THE FIRST VARIATIONAL PROBLEMS OF THE TOTAL
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ABSTRACT. This paper is originated from Colesanti and Fragala study-
ing the surface area measure of a log-concave function. On the class
of log-concave functions, we study the first variation of the total mass
functional under the gauge transform 7 and gauge addition, which is
associated with the dual Minkowski theory of convex bodies in a natural
way.

1. INTRODUCTION AND MAIN RESULTS

The research object of this paper is log-concave function f on R", where
there exists a convex function ¢ such that f =e™%.

In recent years, the target of log-concave functions is taking essentially
any result from convex geometric analysis and trying to adapt it to func-
tional settings, see [1],[3],[5],[10],[12],[13]. In 2013, Colesanti-Fragala in [6]
gave the concept of the total mass of the log-concave function and solved
the first variational problem for the addition associated with the Legendre
transform £ (see [3]). As well, the corresponding Minkowski problems are
studied later by Cordero-Erausquin and Klartag in [7] and Rotem in [14]. In
2020, based on Colesanti-Fragala’s work, Fang-Xing-Ye [9] generalized the
Minkowski problem on log-concave functions to L, case, which leads to the
corresponding first variational problem and the L,-Minkowski problem.

In 2011, Artstein-Avidan and Milman [4] discovered a new order reversing
operator polarity transform A, which gave the functional form for duality
of noncompact convex set. In addition, they also composed the Legendre
transform and polarity transform, which resulted in a new order preserving
transform the gauge transform 7.

When one considers the class Cyz, (R™) of non-negative lower-semicontinuous
convex functions ¢ : R" — [0,00] which take the value 0 at 0, the gauge
transform could be written as

(T¢)(@) = (ALp)(2) = inf{r > 0: p(z/r) < 1/r}. (1)
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2 RUBIN ZHANG AND NING ZHANG

In 2021, Florentin and Segal [8] discussed some inequalities of a new
addition derived from the gauge transform. For consistency, we still use
“K” as the gauge addition between convex functions as follows,

pRy =T (Te+Tv), (2)

where ¢, 1) € Cyz (R™). Because of the reflexivity of J (see Proposition 3.3
for details), the above equation can also be expressed as

p®Y =TT+ TY).
In the same paper, when one gives the epi-graph of convex function ¢
epi(p) ={(z,z) e R" xR: p(z) < z,z € R},
they also gave the geometric meanings of this new addition,

epi(e W) = (epi(p)® + epi(1)°)°, (3)
where it could be interpreted geometrically as the duality of dual sum of
two noncompact convex sets.

Note that this gauge addition could be transferred to the log-concave

functions by
a.fBB.g=e PoRYE = e~ T (@To+BTY) (4)

where f =e %, g=¢"%, a, 8> 0.

Before discussing the first variational problem of log-concave functions,
the most important thing is to identify a good notion of “area measure” for
log-concave functions. To that aim, reference [6], we set

J(f)=[ [fdz,
R’ﬂ
where dr denotes integration with respect to the Lebesgue measure in R™.
Inspired by the dual Minkowski theory of convex bodies [11] and the geo-
metric meanings of gauge addition, it is natural to study the first variation
of the total mass of log-concave functions with respect to gauge addition,

by
~ . fBtg—f
oJ =1 —=-d
(f’ g) t—1>I(I)1+ Rn t v
e~ T (To+tTP)(z) _ o—¢(z)
= lim dx. (5)
t—0+ Rn t

In general, it seems impossible to find a explicit expression for the first
variation dJ(f,g). Therefore, our integral representation formulae are set-
tled in the similar class by Colesanti-Fragala in [6]. Here, we still use A" of

log-concave functions f = e~¥ such that ¢ belongs to
£ = 9 € Cu(R") : dom(y) = R € CLR™\(o}),  lim 55} = +oc),
z||[—+o0
therefore, A’ is defined as
A={f=e?:pecLl'}
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THE FIRST VARIATIONAL PROBLEMS UNDER THE GAUGE TRANSFORM 3

Now, we introduce the concept of controlled perturbation and discuss the
case f =g,
0T(f.) = ~[(n +1og J(/)J(f) + Ent(f)], (6)
where f € A, J(f) > 0, and

Ent(f) = /  flog fdo — J(f) log J(f)

introduced in [6]. Furthermore, if the first variation oJ (f,g) satisfies the
controlled perturbation and dominated convergence theorems, in Section 4
we obtain the explicit expression of the first variation by

~ e .
0(.9) = [ el <. V(o) Slo@T o), (1)
where f,gc A/, f=e"%,g=e"Y. N
Finally, we prove that the first variation 6.J(f, g) satisfies the dominated
convergence theorem, i.e
e_‘pt(x) — e_w(x) e_@t(x) _ e—cp(x)
dx :/
R

gJ(f7 g) - tlj)I(gl+ Rn t

lim dzx,
n t—0t t

this also proves that the first variation of the total mass of log-concave
functions under gauge addition exists.

2. DEFINITION AND PRELIMINARIES

This section provides preliminaries and notations required for log-concave
functions and convex bodies. More details can be found in [16].

We work in the n-dimensional Euclidean space R". In space R", < x,y >
represents the inner product between x and y, and ||z|| represents the Eu-
clidean norm, for every x,y € R™.

In addition, this paper use “0” denote the origin, with B, = {x € R" :
||z|| < 1} to be the unit ball and S™ = {x € R™ : ||z|| = 1} to be the unit
sphere in R™.

In this paper, dom(p)={z € R" : ¢(x) < +o0}, and R(p) represents the
range of the function ¢. H"™(x) is the m-dimensional Hausdorff measure, and
the abbreviation for the Lebesgue integral measure dH"(x) is represented
by dx.

A set K € R" is said to be a convex body if K is a compact convex set
with nonempty interior.

Definition 2.1. The set K is called a convex set on R™ if K satisfies the
following conditions

A+ (1-ANye K, Vr,yekK,
where for every \ € [0, 1].
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The family of convex bodies is denoted by K", with K to be the collection
of convex bodies containing “o” in their interiors. And V,,(K) = H"(K) said
to be n-dimensional volume of a convex body K, where K € K.

In addition, the polar body of a convex body is introduced as follows.

Definition 2.2. For every K € K™, the polar body of K is defined as
K?:={yeR":<z,y><1,Vx € K}. (8)

The polar body of a convex body K can be seen as a duality relationship
with a convex body K, which plays a crucial role in Minkowski’s duality
theory.

Definition 2.3. For every K € K", hx represents the support function of
the convex body K, defined as

hi(z) :==sup < z,y >, VaeR"™ (9)
yeK

Support function is one of the most important tools to study convex sets,
it plays a role in connecting convex bodies and convex functions. Obviously,
the support function is a positively homogeneous function, i.e. for Vo > 0,

hi(ax) = ahg(x).

Using the Legendre transform (see Definition 2.10), we can also get, for
VK € K",

0, reK

Lhic(e) = {—i—oo xé¢ K

thus, K = dom(Lhk). In addition, it can be seen from [16, Corollary 1.7.3]
that when y = Vhg(z) € 0K, formula (9) can fetch the supremum, i.e
hK(LE) =< VhK(x),SC > . (10)
According to formula (9), 0K and hx are one-to-one correspondents.

Definition 2.4. For every K € K", the radial function of K is represented
by pk(-), defined by:

pr(z) :=max{\ > 0: Az € K}, (11)
for every x € R™.

In addition, the reciprocal of the radius function is the well-known Minkowski
function, which is represented by || - || k-

For every K € K7, the following statement can be further obtained.
Proposition 2.5. If o € int(K), then
_ 1

hKo (ZL‘) '

Pk (@) (12)
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THE FIRST VARIATIONAL PROBLEMS UNDER THE GAUGE TRANSFORM 5

Using the definition of support function and polar body, the proof of
proposition 2.5 is obvious.

In this paper, I and Xx are used to represent two different type of
characteristic functions as follows,

Definition 2.6.
. {0, ifreK
IK =

+oo, ifzr ¢ K,
X = 1, ifreK
0, ifr¢ K.

Thus, we introduce the Minkowski addition.

Definition 2.7. For every K,L € K", their Minkowski addition is defined
by:
K+L={x+y:2e€ K,ye L}
The geometric significance of Minkowski addition is also obvious and can
be combined with support functions.

Lemma 2.8. For every K,L € K™, o, 5 > 0, we have
hark+pr = ahk + Bhr.

The proof can be found in reference [16].
Now, we give more definitions on convex functions.

Definition 2.9. ¢ : R" — RU {0} is convex function on R™, if for every
x,y € R™, © satisfies

p(Az + (1= Ny) < Ap(z) + (1= Ne(y),
where X € [0, 1].

In this paper, C denotes the set of all convex functions from R" to
RJ{+o0}. Through the convexity of ¢, we can know that dom(yp) is a
convex set, ¢ is called proper, if dom(p) # (). According to reference [9], we
say ¢ € C2(E), if ¢ is second-order differentiable on E C int(dom(¢p)) and
its Hessian matrix is positive definite.

Since this article is concerned with convex functions defined on R", same
as in reference [4], Cpz(R™) denotes the set of lower semi-concontinuous
convex functions on R”, i.e

Cypz(R™) = {p : ¢ € C and lower semi-continuous},
with a special subclass
Chzo(R™") = {¢ € Cyz : ¢(0) = 0 and ¢ is nonnegative}.

Now, we introduce the definitions and some properties of Legendre trans-
form and Polarity transform, and gauge transform.
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6 RUBIN ZHANG AND NING ZHANG

Definition 2.10. For every ¢ € Cy:(R™), we have

(Lo)(x) = yseﬁk T,y > —o(y)} (13)

Legendre transform [3] is a classical mathematical tool, which transforms
the function on vector space into the function on dual space, and has good
properties such as homogeneity, order reversing and reflexivity. In addition,
Legendre transform has good geometric properties.

Proposition 2.11. If the convex function ¢ is differentiable at the point y,
then Lop(z) takes sup at x = V(y), i.e

L(Ve(y) =<y, Ve(y) > —p(y).
From proposition 2.11, we can draw the following inference.

Corollary 2.12. Let ¢ be differentiable at the point y, then when x = V(y),
y=VLp(x).

If the Legendre transform is applied to the support function hg, we have
Lhyg = IF.

Similar to the Legendre transform, Polarity transform in [2] is also order

reversing, and also has good properties such as homogeneity, reflexivity,
defined as

Definition 2.13. For every ¢ € Cygy(R™),

— Sup{yeRn:f(y)>0} <x}’;é>)_1’ 'lfflf S {f_l(o)}o
AR {+oo, T g o

Combined with the definition of the characteristic function, we have

AIIO<O == I?(oo.

3. GAUGE TRANSFORM AND GAUGE ADDITION

3.1. The gauge transform and its properties. In 2011, Artstein-Avidan
and Milman gave the definition of gauge transform (7) in [4, Corollary 6].

Definition 3.1. J : Cyzy (R"™) = Clgy (R™),
J=AL=LA.

Through the first definition and calculation of gauge transform, another
expression of J can be obtained.

Proposition 3.2. For every ¢ € Cygo(R™), then
(TJp)(x) =inf{r > 0: p(z/r) < 1/r}.
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THE FIRST VARIATIONAL PROBLEMS UNDER THE GAUGE TRANSFORM 7

First of all, the J operate is closed in Cyz,(R"™), since A and L are closed
in Cyg, (R™), namely:
T € Cuzy (R™),
for every ¢ € Cyzy(R™).
Through the proof in [4], we can directly give some basic properties of 7,
such as order preserving, reflexivity, homogeneity, etc.

Proposition 3.3. For every ¢, € Cyyy (R™), o« > 0, J has the following

properties.
1 order preserving: if for every x € R, p(x) > 1(x), then
TJo = Ty.
2 reflexivity:
TTe = .
3 homogeneity:
T (ap)(x) = (1/a)(Tp)(ax). (14)

As can be seen from [4], if the definition of support function is introduced,
the following propositions are presented.

Proposition 3.4. For every K € K", then
Jhx = ALhg = AIE = 1. (15)

It can be seen from [2] that if the definition of the above atlas is in-
troduced, some meanings of J in geometry it can be understood as the
following Lemma.

Lemma 3.5. For every ¢ € Cyy(R"™), then

F(epi(p)) = epi(T ), (16)
where F(x,z) = (%,1).

2z

3.2. Gauge addition. It is now possible to define a new addition derived
from the J, called gauge addition in this paper, with the mathematical
notation “H” to be consistent with [8].

Definition 3.6. For every ¢,v € Cppy(R") and f = e %, g =Y,
fHg=e "= eI TetTY), (17)

For every a, 8 > 0,
a.fBB.g=e PoRE = e~ T (@Te+BTY) (18)

However, it is not enough to consider only functions in Cyz, (R™). For
every ¢ € Cygo(R™), the continuity and differentiability of ¢ on dom(y)
cannot be guaranteed. Therefore,we can consider a subclass of Cz, (R"), be
denoted as L.

£= {9 € Cun(R") s domlip) =R € CHRM (o), Tim 550 — oc),
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Remark 3.7. By [4],[6],[9] we can know A and L is closed in L', therefore
J is closed in L.

Remark 3.8. “” of the above equation are defined as the product of the
function in L' and the constant coefficient in R*.

Remark 3.9. If x = o, then, for every a, 8 > 0, we have p.aX1).5(0) = 0.
It can be calculated directly.
Remark 3.10. If a=1, =t >0, then
fHt.g=e Wt = = ITeHTY) . o=t (19)
where o(z) = p(x).
Remark 3.11. Ifa=1—- X, =X, A € [0,1], then
(1-=XN).fBNg = e TA-NTeHATY) —. =BV — g, g. (20)
We can see from [8] that there is a geometric expression for “H)”.
Example 3.12. For every ¢, € Cyzo(R™), X € [0, 1], then
epi(p Wy ¥) = ((1 = Nepi(p)® + Aepi(¥)°)°. (21)
Since the function ¢; plays an important role in solving the first varia-
tional problem, we now explore some potential properties of the function

Pt-

3.3. Monotonicity of ;. For the function t — ;, the monotonicity of
on [0, +00) can be obtained by using the isotonic property of 7, that is, the
following lemma.

Lemma 3.13. For every o, € L', o = ¢ K.t, then, for everyt € [0,1],
x € R™, we have

o(x) < pi(x) < p1(). (22)
Proof. By the definition of ¢ (z), we can know, for every z € R", 1)(z) > 0,
therefore, J1(x) > 0, then

Te(x) +tTp(x) > Te(x),

Tp(x) + Tp(x) > Te(a) + tTd(x).
By applying the J on both sides of the above formula at the same time,
and combining with the order preservation of the [Joperator, we can get

pi(z) 2 p(2),

p1(z) = pi(a),
To sum up, we can get v1(x) > @(z) > p(x). O

It is worth noting that the following inferences can be drawn directly from
the above lemma.

Corollary 3.14. For every f,g e A, t € (0,1), let fy = fHt.g, then
== h
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THE FIRST VARIATIONAL PROBLEMS UNDER THE GAUGE TRANSFORM 9

3.4. Continuity of ¢¢. For every ¢ € L', p is a continuous function on R”.
Then, from the closure of “X” in £, for every t > 0, () is continuous on
R™.

Of course, to find the first variation, the first thing to consider is the
continuity of the function ¢;(x) at t = 0. Therefore, for every x € R", it
becomes particularly important to solve the existence problem of the limit
lim; o+ ().

Before introducing the next theorem, in order to guarantee the existence
of the limit lim;_,o+ ¢(x), it is necessary to place some restrictions on the
functions ¢ and 1, which requires the introduction of the concept of con-
trolled perturbation.

Definition 3.15. Let ¢,v € L. We say v is a controllable disturbance of
©, if there exists C' > 0 such that for every x € R™ one has

T(x) < CFp(). (23)

The controllable perturbation is introduced mainly to avoid the maximum
growth order of the function [J being higher than the maximum growth
order of the function J¢. As a result, the limit lim,_,¢+ ¢; may not converge
to ¢. Therefore, taking the function v here is a controllable disturbance of
the function ¢, on this premise, it can be proved that the following theorem
is true.

Theorem 3.16. If 1) is a controllable disturbance of p, then, for every
x € R"™, the following limit exists, that is

tgr(g or(w) = p(z). (24)

Remark 3.17. From [6, Definition 4.4], it can be seen that if the func-
tion @, satisfies the allowable disturbance, it must satisfy the controllable
disturbance.

Proof of Theorem 3.16. From the definition of the 7, we can know
pi(x) = T (Te+tTP)(x) =inf{r > 0: (Tp+tTY)(x/r) <1/r}.

Since for every t > 0, € dom(p), we have (T + tJY)(x) > Te(x),
therefore, it is known by the order preservation of J, ¢¢(x) > ¢(x).Take
the limit off both sides and have lim, ,,+ ¢(z) > ¢(x). So we just need to
prove lim; o+ ¢¢(x) < ¢(x). From the definition of controlled disturbance,
we can know

T(Tp+tTV) < T(Te+tCTe) = T((1+tC)T ),

combining the homogeneity of J, we can know

pr(z) < T (1 +tC) T e)(x)

so the upper limit on both sides is

1
= o((1
e+ t0)),

fm gy(z) < Tm

1+tC)z) =
i, < [Jim s e((L+0)z) = o),
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to sum up, for every x € dom(yp), lier or(x) = @(x). O
t—0

4. THE FIRST VARIATIONAL PROBLEM

With the concept of total mass on R™, combined with the definition of
the new addition “BH”, we can give the first variational problem of the total

mass.
Definition 4.1. Let f,ge A, f =e ¢, g =e" ¥, define gJ(f: g) by
~ . fBtg—f
8J(f,g) =1 —d
(f g) tl)I(r)h_ Rn t &
e~ T (Te+tTP)(z) _ o—¢(z)
= lim dz.
tg)0+ Rn t

whenever the limit exists.

It is said to be the first variational formula of the log-concave function
derived from gauge addition. Next, we prove the existence of d.J(f,g) and
compute its explicit expression.

4.1. The existence and explicit expression for g.](f ,f). Before consid-
ering d.J(f, g), we consider the existence and explicit expression of §J(f, f)

when f = g. By the definition of gJ(f, g), we know that for every f € A’,

there is
e~ T((A+)T)(z) _ o—p(z)

SJ(f, f) = lim dx.

t—0t Rn t

The definition of "Ent” in [6, Proposition 3.11] needs to be introduced
here for the convenience of proof.

Definition 4.2. For every f € A, f = e~ ¥, we have

Ent(f)= [ flogfdx— J(f)logJ(f),

RTL
by [6], we can know Ent(f) € (—o0,+00).

Through simplification and calculation, the following theorem can be ob-
tained.

Theorem 4.3. For every f € A, J(f) > 0, then

/ flogfdx—n/fdm

—[(n+log J(f))J(f) + Ent(f)].

Proof. We can know from the homogeneity of 7,

T((1+0T0)@) = (1 + 1)),
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THE FIRST VARIATIONAL PROBLEMS UNDER THE GAUGE TRANSFORM 11

therefore
~ e‘ﬁ‘ﬂ((l""t)ﬂ — e—o(2)
O0J(f, f) = lim dx
t—0t R t
o~ T P(141)2) e~ (@)
= lim [ —dx —/ dz]. (25)
t—0t Rn t n
Let y = (1 + t)z, then:
o~ TrP((14+0)2) o THPW)
lim ————dx = lim ——dy,
t—0t Rn t tA)OJ" Rn t(]. + t)n
and )
- e‘m%"(aﬁ) _ (1 + t)ne—sﬂ(ac)
0 = i dx.
S0 = Jim | (1+1t)t .
We can simplify it further
~ o—?(@) _ o~ #@)
S0J(f, f)=— lim[/ dx
t—0t n
1+6)" -1
_[(+'3]][ e @],
For ease of calculation, the following marks can be made
—o(z) _ — ()
A = / ¢ . o (26)
1+t)"—1
As = [(4_2]/ e ?@) g, (27)
therefore _
0J(f, f) = lim (—A; — A).
t—0t+
When t — 07, apply L'Hospital’s rule to ¢, we get
lim A; =n / e @ dx = nJ(f), (28)
t—0t+ n

from the definition of the total mass function, Ay € (0, +00).
Let’s continue our discussion of the existence of A; by simplifying A; as
follows

n t
—tp(w)
> / o T (€ L e,
- n t
let hy = e~ apply Lagrange’s mean value theorem, exists £ € (0,t),

dht 67“0 - 1 f
= = —pe P,
gt =€ t 4
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12 RUBIN ZHANG AND NING ZHANG

A > / e~ THO® () —E0) gy

1—t

_ / ¢~ (G HOR®) o )e2@)/2 g

> —/ ef(ﬁ%)”(x)mda:, (29)

the last inequality is true because for every s € RT, se™5/2 < m := 2/e.
From the proof procedure of [6, Proposition 3.11], when ¢t — 07, for every
x € R", ¢(z) > 0, therefore, when ¢t — 0T,

/ e~ (vt @) g > / e s?@mdz. (30)

From the definition of the total mass function, we can see that the right
formula in (30) converges, that is

—/ e 52 @mdy € (—00,0).

Therefore, by applying the dominated convergence theorem, we can get

SJ(f, f) = lim (—A; — Ap)

t—0t
e—cp(z) o 6_%“@(1)
= lim [— -
R el
e @(x) — e 1+t SO( )
= — i dr —nJ
[t e )

=— flog fdz —nJ(f). (31)
R’I’L

By the definition of Ay, we can know A; < 0, therefore, —A; > 0.
By [6, Proposition 3.11], we can know

/ pe Pdr = / e 2 2 dr < m e ¥2dx < 400,
n n Rn
therefore, we have — [o,, flog fdz € (0,400).
To sum up, the explicit expression of §J(f, f) can be obtained
gJ(f, f)= lim (—A; — Ay) = — flog fdx — n/fd:c.
Rn

t—0t

O

In addition, this section proves the existence of the limit function 5J (f, ),
namely, 0J(f, f) € (—o0,0).
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Here, by the definition of "Ent” in [6, Proposition 3.11], we can obtain

3J(f, f) = —[(n+log J(f))J(f) + Ent(f)],
where Ent(f) € (—oo, +00).

4.2. An explicit expression for 6J (f,g). The existence of 5J (f, f) shows
that under certain conditions, the first variation of the total mass function of
the log-concave function exists. Next, the existence and explicit expression
of §J(f,g) are further proved.

From the definition of §J(f, g), if it satisfies the dominated convergence
theorem, then the limit and integral are commutative and we can obtain

e_wt (J?) — 6_90(37)

5. = I d
o) = i || e
—ot(x) _ p—p()
= / lim & ¢ dx
Rn t—0t t
R (7.
_ P 7L
- /Rn tli)%l+ € dt |t:0+ dx’ (32)
substitute ¢ = J(J¢ + tJ) into formula (32) to get
~ d t
6J(f,g) = _/ lim eI (Je+tTy) T(Te+tTY) P~ (33)
Rn t—0t dt

Through simplification and calculation, the following theorem can be ob-
tained.

Theorem 4.4. For every f,g € A, f = e %, g =Y, if 1 is controlled
disturbance of ¢ and the limit 6J(f,g) satisfies the dominated convergence
theorem, then the first variational problem can be expressed explicitly as
follows

5109 = [ e pla) < 2. Vola) >lela) T

Next, on the premise that Theorem 4.6 and controlled disturbance are
true, we begin to prove that Theorem 4.4 is true. To simplify the calculation,

we can first consider the right formula in the integral (33) and express it
with I, denoted as

X

)dx. (34)

_ dJ(JsothJw)’
- dt =0

I
Definition 4.5. We say that a function ¢ defined in R™ is monotonically
increasing if
o(Az) is monotonically increasing about A,
where A > 0, x € R".

For every ¢ € L', since ¢ is convex function and ¢(0) = 0, it is obvious
that ¢ is monotonically increasing. Using the order preserving of J, we also
know J is monotonically increasing.
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14 RUBIN ZHANG AND NING ZHANG

Proof. From the second definition of the J, for any fixed x € R", every
t > 0, we have

—_

T(Tp+tT0)(@) =inf{r>0: (Jp+tT9)() <}, (35)

<

The monotonicity and convexity of the function (J¢ + tJ%) imply that
there exists 71 (t) > 0 for which the infimum is attained in equation (35):

1
t) = =J(JTe+tJ : 36
The derivative of both sides of equation (36) with respect to ¢ gets

further simplification has
< VTe(E) FIVTY(E) x> (1)~ Ju(E) @@n
[T () + tTo(Z)2rt) =0
J¢<> r3(t) |
T < VT(E)HVTU(E), x> —[Te(E) + tTe(E)Rri() =

By Theorem 3.16, the existence of the limit of the function ¢¢(x) at t — 0T,
we have

tgr(l]l-*- Tl(t) - tg%l-s- Q'Ot(x) = ‘P(x)’

thus, when ¢t = 0%, 71(t) = ¢(z) is obtained by substituting into I,

T(25) - ()

T < VIe(565) ¢ > -1 (37)

Considering function J @(%ﬂc)), from the definition of the J, we can know

Jso(gpi) — inf{s > 0: )s%

p(x)s )

For any fixed x € R™, by the monotonicity and convexity of the function
©, it exists unique s; > 0

B 1
T oS
it can be solved by the above formula
1

T @)
therefore

T 1

j‘0(¢(x)) =SS o) (38)

16 Jul 2024 01:47:05 PDT
230828-Zhang Version 4 - Submitted to Rocky Mountain J. Math.



THE FIRST VARIATIONAL PROBLEMS UNDER THE GAUGE TRANSFORM 15
Using 97, ' to represent the j coordinate function of ﬁ and the ¢

coordinate function of x, and partial differentiation of z* is performed on

both sides of the above formula, we have

2T el) s~ o7e ) W)
o’ - Ayl p(x) ot
1 Op(x)
_ . : 39
()02(33> 81:7“ 9y ( )
from the definition of the coordinate function
Y(—=)=
@ = @
Thereupon ‘ _ ,
O (Ghy) G elw) —al - 2
©?(z)

ox?
Putting the above formula into (39) has

0Tp, & Wop@ —al 21 gy
Lop Gw) T T TR@ o
this is what we get when we simplify it
op(z) 1 :8j@( x )
' "o(x)

x

<VIJp(—),z > —1]- .
AT N P

For ease of calculation, let Ag =< V.J w(ﬁ) x> —1, since

0Tp &\ i Ty,
Z:aw(;65f$~4<VJ¢%mO% >,

)

therefore A
0
- < Vop(x),x >= A+ 1,
o(z) (=)

so we can figure out

Ao = < Vep(z),z > —p(x)

Substituting (40) into (37), we have
1= T0(05) wla) - [< Vola) o > —¢(a)

To sum up, an explicit expression of 5J (f,g) can be found
x
) - p(@) - [p(x)— < Veo(z),z >]d.

5(f9) = [ ePTw
P9 fen o
It is worth noting that the definition of the £ is known by introducing it

51(9) == [ eITU) o) - [(£0)(Vep(w)da.

n
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16 RUBIN ZHANG AND NING ZHANG

4.3. Existence proof of 6J(f,g).
Theorem 4.6. For every f,g € A, f = e %,g = ™%, if ¢ is controlled

disturbance of ¢, then we always get §J(f,g) to satisfy the dominated con-
vergence theorem, i.e

e_tpt(x) . 6—90(95)

S/J(fj g) - t1—1>1’(§{F Rn t dx
—pi(z) _ o—p(x)
:/ lim ¢ € dzx.
Rn t—0+ t

Proof. From Definition 3.15, if ¢ is a controllable disturbance of ¢, then
there exists C' > 0 such that for every z € R™ we have

(TY)(x) < C(Te)(2),

under these conditions,

e~ @) _ o= T (Te+tT)(z) e—P(x) _ o= T (Te+tCTp)(z)
/ dx </ dx
an ¢ n t
e—e@) _ o~ T((1HC) T p)(x)
= / dx,
n t
using the homogeneity of the J again, we can get
—p(z) _ o=T(1+tC) T ¢)(x) —p(2) _ o~ 130 P(1+t0)z)
/ c ‘ d:c:/ c ¢ dz. (41)
n t n t
Let y = (1 4+ tC)x and plug in the second term to the right of (41)
o~ T P(1+0)2) 1 e e
n t re (L+tC)" t
then let y = z substitute (42) and combine (41) to have
1 n,—p(x) _ *#CSO@?)
/ (1+tC)"e e T+ da
n t
1+tC)" —1 —(z) _ o~ T30 ?(®)
:[H?] / @) g 1 / ¢ - T de (43)

Similar to the calculation of &.J (f,f), (43) is represented by Cy + Cs,

where
) = [Mt)_l]/ e~ ?@) 4y,

when t — 07, apply L "Hospital’s rule

Ci=nC [ e *@dz e (0,+00).
R’ﬂ
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While

—o(z) _ o~ 110 P(@)
02 :/ e et 1+t dx

tC
6_ 1+tc‘p(x) . 1

:/ e~ TFOP@) . fda:

—tCp(z) _
> / e_l-&-%‘p(x).%dx. (44)

Let I; = e7'“%, apply Lagrange mean value theorem, exists & € (0, t)
dlt| - 67tc<‘0 —1
de'"=t T
substitute into (44) to obtain

= —Cp-e %,

Cy > — Cop- e*ﬁw(m) e CE y

R’ﬂ
_ 1+CE+2C3te—Ct

_/ Ce W@(w)w(x)e—w(x)ﬂdx

> _/ C€—4I+C£z+fgczizt&ctw(w)mdm7 (45)

where m is the constant value defined earlier.
Therefore, when ¢ is small enough, for example, let ¢ < % makes

14+ C¢ +2C%E — Ct
2+ 2Ct

we can see that (45) is convergent, i.e

_1+Ce+2C21e—Ct
/ Ce 220t YWimdy € (—00,0).

p(r) <1,

0<

So, applying the dominated convergence theorem gives us

8J(f.g) = lim (1 +¢tC)~"(Cy + Cs)
t—0+
—o(z) _ *%W(I)
:/ lim [nCe™#®) + c ¢ |dx
Rn t—0t+ t
=C [ [ne @ — p(x)e¥@)dz,
RTL
because
— Co(z)e™?@dr € (—o0,0),
Rn
therefore
5J(f,9) € (50, +00).
In summary, 5J (f,g) satisfies the dominated convergence theorem. O
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18 RUBIN ZHANG AND NING ZHANG

Thus, under the condition that v is a controllable disturbance of ¢, we
prove the existence and explicit expression of the solution to the first vari-
ational problem of log-concave function derived from the J. This provides
a foundation for further study of Brunn-Minkowski theory on unbounded
convex sets.
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