THREE SOLUTIONS TO A ROBIN PROBLEM WITH
TWO WEIGHTED GENERALIZED VARIABLE
EXPONENT SOBOLEV SPACES

CIHAN UNAL

ABSTRACT. By applying Ricceri’s variational princi-
ple, we demonstrate the existence of solutions for a dou-
ble weighted Robin problem in weighted variable exponent
Sobolev spaces under some appropriate conditions.

1. Introduction. Let Q c RN (N > 2) be a bounded smooth
domain. Assume that w; and ws are weight functions. The aim of this
study is to discuss the three solutions for the following Robin problem

1) —div (wl (z) |VulP?) 2 Vu) = dwa(z)f(z,u), x€Q
wy (z) Va2 9u 1 B(x) W 2u =0, xe€oq,

where %Z is the outer unit normal derivative of u with respect to 052,

A>0,pq€ C’(ﬁ) with inf p(z) > 1, and § € L (092) such that
e

Discrete nonlinear equations with parameter dependence play an im-
portant role in describing many physical problems, such as nonlinear
elasticity theory or mechanics and engineering topics. In recent years,
the investigating of the existence of weak solutions of partial differen-
tial equations involving weighted p(.)-Laplacian in variable exponent
(weighted or unweighted) Sobolev spaces have been very popular, see
[4], [6], [12], [16], [17], [26], [35]. Because some such type of equa-
tions can explain several physical problems such as electrorheological
fluids, image processing, elastic mechanics, fluid dynamics and calculus
of variations, see [19], [27], [29], [36], [37].
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2 CIHAN UNAL

In many applications, we might encounter boundary value elliptic
problems whose ellipticity is ”disturbed” in the sense that some de-
generation or singularity appears. This "unpleasant” or ”undesirable”
behaviour can be caused by the coefficients (weights) of the correspond-
ing differential operator. For degenerate partial differential equations,
in other words, equations with various types of singularities in the co-
efficients (weights), it should be look for solutions in weighted Sobolev
spaces, see [8], [9], [20], [34].

The Robin problem involving p(.)-Laplacian was studied by several
authors, see [1], [10], [13], [21], [32]. In 2013, Tsouli et al. [33]
obtained some results about weak solutions of the following Robin
problem

—div (|Vu|]”(gc)72 Vu) =M(z,u), z€N

(2)
|V [P —2 9u 4 B(x) w2y =0, zeoQ

using the variational methods under some suitable conditions for the
function f. In addition, they showed that the problem (2) has at least
three solutions.

In [7], the authors obtain some new compact embedding theorems in
a generalized variable exponent Sobolev spaces with two weights, and
show the existence of several different weak solutions of the problem
(1) in these spaces.

In the light of the articles mentioned above, we discuss the existence
of multiplicity solutions of the problem (1) in the variable exponent
Sobolev spaces ij U(,,z,) (©) with respect to two different weight func-
tions w; and wy. Moreover, we introduce a more general norm com-
pared to the norm given by Deng [13]. Finally, we find more general
results than [33] using the technical approach, which is mainly based
on Ricceri’s theorem.

2. Notation and preliminaries. Let 2 be a bounded open subset
of RV with a smooth boundary 9€). Then, the set is defined by

.y (@) = {pEC(Q) . inf p(z) > 1},

€
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where C (ﬁ) consists of all continuous functions on Q. For any p €
Cy (ﬁ), we indicate

p~ = inf p(x) and p™ = sup p(z).
zeQ €N

Let p € C4 (Q) and 1 < p~ < p(.) < p™ < oco. The space LP()(Q) is
defined by

LPO(Q) = { u|u: © — R is measurable and /|u(x)|p(x) dr < 00
o)

with the (Luxemburg) norm

lull,y = inf {3 > 0: g0, (5) <1}
where

() = [ fula)) da
Q

see [24].
The weighted Lebesgue space Lﬁ(')(ﬂ) is defined by

w

LPO(Q) = { u|u: @ — R measurable and /|u(x)|p(w) w(x)dr < oo
o)

such that

1
" _ QMUHTH < o0
) H p()

for u € LZY(Q), where w is a weight function from Q to (0, 00).
It is known that the space (Lf,(')(ﬂ),H.Hp(.)’w) is a Banach space.
Moreover, the dual space of Lﬁ(')(Q) is L:(;)(Q) where ﬁ + % =1
and w* = w0 = WTFOT. fw € L (Q), then ) = Lr0) | see [3],
[5].

Moreover, we can define the space Lﬁ(')(aﬂ) similarly by

LPO(9Q) = { u|u : 30 — R measurable and / u(z)[P™ w(z)do < +oo
59
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4 CIHAN UNAL

with the norm

u(x

do <1
= w(x)do <

||u|\p(.)7w,80 =inf<7>0: /
20

for u € LE") (09) where do is the measure on the boundary of Q. Then
(Lﬁ( )(89), H'”p(.),w,aﬂ) is a Banach space, see [11].

Proposition 1. (see [3], [17], [22], [25]) For all u,v € o (Q), we
have

(i) llullyyo < 1 (resp= 1,> 1) if and only if 0p()w(u) < 1
(resp.=1,>1),
+ .
(i) ||u||p( Yo < 0pw () Sullyy , with [lull,c) > 1,
(i) 1l < 0p(y () < JllZ o with [fullye o < 1.
(i) min {|lull20) Il } < epyw) < max {ully, o Il b
. a El a N
(v) min {Qp(_)_’w(u)zf s Op(),w ()P T } < Hu||p(')’w < max {Qp(_),w(u) P 0p() () PT })
(vi) 0p()w(u—v) =0 if and only if |[u — v| — 0.

p(.),w

Here, the functional 0, ) .,(u) is defined by the mtegmlf ()P w(z)da.

Definition 1. Letw 70T € L} . (Q). The space W) (€) is defined
by

Wk (Q) = {u € L*O(Q) : Du € LX) (9),0 < |a| < k:}

equipped with the norm

57 =N Dl

0<|al<k
where o € NYY is a multi-index, |a|] = a3 + a2 + ... + ay and
D® = %. In particular, the space Wa* © (Q) is defined by
xq ---Ox

ij(-) Q) = {u € Lg(‘)(Q) 1| Vul € LZ(')(Q)}
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equipped with the norm

S = Nl + 1Vl

[[ul

The space W;}’T(') () is the topological dual for WPt (©2) where
ﬁ + ﬁ = 1and w* = WO = WO, Moreover, the space

Wit (€2) is a separable and reflexive Banach space, see [5].

S a1
Let wy "0 1wy, P01 € LL (). The space WoES) (Q) is defined
by
1,(. _ : . :
WA (@) = {u € LD(Q): [Vul € LEO (@) |

equipped with the norm

[ul| 574 = ||V

wi,wW2

+ [l

p(.),w1 p(.),w2

It is clear that the space Wif ('2 () is separable and reflexive Banach
space, see [25], [35].

Theorem 2. (see [6]) Let p(.) > N and w; Y € L'(Q) with

al() e %, oo N p(_)%l,oo . If we define the variable exponent

with N < p,, then we have a continuous embedding Wilpé,z) Q) —
We<()(Q) and a compact embedding lepoﬁ,j Q)= C(Q).

Corollary 1. Since the compact embedding lepﬁ,g Q) = C(Q) is
satisfied, there exists a ¢; > 0 such that

1,p(.)

[ull oo < erllullyy o,

for any u € Wif&g (Q) where ||ul| , = sup,cqu(z) for ue C(Q).
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6 CIHAN UNAL

For A C Q, denote by p~(A) = iélgp(:v) and pT(A) = supp(z). We
z €A
define
Uit p(z) < N,
+oo, ifp(z) 2N,

S
Q
—
8
~
Il
—~
|
—~
2
o
Il

and )
oy (0) = "2 )

for any x € 092, where r € C (99Q) with r— = i%fﬂr(x) > 1.
ES

Theorem 3. (see [11]) Assume that the boundary of Q possesses the
cone property and p € C (ﬁ) with p~ > 1. Suppose that w € L") (09Q),

r € C(0Q) with r(x) > pg’fgjl for allz € Q. If g € C(99Q) and
1 <gq(x) < p?(w) () for all x € 99, then there is a compact embedding

wirl) (Q) — LZ,(')((?Q). In particular, there is a compact embedding
WPl (Q) — LIO)(9Q) where 1 < q(z) < p® (z) for all x € O9.

Corollary 2. (see [11])

(i) There is a compact embedding WP() (Q) — LPC)(9Q) where
1 < p(x) < p? (x) for all x € ON.

(ii) There is a compact embedding WP() (Q) < Lf,(')(aﬂ) where
1<p(z) < p?(x) (z) < p? (x) for all x € ON.

Corollary 3. Assume that all assumptions of Theorem 2 and Theorem
3 are satisfied. If p(x) < pir(w) (z) < p2 (x) for all x € 09, then we

have the following compact embeddings le”f,;? (Q) — Whr=() (Q) —
LY (09).

Theorem 4. (see [13]) Assume that the boundary of 2 possesses the
cone property and p € C’(Q) with p~ > 1. If q(.) € C(Q) and

1 < gq(z) < p'(x) for all x € Q, then there is a compact embedding
WPl (Q) < LIO(Q) where

(a) = { el ifp(r) <N

400, if p(x) > N.
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Corollary 4. Assume that all assumptions of Theorem 2 and Theorem
4 are satisfied. Let N < p, and 1 < q( ) < (ps)” (x) for all z € Q.

Then we have the compact embedding W fdz) (Q) — L1O(Q).

Proof. By Theorem 2 and Theorem 4, we have the continuous
embedding ij&z) (Q) — Wtr-()(Q) and the compact embedding
whtr=() (Q) — LO)(Q). Thus it is easy to see that the compact
embedding Wai$) (Q) < L1O)(Q) is valid. O

If we apply the technique in [13, Theorem 2.1], then we prove the
following theorem similarly. Moreover, due to this theorem we can find
out the existence of weak solutions of the problem (1).

p(.)

Wl w2

Theorem 5. Let u € le LQ (QY). Then the norms

are equivalent on Wwfé,g (Q) where

lally = 190l 0y + el 00

Let 5 € L™ (0R2) such that g~ = 1r§fﬂﬂ(x) > 0. Then, the norm
FAS

[ull 5, is defined by
p(x)
dx + /ﬁ(az)
o0

1,p(.)

wi,wW2

Vu(z)

u(z) p(x)
-

[ull g(py =inf {7 >0 /wl(x)
Q

for any u € W7 r() (€2). Moreover, ||| 5, and |||

on Wiﬁﬁg (©) by Theorem 5.

are equivalent

Proposition 6. (see [13]) Let

T (@) = [ 1) Vu@)P® da+ [ 50 @) do

£ 99

with B~ > 0. For any u,uy, € thfu () (k=1,2,...), we have
(it) ”uH,B(a:) < IB(I)(U) < ||U||1;3(x) with ||U||ﬁ(w) <1,
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8 CIHAN UNAL

e . - + +
(idi) min { ||l e,y Il b < Tae () < max {ullf,)  llule,) |
(iv) [lu—ugl|g,) = 0 if and only if Ig)(u — ux) = 0 as k — oo,

(v) Nukllgezy — o0 if and only if Ig(z)(ur) — 00 as k — oo.

The following Proposition can be proved by Proposition 2.2 in [18].

Proposition 7. Let us define the functional Lg(,) : Wul,lpf,z) Q) =R
by

wi (2) (x) //3(95) ()

qu=/7Vup de + | == |u(z)|"*" do

o 0 = [ 2 1w 2 uto)
Q o0

for all u € Wilpi)z) (Q). Then, we obtain Lg(,y € C* (Wi’p(') Q) ,R)

1,W2
and

o (0 (0) = (Ll ) 0) = [ a(o) [Vl VW [ (o) [u(o)" uvdo
Q oN

for any u,v € Wiﬂﬁg (Q). In addition, we have the following properties

i) L' : Wj;”f;z) Q) — Wil’pl(') Q) is continuous, bounded
B(x) ’

*
(.AJl ,UJ2

and strictly monotone operator,
.. 1,p(. —1,p'(. . .
(i) Lig(yy : Wwﬂgg Q) — Ww;,fg( ) (Q) is a mapping of type (S+),
i.e., if
Up — U

in W5PS) (Q) and

limsup Lig ) (un) (un —u) <0,

n—=o0

then u, — u in W25) Q)

1,W2

(#ii) L’ﬁ(w) : Wjﬂﬁﬁ Q) — W;llfz/() () is a homeomorphism.

Theorem 8. (see [28]) Let X be a separable and reflexive real Ba-
nach space; ® : X — R a continuously Gateauz differentiable and
sequentially weakly lower semicontinuous functional whose Gateaux de-
rivative admits a continuous inverse on X*; ¥ : X — R a continuously

Gateauz differentiable functional whose Gateaux derivative is compact.
Moreover, assume that
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(1) lim (®(u) + A¥(u)) = oo for all A > 0,

llufl o0
(i1) there are r € R and up,u1 € X such that ®(ug) <17 < ®(uq),
. P(uy)—r)¥ —o W (uy
(iii) inf U (u) > (2u) T)¢EZTgfg(uO)(u“)) (ur)

u€P~1((—o0,7])

Then there exist an open interval A C (0,00) and a positive constant
p > 0 such that for any A € A the equation

O (u) + A0 (u) =0

has at least three solutions in X whose norms are less than p.

3. The Main Result. Throughout the paper, we assume that the
following conditions:

(@) |f(x, 1)) < h(z) + e [t for any (2,t) € QX R, ¢3 > 0
where the function f: 2 x R — R is a Carathéodory function,

h(z) € L%(Q), h(z) > 0 and s(z) € C4 (),

1< s = infs(z) <s™ =sups(z) <p~
z€eQ zeQ

with s(z) < (p)” (x) for all z € Q.
(I1) (i) f(z,t) <0 for all (z,t) € Q@ x R, and [t] € (0,1),
(ii) f(z,t) >k >0, when [t| € (tg, ), to > 1.

Let u € WiP U(JZ) (©) . Then the functional ®, (u) is defined by
(I))\ (u) = Lﬁ(w) (u) + /\\If(u),

where

U(u) = —/F(x,u)d:v and F(z,t) = /f(x,y)dy.
0

Q

Moreover, @, (u) is called energy functional of the problem (1).

* ok
wl 7L/.)2

-1
It is obvious that (L,’@(x)> c Wbl Q) — Wif&ﬁ (Q) exists

and continuous, because L’ﬁ(x) : Wilpfuz) Q) — w0 (Q) is a

wi,ws
homeomorphism by Proposition 7. Moreover, due to the assumption

(I) it is well known that ¥ € C* (Wif&ﬁ Q) ,R) with the derivatives
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10 CIHAN UNAL

given by

(W' (u) ,v) = —/f(x,u)vdx
Q

for any u,v € Wul,lpﬁ,z) (Q), and U’ : Wilpb(u?) Q) — W;llf;) () is com-

pletely continuous by [2, Theorem 2.9]. Therefore, ¥’ : W, ‘E,Z,) Q) —

—1,q(.)
wi,ws

(2) is compact.

Definition 2. We call that u € Wul)lpb(dz) (Q) is a weak solution of the
problem (1) if

/w1 (x) \Vu\p(z)_Q Vqudx+/ B(x) |u(x)\p(z)_2 uvda—/\/wQ(z)f(x, w)vde =0
Q o Q

for all v € Wif’ﬁg (©). We point out that if A € R is an eigenvalue of
the problem (1), then the corresponding u € le”fdﬁ (€2) — {0} is a weak
solution of (1).

Zhikov and Surnachev [37] prove that a sufficient condition for
the density of smooth functions in the weighted Sobolev space with
variable exponent is obtained. Moreover, it is known that the space
O () is a subspace of WAES) (), and WAFS) (Q) = PO (Q) for
0<a; <wi(z) <ag, 0<b <ws(x) <bg and ay, ag, by, by € R. Thus
we obtain that the spaces C§° (©2) and C*° ()N lepi,z,) (€) is dense in
lep &3 () since log-Hoélder continuity of the exponent is sufficient for
the density of smooth functions, see [14, Theorem 9.1.8], [15], [30],

[31].
The class A () consists of those weights w such that
—ps 1
ol = sup Bl [l gy |[=|| v <o
Bes WilL »0O) (B)

p(z)

-1
where 3 denotes the set of all balls in Q, pg = (1}3’| Ik 1dx) and
B

ﬁ—l—p%u =1. Ifw; € Ay, 0 < by <ws(z) < byand p(.) € PlE(R™),
i.e. p(.) satisfy log-Holder continuity condition, then C§° () is dense

in Wul,lpi,z) (Q), see [3], [23]. Therefore, the weak solution of the
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problem (1) is well defined. In the paper, we assume that w; € Ay,
0 < by <wsy(z) < by and p(.) € PP8(R™).

Theorem 9. There exist an open interval A C (0,00) and a positive

constant p > 0 such that for any A € A, the problem (1) has at least

three solutions in Wif&g () whose norms are less than p.

Proof. We only need to prove the conditions (3), (i) and (i) in
Theorem 8. Using Proposition 7, we get

o = [@@) g e B(=) o iP® gy
Loy () = [ vl ot [ S8 jua)a
o0
> ;;Imzﬂu)
(3) > — [ul,

for any u € Wi*5) (Q) with [ull g(zy > 1.
In addition, due to (I) and Hoélder inequality, we have

—U(u) = /F(Jc,u)dm:/ 7)f(x,t)dt dx
Q Q 0
< / (M @)+ 2 o)) o
(1) < 2|

C2 s(z)
o alilat 2 [lu@r® de
Q

By Corollary 4, there exist the continuous embedding W}, U(Jg Q) —
L*0)(Q) and the inequality

s(x s~ st st
(5) / (@) do < max {ull3 )0 el } < e lullj,
Q

If we use (4) and (5), then we get

Cyq st
(6) —W(w) <267 [l o lullgga) + = [l
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For any A > 0 we can write

1 - Ca T+
Lito) (w)+30(w) 2 — 5 =220 Al o g ey Il

by (3) and (6). Since 1 < sT < p~ and

”“H/ﬁ(m)‘)m

for all A > 0, the proof of (i) is completed.

Due to %@”’t) = f(z,t) and (II), it is easy to see that F(x,t)
is increasing and decreasing for ¢t € (tp,00) and (0,1) with respect
to x € €, respectively. Since F(xz,t) > kt uniformly for x, we have
F(z,t) — o0 as t — 0o. Then for a real number 6 > tg, we can obtain

(7) F(x,t) >0=F(z,0) > F(z,7) forallz € Q, t > 4§, 7 € (0,1).

Let 3, be two real numbers such that 0 < 8 < min {1, ¢;} where ¢; is
given in Corollary 1, and v > § (v > 1) satisfies 77 [|Bl; 5 > 1. If we
use relation (7), then we have F(z,t) < F(z,0) =0 for ¢ € [0, 8], and

0<t<p

(8) / sup F(x,t)dz < Q/F(am())da: =0.

Using v > ¢ and (7), we have [ F(z,d)dz > 0 and
Q

1 gt

®) &P

/F(x, d)dz > 0.
Q

If we use the inequalities in (8) and (9), then we get

/sup F(xt)dx<0<lﬁ+/F

0<t<a

Define ug, uy € Wb 5,2) () with ug(z) = 0 and uq (x) = ~y for any = € Q.
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If we take r = % (Cﬁ) , then r € (0,1), Lg(y)(uo) = ¥(ug) = 0 and

ZL' (z -
L) = [ Br@ig > T / Be)do =~ 18] 00
o
1
> —>r

Thus we have Lg,)(uo) < < Lgz)(u1) and

U(uy) = — /F(x,ul)dx = Q/F(:r,fy)dx < 0.

Q
Then the proof of (ii) is obtained.
On the other hand, we have

(L) (1) =) Wluo) + (1 = Ly (w0)) $(w1) _ W(wy)
Lﬂ(ﬂﬁ)(ul) - L,@(I)(UO) Lﬂ($)(u1)
[ F(x,y)dz
= 2 __ >0

5 o
8{2 p(z)
Now, let u € Wifu(jz) (Q) with Lg()(u) < r < 1. Since

e fﬂ(r)( u) < Lg)(u) <,
we obtain
8\
Iy (u) <ptr= () < 1.

C1

Due to Proposition 6, we see that [ul|s.,, <1 and

1 + 1
— llullfq < EI,B(:C)(“) < Lggy(u) <r
Then using Corollary 1, we can get
lu(@)| < et flullgy < e (pFr)»™ =8

for all u € WAFS) (Q) and = € Q with ®(u) < r
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The last inequality implies that

- inf U(u) = sup —U(u) < / sup F(x,t)dz <0.
u€P~1((—o0,r]) ued—1((—o0,r]) 0<t<pB
Then we have
[ F(x,v)dx
—  inf  W(u) < r-2
uE@*ll(rt—oo,r]) (U) " f B(I),yp(m)do.
o p(x)
o)
and
(0] - - N\
nf W(u) > (®(u1) — ) W(uo) + (r — P(uo)) ¥(u1)
u€®=1((—00,r]) ®(u1) — @ (uo)
This completes the proof. ([l

Acknowledgements. I would like to thank the referees greatly for
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