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Abstract We consider the p-weighted p-norm of functions f : R, — R with finite
| £™]|, 1 < g < +oo. A sharp Wirtinger type inequality

1£0llp < Copall Fllg for all 1< p,q < +oo

is established for function f such that fU)(z;) = 0forall0 < j <a;—1,i=1,...,r,n =

/e is integrable for

Y iy @i, where ¢, p and w = p/¢ are non-increasing on R, and w

a=n—1/q¢+1/p. Using Hermite interpolation, we express C,,,, in terms of the norm of a

certain integral type operator. Then we calculate (), 11 and (), « ~ in two specific cases.
Keywords: Hermite interpolation, weighted L,-norm, Wirtinger inequality.
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1 Introduction

Let N, R and R, be respectively the sets of all positive integers, all real numbers and all non-
negative real numbers. For 1 < p < 400 and weight function p? on D C R, let L, ,(D) be the
space of weighted p-power Lebesgue integrable functions f : D — R with the corresponding

weighted L, ,-norms || - |, ,; i.e.,
[ llsc,p = ess sup,epf(@)p()| < +o0, (1.1)
and
1/p
| fllp.p = (/ |f(x |pdx) < +00,1 < p < +oo. (1.2)

For p(r) = 1, we simply write || - ||,, as || - [|,. Denote by W}(D),n € N, the class of all
continuous real-valued functions f defined on D such that "=V (with f(©) = f) is absolutely
continuous and || f™||, < +oo.

The relationships among the norms of a function and its derivatives play an important
role in the study of harmonic analysis and function approximation theory. There are many
well known inequalities in this area, for example, Landau-Kolmogorov inequality, Gorny in-
equality, Wirtinger inequality, Schmidt inequality, Sobolev inequality, Bernstein inequality
and Markov inequality. Wirtinger type inequality is one kind of the most important inequal-
ities in this aspect. The first result appeared in [2, p.105]. It says that for any locally abso-
lutely continuous and 27-periodic function f with the first-order derivative f' € Lo([0, 27])
and fo r)dx = 0, we have

12 < 1112
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where the equality is valid if and only if f € span{cos, sin}.

Since then there have been many results of Wirtinger type inequality for p(z) = ¢(x) =1
and D = [a,b]. For example, for the case n = 1, E. Schmidt [17] proved the following two
results.

Let 0 < p < 400,1 < ¢ < 400. Then for an arbitrary function f € W ([a,b]) satisfying
f(a) =0 (or equivalently f(b) = 0) there is the sharp inequality

(1/p+1/¢) =19 (1 /p) P (1)) T(1+1/p+1/q)
L(1+1/p)F(1+1/q¢)

here ¢’ is the conjugate exponent of ¢, and 1/00 is to be interpreted (in the usual way) as 0.
At the same time, for an arbitrary function f € W ([a,b]) satisfying f(a) = f(b) = 0 there
is the sharp inequality

1(1/p+1/¢) 7Y (1/p)P(1)¢ ) T(1+ 1/p+1/q)
C(1+1/pT(1+1/q¢)

Further generalizations and applications of (1.3) and (1.4) can be found in [1,3,9,19].

1fllp < (b—a) P g, (1.3)

(b—a) P £ (1.4)

171 <

For the case n > 1, the most important result is that if f € W7 ([a,b]) with j multiple
zeros a and n — j multiple zeros b, 0 < j < n,1 < p,q < +00, then we have the following
inequality

1£llp < C(n. 5. ) (b — )™= f, (1.5)

and the best constants C(n, j, p, ¢) can be found in [22]. Some authors such as A. Shadrin [18],
S. Waldron [20] and S.N. Kudryavtsev [5] obtained the inequalities in the form

If = Ho(f)ll, < C(n.p,q)(b— a)" /P79 {0, for all f € W'([a, b)),

where Hg(f) is the Hermite interpolation to f at some multiset of n points in [a, b]. Further
generalizations and the best constants C'(n,p,q) can be found in [11]. If He(f) = 0, then

above relationship becomes the Wirtinger inequality,
11l < Clnp, @) (b — a)™ /=) {0 for all £ € W ([a,b). (1.6)

Recently, F.Y. Kuo, L. Plaskota, G.W. Wasilkowski [6] and P. Kritzer, F. Pillichsham-
mer, L. Plaskota, G.W. Wasilkowski [4] considered doubly weighted approximation problems
for piecewise Lagrange interpolation and piecewise Taylor interpolation on R, respectively, I.
Kh. Musin [12] considered the approximation of infinitely differentiable functions by polyno-
mials in weighted spaces on R. It is noticed that G.W. Wasilkowski and H. Wozniakowski [21]
considered doubly weighted approximation problems on R based on Hermite data. In this
paper we consider doubly weighted Wirtinger type inequality on R, based on Hermite da-
ta, which is equivalent to doubly weighted approximation by Hermite interpolation, but we
obtain sharp estimates other than weak asymptotic results in [4, 6].

The paper is organized as follows. Section 2 contains our main theorem and its proof.

Section 3 gives two examples to show our method.
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2 Basic concepts and our main result

Let v : R, — R, be a given positive and measurable function. For a positive integer
n and ¢ € [1,400], let F' = F(n,q,¥) be the linear space of functions f : R, — R with
(locally) absolutely continuous derivative f™~1 and ||f™4]||, < 4+o0c0. The function spaces
F(n,q,1) were introduced in [21], see also [7,8,10,13-16]. Let p : R, — R, be a function
such that p? is a weight function for all 1 < p < 4-00.

Similar to [6], in this paper we assume that ¢,p : Ry — R, and w = p/v¢ are non-
increasing on Ry. Forn € N, 1 <p,q < +oo, let a =n —1/q+ 1/p. We assume that

+o00
W]y = / W'/ (x)dz < 4oo0. (2.1)
0
Recall that
[onpllp < 400 (2.2)
is a necessary and sufficient condition for || fpl||, < +oc for all f € F(n,q,v), where v,(z) =
z"~ ! see Proposition 1 in [6].

Corresponding to [4, 6], we will consider doubly weighted Wirtinger inequality. Now we
introduce the Hermite interpolation.
For r distinct points
0< 5 <zpn< <z <400

and numbers oy, € N with n = 3", | a;, we denote by A := {2, ax, 1 < k < r} a Hermite
interpolation nodes with their multiplicities. Then, the Hermite interpolation polynomial
Ha(g) of a function g € C" (R, ) based on nodes A is defined as

Ha(g) € Pucy, and HP(g,2) =g (z), 0<j<ap—11<k<r,  (23)

where and in what follows, P, represents the space of all algebraic polynomials of a degree

at most n. The classical Hermite interpolation formula is given by

r ap—1

. T — ) [ (1 — 2,)% (og—s—1)
Ha(g,x) = Z%;g(s)(%)( - ) {(WA(:C)) }

(2k)

where and in what follows,

) (x—z1)° [ (v — 2z,)* (ap—s—1) r
his () = Wa(z) ( ) {( ) } L Wala) =[x — 20, (25)

(x — zp) sl Walz) J ., P

and {g(:v)}gzi) is the s-th degree Taylor polynomial of g at zy.
For g € F(n,q,%), by the Taylor expansion of g at 0 with integral remainder, we obtain
that
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o) = @)} + = / e -ty g™ (g, (2.6)

where x;, = x for x > 0 and ;. = 0 for x < 0. Here, corresponding to the Hermite

interpolation nodes A, it would be convenient to define the classes of functions
FA = FA(”?va) = {f € F(n7Q7w) : f(J)<Zk) = 070 S] < ag — 171 < k < 7’}.

If f € Fa(n,q,1), then from (2.4), (2.6) and fW(z) = 0,0 < j <o — 1,1 <k <7, it
follows that

flz) = flz) - HA<f,x>—{f< o = Ha({ £, 2)

- 1)' /0+oo 1) ()t — ﬁHA (/Oﬁo(, B 0 (t)dt7x>
= o /+°° [ r— ) — ;21 %(zk - t)i—l—shk,s(@] 00 (1)t
B (n— 1)1/ — Ha((- =) 2)] f™()dt

= Ka(z, 6) ™ (t)dt, 2.7)

0

where we used that {f(x )}(g) Yis an algebraic polynomial of a degree at most n — 1, and

(@ -t — Ha(( =)} " 2)
(n—1)! ’

Now we introduce some information about the norms of integral operators. Let K(z,t)

Ka(z,t) = (2.8)

be a continuous function on R, x R, and let
+o0
Stha)= [ K. (2.9)

0

Let ||S]|;p be the norm of S treated as a linear operator from L,(R;) to L,(R,); i.e.,

1S(f)]
1]l = sup £ (2.10)
reLa® . r20 |1 fllg

Obviously, S is a linear and continuous operator from L,(R.) to L,(Ry) if and only if

S|4, 1s finite. In particular, it is known that

+oo
IS]l11 = sup/ | K (x,t)|dx, (2.11)
teRy JO
—+oco
T sup/ K (2, ) dt. (2.12)
zeR4 JO
For given A :={0 < 2y < 2y < -+ < z < 400, € Nyn =Y | o > 2} with n > 2,
let ()
p(x
KA7 , z,t) = —KA Qf,t s 2.13
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and for f € L,(R,), let

+oo

Sawp(fix) = i Kpyplz, t)f(t)dt, e Ry. (2.14)

Lemma 2.1. Assume that ¢ and p are such that (2.1) and (2.2) hold. Then for any A
with n > 2 and 1 < p,q < 400, Say, is a linear and continuous operator from L,(R.) to
L,(Ry); ie.,

152 wpllgp < +00, 1 <p,q < +o0. (2.15)

Proof. First, we consider the case p = ¢ = +00. For f € L (R ), it follows from (2.14) that
for any x € R, , we have that

“+o00
1Sawnlfs2)] < I1flo / Ka gy, D)L, (2.16)

From (2.8) it is easy to verify that

Ka(z,t) =0 fort ¢ [min(z, 21), max(z, z,)], (2.17)
(o =ty
Kna(z,t) = oY% 4~ 2.18
stont) = T b (2.18)
For 0 <z < z,, it follows from the monotonicity of ¥, p and (2.17) that
I - p(0) [~
| Knpp(z,t)|dt = | Kapp(x,t)]|dt < | K (2, t)|dt. (2.19)
0 0 ¥(2r) Jo

By (2.8) we know that |Ka(z,t)] is continuous on [0, z,]2. Therefore there exists an M such
that |Ka(z,t)| < M for all (z,t) € [0, z,]2. This and (2.19) imply that for all z € [0, 2,], we

have that . M p(0)
)
Kp oz, t)|dt < ———=.
/0 | V,p ‘ w<zr)

For x > z., denote A"’ = {0 <23 <29 < -+ <z, < 400,04 = 1,1 <i < n}. Then it follows
from Lemma 1 in [6] that for ¢ € [z1, 2], we have that

(2.20)

(z—t)"

Ka(zt)| < ———. 2.21
Koot < S0 (2.21)
By the continuity of Hermite interpolation on nodes A and (2.21), we obtain that
—t n—1
imx;=zg, n — .
i acisyh o
From (2.17), (2.18) and (2.22) it follows that
l L ["p)
| K, (z,t)dt < / (z —t)"tdt
/0 v (n =11 )., ¥(t)
1 xX
—t)"dt
e @
_ w(z)(x — z)" < w(z)z" (2.23)
n! n!
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Since w is non-increasing on R, , by @ = n and (2.1), it is easy to see that

T +oo
wl(z)z < / w(u)du < / w(w)Ydu = [|w||;. (2.24)
0 0

From (2.23) and (2.24) it follows that

5

+oo
/ | Kpp,p(z,t)]dt < (2.25)
0

It follows from (2.16), (2.20) and (2.25) that ||Sap,pllecc0 < +00.
Now we consider the case 1 < p < 400,q¢ = +oo. From (2.16), (2.20) and (2.23) it
follows that

Zr p “+o00 P
1Saws(DIE < IFIZ ( / ( / yKA,¢,p<x,t>ydt) ar + / ( / |KA,¢,,,<x,t>ydt) dx)

< 1l (= (2222) 4 o [T (226)

Note that & = n + 1/p. Hence, similar to (2.24), we obtain that

+oo +o0
| e <t [ oo (e)de = el (2.27)
0 0

From (2.26) and (2.27) it follows that

ajpay 1/
Mzrp(0)>p I il ) g

58,000l < 11 (o (222" L

ie., |[Sauplloop < Foo forall 1 <p < +4o0.
Next, we consider the case p = +00,1 < g < 4+00. In this case, for ¢ = 1, from (2.14) it
follows that for any x € R, we have that

[Sa.0(f, 2)| < [l fllmax [Kapp(@,t)] (2.28)

For 0 <z < z,, from Ka(z,t) =0 for t > z,, it follows that

Mp(0)
<
max | K., (2, 1)] < o) (2.29)
where M is given in (2.20). For = > z,, it follows from (2.17), (2.18) and (2.22) that
p@)( — 07 _ wa)ar!
< . .
max [ K, (@, )] < max =0 =S p ™ < ) (2:30)
Note that o = n — 1. Hence it follows from (2.30) and (2.1) that
w(x)z® 1 Co © _ lwtee
K < < /o < L 2.31
Kot < 295 < s ([Cerea) < R 2an
From (2.28), (2.29) and (2.31), it follows that
Mp(0) | Jlw!/*]I¢
s < . 2.32
8,000l < (S EIE) (2.32)
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For 1 < ¢ < 400, from (2.14) and Holder inequality it follows that for any x € R, , we
have that

400 1-1/q
Saatfeall < e ([ IKswplo i/ ovar) 233
For 0 < z < z,, similar to the proof of (2.20), we obtain that
+00 Mo(0)\ 7/ @D
/ | K a7 070dt < 2, ( at )> . (2.34)
0 7,/)(27«)

For x > z,, similar to the proof of (2.25), from (2.30) and o« = n — 1/q it follows that

wq/(q—l)(m)l,l-i-(n—l)q/(q—l) le/a H({a/(q—l)

(O e (PR VITC

+o0
Kaypo(x, )Y@ Ddt < 2.35
s,
0

From (2.33)-(2.35) it follows that

M a/(g—1) wl/e t{a/(q—l) 1/q
1Sa,0.0()lloc < (zr < Q/JEOZ(TO))) + <|<|n — 1||)!>q/(q_1)> 1 £1lq- (2.36)

From (2.32) and (2.36) it follows that ||Sa . ,|lge0 < 400 for all 1 < ¢ < 4o0.
At last we consider the case 1 < p,q < +o00. For ¢ = 1, from (2.28) it follows that

+oo
ISa0sl ;< WAIE [ max|Kalo e
0 +
Zr o0
= 0 ([ Ko Pis + [ maxl K o) 207
By (2.29) we obtain that

Zr Mp(0 p

max | Ka (2, t)Pdz < z, (#) . (2.38)

o teRy (z)

Similar to the proof of (2.25), from (2.30) and « =n — 1+ 1/p it follows that

/ " x| Ky (e Az < —— - / " () < 19T g 5,
S N (A (G |
It follows from (2.37)-(2.39) that
« /P
Mp(0)\" | [lw 2" '
< B E———— . .
18,000l < 171 (= (5A9) + el (2.40)

For 1 < ¢ < +o0, from (2.33) and Minkowski inequality it follows that
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1/p

Too +o0 p—p/q
1Saws Dl < £l / (/ |KA,¢,p<x,t>|q/<“>dt) dx)

Zr zr p—p/q L/p
| £l / (/ |KA7¢7p(a:, t)’q/(ql)dt) dz
0 0

+o0 +o0 p—p/q 1/p
+ ||f||q/ (/ |KA7¢7p(a:,t)|q/(q_1)dt> dz| . (241)
Zr 21

From (2.29) and a =n — 1/q + 1/p it follows that

IN

Zr Zr p*p/q 1/p afnJrlM 0
( / < / Ka(r, t)|q/<q—1>dt> dx) < ZTTZ)”(). (2.42)
0 0 f

Similar to the proof of (2.25), from (2.30) it follows that

too +oo p—p/q
/ (/ |KA,¢,p<l', t)|q/(q_1)dt) dz
Zp 21

; e WP ()" P 1] le/o‘HZfa
= - 1>!>p/o (@) o< =y (2.43)
From (2.41)-(2.43) it follows that
sV wh/ ||
8,000l < 17l (2520 4 Y 2.4

From (2.40) and (2.44) it follows that ||.Sa,ypllqp < +00 for all 1 < p, ¢ < +o0. The proof is
completed. n

Theorem 2.2. Assume that ¢ and p are such that (2.1) and (2.2) hold. Then for any
A with n > 2 and for all f € Fa(n,q,1), we have the sharp inequality

HfP”p < ||SA,¢,p||q7p||f(n)¢”q for all 1 <p,q < +o0. (2.45)

Furthermore, the following relations hold.

+oo
1Sampllis = sup / Kyl D)d, (2.46)
teRy JO
+o0
ISl = 50 [ [Kny () (247
I€R+ 0

Proof. If f € Fa(n,q,), then it follows from (2.7), (2.8), (2.13) and (2.14) that

J(@)ple) = 0+°° %mm, £) - FO ()AL = Sy (FP0, 2). (2.48)

From (2.48), (2.15) and (2.10) it follows that

prHp = HSA,Mﬂ(f(n)?vb)Hp < ||SA,¢7p||q,p||f(n)¢Hq for all 1 <p,q < +o0; (2.49)
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i.e., (2.45) holds true.
We now show that (2.45) is sharp. For g € L,(R. ), let

_ —; :cx_ n—lﬂ N i,
f(m)—(n_1>!/o( t) w(t)dt’v € [0, 400)

and let

f(x) = f(x) — Ha(f,2).
It is known that Ha(f) is an algebraic polynomial of a degree at most n — 1. Then we easily
check that (" = % and from (2.3) it follows that f()(z,) =0,, 0 < j < ap—1,k=1,2,...,7.
Hence f™q = g and f € Fa(n,q,v). Therefore (2.48) turns into

F@)p(@) = Saw,(f™,2) = Sau,(g, 7). (2.50)
From (2.50) and (2.10) it follows that
1£pllp 152,0.0(9) I
sup ot > su =2 — |SAwpllgp (2.51)
reraman) 10l = gery@irgro N9l peler

From (2.49) and (2.51) it follows that (2.45) holds true and is sharp. Besides, from (2.11)
and (2.12) we respectively obtain (2.46) and (2.47). The proof is completed. O

It is obvious that F'(n,q,v) includes all polynomials p of a degree at most n — 1 due
to p™ = 0. Hence, for all f € F(n,q,v), from (2.3) we obtain f — Ha(f) € Fa(n,q,v).
Combining this fact with Theorem 2.2, we obtain the following result.

Corollary 2.3. Assume that ¢ and p are such that (2.1) and (2.2) hold. Then for any
A with n > 2 and for all f € F(n,q,1), we have the sharp inequality

I(f = Ha(fDellp < 15awpllanllF Ml for all 1< p,q < +oo. (2.52)

3 Two examples

In this section we give two examples to show how to calculate the values of || Sa y,ll1.1
and [[Sa,pplo0,00-

Example 3.1. Let ¢(z) = e 1% p(z) = e %0 < 8; < B2 < +00,0 < x < +00. Then
for any A withn > 2,1 <p,q <400, «a =n—1/q+ 1/p, we calculate that

1 T (GamBr)e/ a
muﬂhzf e~ (Ba=p)efagy, < foo:
0 B2 — P1

i.e., (2.1) holds true. At the same time, we calculate that

n—1
(—”g;) el p=+oc;
T/P(14(n—1)p)
(p62)n71+1/p 9

i.e., (2.2) holds true. Hence, the sharp inequality (2.15) holds for all f € Fa(n,q,v). Fur-

thermore, the best constants ||Sappll1,1 and ||Sa .yl can be calculated by the explicit

[onpllp =
1 <p < +o0o;

formulas (2.46) and (2.47), respectively. We list two Hermite interpolation nodes to show it.
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(D) Ifr=1,21 =0, =2,n=2,8; = 1, B3 = 2, then from (2.18) it follows that
Ka(e,t) = (= 1), (0,t) € R, (3.1)

and hence
Kayp(z,t) = e 2 (@ —1)y, (,t) € RY. (3.2)

Let p = ¢ = 1. Then for any t € Ry, by (3.2) we calculate that
+oo +0o0o 1
Fi(t) = / | Knpp(z,t)|de = et/ (x —t)e **dr = Z—le’t. (3.3)
0 t

From (2.46) and (3.3), it follows that

1
[Saypllin = %%fFl(t) = F1(0) = 1

Let p = ¢ = +oo. Then for any x € R, by (3.2) we calculate that

+oo z
Fy(x) = / | Kapp(z,t)|dt = 6_236/ (x—t)e'dt =e @ — e 2 (x +1). (3.4)
0 0
Using (2.47) and (3.4), we get (by using Mathematica) that
1S a0 ]lo0.c0 = max Fy(z) = Fy(1.2564) = 0.1018.
tERy

(2)Ifr=2,21=0,20=1, 01 =ay =1,n=2,08; = 1,52 = 2, then from (2.8) it follows

that
(t—1z, 0<z<t<l;
Ka(r,t)=q (z—1)t, 0<t<1,t<x<4oo; (3.5)
(x—t)y, 1<t,0<z<+o00,
and hence

(t—Dze 2 0<2<t<1;
Kagp(,t) =< (x—Dte M, 0<t <1t <z < +00; (3.6)
e (x—t),, 1<t0<x<+00.

Let p=¢ = 1. Then for any t € R, by (3.6) we calculate that

+oo
Ft) = / K gplr £)]dz
0

e'(1—1t) fot re **dzx + te! :oo |z — 1]e ?*dz, 0<t<1;

el ;roo(ac — t)e **dx, 1 <t < 4o0,
Liop t—2 _ —t o t t
(2te™* —et et —te'), 0<t< 1,
R ) (37)
Te 1 <t<+o0.
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Using (2.46) and (3.7), we get (by using Mathematica) that

||SA,¢,pI|1,1 = Imax Fl(t) = F1(07055) = 0.1223.
teR4

Let p = ¢ = +o0. Then for any x € Ry, by (3.6) we calculate that

+o0
Fy(z) = / | K pp,p(z,t)|dt
0

e (1 —x) [ te'dt + ze " fxl(l —t)eldt, 0<uz<1;
e 2 (r—1) fol teldt + e72* [[(z — t)e'dt, 1<z < o0,
e (" +1—x+er), 0<x<1;
= (3.8)
e (r—1+e"—ex), 1<z<-+o0.

Using (2.47) and (3.8), we get (by using Mathematica) that

1585510000 = max Fy(x) = F3(0.3179) = 0.0911.
TER4L

Example 3.2. Let 1(z) = e ™% p(z) = e 7 0 < B, < fy < 400,0 < & < 400.
Then for any A with n > 2,1 <p,q < +oo, a =n—1/q+ 1/p, we calculate that

oo 1 T
o _ —(B2=B1)2* o g, — = < : 3.9
e = [ Y 39

i.e., (2.1) holds true. At the same time, we calculate that

n—1

a1 n—1\ 2 1.
fonpllo = mx s = (55 ) T e (3.10)

and for 1 < p < 400, we calculate that

Fl/p( 1+(’n—1)p)
||U7’bp||17 = 124_(n_1)p a (311)
2l/p(p/82) 2p

i.e., (2.2) holds true. Hence, the sharp inequality (2.15) holds true for all f € Fa(n,q,1).

Furthermore, the best constants |[Sa p ,|[1,1 and [[Sa g ,|lcc,c0 can be calculated by the explicit

formulas (2.46) and (2.47), respectively. We list two Hermite interpolation nodes to show it.

(D) Ifr=1,21 =0, =2,n=2,6; = 1, B2 = 2, then from (3.1) it follows that
Knpp(x,t) = e 2 (@ — 1), (z,t) € R, (3.12)

Let p = ¢ = 1. Then for any ¢t € Ry, by (3.12) we calculate that
e t2 e —2z? L _p t2 e —2z2
Fi(t) = | Knpp(z,t)|de=e (x —t)e " der = € - te e " dz. (3.13)
0 t t
By a direct calculation we obtain that F)(¢) < 0, and from (2.46) and (3.13) it follows that
1

1Saw.pll11 = %%fﬂ(t) = F(0) = T
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Let p = ¢ = +o0. Then for any x € R, by (3.12) we calculate that

+oo z
R = [ [Kappla it = [ @ nea
0 0
— 9pe~ 2’ <ex2 — 1) + (1 — 4x2) 62962/ et dt.

0

(3.14)

Using (2.47) and (3.14), we get (by using Mathematica) that
Sl = max () = F5(0.7433) = 0.1010.
relRy

2)lfr=221=0,z0=1,00 =ay=1,n=2,5; = 1,5, = 2, then from (3.5) it follows
that

(t —Daze 2 0<z<t<1;
Kayp(w,t) = q (x—Dte 2 0<t <1t <z < +o0; (3.15)
e 2 (), 1<t,0< < 400.

Let p = ¢ = 1. Then for any ¢ € [0, 1], by (3.15) we calculate that

t +oo
Fi(t) = (1—t)e" / ze 2 dx + tet” / |z — 1]e 2 da
0 t

t2 1 t2 1 t2 2 t2 1 2 2 +oo 2 2
=——e " +—(1—t)e" + =te" " +te /e_mdx—/ e “dx ).
4 4 2 t !

For any t € (1,+00), by (3.15) we calculate that

+00 1 too
Fi(t)=¢e" / (z —t)e > dz = Ze_t2 — e’ / e 2 dz. (3.17)
t t

Using (2.46), (3.16) and (3.17), we get (by using Mathematica) that

(3.16)

1Sawpllig = gﬂ%fFl(t> = max{gxgltagxl Fi(t), max Fi(t)} = F1(0.5790) = 0.1022.

1<t<4o00

Let p = ¢ = +o00. Then for any = € [0, 1], by (3.15) we calculate that

T 1
Fy(z) = e (1 — x)/ te” dt + ze > / (1—t)edt
0 S (3.18)
1 —2x2 22 —2z2 2
=€ (e —|—x—1—xe>+xe e” dt.
For any x € (1,+00), by (3.15) we calculate that
2 ! 2 2 r 2
Fy(r)=e 2 (z — 1)/ te" dt + e / (x —t)e"dt
0 1
1 xT
= 56_2”32 (ex —x+1-— 63”2) + ze2 / e dt.
1

(3.19)
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Using (2.47), (3.18) and (3.19), we get (by using Mathematica) that

1SAw.pll0000 = max Fy(x) = max{ max Fy(z), max Fy(z)} = F»(0.3648) = 0.1166.
rERL

0<z<1 lI<z<+4oo
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