ON SOLUTION TO THE TIME-FRACTIONAL NAVIER-STOKES EQUATIONS
WITH DAMPING
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Abstract: In this paper, we deal with the time-fractional Navier-Stokes equations with
damping in a bounded domain €2 in R3. First, we establish the existence of weak solutions
by Galerkin approximation for 5 > 1. We have also shown the uniqueness of weak solution
for § > 4. Further, we prove the regularity of the solution for 5 > 3 and 45 > 1.
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1. INTRODUCTION

Let us consider the following system of time-fractional Navier-Stokes equations with
sufficiently smooth boundary in a simply connected bounded domain €2 of R?

ofu+du/lutu-Vu+Vp—pAu=g inQx(0,7), (1.1)
divu=0  inQx(0,T), (1.2)

u=uy in Qx {0}, (1.3)

u=0 on dQx(0,T), (14

where 05 is the Caputo fractional derivative of order o € (0, 1). Here the unknown func-
tion u corresponds to the velocity of the flow and p is used to denote the pressure. ¥|u|®~'u
is the damping term and ¥ > 0 and 8 > 1 are the scalars appeared in the expression. Here
u is the initial velocity, g represents the external force.

The Navier-Stokes equations describe the motion of the fluid flows ranging from lu-
brication of ball bearings to large-scale atmospheric motions and reflect the conservation
of mass as well as momentum. The integer-order Navier-Stokes equations have been ad-
dressed in detailed by many authors [3, 4, 6, 10, 14, 15, 17, 16, 24] due to their essential role
in turbulence problems and fluid mechanics over the last decades. On the flip side, Frac-
tional calculus has gained much attention due to its demonstrated applications to model
many vital phenomena in different fields of science and engineering, including mechanics,
mathematical biology, control theory of dynamical systems, and many others. Fractional
calculus [11, 12] has been known as one of the most useful tools to model anomalous
diffusion and to describe the long memory processes. In comparison to the literature of
integer-order Navier-Stokes equations, research on fractional Navier-Stokes equations is
still in the early stages of development. Recently, some significant development has been
done by Salem et al. [8], Ganji ef al. [9], and Zaid [19] in direction of time-fractional
Navier-Stokes equations. Zhou and He in [32] studied the well-posedness and regularity
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of mild solutions for a class of time fractional damped wave equations. In [31], Zhou et
al. studied a backward problem for an inhomogeneous fractional diffusion equation in a
bounded domain. The existence of solutions for nonlinear Rayleigh-Stokes problem for
a generalized second grade fluid with Riemann-Liouville fractional derivative has been
proved by Zhou et al. [33]. In [30] Zhou et al. established the existence and regularity of
weak solutions to the time-fractional Navier-Stokes equations. The existence and unique-
ness of mild solutions to the time-fractional Navier-Stokes equation has been proved by de
Carvalho-Neto et al. [7]. The system (1.1) represents the flow with the obstruction to the
motion. (1.1) is the adaptation of the classical time-fractional Navier-Stokes equation with
the regularizing term ¥|u|?~1u. Many authors [5, 20, 21, 22, 25, 27] studied the system
(1.1)=(1.4) with o = 1. Cai in [5] proves that, if > 1, then weak solutions of the damped
Navier-Stokes equations exists; if 5 > 7/2, then a strong solution ensured. Further, they
restrict 5 > [ > 7/2 to show the uniqueness of the strong solution. Later, Zhang et al.
[25] improved the result and showed that a global strong solution exist when § > 3 and
this strong solution becomes unique when 5 > 8 > 3.

To show the existence of the solutions to the time-fractional Navier-Stokes equations
with damping, we will use the Galerkin approximation method. It is worth mentioning
that, in comparison to the integer case, the solutions of the time-fractional Navier-Stokes
equation with damping are not yet fully explored. So, it is vital to investigate the solu-
tions to time-fractional Navier-Stokes equations. To best of our knowledge, the existence,
uniqueness and regularity of solutions to the the time-fractional Navier-Stokes equation
with damping has not been researched. We organize the article in the following way. The
assumptions and preliminaries are discussed in Section 2. In Section 3, we discuss the
existence of weak solutions of (1.1). In Section 4, we discuss the uniqueness of solutions.
Also, We have addressed the regularity of the solutions in Section 5.

2. PRELIMINARIES AND ASSUMPTIONS

In this section we accumulate the solution spaces, Lemmas and notations. We refer
to Zhou [28] and Temam [23] for further details. Let €2 be a simply connected bounded
domain in R?® having smooth boundary. Let X be a Banach space. Let a € (0,1]. Let
w : R — X. Let us define the Caputo fractional derivative and the Liouville-Weyl integral
on real axis by

_CDﬂw(t):/_ hl_a(t—s)d%w(s)ds, _Oomw(t)z/_ ho(t — s)w(s)ds

tafl

respectively, where h,, represents the Riemann-Liouville kernel and h,, (t) = NOR Let us
define left and right Riemann-Liouville integrals of w as follows
t T
Lw(t) = / hot — syw(s)ds,  Irw(t) = / ho (s — t)w(s)ds,
0 t

where w : [0,7] — X. Further, we define the left Caputo and right Riemann-Liouville
fractional derivatives of order « by

t T
%Dtaw(t):/ By ot — ) Luo(s)ds tDTaw(t):—i/ By o(s — w(s)ds.
0 ds dt J,
2
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Letv : R? x [0, 00) — R3, the left Caputo fractional derivative with respect to time of the
function v is denoted by

t
ofv(x,t) = / hi—o(t — s)gv(ac,s)ds7 t>0.
0 s

We will use the following fractional integral by parts formula [1]
T

T
/0 (O (t), b(B))dt = (u(t), Tr =5 ()[T + / (0(t), D (8))dt.

If ¢ € C&°([0,T), X), then limy 7 , I 7' ~%4h(t) = 0 and

T T
| @000t = 000l = 60) + [ @0, Dr o)
0 0
We recall the following Lemmas from [30, Lemma 2.3, Lemma 2.4].

Lemma 2.1. Let X is a real Hilbert space and w : [0,T] — X have derivative, then
(w(t),0pw(t)) > 307w (t)]*.

Lemma 2.2. Suppose the function w(t) > 0 satisfies 0w (t) + kyw(t) < ka(t) for almost
all t € [0,T), where k1 > 0 and ky(t) is nonnegative and integrable function in [0,T).
Then

w(t) < w(0) + ﬁ/o (t — 5)° Ly (s)ds.

Let LP(€2) and H"(Q2) be the Lebesgue space and the Sobolev space respectively. Let
Z = {u € (C§°(2))3,div u = 0}. H is the closure of Z in L?(2)3 and V is the closure
of Z in H*(Q)3. (-, -) represents inner product in L? and

Let P be the orthogonal projection from (L?(£2))3 to H. We define the Stokes operator A
by A = — PA, with D(A) = H>(Q) N V. Then

(Aur,uz) = ((u1,u2))  Vui,uz € D(A).

We define the trilinear form b as

b(’LLl,'LLQ,u:_),) = / (Ul . VUQ) - Uus, Vul,UQ,'LL;?, eV (25)
Q

For uy,us € V, we define B(uq, us) by
(B(u1,uz),u3) = b(u1,uz,us), Yuz €V,
and we set B(u1) = B(u1,u1) € V', Yuy € V. So,

(Bul,uz) = /Q(ul . Vul) s U2. (26)

We recall the following Lemma from Temam [23].

Lemma 2.3. Ifu € L?(0,T;V), then Bu € L*(0,T;V"). Further, we have || Bul|y: <
CllullF-

We recall the following Lemma from Cai[5].
3
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Lemma 24. Let 0 < v < 1 and Yy,Y be Hilbert space having compact imbedding
Yo <= Y. If (24)52, be a sequence in L?(R,Yy) and fulfilling the following condition

+oo +oo
s ([ 1slde) <oc,sww ([ o ldn) < .
J —00 J —00

500 = [ 20 exp(-2rinta

represent the Fourier transformation on the time variable of z;(t). Then there is a subse-
quence of (zj)j—1 which strongly converge to some z € L*(R;Y).

where

3. EXISTENCE THEOREM

In the following section, we will established the existence of weak solutions to the time-
fractional damped Navier-Stokes system. The idea of the proof is inspired from [23]. First,
we give the definition of weak solutions for (1.1)—(1.4).

Definition 3.1. Ifu € L>(0,T;H) N L?(0,T;V) N LP+1(0,T; LP*+Y(Q)) and for any
z € V, u satisfies

(07u.z) + (Iu|’'u,z) + b, u,2) + p((w,2)) = (g,2). 3.7)

Then, we called u is a weak solutions of the time fractional Navier-Stokes equations.

Theorem 3.2. Letug € H, g € Lff_l(O,T;H) where o € (0,a) and, B > 1. Then for
positive T, there exists a weak solutions u(x,t) of (1.1)—(1.4) where u € L*>(0,T; H) N
L?(0,T; V) N LAHY(0,T; LATY(Q)) and u(x,t) will fulfill (3.7).

Proof. The Galerkin approximations will be used to prove the theorem. We choose a
sequence of elements z;,%y, ..., Zy, from Z, where Z = {u € (C§°(Q2))3,divu = 0}.
Since Z is separable and dense in V, elements z; are free and total in V. We consider the
approximate of the solution u,, by u,,(t) = Y"1 fim(t)z;,m > 0. We put u,, in (3.7),

we obtain
(0w (1), 25) + (O | g (£),25) + bW (8), W (1), 25) + p((Wnn (£), 25))
= (g(t),2), (3.8)
u,(0) = Z(uo,zj)zj = Uy, j=1,....m. (3.9)

We can write (3.8) —(3.9) as follows

Z(Ziazj)a?fim(t) + 219|Um|6_1(lulj)fim(t) + Z b(zi,21,25) fim (t) fim ()
i=1 i=1 il=1
> ((2i:2))) fim () = (8(t),25), (3.10)
=1
u,(0) => (,2,)z; =gy j=1,..,m. (3.11)
j=1

By using Picard’s Theorem we can conclude that nonlinear differential equations (3.10)—
(3.11) has a maximal solutions in [0, T},] contained in [0, 7"]. The priori estimate for the
4
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approximate solutions u,,, has been deduced in the following way. Multiplying (3.8) by
fjm(t) and adding all for j = 1, ..., m. We get

1 (63
SO lum (B)IIZ: + Iunll75L + pllum ()7 < (1), wn ()]
W 1
< Sl @7 + @Ilg(t)ll%/n (3.12)

After integrating (3.12) and using Young inequality, we get

t t
[ (]2 + 20 / (t — ) ]t ds + g / (t— ) Ul ds
0 0
1 [t _
< Juol2s + / (t— 9 g%
H Jo

t 2 t
2 1 a1 1 a1
< o[z +_/ lell 7 d5+—/ (t—s)T=o1ds
K Jo rJo

, 12 T+
<ol + - [ el ds+ - 613
where a; € (0,a), b= =21 Also,
t t
12 [ unlpds < [ (0= 9l ds
<ol [ lelfids+ s G

From (3.13) and (3.14), we achieve that the sequence {u,, } in a bounded set L>°(0,T"; H)
N L%(0,7; V)N LATY0,T; LAT1(2)). Now, we will show the strong convergence of u,,
in L2 N LA(]0,T] x Q) by using Lemma 2.4. Let u,, the function from R to V, which is
equal to u,,, on [0, 7] and to 0 otherwise. In the same way, we construct ﬁm(t), fim(t) to
R by assigning fim(t) = fim on [0, 7] and 0 otherwise. We use u,,, and g:gz-m to represent
the Fourier transformations on time variable of u,,, and g;,,,. We will prove for any positive
constant C

+oo .
| I () adn < . for some > 0 (3.15)

—00

We have for j = 1,...,m,
(00 (t),2)) = (Wom, 2j) _ooLe' ™00 — (Wi (T),2)) _oo L'~ 07 + (8,,(1).25)
+ (00 |P M (2), 25) (3.16)

where dy is the Dirac distributions at 0 and d is the Dirac distributions at T". Let g,, =
g — pAu,, — Bu,,, g, =g, on [0, T], 0 otherwise. Note that u,,, has two discontinues at
T and 0.

c arx —a d
—oth uy, = _ocltl (E“m)
dt

= 6Dy, + _ T (0,,(0)50 — u, (T)67).

5
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From (3.16), we get

(i) (b (1),25) = (@ (1) 25) + O ([~ i1 (1), 27) + (W0, 2,) (2wi) >
— (w(T),z;)(2min)* * exp(—2miTn),  (3.17)

where Fourier transformation have been applied on the time variable. We multiply (3.17)
by g;,,,(n7) and adding all the equations, we get

i) [ (1)1 22 = @y ()8 (1)) + D[ [P 8 (1), B (7)) + (W, B (7)) (2i) >
+ (U (T), U (1)) (27in) " exp(—27iTn).  (3.18)
When z € L#+1(0,T; L°P+1) N L?(0,T; V) we have
(g0 (1),7) < c(clnum(t)n%{l Tl (01 + ||g(t)||v'> el

So for any positive T',

T
sup &, ()llv- < [ g (0) v
neRrR 0

T
< [ (@@l + uon @l + 0l
< C.( Where d; is arbitrary constant) (3.19)

From (3.13), we get

T T
| M@t < [ o100 <

= sup [[|un]#~u(n)| 522 < C. (3.20)
neRrR B

Further from (3.13), we get
[0 (T)|| 22 < C1, [0y (0)]| 2 < Ch. (3.21)
From (3.18)—(3.21), we have
] [ () 172 < Colltm ()] 221 + Cslnl* [0 (0)] 41

Note that when 0 < v < ¢, we have

1+ [n|*
< Cy(y)————,¥n eR.
|77| = 4(7)1 + |n|a_2,\/ n
Thus
Feo 2 oo 1+ |T]|a 2
| P edn < Ca) [ e ()

Foo +oo ﬁm77 L
<) [ T @ladn+ Cat) [ {5l

“+o00 a—1|13
n Um (N
+C7(7)/_OO Il 1+H|n|0€—lgﬁ+ld"' (3.22)

6
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Using the Parseval equality and (3.13), the first integral on the right hand side of (3.22) is
bounded whenever m — oco. By the Parseval equality, Schwartz inequality, and (3.13), we

get
9 it (1) o gy Bl e :
. dn < 71 L la—27\2 m 2 1 d
/_OO 1+ |p|e—27 = /_OO (1 + [nle—27)2 /_Do ([ ()l 772
<Cy (3.23)

Similarly, for 0 < v < we have

2w+n

/+°° |77|a_1||ﬁm(77)||ﬁ+1dn

oo LAnleT

1

oo dn i oo 1 )13 B+1, =
< / PRERPEsy / |7I|(a_ B+ )H“ (n )||5+1
o (L) e

ria \P
SC(W) /0 8 (81551 (3.24)
since
+o0 +o0 Al
/_OO lnl("“”(ﬁ“)llﬁm(n)\lgiidn=/_w (Il oot ()||ﬁ+1> di

/ T ()1 Lt

e\ 1
s(%) JRCC et

From (3.22), we can conclude that

+o0 .
[ Pl < c.
Using (3.13), we can deduce thatu € L°°(0,T; H)NL?(0,T; V)N LATY(0, T; LP+1(Q))
and there is a subsequence {u,, }°°_, such that u,,, — uin weak-* topology in L>°(0,T; H),
w,, — u weakly in L?(0,7;V), and w,, — u weakly in L?+1(0,T; L+1(Q)). Fur-
ther, we take ; C 3 C Q3 C --- having smooth boundary and fulfilling U2, Q; =
Q. We consider Yy = V, Y = L?(€;) in Lemma 2.4 for fixed i = 1,2,...,. From
(3.13), (3.15), and Lemma 2.4 we get that u,,, converges to u strongly in L2(0, T; L?(€);)).
For 2 < p < f + 1 we have u,,; converges to u strongly in LP(0,T; L{ (£2)), Since

fo Jo Iy [P da dt < C. We integrating (3.8) (with order a) and we get,

(W (2),25) + ﬁ /0 (t—s)*" ((ﬁlumlﬁ_lum(t),zj) +0(up (1), upn (t),25)

+ p((uy, (1), 2)) — (g(t),zj)>ds = (uom, ;) ji=1,..m. (3.25)

7
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Due to Lebesgue’s dominated convergence theorem and using (3.13) , we get
1 t
(u(t),2) + —/ (t—s)" ((ﬁIUI"‘lu(t),Z) + b(u(t), u(t),2)
I'(a) Jo
+ ((u(0).2) = (&(0)2) ) ds = (w0.2)

holds forz = z,, 2o, - - - . So, we get the weak solution u(x,t) for the time fractional damped
Navier-Stokes system. O

4. UNIQUENESS THEOREM

Theorem 4.1. Letuy € H, g € Lo (0,T; H) and, B > 4. Then for any positive T, there
exists a unique weak solutions u(x,t) of (1.1)—(1.4) satisfying

uec L®0,T;H)NL*0,T; V)N L0, T; L’1(Q)).

Proof. Let us choose u and v are two solutions, and consider y(¢) = u(t) — v(¢) and it
satisfies

2%y 4 pAy + 9u/’~tu — 9|v|’~lv = —Bu + By, (4.26)
y(0) =0.
Multiplying (4.26) with y(t), we get
1
SOOI + ully@) 17 +/Q <|u|ﬁlu(t) - |V|ﬂ1V(t))(u(t) —v(t))dx

Note that
[ (a0 = = 25(0) ) ) = w0
> [ (I Pl =l ) o
_ /Q(|u|B ~ ) (u| = [¥])dz > 0 Va,v € LFH(Q).
We have
SO 1Y) 2. + () < BOV(E). V(E). (1) — blu(t) u(t). (1)
= b(y,y,v)
< [¥llas iyl Iyl - Do

8 2
< Clvlizsliyll g liyliZe
< plly®lz + ClvIZsllylZ-

which implies

1 (63
SO0 Y@ T < CIVIILs IIIZ:- (4.28)
Integrating (4.28) between the limit O to ¢, we get
C ! o
ly(®)ll7= < [ly(0)lI7- + m/o (t =) IvIIZsllylIZ-- (4.29)
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Since y € L°(0,T;L5(f2)), and applying Gronwall’s inequality we can conclude that
[ly(¢)]] = 0. Thus u(t) = v(¥).
d
5. REGULARITY THEOREM
Theorem 5.1. Suppose uo € V, g € La1(0,T;L?), B > 3, and 48 > 1, then
uec L>=0,T;V)NL*0,T; D(A)).

Proof. First, we take the inner product of (1.1) with Au and integrating by parts we get,

O ull3 + 2ul|Aul|7: + 2(u - Vu, Au) + 2(V(|ju|’~'u), Vu) < 2(g, Au).  (5.30)

For any k1, ko > 0, we can deduce that

=1 1
O [l F + 2ullAul|72 + 28] = Vu||7. < ki]lAu7z + K—lllglliz +2|(u - Vu, Au)

1 1
< (k1 + ) [ Aule + gl + - Vula. (5:31)
We have the following estimates from [27]
- uf?
-Vl = [ Va4 1) e

uf? 2 -1 2

= ||mllm [[ullZ + ([ = V|7,

< ull: + ||l =" Va2 for 3 > 3. (5.32)

Now we put (5.32) in (5.31) and choosing k1, k2 > 0 such that 25 > %2, K1+ Ko < 24
hold provided 451 > 1, then we get

Q 1 B—1
O lullFp + (21— k1 — ko) || Aul|72 + (26 — 5 Il VulZ.

< C(llglz: + llullZn)- (5.33)
Integrating (5.33) (with order o) and applying Gronwall’s inequality, we complete the
proof.
d
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