
THREE SOLUTIONS TO A ROBIN PROBLEM WITH
TWO WEIGHTED GENERALIZED VARIABLE

EXPONENT SOBOLEV SPACES

CIHAN UNAL

ABSTRACT. By applying Ricceri’s variational princi-
ple, we demonstrate the existence of solutions for a dou-
ble weighted Robin problem in weighted variable exponent
Sobolev spaces under some appropriate conditions.

1. Introduction. Let Ω ⊂ RN (N ≥ 2) be a bounded smooth
domain. Assume that ω1 and ω2 are weight functions. The aim of this
study is to discuss the three solutions for the following Robin problem

(1)

{
−div

(
ω1(x) |∇u|p(x)−2∇u

)
= λω2(x)f(x, u), x ∈ Ω

ω1(x) |∇u|p(x)−2 ∂u
∂υ + β(x) |u|p(x)−2

u = 0, x ∈ ∂Ω,

where ∂u
∂υ is the outer unit normal derivative of u with respect to ∂Ω,

λ > 0, p, q ∈ C
(
Ω
)

with inf
x∈Ω

p(x) > 1, and β ∈ L∞ (∂Ω) such that

β− = inf
x∈∂Ω

β(x) > 0.

Discrete nonlinear equations with parameter dependence play an im-
portant role in describing many physical problems, such as nonlinear
elasticity theory or mechanics and engineering topics. In recent years,
the investigating of the existence of weak solutions of partial differen-
tial equations involving weighted p(.)-Laplacian in variable exponent
(weighted or unweighted) Sobolev spaces have been very popular, see
[4], [6], [12], [16], [17], [26], [35]. Because some such type of equa-
tions can explain several physical problems such as electrorheological
fluids, image processing, elastic mechanics, fluid dynamics and calculus
of variations, see [19], [27], [29], [36], [37].
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In many applications, we might encounter boundary value elliptic
problems whose ellipticity is ”disturbed” in the sense that some de-
generation or singularity appears. This ”unpleasant” or ”undesirable”
behaviour can be caused by the coefficients (weights) of the correspond-
ing differential operator. For degenerate partial differential equations,
in other words, equations with various types of singularities in the co-
efficients (weights), it should be look for solutions in weighted Sobolev
spaces, see [8], [9], [20], [34].

The Robin problem involving p(.)-Laplacian was studied by several
authors, see [1], [10], [13], [21], [32]. In 2013, Tsouli et al. [33]
obtained some results about weak solutions of the following Robin
problem

(2)
−div

(
|∇u|p(x)−2∇u

)
= λf(x, u), x ∈ Ω

|∇u|p(x)−2 ∂u
∂υ + β(x) |u|p(x)−2

u = 0, x ∈ ∂Ω

using the variational methods under some suitable conditions for the
function f . In addition, they showed that the problem (2) has at least
three solutions.

In [7], the authors obtain some new compact embedding theorems in
a generalized variable exponent Sobolev spaces with two weights, and
show the existence of several different weak solutions of the problem
(1) in these spaces.

In the light of the articles mentioned above, we discuss the existence
of multiplicity solutions of the problem (1) in the variable exponent

Sobolev spaces W
1,p(.)
ω1,ω2 (Ω) with respect to two different weight func-

tions ω1 and ω2. Moreover, we introduce a more general norm com-
pared to the norm given by Deng [13]. Finally, we find more general
results than [33] using the technical approach, which is mainly based
on Ricceri’s theorem.

2. Notation and preliminaries. Let Ω be a bounded open subset
of RN with a smooth boundary ∂Ω. Then, the set is defined by

C+

(
Ω
)

=

{
p ∈ C

(
Ω
)

: inf
x∈Ω

p(x) > 1

}
,
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where C
(
Ω
)

consists of all continuous functions on Ω. For any p ∈
C+

(
Ω
)
, we indicate

p− = inf
x∈Ω

p(x) and p+ = sup
x∈Ω

p(x).

Let p ∈ C+

(
Ω
)

and 1 < p− ≤ p(.) ≤ p+ < ∞. The space Lp(.)(Ω) is
defined by

Lp(.)(Ω) =

u
∣∣∣∣∣∣u : Ω→ R is measurable and

∫
Ω

|u(x)|p(x)
dx <∞


with the (Luxemburg) norm

‖u‖p(.) = inf
{
λ > 0 : %p(.)

(u
λ

)
≤ 1
}

where

%p(.)(u) =

∫
Ω

|u(x)|p(x)
dx

see [24].

The weighted Lebesgue space L
p(.)
ω (Ω) is defined by

Lp(.)ω (Ω) =

u
∣∣∣∣∣∣u : Ω −→ R measurable and

∫
Ω

|u(x)|p(x)
ω(x)dx <∞


such that

‖u‖p(.),ω =
∥∥∥uω 1

p(.)

∥∥∥
p(.)

<∞

for u ∈ L
p(.)
ω (Ω), where ω is a weight function from Ω to (0,∞).

It is known that the space
(
L
p(.)
ω (Ω), ‖.‖p(.),ω

)
is a Banach space.

Moreover, the dual space of L
p(.)
ω (Ω) is L

r(.)
ω∗ (Ω) where 1

p(.) + 1
r(.) = 1

and ω∗ = ω1−r(.) = ω−
1

p(.)−1 . If ω ∈ L∞ (Ω), then L
p(.)
ω = Lp(.), see [3],

[5].

Moreover, we can define the space L
p(.)
ω (∂Ω) similarly by

Lp(.)ω (∂Ω) =

u
∣∣∣∣∣∣u : ∂Ω −→ R measurable and

∫
∂Ω

|u(x)|p(x)
ω(x)dσ < +∞


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with the norm

‖u‖p(.),ω,∂Ω = inf

τ > 0 :

∫
∂Ω

∣∣∣∣u(x)

τ

∣∣∣∣p(x)

ω(x)dσ ≤ 1


for u ∈ Lp(.)ω (∂Ω) where dσ is the measure on the boundary of Ω. Then(
L
p(.)
ω (∂Ω), ‖.‖p(.),ω,∂Ω

)
is a Banach space, see [11].

Proposition 1. (see [3], [17], [22], [25]) For all u, v ∈ Lp(.)ω (Ω), we
have

(i) ‖u‖p(.),ω < 1 (resp.= 1, > 1) if and only if %p(.),ω(u) < 1

(resp.= 1, > 1),

(ii) ‖u‖p
−

p(.),ω ≤ %p(.),ω(u) ≤ ‖u‖p
+

p(.),ω with ‖u‖p(.),ω > 1,

(iii) ‖u‖p
+

p(.),ω ≤ %p(.),ω(u) ≤ ‖u‖p
−

p(.),ω with ‖u‖p(.),ω < 1,

(iv) min
{
‖u‖p

−

p(.),ω , ‖u‖
p+

p(.),ω

}
≤ %p(.),ω(u) ≤ max

{
‖u‖p

−

p(.),ω , ‖u‖
p+

p(.),ω

}
,

(v) min
{
%p(.),ω(u)

1

p− , %p(.),ω(u)
1

p+

}
≤ ‖u‖p(.),ω ≤ max

{
%p(.),ω(u)

1

p− , %p(.),ω(u)
1

p+

}
,

(vi) %p(.),ω(u− v)→ 0 if and only if ‖u− v‖p(.),ω → 0.

Here, the functional %p(.),ω(u) is defined by the integral
∫
Ω

|u(x)|p(x)
ω(x)dx.

Definition 1. Let ω−
1

p(.)−1 ∈ L1
loc (Ω). The space W

k,p(.)
ω (Ω) is defined

by

W k,p(.)
ω (Ω) =

{
u ∈ Lp(.)ω (Ω) : Dαu ∈ Lp(.)ω (Ω), 0 ≤ |α| ≤ k

}
equipped with the norm

‖u‖k,p(.)ω =
∑

0≤|α|≤k

‖Dαu‖p(.),ω

where α ∈ NN0 is a multi-index, |α| = α1 + α2 + ... + αN and

Dα = ∂|α|

∂
α1
x1
...∂

αN
xN

. In particular, the space W
1,p(.)
ω (Ω) is defined by

W 1,p(.)
ω (Ω) =

{
u ∈ Lp(.)ω (Ω) : |∇u| ∈ Lp(.)ω (Ω)

}
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equipped with the norm

‖u‖1,p(.)ω = ‖u‖p(.),ω + ‖∇u‖p(.),ω .

The space W
−1,r(.)
ω∗ (Ω) is the topological dual for W

1,p(.)
ω (Ω) where

1
p(.) + 1

r(.) = 1 and ω∗ = ω1−r(.) = ω−
1

p(.)−1 . Moreover, the space

W
1,p(.)
ω (Ω) is a separable and reflexive Banach space, see [5].

Let ω
− 1
p(.)−1

1 , ω
− 1
p(.)−1

2 ∈ L1
loc (Ω). The space W

1,p(.)
ω1,ω2 (Ω) is defined

by

W 1,p(.)
ω1,ω2

(Ω) =
{
u ∈ Lp(.)ω2

(Ω) : |∇u| ∈ Lp(.)ω1
(Ω)
}

equipped with the norm

‖u‖1,p(.)ω1,ω2
= ‖∇u‖p(.),ω1

+ ‖u‖p(.),ω2
.

It is clear that the space W
1,p(.)
ω1,ω2 (Ω) is separable and reflexive Banach

space, see [25], [35].

Theorem 2. (see [6]) Let p (.) > N and ω
−α(.)
1 ∈ L1 (Ω) with

α (.) ∈
(
N
p(.) ,∞

)
∩
[

1
p(.)−1 ,∞

)
. If we define the variable exponent

p∗(.) =
α (.) p(.)

α (.) + 1

with N < p−∗ , then we have a continuous embedding W
1,p(.)
ω1,ω2 (Ω) ↪→

W 1,p∗(.) (Ω) and a compact embedding W
1,p(.)
ω1,ω2 (Ω) ↪→ C

(
Ω
)
.

Corollary 1. Since the compact embedding W
1,p(.)
ω1,ω2 (Ω) ↪→ C

(
Ω
)

is
satisfied, there exists a c1 > 0 such that

‖u‖∞ ≤ c1 ‖u‖
1,p(.)
ω1,ω2

for any u ∈W 1,p(.)
ω1,ω2 (Ω) where ‖u‖∞ = supx∈Ω u(x) for u ∈ C

(
Ω
)
.
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For A ⊂ Ω, denote by p−(A) = inf
x∈A

p(x) and p+(A) = sup
x∈A

p(x). We

define

p∂ (x) = (p(x))
∂

=

{
(N−1)p(x)
N−p(x) , if p (x) < N,

+∞, if p (x) ≥ N,

and

p∂r(x) (x) =
r(x)− 1

r(x)
p∂ (x)

for any x ∈ ∂Ω, where r ∈ C (∂Ω) with r− = inf
x∈∂Ω

r(x) > 1.

Theorem 3. (see [11]) Assume that the boundary of Ω possesses the
cone property and p ∈ C

(
Ω
)

with p− > 1. Suppose that ω ∈ Lr(.)(∂Ω),

r ∈ C (∂Ω) with r(x) > p∂(x)
p∂(x)−1

for all x ∈ ∂Ω. If q ∈ C (∂Ω) and

1 ≤ q(x) < p∂r(x) (x) for all x ∈ ∂Ω, then there is a compact embedding

W 1,p(.) (Ω) ↪→ L
q(.)
ω (∂Ω). In particular, there is a compact embedding

W 1,p(.) (Ω) ↪→ Lq(.)(∂Ω) where 1 ≤ q(x) < p∂ (x) for all x ∈ ∂Ω.

Corollary 2. (see [11])

(i) There is a compact embedding W 1,p(.) (Ω) ↪→ Lp(.)(∂Ω) where
1 ≤ p(x) < p∂ (x) for all x ∈ ∂Ω.

(ii) There is a compact embedding W 1,p(.) (Ω) ↪→ L
p(.)
ω (∂Ω) where

1 ≤ p(x) < p∂r(x) (x) < p∂ (x) for all x ∈ ∂Ω.

Corollary 3. Assume that all assumptions of Theorem 2 and Theorem
3 are satisfied. If p(x) < p∂∗,r(x) (x) < p∂∗ (x) for all x ∈ ∂Ω, then we

have the following compact embeddings W
1,p(.)
ω1,ω2 (Ω) ↪→ W 1,p∗(.) (Ω) ↪→

L
p(.)
ω1 (∂Ω).

Theorem 4. (see [13]) Assume that the boundary of Ω possesses the
cone property and p ∈ C

(
Ω
)

with p− > 1. If q (.) ∈ C
(
Ω
)

and

1 ≤ q(x) < pγ(x) for all x ∈ Ω, then there is a compact embedding
W 1,p(.) (Ω) ↪→ Lq(.)(Ω) where

pγ(x) =

{
Np(x)
N−p(x) , if p (x) < N

+∞, if p (x) ≥ N.
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Corollary 4. Assume that all assumptions of Theorem 2 and Theorem
4 are satisfied. Let N < p−∗ and 1 ≤ q(x) < (p∗)

γ
(x) for all x ∈ Ω.

Then we have the compact embedding W
1,p(.)
ω1,ω2 (Ω) ↪→ Lq(.)(Ω).

Proof. By Theorem 2 and Theorem 4, we have the continuous

embedding W
1,p(.)
ω1,ω2 (Ω) ↪→ W 1,p∗(.) (Ω) and the compact embedding

W 1,p∗(.) (Ω) ↪→ Lq(.)(Ω). Thus it is easy to see that the compact

embedding W
1,p(.)
ω1,ω2 (Ω) ↪→ Lq(.)(Ω) is valid. �

If we apply the technique in [13, Theorem 2.1], then we prove the
following theorem similarly. Moreover, due to this theorem we can find
out the existence of weak solutions of the problem (1).

Theorem 5. Let u ∈W 1,p(.)
ω1,ω2 (Ω) . Then the norms ‖u‖∂ and ‖u‖1,p(.)ω1,ω2

are equivalent on W
1,p(.)
ω1,ω2 (Ω) where

‖u‖∂ = ‖∇u‖p(.),ω1
+ ‖u‖p(.),ω1,∂Ω .

Let β ∈ L∞ (∂Ω) such that β− = inf
x∈∂Ω

β(x) > 0. Then, the norm

‖u‖β(x) is defined by

‖u‖β(x) = inf

τ > 0 :

∫
Ω

ω1(x)

∣∣∣∣∇u(x)

τ

∣∣∣∣p(x)

dx+

∫
∂Ω

β(x)

∣∣∣∣u(x)

τ

∣∣∣∣p(x)

dσ ≤ 1


for any u ∈ W 1,p(.)

ω1,ω2 (Ω). Moreover, ‖.‖β(x) and ‖.‖1,p(.)ω1,ω2
are equivalent

on W
1,p(.)
ω1,ω2 (Ω) by Theorem 5.

Proposition 6. (see [13]) Let

Iβ(x)(u) =

∫
Ω

ω1(x) |∇u(x)|p(x)
dx+

∫
∂Ω

β(x) |u(x)|p(x)
dσ

with β− > 0. For any u, uk ∈W 1,p(.)
ω1,ω2 (Ω) (k = 1, 2, ...), we have

(i) ‖u‖p
−

β(x) ≤ Iβ(x)(u) ≤ ‖u‖p
+

β(x) with ‖u‖β(x) ≥ 1,

(ii) ‖u‖p
+

β(x) ≤ Iβ(x)(u) ≤ ‖u‖p
−

β(x) with ‖u‖β(x) ≤ 1,
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(iii) min
{
‖u‖p

−

β(x) , ‖u‖
p+

β(x)

}
≤ Iβ(x)(u) ≤ max

{
‖u‖p

−

β(x) , ‖u‖
p+

β(x)

}
,

(iv) ‖u− uk‖β(x) → 0 if and only if Iβ(x)(u− uk)→ 0 as k →∞,

(v) ‖uk‖β(x) →∞ if and only if Iβ(x)(uk)→∞ as k →∞.

The following Proposition can be proved by Proposition 2.2 in [18].

Proposition 7. Let us define the functional Lβ(x) : W
1,p(.)
ω1,ω2 (Ω) → R

by

Lβ(x) (u) =

∫
Ω

ω1(x)

p (x)
|∇u|p(x)

dx+

∫
∂Ω

β(x)

p(x)
|u(x)|p(x)

dσ

for all u ∈ W 1,p(.)
ω1,ω2 (Ω). Then, we obtain Lβ(x) ∈ C1

(
W

1,p(.)
ω1,ω2 (Ω) ,R

)
and

L′β(x) (u) (v) =
〈
L′β(x) (u) , v

〉
=

∫
Ω

ω1(x) |∇u|p(x)−2∇u∇vdx+

∫
∂Ω

β(x) |u(x)|p(x)−2
uvdσ

for any u, v ∈W 1,p(.)
ω1,ω2 (Ω). In addition, we have the following properties

(i) L′β(x) : W
1,p(.)
ω1,ω2 (Ω) −→ W

−1,p′(.)
ω∗1 ,ω

∗
2

(Ω) is continuous, bounded

and strictly monotone operator,

(ii) L′β(x) : W
1,p(.)
ω1,ω2 (Ω) −→W

−1,p′(.)
ω∗1 ,ω

∗
2

(Ω) is a mapping of type (S+) ,

i.e., if
un ⇀ u

in W
1,p(.)
ω1,ω2 (Ω) and

lim sup
n−→∞

L′β(x) (un) (un − u) ≤ 0,

then un −→ u in W
1,p(.)
ω1,ω2 (Ω)

(iii) L′β(x) : W
1,p(.)
ω1,ω2 (Ω) −→W

−1,p′(.)
ω∗1 ,ω

∗
2

(Ω) is a homeomorphism.

Theorem 8. (see [28]) Let X be a separable and reflexive real Ba-
nach space; Φ : X → R a continuously Gâteaux differentiable and
sequentially weakly lower semicontinuous functional whose Gâteaux de-
rivative admits a continuous inverse on X∗; Ψ : X → R a continuously
Gâteaux differentiable functional whose Gâteaux derivative is compact.
Moreover, assume that
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(i) lim
‖u‖→∞

(Φ(u) + λΨ(u)) =∞ for all λ > 0,

(ii) there are r ∈ R and u0, u1 ∈ X such that Φ(u0) < r < Φ(u1),

(iii) inf
u∈Φ−1((−∞,r])

Ψ(u) > (Φ(u1)−r)Ψ(u0)+(r−Φ(u0))Ψ(u1)
Φ(u1)−Φ(u0) .

Then there exist an open interval Λ ⊂ (0,∞) and a positive constant
ρ > 0 such that for any λ ∈ Λ the equation

Φ′ (u) + λΨ′ (u) = 0

has at least three solutions in X whose norms are less than ρ.

3. The Main Result. Throughout the paper, we assume that the
following conditions:

(I) |f(x, t)| ≤ h(x) + c2 |t|s(x)−1
for any (x, t) ∈ Ω × R, c2 > 0

where the function f : Ω×R→ R is a Carathéodory function,

h(x) ∈ L
s(x)
s(x)−1 (Ω), h(x) ≥ 0 and s(x) ∈ C+ (Ω),

1 < s− = inf
x∈Ω

s(x) ≤ s+ = sup
x∈Ω

s(x) < p−

with s(x) < (p∗)
γ

(x) for all x ∈ Ω.
(II) (i) f(x, t) < 0 for all (x, t) ∈ Ω× R, and |t| ∈ (0, 1),

(ii) f(x, t) ≥ k > 0, when |t| ∈ (t0,∞), t0 > 1.

Let u ∈W 1,p(.)
ω1,ω2 (Ω) . Then the functional Φλ (u) is defined by

Φλ (u) = Lβ(x)(u) + λΨ(u),

where

Ψ(u) = −
∫
Ω

F (x, u)dx and F (x, t) =

t∫
0

f(x, y)dy.

Moreover, Φλ (u) is called energy functional of the problem (1).

It is obvious that
(
L′β(x)

)−1

: W
−1,q(.)
ω∗1 ,ω

∗
2

(Ω) −→ W
1,p(.)
ω1,ω2 (Ω) exists

and continuous, because L′β(x) : W
1,p(.)
ω1,ω2 (Ω) −→ W

−1,q(.)
ω∗1 ,ω

∗
2

(Ω) is a

homeomorphism by Proposition 7. Moreover, due to the assumption

(I) it is well known that Ψ ∈ C1
(
W

1,p(.)
ω1,ω2 (Ω) ,R

)
with the derivatives
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10 CIHAN UNAL

given by

〈Ψ′ (u) , v〉 = −
∫
Ω

f(x, u)vdx

for any u, v ∈W 1,p(.)
ω1,ω2 (Ω), and Ψ′ : W

1,p(.)
ω1,ω2 (Ω) −→W

−1,q(.)
ω∗1 ,ω

∗
2

(Ω) is com-

pletely continuous by [2, Theorem 2.9]. Therefore, Ψ′ : W
1,p(.)
ω1,ω2 (Ω) −→

W
−1,q(.)
ω∗1 ,ω

∗
2

(Ω) is compact.

Definition 2. We call that u ∈ W 1,p(.)
ω1,ω2 (Ω) is a weak solution of the

problem (1) if∫
Ω

ω1(x) |∇u|p(x)−2∇u∇vdx+

∫
∂Ω

β(x) |u(x)|p(x)−2
uvdσ−λ

∫
Ω

ω2(x)f(x, u)vdx = 0

for all v ∈ W 1,p(.)
ω1,ω2 (Ω) . We point out that if λ ∈ R is an eigenvalue of

the problem (1), then the corresponding u ∈W 1,p(.)
ω1,ω2 (Ω)−{0} is a weak

solution of (1).

Zhikov and Surnachev [37] prove that a sufficient condition for
the density of smooth functions in the weighted Sobolev space with
variable exponent is obtained. Moreover, it is known that the space

C∞0 (Ω) is a subspace of W
1,p(.)
ω1,ω2 (Ω), and W

1,p(.)
ω1,ω2 (Ω) = W 1,p(.) (Ω) for

0 < a1 ≤ ω1(x) ≤ a2, 0 < b1 ≤ ω2(x) ≤ b2 and a1, a2, b1, b2 ∈ R. Thus

we obtain that the spaces C∞0 (Ω) and C∞ (Ω)∩W 1,p(.)
ω1,ω2 (Ω) is dense in

W
1,p(.)
ω1,ω2 (Ω) since log-Hölder continuity of the exponent is sufficient for

the density of smooth functions, see [14, Theorem 9.1.8], [15], [30],
[31].

The class Ap(.) consists of those weights ω such that

‖ω‖Ap(.) = sup
B∈ß
|B|−pB ‖ω‖L1(B)

∥∥∥∥ 1

ω

∥∥∥∥
L
p
′
(.)

p(.) (B)

<∞

where ß denotes the set of all balls in Ω, pB =

(
1
|B|
∫
B

1
p(x)dx

)−1

and

1
p(.) + 1

p′ (.)
= 1. If ω1 ∈ Ap(.), 0 < b1 ≤ ω2(x) ≤ b2 and p (.) ∈ P log(Rn),

i.e. p (.) satisfy log-Hölder continuity condition, then C∞0 (Ω) is dense

in W
1,p(.)
ω1,ω2 (Ω) , see [3], [23]. Therefore, the weak solution of the
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problem (1) is well defined. In the paper, we assume that ω1 ∈ Ap(.),
0 < b1 ≤ ω2(x) ≤ b2 and p (.) ∈ P log(Rn).

Theorem 9. There exist an open interval Λ ⊂ (0,∞) and a positive
constant ρ > 0 such that for any λ ∈ Λ, the problem (1) has at least

three solutions in W
1,p(.)
ω1,ω2 (Ω) whose norms are less than ρ.

Proof. We only need to prove the conditions (i), (ii) and (iii) in
Theorem 8. Using Proposition 7, we get

Lβ(x) (u) =

∫
Ω

ω1(x)

p (x)
|∇u|p(x)

dx+

∫
∂Ω

β(x)

p(x)
|u(x)|p(x)

dσ

≥ 1

p+
Iβ(x)(u)

≥ 1

p+
‖u‖p

−

β(x)(3)

for any u ∈W 1,p(.)
ω1,ω2 (Ω) with ‖u‖β(x) > 1.

In addition, due to (I) and Hölder inequality, we have

−Ψ(u) =

∫
Ω

F (x, u)dx =

∫
Ω

 u(x)∫
0

f(x, t)dt

 dx

≤
∫
Ω

(
h(x) |u(x)|+ c2

s(x)
|u(x)|s(x)

)
dx

≤ 2 ‖h‖ s(.)
s(.)−1

,Ω
‖u‖s(.),Ω +

c2
s−

∫
Ω

|u(x)|s(x)
dx.(4)

By Corollary 4, there exist the continuous embedding W
1,p(.)
ω1,ω2 (Ω) ↪→

Ls(.)(Ω) and the inequality

(5)

∫
Ω

|u(x)|s(x)
dx ≤ max

{
‖u‖s

−

s(.),Ω , ‖u‖
s+

s(.),Ω

}
≤ c3 ‖u‖s

+

β(x) .

If we use (4) and (5), then we get

(6) −Ψ(u) ≤ 2C7 ‖h‖ s(.)
s(.)−1

,Ω
‖u‖β(x) +

c4
s−
‖u‖s

+

β(x) .
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For any λ > 0 we can write

Lβ(x) (u)+λΨ(u) ≥ 1

p+
‖u‖p

−

β(x)−2λC7 ‖h‖ s(.)
s(.)−1

,Ω
‖u‖β(x)−

c4
s−
λ ‖u‖s

+

β(x)

by (3) and (6). Since 1 < s+ < p− and

lim
‖u‖β(x)→∞

(
Lβ(x) (u) + λΨ(u)

)
=∞

for all λ > 0, the proof of (i) is completed.

Due to ∂F (x,t)
∂t = f(x, t) and (II), it is easy to see that F (x, t)

is increasing and decreasing for t ∈ (t0,∞) and (0, 1) with respect
to x ∈ Ω, respectively. Since F (x, t) ≥ kt uniformly for x, we have
F (x, t)→∞ as t→∞. Then for a real number δ > t0, we can obtain

(7) F (x, t) ≥ 0 = F (x, 0) ≥ F (x, τ) for all x ∈ Ω, t > δ, τ ∈ (0, 1) .

Let β, γ be two real numbers such that 0 < β < min {1, c1} where c1 is

given in Corollary 1, and γ > δ (γ > 1) satisfies γp
− ‖β‖1,∂Ω > 1. If we

use relation (7), then we have F (x, t) ≤ F (x, 0) = 0 for t ∈ [0, β], and

(8)

∫
Ω

sup
0≤t≤β

F (x, t)dx ≤
∫
Ω

F (x, 0)dx = 0.

Using γ > δ and (7), we have
∫
Ω

F (x, δ)dx > 0 and

(9)
1

cp
+

1

β+

γp−

∫
Ω

F (x, δ)dx > 0.

If we use the inequalities in (8) and (9), then we get∫
Ω

sup
0≤t≤a

F (x, t)dx ≤ 0 <
1

cp
+

1

β+

γp−

∫
Ω

F (x, δ)dx.

Define u0, u1 ∈W 1,p(.)
ω1,ω2 (Ω) with u0(x) = 0 and u1(x) = γ for any x ∈ Ω.
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If we take r = 1
p+

(
β
c1

)p+
, then r ∈ (0, 1) , Lβ(x)(u0) = Ψ(u0) = 0 and

Lβ(x)(u1) =

∫
∂Ω

β(x)

p(x)
γp(x)dσ ≥ γp

−

p+

∫
∂Ω

β(x)dσ =
1

p+
γp
−
‖β‖1,∂Ω

≥ 1

p+
> r.

Thus we have Lβ(x)(u0) < r < Lβ(x)(u1) and

Ψ(u1) = −
∫
Ω

F (x, u1)dx = −
∫
Ω

F (x, γ)dx < 0.

Then the proof of (ii) is obtained.

On the other hand, we have

−
(
Lβ(x)(u1)− r

)
Ψ(u0) +

(
r − Lβ(x)(u0)

)
Ψ(u1)

Lβ(x)(u1)− Lβ(x)(u0)
= −r Ψ(u1)

Lβ(x)(u1)

= r

∫
Ω

F (x, γ)dx∫
∂Ω

β(x)
p(x) γ

p(x)dσ
> 0.

Now, let u ∈W 1,p(.)
ω1,ω2 (Ω) with Lβ(x)(u) ≤ r < 1. Since

1

p+
Iβ(x)(u) ≤ Lβ(x)(u) ≤ r,

we obtain

Iβ(x)(u) ≤ p+r =

(
β

c1

)p+
< 1.

Due to Proposition 6, we see that ‖u‖β(x) < 1 and

1

p+
‖u‖p

+

β(x) ≤
1

p+
Iβ(x)(u) ≤ Lβ(x)(u) ≤ r.

Then using Corollary 1, we can get

|u(x)| ≤ c1 ‖u‖β(x) ≤ c1
(
p+r

) 1

p+ = β

for all u ∈W 1,p(.)
ω1,ω2 (Ω) and x ∈ Ω with Φ(u) ≤ r.
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14 CIHAN UNAL

The last inequality implies that

− inf
u∈Φ−1((−∞,r])

Ψ(u) = sup
u∈Φ−1((−∞,r])

−Ψ(u) ≤
∫
Ω

sup
0≤t≤β

F (x, t)dx ≤ 0.

Then we have

− inf
u∈Φ−1((−∞,r])

Ψ(u) < r

∫
Ω

F (x, γ)dx∫
∂Ω

β(x)
p(x) γ

p(x)dσ

and

inf
u∈Φ−1((−∞,r])

Ψ(u) >
(Φ(u1)− r) Ψ(u0) + (r − Φ(u0)) Ψ(u1)

Φ(u1)− Φ(u0)
.

This completes the proof. �

Acknowledgements. I would like to thank the referees greatly for
the careful review and the valuable comments on this paper.
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26. M. Mihăilescu, Existence and multiplicity of solutions for a Neumann problem

involving the p(x)-Laplace operator, Nonlinear Anal. 67 (2007), 1419–1425.
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29. M. Růžička, Electrorheological Fluids: Modeling and Mathematical Theory,
Lecture Notes in Mathematics 1748, Springer, 2000.

30. S. Samko, Denseness of C∞
0 (Rn) in the generalized Sobolev spaces

Wm,p(x) (Rn) (Russian), Dokl. Ross. Acad Nauk 369 (1999), 451–454.

31. S. Samko, Denseness of C∞
0

(
RN

)
in the generalized Sobolev spaces

WM,P (X)
(
RN

)
// Direct and Inverse Problems of Mathematical Physics (Newark,

DE, 1997), Int. Soc. Anal. Appl. Comput. 5, Dordrecht: Kluwer Acad. Publ. (2000),

333–342.

32. N. Tsouli and O. Darhouche, Existence and multiplicity results for nonlinear

problems involving the p(x)-Laplace operator, Opuscula Math. 34(3) (2014), 621–

638.

33. N. Tsouli, O. Chakrone, O. Darhouche and M. Rahmani, Existence and
multiplicity of solutions for a Robin problem involving the p(x)-Laplace operator,

Hindawi Publishing Corporation, Conference Papers in Mathematics Volume 2013

(2013), Article ID 231898, 7 pp.

34. B. O. Turesson, Nonlinear Potential Theory and Weighted Sobolev Spaces,
Lecture Notes in Math. vol. 1736, Springer-Verlag, 2000.

35. C. Unal and I. Aydin, Compact embeddings of weighted variable exponent
Sobolev spaces and existence of solutions for weighted p(.)-Laplacian, Complex Var.

Elliptic Equ. 66(10) (2020), 1755–1773.

36. V. V. Zhikov, Averaging of functionals of the calculus of variations and

elasticity theory, Math. USSR Izv. 9 (1987), 33–66.

37. V. V. Zhikov and M. D. Surnachev, On density of smooth functions in weighted

Sobolev spaces with variable exponents, St. Petersburg Math. J. 27 (2016), 415–436.

Department of Mathematics, Faculty of Arts and Sciences, Sinop Univer-
sity, Sinop, Türkiye

Email address: cihanunal88@gmail.com

12 Jan 2023 01:56:40 PST
221105-Unal Version 2 - Submitted to Rocky Mountain J. Math.


