)> “} ) 6

Assume that U4 (z,t) is the solution of the following equation

U, . . 1 (1 +e6)? ) . ]

— =d{AU Ui [1— | - — Uy, x€Q,t>Tg,
gr _ stitr 1[ <k+r(a+(ﬁo—€6)2)(a1+vl+66) L 6
%:O, $€897t>T6,

oz

Ul(l‘,T(;) = ’U,(:E,TG), z €.
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By the comparison principle, we have u(z,t) > U, (z,t) for z € Q and ¢ > Tg.
In addition, it is easy to know that

. k o — )2 v _
lim Ul(il',t) _ AT(@ + (u() EG)N)(GI +v1 + EE‘!) , z€ 0.
t—o0 ’I”(CL + (UO — 56)2)(a1 + v+ 66) + k’b(’Ul + 66)2

From the arbitrariness of eg,

kr(a + 62 ;
lim inf min u(x,t) > r(a+ag)(ar + 1)

= — = U1.
t—oo zeQ r(a+a§) (a1 + 1) + kb7 !

Let e7 > 0 and &7 is sufficiently small. Then, there is 77 > Ty such that
w(x,t —7) >0y —er > 0 for x € Q and t > T;. Combined with the second

equation of Eq.(5),

ov hv
— > do A ovll— —mm—— Q. t>Tx5.
ot — 280+ U( m+ﬂ1—€7>’ TEt >y

Suppose that Vi (z,t) is the solution of the following equation

oV, . . hV

—1:d2AV1+5V1 (1—A1>, e Qt>Ty,
ot m+u; — €7

%:0, IG@Q,t>T7,

ox

Vi(z,Ty) = v(z,T7), z€Q.
By the comparison principle, we know that v(z,t) > Vi (x,t) for x € Q and
t > T5. Note that tlim Vi(z,t) = 2HU=2 for any © € (). From the arbitrariness
—00
of &7,

m+ﬂ1 “
= 1.

lim inf minv(z,t) >
t—o0o e ( ’ )_ h

2
Note that % is an increasing function for s > 0. Then, by calculation,

we have that

. k o k -
Uo = 1 4 Rblmtio)? <up = Tt Tb(m o) < Uo =R,
rh2aaq rh(a+a2)(a1h+m+io)

. k . k _—
Uo = 1 kb(m+1g)? <ur = 1 kb(m+a4)2 <Up =R,
+ rh2aa, + rh?(a+a2)(a1+01)
o K k o
U = 14 Tb(m s )2 < . Kb (mtiio)? = u1.
rh(a+4a2)(a1h+m+i1) rh(a+a2)(a1h+m+io)

That is to say, 4y < @1 < w1 < ug. Similarly, we can obtain that vy < 07 <

v1 < 9.
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Then, define four sequences {@y,}, {0n}, {Gn} and {0,} for n € N as follows

~ kr(a+a2_))(a; + 0,_1)

__ mAy
Uy = ) - ——, Uy = ,
" or(a+a2 ) (a1 4+ Op_1) + kb2, " h
a — krlataiy)(a +5.) . mi,
L=

Un = ’
r(a+a2_))(a; +0p) + kb2’ " h
where g, 79, g and ¥ are defined in Lemma 3.1. Assume that

limsup max u(z,t) < @,, limsupmaxuv(z,t) < Ty,

t—oo TEQN t—oo xEN
liminf min u(z,t) > 4,, liminfminov(z,t) > O,
t—oo Q) t—=o0 Q)

and t,_1 < Up < Uy < Up_1, On_1 < Uy < Uy < Up_1. Next, we will prove that

limsup max u(z,t) < Upq1, limsupmaxov(z,t) < Upiq,

t—oo xEN t—oo xEN
liminf minu(x,t) > 4,11, liminfmino(z,t) > Op41,
t—o00 e t—oo Q)

and U, < ’len_H < ﬂn-&-l < Upyy U < ’Ein+1 < f/n+1 < Up. ~

For any sufficiently small positive number €;, there is 77 > 0 such that
u(w,t) < iy, + € and v(z,t) > 0, — e > 0 for z € Q and ¢t > Ty. According to
the first equation of Eq.(5), we have

8U 1 b(@n—E]_)Q _
— <dA [ Q T;.
e <d u—&—ru{ (k+r(a+(ﬂn+61)2)(a1+ﬁn61) ul, xed,t>1T;

Then, assume that Un+1(l’, t) is the solution of the following equation

80n+1 ~ ~ 1 b(@n - E1)2 >
= d AU, U, 1—( = Uni1],
ot 18Un+1 + TUn+1 et @t e (a1 on—a)) "
e t>1T,
OUnt1 _ 0, =€ t>1T,
ox
Upy1(z,Th) = u(z,Th), ze€Q.

By the comparison principle, we have u(z,t) < Upy1(z,t) for x € Qand ¢t > Ty.
Furthermore, it is clear to see that

kr(a+(an+€1)2)(a1 +0n_€1) _

lim Uy (z,t) = , Q.
A Unsa (2, 4) @t @t e )?) (@t on—e) + kb(on —e2” ©€

Since €; is arbitrary,

kr(a +a2) (a1 + )
lim sup max u(z,t) < — R — =
t—>oop zeQ (@,8) < r(a+a2)(ay + o) + kb2

fins1.
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For any e > 0, there exists T, > T, such that u(x,t) < @,41 + €3 for z € Q and
t > T. From the second equation of Eq.(5),

0 h _
deQAU+5U<1—~rL}>, $€Q,t>TQ.
ot m+un+1+€2

Let Vi41(z,t) be the solution of the following equation

8f/n+1 e o hf/n+1 =
= do AV, % 1-— O, t > 1T
ot 2 n+1 + n+1 < m+ﬂn+1 +62 ) T eilt> 12,
Vi, _
+ =0, xE@Q,t>T2,
or

‘N/n_;,_1(.’13,T2) = U(J?,TQ), x e Q.

By the comparison principle, we can get v(z,t) < Vpyi(z,t) for z € Q and

t > T5. Since tlim Viri(z,t) = W for any x € Q and e, is arbitrary, we
— 00

have

m+ﬂn+1 ~

lim sup max v(z,t) < = Upy1.

t—oo z€Q h
For any sufficiently small positive number €3, there exists Ty >_T2 such that
u(xz,t) > G, — €3 > 0 and v(x,t) < Uptq + €3 for € Q and t > T3. Combined
with the first equation of Eq.(5), we obtain
ou |:1 ( 1 b(Vps1 + 63)2

= >dA - 0.t > T;.
g = GiautTu k+T(a+(ﬁ0—63)2)(a1—|—1~11+63)>u}7336 b1

Then assume that Un+1(:c, t) is the solution of the following equation

8Un+1 ~ ~ 1 b(f}n-ﬁ—l + 63)2 ) A :|
I AU AU 1= =+ - - Unt1|,
ot~ T T [ (k r(a+ (itn — €3)) (a1 + 1 +e3) ) "
zeQt>Ts,
aljn-l-l s
:0, $€897t>T35
ox
Upii(x,Ts) = u(z, Ts), =€

By the comparison principle, we have u(z,t) > Un+1(x, t) forx € Qand t > Tj.
In addition, for x € €, it is easy to know that

kr(a + (i, — €3)?)(ay + Ony1 + €3)
r(a+ (tn — €3)2)(a1 + Ony1 + €3) + kb(Vpr1 + €3)2°

tllzgo Un-‘rl (QS, t) =

From the arbitrariness of ez,

kr(a + 62 ;.
lim inf mlp U($, t) Z r(a + un)(al +v +1)

- —~ = Upatq-
t—00 zeQ r(a+42)(a1 + Opy1) + kbv2+1 i

16

28 Jun 2024 02:21:44 PDT
230918-XuXiaofeng Version 3 - Submitted to Rocky Mountain J. Math.



For any sufficiently small positive number €4, there is T, > T such that u(z,t —
T) > Gipy1 — €4 > 0 for z € Q and t > Ty. Combined with the second equation

of Eq.(5),
ov hv _
— >dAv+ov|(l— — Q,t>Ty.
ot = 2 AV + v( m+ﬁn+1—€4>7 relt>1y

Then, suppose that Vn+1(x7t) is the solution of the following equation

8Vn+1 ~ ~ hvn—i—l —
—— =ds)A f 1-— Q T.

ot d2 Vn—',—l + 5Vn+1 m+ /LALn+1 — ey ) YIS at > 1y,
Wi _ 0, ze€dQt>Ty,

oz
Vn+1(.1‘,T4) = ’U(SL‘,T4), x € Q.

By the comparison principle, we know that v(z,t) > Vn+1(x,t) for x € Q and
t > Ty. Since tlim Vo1 (z,t) = w for any = € Q and ¢, is arbitrary,
— 00

o . m+ .
liminf minv(z,t) > LT Al Ol
t—oo zeQ) h
2
Recall again that % is an increasing function for s > 0. Thus, if

U1 < Up < Up < Uy_1, We have

- k . k
Up+1 = 1 N kb(m—+iin )2 < Up = 1 + kb(m~+d,_1)? 5
rh(a+a2)(arh+m+ay) rh(a+ﬂi71)(a1h+m+ﬁn_1)

. k . k

Up = 1 + kb(m—+1y,)? < Un+1 = 1 N kb(m+ii, )2 )
rh(a+a2 _|)(arth+m+a,) rh(a+42)(a1h+m+iy)

. k . k

Up — 1+ kb(m+ain )2 < Upt1 = 1 Eb(m—+iing1)2 ’
rh(a+di71)(a1h+m+ﬁ,L) rh(a+u2)(a1h+m+tni1)

. k ~ k

U1 = Rt inss)? < Unl = Rb(mt ity )2

L+ Srara) ke mtanD Th{a a2 ) (athtmTan)

To sum up, we know that 4, < Upt1 < pt1 < Up. Similarly, we can obtain
that 0, < Opt+1 < Upg1 < Upy.
Notice that the four sequences {a,}, {0,}, {tn} and {0, } satisfy
Uy < Uy < --- <7ln+1 < - <1~ln+1 <--- < Uy < g,
Vg < U1 <"'<@n+1 <"'<’l~)n+1 < - <7 <,

which means that {a,}, {0,}, {@,} and {0,} are all monotonically bounded
sequences. Hence, the limits of the four sequences exist as n approaches infinity.

Denote
lim @, =4, lim 9,=v, lim a,=4, lim 9, =7.
n—oo n—oo n—oo n—oo
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Clearly, u, v, & and v satisfy

limsup maxu(z,t) <@, limsupmaxv(z,t) <D,

t—oo xES t—oo x€Q
liminf minw(z,t) > 4, liminf minv(z,t) > 0.
t—oo ze) t—0o0 e
The proof is complete. O

Lemma 3.3. If (I1) and (14) hold, then the unique positive steady state (ug, vo)
of Eq.(5) without delay is globally attractive for (u,v) € G, where
(I4) : there is a positive constant « such that

Hmax k) )
H41 = _g - (Pmin(’uwv) + \Ilmax(u7v) + #a) < 07
1
Lo — — adh n Hpax (u, v, @) <0 (21)
2T T m+a 2 ’
with
D(u v)*L Pin(u,v) = min  P(u,v) = ®(a, )
) - (a+u2)<a1 +U)’ min ) - (u;u)EG* ) - ) )
(1= %) (a1 + vo)(u + uo) /
\Il ) = k ’ * = 2 ’
(u,0) (a+u?)(a1 +v) te = o UG A
U (U, v) = ( rn)aXG U (u,v) = max{¥(a,?0), U(u,v), V(a,0)}, (22)
u,v)EG 4
H(u,v,a) = ad _ bug(v+w) r(l-%)
m+u  (a+u?)(as +v) a +v
Hynax (u, v, @) = max  |H(u,v, ).

(u,v)E€Gx,a>0

Proof. According to Hsu [33], we establish the following Lyapunov function in
G,

where

V(u,v) = (u — up) — up In (50) ta ((1} — ) —woln (;;)) , (23)
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and « is a positive constant. Taking the derivative of Eq.(23), then we have

i =00 (= e 0w (555

( ad buo(v—i—vo)
+ 2
m+u  (a+u)(a; +v

)) (u—uo)(v — o)

bugv,
+ a+u2)(aol+v)> (u —up)
= (=7 = ®(u,v) + W(w,0) ) (u = uo)? - WD) )2 (24)
k m+u
+ H(w, v, a)(u — ug) (v — vg)
<(—£—<I>uv + U (u, )) (u—u0)2—maihu(v—vo)2

+ | H(w, v, a)|(u — ug) (v — vp)

< (—,’; B, 0) + ¥, v) + W) (= uo)?

. (_ ash |H(u,v,a)|> 0w

m+u 2

where ®(u,v), ¥(u,v) and H(u,v, «) satisfy the corresponding equation in E-
q.(22).

Taking the partial derivative of ®(u,v) with respect to u and v, respectively,
we have

0P(u,v) 2buv? <0
ou (a+u?)2(a1 +v) ’

0P(u,v)  2ar1bv + bv? 0
v (a+ u?)(ag +v)? '

Obviously, ®(u,v) decreases monotonically with respect to w and increases
monotonically with respect to v for (u,v) € G,. Therefore,

o d(w, D).
min @(u.v) = ©(i. )

Taking the partial derivative of ¥ (u,v) with respect to u and v, respectively,
we obtain

ov(u,v) (1 — %) (a1 + vo)(—u? — 2upu + a)

ou - (a +u?)2%(ay +v) ’
OW(u,v) (1= ) (a1 + vo)(u+ uo)
ov (a+u?)(ay +v)2 <0
19
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Clearly, ¥(u,v) decreases monotonically with respect to v for v € [0, 9]. Hence,

we have max U(u,v) = max U(u,d). Let u, be the positive root of % =
(u,v)€C. uwela, i) w

0. Then, we obtain u. = ug + \/u3 + a. It follows that there exists three cases

for max ¥(u,?).
w€[h,u)

Case 1. If u, < 4, then ¥(u,v) decreases monotonically with respect to u

for w € [4, @], which implies that m[z}xq U(u,0) = ¥(a,0).
ue|u,u

Case 2. If & < u. < 14, then ¥(u,v) increases monotonically with respect to
u for u € [, u.] and decreases monotonically with respect to u for u € (u., 4],
which implies that max U(u,?) = U(uy,0).

u€[, )

Case 3. If u, > 4, then ¥(u,v) increases monotonically with respect to u

for w € [4, @], which implies that Iél[é}}g] U(u,0) = ¥(a, ).
uE U, 0

In conclusion, we have

( m)aXG U(u,v) = max{¥ (4, 0), V(u,0),¥(a,0)}.
u,v)€EG 4«

If (1) holds, we can obtain from Eq.(24) that

dv
dt < Lp (u — ug)® + Lya (v — v)* <0,

where I4; and Iy are defined in Eq.(21). According to Hsu [33], we know that

aw (u—uo v — g
Q

27— di1Au+ « dQAv> dac—i—/ V(u(z,t),v(z,t))dz <0,
dt u v Q
which implies that the positive steady state (ug, vo) is global attractive for Eq.(5)

when 7 = 0. The proof is complete. O

Next, we use some definitions in reference [32].

(i) E = C(S',X) is a real isometric Banach representation of the group
G=8':={zeC:|z| =1}
(ii) Let EY:={x € E: gx = x for all g € G}. Then E® = X, and FE has an
isotypical direct sum decomposition £ = E¢ 213 Ey where Ej, = {eflz :
k=1
x € X} for k> 1.

Then, Eq.(5) can be written as a continuously differentiable, completely contin-
uous and G-invariant integral equation.

Suppose that (I7) — (I4) are satisfied. Lemma 2.1 tells us that So = (ug, vo)
is the unique positive constant steady state of Eq.(5). Lemma 3.2 and Lemma
3.3 show that Eq.(5) has no positive nonconstant steady state. From Lemma
2.3, we know that A = 0 is not an eigenvalue of Eq.(11) for any 7 > 0, hence the
assumption H (1) in [32, Sect.6.5] is satisfied. According to Lemma 2.4, Eq.(11)
has a unique pair of pure imaginary eigenvalues +iw, when 7 = 7, ;, so the
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assumption H(2) in [32, Sect.6.5] is satisfied. For sufficiently small €y, sy > 0,
we define the local steady state manifold

M = {(S,7,w) : |T — Tn | < €0, |w —wn| <0} C EY xR x Ry.
Then for
(T,OJ) € [Tn,j — €0,Tn,j + 60] X [wn — G0, Wp, + gO]v

+iw, are a pair of eigenvalues of Eq.(11) if and only if 7 = 7, ; and w = wy,
which means that (So, 7, ;,wn) is an isolated singular point in M.

Let pi(So, Tn,j,wn)(k = 1,2, ---) be the generalized crossing number defined
in [32]. Then, from Lemma 2.5, we know that (S0, 7p,j,wn) = 1. Thus we
obtain that the local topological Hopf bifurcation for Eq.(5) at 7 = 7, ;.

Consider the global nature of the Hopf bifurcation and let

S=Cl{(z,7,w) € EXR xRy :z=(21(-,wt), z2(-,wt)) = (u(-,t),v(-1))

2
is a nontrivial — periodic solution of Eq.(5)}.
w

Then according to the local bifurcation theorem, one has (Sp, 7, ;,ws) € S.
Define the complete steady state manifold as

M* ={(Up,7): 7 € R} C E® xR,
and the connected component that contains (So, 7 j,wn) of S as
Chni =€ (S0, T jswn).
Then we can use the following global Hopf bifurcation theorem given by Wu.

Lemma 3.4. [32] For each connected component &, ;, at least one of the fol-
lowing holds

(i) €, ; is unbounded, i.e.,

sup{rglz]mlé(|z(t)| + T twHw™ (2, 7,w) €, ) = o0;
€
(i1) €, ; N M* x Ry is finite and for all k > 1, one has the equality

Z /-Lk:(‘Sb)Tn,jawn) =0.

(80,Tn,j,wn)ECH ;NAM* xR 4
Now, we state our global Hopf bifurcation results as follow.

Theorem 3.5. If (I1)-(14) hold, Eq.(5) has at least one positive periodic orbit
when T > 71, where 7 = Héll\? {Tn,1}
n 2
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Proof. From Lemma 3.2, we obtain that the projection of €, ; onto the z-space
is bounded. Notice that

2jm < wpTp; <2(j+1)m, jeN.

It follows that

1 27 1 .
— < < =y J S N
.7+1 WnTn,j J

the projection of &€, ; onto the T-space is boundedwif 7 1s bounded.

According to Lemma 3.4 and (i1 (So, 7,5, wn) > 0 for any 7, ;, it is obvious
that each connected component €, ; is unbounded. In addition, from Lemma
3.2 and Lemma 3.3, Eq.(5) has no positive periodic solutions when 7 = 0.
Therefore, the projection of &, ; for j € N onto the 7-space include [7, ;, o).
The proof is complete. O

Assume (z,7,w) € €, ; for j € N, we have 1 < It < T j e N. It shows that

4. Numerical simulation

In this section, we verify our conclusions by taking the parameters of Eq.(5)
as follows

r=099, k=78, a;=0.1, a=>528, b=045 J=3.8,
h=1.13, m=44, d, =03, dp =03, [=S8.

For this set of parameters, we have that A = 0.1716 > 0, C; = 2.1765 > 0,
Dy = —614.5826 < 0 and max¢ (u) = ¢ (5.6960) = —596.8849 < 0, which
means that the case (c¢) of (I) is satisfied and Eq.(5) has a unique positive
steady state (ug,vo) = (29.4371,64.9886). By calculation, we can obtain that
a(ug) = 0.224 and B(ug) = —0.2797, which implies that (I2) holds. Moreover,
we know that DZ — H? > 0 for any n > n, = 2 and

D2 — H? = —0.1597, D? — H? =-0.1272, D3 — H? = —0.0249.

Obviously, the assumption (I3) holds. The corresponding Hopf bifurcation val-
ues are as follows

70,0 = 25.4972, T0,1 = 85.3680, T0,2 = 145.2387,

1.0 = 29.1700, 711 = 96.3373, 715 = 163.5046, --- (25)
Too = T1.8044, 7,1 = 224.0981, 755 = 376.3917,

From the definition of G, we have G, = [21.7772,38.5820] x [58.2099, 73.0814].
Choosing a = 0.177, one has I;; = —0.0084 < 0 and ;5 = —0.0071 < 0, which
implies that (I4) holds.

From Theorem 2.6 (i), the positive steady state (29.4371,64.9886) of Eq.(5)
is locally asymptotically stable for 7 € [0, 79) (see Figure 1 (a) and (d) ), unstable
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Figure 1: The unique positive steady state (29.4371,64.9886) of Eq.(5) is asymptotically stable
when 7 = 18 < 79 = 25.4972 and Eq.(5) has one positive periodic solution for 7 = 26 > 19
and 7 = 120 > 71 = 85.3680, respectively. (a) and (d) are the behaviours for u and v when
7 = 18, respectively; (b) and (e) are the behaviours for v and v when 7 = 26, respectively;
(c) and (f) are the behaviours for u and v when 7 = 120, respectively.

for 7 > 74 (see Figure 1 (b) and (e)), and Eq.(5) has at least one positive periodic
orbit when 7 > 7y, where

To = ng})l,rf,z{m’o} = 254972, T = nI:I%)I,Ill,Q{T"’l} — 85.3680.
In order to verify the extended existence of bifurcating periodic solutions, we

choose 7 = 120 far away from the Hopf bifurcation values in Eq.(25). The
corresponding numerical simulation results are shown in Figure 1 (c) and (f).
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Appendix The proof of Lemma 2.1

Proof. If A < 0, then we have ¢ (u) < 0, which means that ¢ (u) decreases
monotonically with respect to u for v € Ry. It is easy to know that ¢ (0) = D;.
And then we have the following two situations.

(i) If Dy > 0, then we have ¢(u) increases monotonically and then decreases
monotonically with respect to u for u € Ry. Furthermore, we also know
that ¢(0) = Ey > 0. Thus, Eq.(5) has a unique positive constant steady
state.

(ii) If Dy < 0, then we have ¢(u) decreases monotonically with respect to u
for u € Ry. In addition, we also know that ¢(0) = E; > 0. Therefore,
Eq.(5) has a unique positive constant steady state.

Consequently, Eq.(5) has a unique positive constant steady state for A < 0.
The proof of (a) in Lemma 2.1 is complete.

If A > 0and ¢ (0) = C; > 0, then we have ¢ (u) increases monotonically
and then decreases monotonically with respect to u for u € R.

(i) When ¢ (0) = Dy > 0, it is easy to see that ¢(u) increases monotonically
and then decreases monotonically with respect to u for u € R,. Moreover,
we also know that ¢(0) = E; > 0. Hence, Eq.(5) has a unique positive
constant steady state. The proof of (b) in Lemma 2.1 is complete.

(ii) When ¢'(0) = D; < 0 and max ¢ (u) < 0, it is obvious that ¢(u) decreases
monotonically with respect to u for u € Ry. Moreover, we also know that
@(0) = E; > 0. Hence, Eq.(5) has a unique positive constant steady state.
The proof of (¢) in Lemma 2.1 is complete.

(iii) When ¢ (0) = D; < 0 and max¢ (u) > 0, we have that there exist
up and wui; such that ¢I(U1) = ¢/(U11) =0and 0 < uy; < wyy. It is
easy to know that ¢(u) decreases monotonically for u € (0,u;] and then
increases monotonically for u € (u1,u11] and then decreases monotonically
for u € (u11,+00). Furthermore, we also know that ¢(0) = E; > 0.
Obviously, if ¢(u1) > 0 or ¢(u11) < 0, then Eq.(5) has a unique positive
constant steady state. The proof of (d) in Lemma 2.1 is complete.
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If A>0, B, >0and ¢ (0) = C; <0, then there exist ¢ (uz) = ¢ (ug2) =
0, where us and wugs are defined in Lemma 2.1. It is easy to see that ¢/ (u)
decreases monotonically for u € (0,us] and then increases monotonically for
u € (ug,uss] and then decreases monotonically for u € (ugg, +00).

(i) When Dy > 0, and ¢ (u) > 0 or ¢ (ug2) < 0, we have that ¢ (u) increases
monotonically and then decreases monotonically with respect to u for
u € Ry. In addition, we also know that ¢(0) = Eq > 0. Thus, Eq.(5) has
a unique positive constant steady state. The proof of (e) in Lemma 2.1 is
complete.

(i) When D; > 0, 0y (ug) < 0 and 0y (ug2) > 0, there exist us, ugs and uss3
such that gb'(u;;) = ¢ (us3) = ¢,(U333) =0and 0 < ug < uzz < uggs. It is
easy to know that ¢(u) increases monotonically for u € (0,us] and then
decreases monotonically for u € (us, uss] and then increases monotonically
for u € (uss,usss] and then decreases monotonically for v € (ugss, +00).
Moreover, we also know that ¢(0) = E; > 0. Obviously, if ¢(ug3) > 0 or
@(us33) < 0, then Eq.(5) has a unique positive constant steady state. The
proof of (f) in Lemma 2.1 is complete.

(iii) When ¢ (0) = D; < 0 and ¢ (ugs) < 0, then we have ¢(u) decreases
monotonically with respect to u for v € Ry. Furthermore, we also know
that ¢(0) = E; > 0. Thus, Eq.(5) has a unique positive constant steady
state. The proof of (¢) in Lemma 2.1 is complete.

(iv) When ¢ (0) = Dy < 0 and ¢ (ug) > 0, then there exist uy and uyy such
that ¢ (ug) = ¢ (ugg) = 0 and 0 < uy < ugg. It is easy to see that ¢(u)
decreases monotonically for u € (0,u4] and then increases monotonically
for u € (ug,u44) and then decreases monotonically for u € (u4q,+00). In
addition, we also know that ¢(0) = E; > 0. Apparently, if ¢(ug) > 0 or
@(ugq) < 0, then Eq.(5) has a unique positive constant steady state. The
proof of (h) in Lemma 2.1 is complete.

If A >0, B >0and ¢ (0) = C; = 0, then we have ¢ (u) increases
monotonically and then decreases monotonically with respect to u for u € R,..

(i) When ¢ (0) = Dy > 0, it is easy to know that ¢(u) increases monotonically
and then decreases monotonically with respect to u for u € R,. Moreover,
we also know that ¢(0) = F; > 0. Hence, Eq.(5) has a unique positive
constant steady state. The proof of (i) in Lemma 2.1 is complete.

(ii) When ¢ (0) = D; < 0 and max ¢ (u) < 0, it is obvious that ¢(u) decreases
monotonically with respect to u for u € Ry. Furthermore, we also know
that ¢(0) = E; > 0. Hence, Eq.(5) has a unique positive constant steady
state. The proof of (j) in Lemma 2.1 is complete.

(iii) When ¢ (0) = D; < 0 and max¢ (u) > 0, we have that there exist
us and ws; such that ¢/ (us) = gb/ (uss) = 0 and 0 < us < wss. It is
easy to know that ¢(u) decreases monotonically for v € (0, us] and then
increases monotonically for u € (us, uss] and then decreases monotonically
for v € (uss,+00). In addition, we also know that ¢(0) = E; > 0.
Obviously, if ¢(us) > 0 or ¢(uss) < 0, then Eq.(5) has a unique positive
constant steady state. The proof of (k) in Lemma 2.1 is complete.
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If A >0, By <0and ¢ (0) = C; <0, then we have that ¢ (u) decreases
monotonically with respect to u for v € Ry. It is easy to see that ¢ (0) = D.
And then we have the following two situations.

(i) If Dy > 0, then we have ¢(u) increases monotonically and then decreases
monotonically with respect to u for u € R;. Furthermore, we also know
that ¢(0) = E7 > 0. Thus, Eq.(5) has a unique positive constant steady
state.

(ii) If Dy < 0, then we have ¢(u) decreases monotonically with respect to u
for u € Ry. In addition, we also know that ¢(0) = E; > 0. Therefore,
Eq.(5) has a unique positive constant steady state.

Consequently, Eq.(5) has a unique positive constant steady state for A > 0,
B; <0 and C; < 0. The proof of (1) in Lemma 2.1 is complete.

Obviously, there is no case that A > 0 and By = 0. Therefore, the conditions
for Eq.(5) has a unique positive constant steady state are all taken into account.
To sum up, If one of (a) —(I) holds, Eq.(5) has a unique positive constant steady
state. The proof of Lemma 2.1 is complete. O
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