AN APPROACH TO THE INITIAL VALUE PROBLEM BY THE
FUZZY LAPLACE TRANSFORM WITH HEAVISIDE FUNCTION

TAHIR CEYLAN

ABSTRACT. In this paper we investigate the solutions of second-order
fuzzy initial value problem using the fuzzy Laplace transform with Heaviside
function under the generalized differentiabilty. The related theorems and
properties are given in detail and the method is illustrated by solving an
example about electric circuit.

1. Introduction. Fuzzy differential equations (FDEs) are utilized for the purpose
of the modelling problems in science and engineering. Most of the problems have
uncertain structural parameters. Instead, many researches have modelled these
uncertain structural parameters as fuzzy numbers in this area ( [3], [9], [13]).

The concept of the fuzzy derivative was first introduced by [26]; it was followed
up by [8] who used the extension principle in their approach. The properties of
differentiable fuzzy set-valued functions by means of the concept of H-differentiability
due to Puri and Ralescu [14] were discussed by Kaleva [13]. Seikkala [16], defined the
fuzzy derivative which is the generalization of Hukuhara derivative, and showed that
fuzzy initial value problem has a unique solution. Strongly generalized differentiability
was introduced in Bede and Gal [7] and studied in Bede et al. [1]. The strongly
generalized derivative is defined for a larger class of fuzzy-valued function than the
H-derivative. So in this paper we use this differentiability method.

Fuzzy initial value problems (FIVPs) are one of the simplest FDEs which may
appear in many applications. The FDEs and FIVPs (Cauchy problem) were rigorously
improved by [13], [16], [2], [24]. The numerical methods for solving fuzzy differential
equations are introduced in [20], [19].

The Laplace transform technique becomes truly useful when solving IVPs with
discontinuous or impulsive in homogeneous terms, these terms commonly modeled
using Heaviside function. This special function that often arise when the method
of Laplace transforms is applied to physical problems such as electric circuits with
on/off switches. Without Laplace transforms it would be much more difficult to
solve differential equations that involve this function. The Heaviside step function,
or the unit step function is a step function the value of which is zero for negative
arguments and one for positive arguments. The function was originally developed
in operational calculus for the solution of differential equations, where it represents
a signal that switches on at a specified time and stays switched on indefinitely.
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Oliver Heaviside, who developed the operational calculus as a tool in the analysis
of telegraphic communications [5].

Fuzzy Laplace transform is useful to solve FIVPs with Heaviside function. Allahvi-
ranloo and Barkhordari Ahmadi first introduced fuzzy Laplace transform [17]. Later,
Salahshour and Allahviranloo point out that under what conditions the fuzzy-valued
functions can possess the fuzzy Laplace transform and they consider the important
properties and related theorems for solving FIVPs [23]. Citil examined a solution of
FIVP with fuzzy coeflicient by fuzzy Laplace transform [10]. The use of the fuzzy
Laplace transform with the notion of strongly generalized differentiability is very im-
portant for the solutions of FIVPs. Salgado et al. solve a fuzzy harmonic oscillator
equation using this transform method with linearly correlated fuzzy numbers [22].

The aim of this article is to investigate the fuzzy solutions of the FIVPs with
Heaviside function which is applied to physical problems such as electric circuits. For
this purpose, we use of the fuzzy Laplace transform with the notion of generalized
differentiability. Then we give comparison results of the found solutions.

2. Notation and Preliminaries. We now recall the basic definitions and the
theorems utilized in this study.

Definition 1. ( [9]) Let E be a universal set. A fuzzy subset A of E is given by its
membership function pz : E — [0,1], where p 3 (t) represents the degree to which

t € F belongs to A. We denote the class of the fuzzy subsets of E by the sembol
Definition 2. ( [29]) The a— cut of a fuzzy set A C E, denoted by {j] , is
defined as [ﬂ = {a: EE:A®t)> oz}, Voo € (0,1]. If E is also topological

space, then the 0— cut is defined as the closure of the support of A ,that s,
0 = ~
[A} = {x EE:A(t) > O}. The 1— cut of a fuzzy subset A is also called as core of

A and denoted by [A\} ' = core (A\)

Definition 3. ( [13]) A fuzzy subset u on R is called a fuzzy real number (fuzzy
interval), whose a— cut set is denoted by [a]”, i.e., [u]* = {x : U (t) > 0}, if it satisfies
two axioms:

i) There exists r € R such that u (r) =1,
ii) For all 0 < a < 1, there exist real numbers —oo < u;, < u} < +o00 such that
[@]” is equal to the closed interval [u,uZ].

The set of all fuzzy real numbers (fuzzy intervals) is denoted by Rp . Fx (R) , the
family of fuzzy sets of R whose a— cuts are nonempty compact convex subsets of R.
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Definition 4. ( [6]) A fuzzy number A is said to be triangular if the parametric
representation of its a— cut is of the form for a1 < as < a3z which a1, a2,a3 € R,

[ﬁ}a =[(ag —a1) o+ a1,a3 — (a3 — a2) o, for all a € [0, 1].

Theorem 1. ([16] ) Let [u;,ul], 0 < a <1 be a given family of non-emty intervals.

If
i) [ug,ul] D [ug,ug] for0< a<f and

ii) { lim u;

lim u} } [uy, ut],
k—o0 —00

« «

whenever (ay) is a non-decreasing sequence converging to « €]0, 1], then the family
[ug,ul], 0 < a <1, represents the a—cut sets of a fuzzy number i € Rp. Conversely,
if [ug,ut] , 0 < a <1, are the a — cut sets of a fuzzy number U € Ry then the
conditions (z) and (ii) hold true.

The Zadeh’s extension principle is a mathematical method to extend classical
functions to deal with fuzzy sets as input arguments [27]. For multiple fuzzy variables
as arguments, the Zadeh’s extension principle is defined as follows.

Definition 5. ( [28], [27]) Let f : X; x X3 — Z a classical function and let
A; € F(X;), for i = 1,2. The Zadeh’s extension f of f, applied to (Ay, A,), is
the fuzzy set f (Al7 Ag) of Z, whose membership function is defined by

SN in{A;(x1), A ,if f :
FALAND =4 ety i), dalm)}, i f7e) £ 0
0 Jif f7Hz) =

where f~1(2) = {(#1,22) € X1 x Xo : f(21,22) = 2}

We can apply the Zadeh’s extension principle to define the standard arithmetic
operations for fuzzy numbers [27]. Let [u]* = [u,,u}] and [0]* = [v,,vE]. For all
a €[0,1] and A € R, we have

[Bov] = ma+ma m +%7I+v]
[ﬂ—ﬁ]a e u — = ; +'U ]
Do = Ao Auy )\u+ ,if A >0,

)\u , A ul], if A< 0.

The diameter of u € Rp is defined d ([a]*) = u} — u;,, where « € [0, 1].

The notion of interactivity among fuzzy numbers arises from a given joint possi-
bility distribution.
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Definition 6. ( [25]) Let Ay, ..., A, € Ry and let J a fuzzy subset of R". The fuzzy
subset J is called a joint p0851b1hty distribution of Al, An if
/All(:cl) = sup J(x1,..,2,),
o;ER, j#i

forall z; e Rand foralli=1,...,n

Definition 7. ( [25]) Let. Ay, ..., A, € Rp and f: R, — R. Given a joint possibility
distribution J of Al, Ay the sup — J extension of f at (Al, .y Ay) is the fuzzy
set f( )= fr(4Ay, ..., An) of R whose membership function is given by

F) (z) = sup  J(x1,...,2,),Y2 ER

f(@a,own)=2

for all z € R, where f~(2) = {(21, ..., wp) : f((z1, .y zn)) = 2}

We can use the sup-J extension principle to generate an arithmetic on interactive
fuzzy numbers. Here we focus on the special type of interactivity called linearly
correlation.

Definition 8. ( [18]) Two fuzzy numbers A and B are linearly correlated if there
exists ¢,r € R, ¢ # 0, such that [B]* = ¢q[A]* + r for each o € [0,1] In this case, we
may simply write B = gA + 7.

Remark 1. ( [18]) If A and B are linearly correlated fuzzy numbers where [B]* =
q[A]* +7r, with ¢,r € R, ¢ #0, [A]* = [a;,a;] and [B]* = [b;,b}], then the addition
(4+1) subtraction (—1,) are given as follows

by +ag, bt +at] if q >0,
[B4+L A" =(q+1)[A*+r= bf +ay,b, +af] if —1<g¢<0,
b, +at, bt +a,] if q< -1,
b —ag . b5 —ad] if q>1,
[B—r A" =(q—1)[A“+r=< [bf—at by —a;] if 0<qg<1,
by —ad, by —ag] if q <0,

for all « € [0;1].

Remark 2. ( [22]) Let A € Rp\R. Note that B+ A = 0 if and only if ¢ = —1 and
r=0.

Define D : Rp x Rp — RT U{0} by the equation

D(W,0) = sup {mazflu, — v, |, |lug — v}
0<a<1
where [u]® = [uy, ,u], [0]* = [v,,v,]. Then it is easy to show that D is a metric
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Definition 9. ( [14]) Let u, v € Rp. If there exist @ € Rp such that
w is called the Hukuhara difference of & and v and it is denoted by 9
exists, its a — cuts are given by

=0 ®w, then
v.Ifuo,v

[ 0]" = [ug —vg ,uq — vy ]

for all a € [0,1] .

In the present work, the sign ”©p” always stands for Hukuhara difference (H-
difference) and a function f : [a,b] € R — Rp is called fuzzy-valued function. The

a — cut representation of fuzzy-valued function f given by [f (£)]* = [f (t), £ (1)),
Vt € [a,b], Yo € [0,1].

Definition 10. ( [12]) Let f : (a,b) — Rp and to € [a, b] If there existsf (o) € Rp
such that for all 4 > 0 sufficiently small, Elf(to +h)on f(to) f(to) O f(to — h) and
the limits hold

lim f(to+h)on f(to) — lim
h—0 h h—0

f(to) ©n }f(to =1 _ P 40)

]?is Hukuhara differentiable at tg.

Definition 11. ( [12]) Let f: (a,b) — Ry and t, € [a,b]. If there exists f(ty) € Ry
such that for all h > 0 sufficiently small, 3f(to + h) ©p, f(t ) f( 0) ©n f(to — h) and
the limits hold when f is (i) — differentiable at tg

;llii%f(to + h)h@h f(to) _ }lg%f(to) th{(to —h) 7 (to),

If there exists f (to) € Rp such that for all h > 0 sufficiently small, Elf(to)@h f(t0+h)
f(to —h) ey f(to) and the limits hold when f is (i7) — differentiable at

;lliinof(t()) szl(to—kh) _ }lg%f(to —hjfL@h flto) _ P (ko).

Theorem 2. ( [11]) Let [ : [a,b] — Rp be fuzzy function and for all a € [0,1] We
say that

7 <t>} = [{un 0.y wf]

Theorem 3. ( [11]) Let 7 [a,b] = R be fuzzy function and for all o € [0,1]. 7
and ' are (i) or (i) differentiable. We say that
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- if f and f’ are (i)fdifferentiable
W [Fo] = [{uo" o0 o)),
ST is (i)— dlfferentlable and f is (u —differentiable
a (o] =[{un"® ®)}]
SIffi is (i4)— dlﬁ'erentlable and f’ is ( )—
i) | o] = [{uD"®, 00" 0}
"0}

differentiable

<

Sif f and 7 are (ii)— dlfferentlable
) (o] =[{u)"®

Definition 12. ( [23]) Let ]?(t) be a fuzzy-valued function on [a,00) represented
by [F(] = [(fz(®). (f ()] and a € [0,1]. T f7 (t) and f7 (t) are Riemann-

integrable on [a, oo[ for each « € [0, 1], then the improper fuzzy Riemann integral is
the fuzzy number given by

/aoo Ft)dt = (/aoo I (Hdt, /aoo f;‘(t)dt)

Theorem 4. ( [24]) Let f(t) be a fuzzy-valued function on [a,o0[ represented by
((f @), (fF(t)). For any fized o € [0,1] ,assume f,, (t) and fI(t) are Riemann-
integrable on [a,b] for every b > a, and assume there are two positive functions
M and M such that f |f(t)|dt < M and f: IfF ()| dt < M for every b > a.

Then f( ) is improper fuzzy Riemann-integrable on [a, 00|

Definition 13. ( [17]) Let f : [a, 00 — Rp be a continuous function with {f(t)r =

[(f5 @), (fF@))] for all t € [0,00] and « € [0,1]. If for every s > 0 the function
f(t) ® e*! is improper fuzzy Riemann integrable on [0, oo[, then

= /OO Ft)®e*tat
0

is called fuzzy Laplace transform of the fuzzy function f.

Under the conditions of the Definition (Ust), we can show that ref yap

L(F®)]" = LUz w).L (o)

where L denotes the usual Laplace transform, that is, if g : [0, c0[— R, then

Lo®) = [ T ge .

29 Jul 2024 01:16:18 PDT
230113-Ceylan-2 Version 3 - Submitted to Rocky Mountain J. Math.



AN APPROACH TO THE INITIAL VALUE PROBLEM BY THE FUZZY LAPLACE TRANSFORM WITH HEAVISIDE FUNCTIO

Theorem 5. ( [17]) Let E [a,00] = Rp be continuous functions such that their
fuzzy Laplace transform exist and let ¢1,co € R. We have that L (cl ® f(t) +c® §(t)> =

oL (f(t)) +e0LG().

Definition 14. ( [17]) If i [a,00] — Rp are continuous functions nad their
fuzzy Laplace transform exist, then

L(7®)=soL(F®n)enfo),

if f is (i)—differentiable,

if f is (#9)—differentiable.

Theorem 6. ( [23] ) If f, " : [a,00[ — Rp are continuous functions and® their
fuzzy Laplace transform exist, then

M) L(f®) =s*oL(F®) ensoFO) enf 0,
if f and f’ are (i)—differentiable,

@  L(F®)=(nefOen (=) oL(fH)e (=)o f0),

if [ is (i)—differentiable and [’ is (ii)—differentiable,

(3) L(F'®) =)o foen (-2 oL(fn)of o),
zf]? is (ii)—differentiable and f' is (1)—differentiable,
(4) L(frw)=sor(fo)ensofoe ol o),

if f and f’ are (ii)—differentiable.

Now, we present two useful results for determining the fuzzy Laplace transforms.
An important function occurring in electrical system is the (delayed) unit step
function.

Definition 15. ( [4])The Heaviside or unit step function, denoted here by w.(t) , is
zero for t < ¢ and is one for ¢ > ¢ ; that is,

uo(t) = {0, t<c

1, t>c
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The Heaviside function can be used to represent a translation of a function f(¢) a
distance c in the positive ¢ direction. We have

0, t<c
flt—¢), t>c

ue(D)f(t — ) = {

Theorem 7. ( [23]) (First translation theorem) IfF (s)=1L (f(t)) for b real s > b,

then
F(s—b)=L (ebtf(t)) .

Theorem 8. ( [23]) (Second translation theorem) If F (s) = L (f(t)) then

L (uc(t)f(t - b)) —eMF(s), b>0

2.1. Solution of FIVPs. In this section, we are going to researche the solution of
FIVPs with Heaviside function under generalized H-differentiability which has been
proposed in Salahshour and Allahviranloo ( [23]).

We consider a fuzzy inital value problem of the form
(5) a’(t)+ Au(t) = g(t), u(0)=1o, @(0)= %,

where u, 0" : [0,00] = Rp, [to]” = [ug,ul] and [Z]” = [z, 2] for all « € [0,1] and

a) Pa a ) Ta

A = k2, k > 0 is a real number and g(t) is a real Heaviside function (discontinuous
function) such that its Laplace transform exists. Here for every t € [0, oo, @”(t) and
Au(t) are fuzzy numbers whose the sum is a real number ¢(¢). This assumption is not
restrictive, since the sum of two fuzzy numbers is a real number if, and only if, they
are linearly-correlated as we pointed out in Remark 2. So from Remark 2 ,this sum
make sense if @”(t) and A\u(t) are linearly correlated with ¢ = —1 and r = ¢(¢). In
other words, we have @ (t) +1 A\u(t) = g(t) < @"(t) = = u(t) + g(t) for all t € [0, o0].
From above comments, the FIVP (5) can be rewritten as follows:

(6) (1) = ~NA(t) + g(t),  @(0) =T, @(0) =%

Thus, using the Theorem 6, we have the following alternatives:
case[l]

If @ and @' are (¢)—differentiability, we have

(M) (2O L) e (s © U0)) & T (0) = —k2 © L(@(t)) & L (g(1))
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and we get the a—cut representation of Eq. (7) as following

_ 53 -~ 52 B
L{ua(t)} = 84—]€4ua+84—k’4za
kE%s k2 1
+ +
T _jate T a _jata + (s2 + k2) (g(t),
and
3 2
+ — S + S +
L{ug()} = ot _ jpa e + A _ A
kE%2s k2 _ 1
e 54—k4zo‘+(32+k2)L(9(t))
case[2]

If u is (i)—differentiability and @’ are (i7)—differentiability, we have
(8) (1o (0)en (s> L)) & (—sou(0) = —k*® L(@t)) ® L (9(t))
and we get the a — cut representation of Eq. (8) as following

_ 1 5 L(g(t))
e} = g t ot e

wnd 1 Lo (1)
+ ) — + S - g
LW} = gt gop o

case[3]

If @ is (i1)—differentiability and @’ are (i)—differentiability, we have
9 (=seu0)on (—s* © Lat))) on w'(0) = —k* © L(a(t)) ® L (g(t))
and we get the a — cut representation of Eq. (9) as following

_ o s L)
Lua®} = Gpst gopte T g

and )
+ _ +
L{ua(t)}_sg+kgza+s

case[4]

If w and @' are (i¢)—differentiability, we have

(10) (s> @ L(u(t)) en (s @ u(0)) & (-1 © @' (0)) = —k* © L(@(t)) ® L (g(t))
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and we get the o — cut representation of Eq. (10) as following

3 2
S S +

L{ug(t)} = g _jale T g gt

k%s k> 1
- . Lg(t
i _ i Yo 54,k42a+(52+k2) (9 (),

and

L{ui(t)} = ul + z

1
T _patle T A At T2 g2

L(g(t))-

Then, the authors of [12] state that if we ensure that the solution [u (t)]* =
[uy, (t),u} (t)] of the problem (5) are valid cut sets of a fuzzy number valued function

and if [ (¢)]* = [u; (t),ul (t)] are valid cut sets of a fuzzy valued function, then by

the Theorem 1, it is possible to construct the solution of FIVP (5).

Now we give an example to solve second-order FIVP under generalized H-
differentiability.

FEzample 1. Consider the following FIVP: (Electric circuit)
(11) a'(t) = —4a(t) @ g(t), @(0) =0, @' (0)=0

where 0 = (—0.5,0,0.5) is initial condition given by linearly correlated fuzzy numbers
whose a—cuts are given by [6] = [0.50 — 0.5,0.5 —0.5¢a) , g(t) =1 —-2U (t—1) +
U (t — 2) is a real Heaviside funcion. This problem is a fuzzy version of the electric

circuit problem which is given by Nagle et al. [21]. Now we consider this example by
using fuzzy laplace method in four cases (gh-differentiability) as following:

case[l]

Let us consider u(t) and @'(t) are (¢)—differentiable; then by applying (1), we have
(s> @ L(u(t))) en (s ©1(0)) &, @' (0) = —2* © L(a(t)) @ L (g(1)),

then we get the a—cut representation of solution as following

uy (t) = (0.5c0 —0.5) /4 (2 (cosh(2t) + cos(2t)) + sinh(2t) + sin(2t))
— (0.5 —0.5ax) /4 (2 (cosh(2t) — cos(2t)) + sinh(2t) — sin(2t))
(12) +(1/4 —1/4cos(2t)) — (1/2 — 1/2cos(2t — 2)) U (t — 1)

+(1/4 —1/4cos(2t — 4))U(t — 2)
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and
ul(t) = (0.5—0.5a)/4(2(cosh(2t) + cos(2t)) + sinh(2t) + sin(2t))
—(0.5a — 0.5) /4 (2 (cosh(2t) — cos(2t)) + sinh(2t) — sin(2t))
(13) +(1/4 — 1/4cos(2t)) — (1/2 — 1/2cos(2t — 2)) U (t — 1)

+(1/4 —1/4cos(2t — 4))U(t — 2)

The diameter of O—cut is
dt = cosh(2t) + sinh(2t)/2

which is positive for all ¢ € [0,00[. So the solution (12)-(13) yields a fuzzy function
u : [0,00] - Rp. Note that the conditions (i) and (ii) of Theorem 1 are indeed
satisfied:

i) by analysing the signs of the terms of Eq. (12)-(13), one can verify that
uy (t)A< ug (t) and uf(t) > uj(t) for all ¢ > 0 and 5 > a.

i) since 0 is a fuzzy number, we have that uy () — uy (t) and uf, (t) = ul ()
whenever (ay) is a non-decreasing sequence converging to a €]0, 1].

Hence, from Theorem 1, @ : [0,00[— Rp is a fuzzy function, that is, u(t) is a
fuzzy number for every ¢ > 0. Similarly, one can show that @’ : [0,00[— Rp is well
defined and w, @’ are differentiable in the sense (i) (that is, @ and @’ are Hukuhara
differentiable).

So the function u, given by (12)-(13), is a solution of the problem (5) and Figure
1 illustrates the geometric behavior of this solution.u(t) is a valid fuzzy function for
t € (0,00) in Figure 1.

case[2]

Let us consider u(t) is (i)—differentiable and u'(t) are (i7)—differentiable; then by
applying (2), we have

-0 (0; ) Op (—32) L(u(t; o)) — su(0;) ® 4 (Lu(t; o)) = L (tU(t — 3)),

then we get the a—cut representation of solution as following

ug (t) = (0.5a—0.5) (cos(2t) + sin(2t))
(14) +(1/4 —1/4cos(2t)) — (1/2 — 1/2cos(2t — 2)) U (¢t — 1)
+(1/4 —1/4cos(2t —4))U(t — 2)
and
ug (t) = (0.5—0.5a) (cos(2t) + sin(2t))
(15) +(1/4 —1/4cos(2t)) — (1/2 — 1/2cos(2t — 2)) U(t — 1)

+(1/4 —1/4cos(2t — 4)) U(t — 2)
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The diameter of O—cut is
dt = cos(2t) + sin(2t)

which is not positive for all ¢ € [0,00[. Therefore, a—cut of u (14)-(15) is not a
solution of problem (11). This indicates that the condition of case (2) do not hold
true in the domain [0,00[. But at some intervals conditions of fuzzy solution are
satisified such as ¢ € [0, 1] U [3,4].

case|[3]

Let us consider u(t) is (i7)—differentiable and @'(t) are (¢)—differentiable; then by
applying (3), we have

—su(0; @) &y, (—5%) L(U(t; o) &5 W (0;00) & 4 (LU(t; ) = L (tU (¢ — 3)),

then we get the a—cut representation of solution as following

u, (t) = (0.5a —0.5) cos(2t) + (0.5 — 0.5a) sin(2t)
(16) +(1/4 —1/4cos(2t)) — (1/2 — 1/2cos(2t —2)) U (t — 1)
+(1/4 —1/4cos(2t —4)) U(t — 2)
and
ug (t) = (0.5 —0.5a) cos(2t) + (0.5 — 0.5) sin(2t)
(17) +(1/4 —1/4cos(2t)) — (1/2 — 1/2cos(2t — 2))U(t — 1)

+(1/4 —1/4cos(2t —4))U(t — 2)

The diameter of 0—cut is
dt = cos(2t) — sin(2t)

which is not positive for all ¢ € [0,00[. Therefore, a—cut of u (16)-(17) is not a
solution of problem (11). This indicates that the condition of case (3) do not hold
true in the domain [0,00[. But at some intervals conditions of fuzzy solution are
satisified such as t € [0,0.3]U (2,3.5).

case[4]

Let us consider @(t) and @/ (¢) are (i¢)—differentiable; then by applying (4), we have
s2L(u(t; o)) ©p, su(0; o) — @' (0;a) @ 4 (Li(t; ) = L (tU(t — 3)) ,
then we get the a—cut representation of solution as following
us (t) = (0.5a0 —0.5) /4 (2 (cosh(2t) + cos(2t)) — (sinh(2t) — sin(2t)))
(18) — (0.5 —0.5ax) /4 (2 (cosh(2t) — cos(2t)) — (sinh(2t) + sin(2t)))

+(1/4 — 1/4cos(2t)) — (1/2 — 1/2cos(2t — 2)) U (t — 1)
+(1/4—1/4cos(2t — 4))U(t — 2)
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ul(t) = (0.5—0.5a)/4(2(cosh(2t) + cos(2t)) — (sinh(2t) — sin(2t)))
(19) —(0.5a — 0.5) /4 (2 (cosh(2t) — cos(2t)) — (sinh(2t) + sin(2t)))
+(1/4 —1/4cos(2t)) — (1/2 — 1/2cos(2t — 2)) U (¢t — 1)
+(1/4—1/4cos(2t — 4))U(t — 2)

The diameter of 0—cut is
dt = cosh(2t) — sinh(2t)/2

which is not positive for all ¢ € [0,00[. Therefore, a—cut of @ (18)-(19) is not a
solution of problem (11). This indicates that the condition of case (4) do not hold
true in the domain [0, co].

Note that the crisp solution of the problem (11) is

(20) u(t) = (i _ icos(?t)) _ (% _ %008(2(16 1)U 1)
—|—(i — icos(2(t —2)U(t —2).

So it is easy to see that if the initial conditions are real numbers, that is,
uz (0) = ut (0) = (uz) (0) = (u}t) (0) = 0, for all & € (0,1], then Eq. (20) becomes
the classical solution of Electric circuit problem for all the four cases. But fuzzy
solution of the problem (11) is satisfied only case 1 for t € (0,00). In case 2, case 3
and case 4, the fuzzy solution is provided only at certain intervals. So there are no

fuzzy solutions in these cases for ¢t € (0, 00).

50
40 /
30 7

20 P

[u)

201 N
-30 | <

-40 b \

-50

FIGURE 1. Fuzzy solution of FIVP (11) for Cases 1. For a =
0,0.2,04,0.6,0.8,1, a—cut of w(t). the red and black dashed-line illustrate
the 0-cut of @(t) and green line illustrate the 1—cut for all t.
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0.8

FIGURE 2. Fuzzy solution of FIVP (11) in the uta—space. the gray-scale lines varying
from black to white represent the a—cuts of @(t), with « varying from 0 to 1

3. Conclusion. In this study, the fuzzy Laplace transform method was used
to obtain the fuzzy solution for second order FIVP under strongly generalized
differentiability with the forcing function which is Heaviside function. Moreover, itt
was discussed how the sum of two fuzzy numbers is real. and gived some remark. To
illustrate the transform method, an example was solved by generalized differentiability
and four different solutions for the FIVP were obtained. But it is shown that just for
one case the valid fuzzy solution was found for each a-cut from Theorem 1.

As seen in this work, the uniqueness of the solution of a fuzzy initial value problem
is lost when the strongly generalized derivative concept was used. This situation
is looked on as a disadvantage, but actually it is not [1], because researchers can
choose the best solution which better reflects the behavior of the problem under
consideration, from multiple solutions. So a definite analysis of the physical system
is required to find the best solution which under study.
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