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VON NEUMANN-SCHATTEN P-FRAMES FOR OPERATORS

FARKHONDEH TAKHTEH AND MORTEZA MIRZAEE AZANDARYANI

ABSTRACT. In the present paper, we introduce von Neumann-Schatten K-p-frames and von Neumann-
Schatten K*-atomic systems, where K is a bounded operator on a separable Banach space, and we
collect some relationships between these two concepts. Also, von Neumann-Schatten K-p-frames are

I
[a[=[s[s]=]3]e]e|~]o]a|a]e]|r

characterized in terms of a range inclusion property and it is shown that they are stable under different
kinds of perturbations and the action of some bounded operators. Moreover, the notions of K-duals and
K*-duals are introduced, characterized and some of their properties are obtained.

1. Introduction
16

17 Let 7 be a separable Hilbert space. A sequence # = {fi};2 in ./ is a frame if there exist constants
18 0 <Az < Bz < o such that
19

20

<LIAAP <
2T =1
-, foreach f € 7. The sequence .7 is called a Bessel sequence for .77 if only the second inequality is
o5 required.
-, ~ Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [10] in the context of
-5 nonharmonic Fourier series. Frames in a Hilbert space are generalizations of orthonormal bases and
2? usually provide non-unique representations for each element of the Hilbert space, i.e., for every frame

27 7 {fi}3, in a Hilbert space /¢, there exists at least one frame {g;}?* , such that

28 o

2? f:Z<f7gl>fl7 Vijf

— i=1

:1 Many generalizations of frames have been introduced. Sun in [25] introduced the concept of g-frames
~,_ 1n Hilbert spaces. G-frames are natural generalizations of frames which cover many other recent gen-
- eralizations of frames such as bounded quasi-projections [13, 14], fusion frames [5], outer frames
-, and pseudoframes [18]. Aldroubi, Sun and Tang [1] introduced the concept of p-frames for a Ba-
~= nach space 2. Their main results were about p-frames for L? (Rd ). They obtained series expansions
~~ in shift-invariant spaces of L”(Rd ). Christensen and Stoeva [8] further discussed some properties
~_of p-frames for a general Banach space 2. In [24], the authors unified p-frames and g-frames to
- 1ntroduce the notion of von Neumann-Schatten p-frames. In fact, the concept of von Neumann-

~ Schatten p-frames generalizes almost all of the concepts related to frames. As an important class

32

34
35
36
37
38
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1 of von Neumann-Schatten p-frames, Hilbert-Schmidt frames have been considered by some math-
2 ematicians [2, 21, 22]. L. Gévruta introduced in [15] the notion of atomic systems for a bounded
'3 operator K defined on a Hilbert space .7#. Indeed, a Bessel sequence {f;}7*, in % is said to be an

4 atomic system for K if there is some positive number C such that for every f € 7 there exists some
5 af= {af} ° | € 2(N) with |lag||,2 <C||f|| and Kf = X5 1aff, It is shown in [15] that the sequence
{fi}?2, in S is an atomic system for K if and only if {f;}7 | is a K-frame for /7, i.e., there exist two
po

ositive numbers A and B such that

\@\m\*\m\

AIKfI? < Z (f. )P <BIfIP,

—_

0
,; foreach f e 7.
;> As we see, ordinary frames and also atomic systems for subspaces introduced in [12] are special cases
13 of K-frames. It is also stated in [15] that a necessary and sufficient condition for a Bessel sequence
. 1fi}iZ) in 22 to be a K-frame is the existence of a Bessel sequence {g;}~ | in .7 such that
g oo

i=1

16

17 L
5 Hence, a K-frame allows us to reconstruct every element of R(K), the range of K (which is not

— necessarily closed). This property can be useful in application, especially when the reconstruction of
. the elements in the range of a bounded operator on a Hilbert space .77 is needed and it is not necessary
— to reconstruct every element of J7.

— After the definition of K-frames in Hilbert spaces, many generalizations of them were presented in
; both Hilbert and Banach spaces, see [9, 16, 19, 27, 28]. This paper addresses the theory of von
v Neumann-Schatten p-frames. First, motivated by [15] and in order to reconstruct elements from
. the range of a bounded linear operator K on a separable Banach space, we introduce K-frames and
— K*-atomic systems for von Neumann-Schatten p-Bessel sequences. Then we study the relationship
o between them and obtain some characterizations of von Neumann-Schatten K-p-frames. Because the
— study of duals is important to obtain nice properties for von Neumann-Schatten K-p-frames, inspired
2e by [20], K-duals and K*-duals for von Neumann-Schatten p-Bessel sequences are introduced and
0 studied. We obtain some characterizations and properties of them and it is shown that they share
— many useful properties with their corresponding notions in Hilbert spaces. Moreover, motivated by
- [4, 6,7, 17, 21, 26], we obtain some sufficient conditions under which von Neumann-Schatten K-
5 p-frames are stable under small pertubations. It is worthwhile to mention that Hilbert-Schmidt K-
v frames, as an class of von Neumann-Schatten K-p-frames, are obtained from our results.

z% 2. Preliminaries

BZ In this section, we have a brief review of the definitions and basic properties of von Neumann-Schatten
38 p-Bessel sequences and von Neumann-Schatten p-frames ([23] can be used as a reference.). Through-
39 out this paper, 2" is a separable Banach space, 2 * is the dual space of 2" and 2™ ** is the dual space
40 of Z™*. As we know, 2" can be considered as a subspace of .2"**. We denote the set of all bounded,
41 linear operators from a Banach space 2" to a Banach space % by B(2",% ) and B(Z", Z") is denoted

ﬁg by B(Z'). If T € B(Z,%), then T* is the adjoint operator of T and R(T) is the range of 7. Also,
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1 C and N are the field of all complex numbers and the set of all natural numbers, respectively. p is a
> number with 1 < p < oo and ¢ is the conjugate exponent to p, i.e., % +1=1,
Let s be a separable Hilbert space. For a compact operator .7 € B(.7), let s1(<7) > sp(/) >
.. > 0 denote the singular values of <7, i.e., the eigenvalues of the positive operator |.«7 | = (&/*.o7)2,
arranged in a decreasing order and repeated according to multiplicity. For 1 < p < oo, the von
Neumann-Schatten p-class 6, is defined as the set of all compact operators < for which Y7 | s¥ (&) <
oo, For &/ € €, the von Neumann-Schatten p-norm of %7 is defined by

—_

1

o @ WIM—(ZS ) (tr||")7.

11

ofe|v[ofa]s]e]

12 where tr is the trace functional which is defined by tr(./) = ¥ .+ (e, e), where & is any orthonor-
13 mal basis of /7. %, is a Banach space with respect to this norm. Also, 4] is the trace class and % is
14 the Hilbert-Schmidt class. Note that an operator <7 is in ), if and only if &/? € 6). It is proved that
15 %), is a two sided *-ideal of the C*-algebra B(#) and the finite rank operators are dense in %,. Also,
16 if o/ € €, and B € €,, then o/ B € G\, tr(S B) = tr(B<H), and || B, < || ||| B||4> whenever
E 1 < p,q < oo with ]%—l—é = 1. Moreover, if 1 < p < p' < co, then 6, C €,y and ||/ ||, > |||, 1t
18 is well-known that the space %, with respect to the inner product (<7, %) = tr(%#*</) is a Hilbert
19 space.

20 For 1 < p < oo, the Banach space %), is defined by
21

22 o Z

23 &6, = ({721 FeGand {1, = <Z HﬂfiHZ) <eo

24 i=1

25 In particular, % is a Hilbert space with the inner product ({.<%}3 |, { %} |) = Lo tr(B; ).

26

27 27 Definition 2.1. A countable family ¢4 = {%;}?* , of bounded linear operators from a separable Banach
28 space Z to €, is a von Neumann-Schatten p-frame for 2~ with respect to 7 if there exist constants

o9 Ag,By >0 such that

30

1
P
Z% Acgllf\K(ZW H”) <Bg|fll, VfeZ.

33
o It is called a von Neumann-Schatten p-Bessel sequence with bound By if the second inequality is
v satisfied.

% Lemma 2.2. [24] If 9 = {9}, is a von Neumann-Schatten p-frame for X', then 2" is reflexive.
37

s Definition 2.3. Let ¥ = {¥;} |, C B(2,%,) be a von Neumann-Schatten p-Bessel sequence for
3? Z. Then its analysis operator is defined by Uy : 2~ — ©%),, Uy (f) = {¥4(f)};2,. Furthermore,
w Ty : @y — X7 defined by Ty ({}7) = LiZ| 4%, is called the synthesis operator (note that this
41 operator is defined using the existence of an isometric isomorphism from % onto ‘flj . For more
42 information, see [24]).
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1 Theorem 2.4. [24] A sequence G = {¥%;}7 | C B(Z', %)) is a von Neumann-Schatten p-Bessel se-
2 quence for 2" with a bound By if and only if its synthesis operator Ty is a bounded operator with
3 ||Ty|| < By. In this case, Ty = Uy, and if 2 is reflexive, then Uy = T,; and G = {4} | is a von

4 Neumann-Schatten p-frame for 2" if and only if the operator Ty is bounded and onto.

Let us recall the concept of K-frames for a Hilbert space .77 .

Definition 2.5. [15] Let K € B(%). A sequence .# = {fi};>, is a K-frame for .77 if there exist
constants A &z, Bz > 0 such that

Az K fI? < Z (F P <BzIfI

jefe|~]|o o]

—_
o

— The constants Az and Bz are called the lower K-frame bound and the upper K-frame bound of .%,

il respectlvely is called a tight K-frame if the following condition is satisfied:
13

il AF K FIP= Y|P
15 i=1
16 Theorem 2.6. [15] A sequence F = { f;}7, is a K-frame for 7 if and only if F is a Bessel sequence
7 and R(K) C R(Tz), where T is the synthesis operstor of .7 .
% The notion of duality for K-frames was introduced in [20].
20 Definition 2.7. [20] Let .# = {f;}7.; C # be a Bessel sequence. A Bessel sequence {g;}7 , is called
21 a K-dual of 7 if .
22 Kf=Y (f.enfi (feH).

i=1

23

24 The following two theorems will play a key role in the proofs of our main results.

Zi Theorem 2.8. [11] Let 2", % and % be Banach spaces and let D € B(Z ,% ) and E € B(Z ", %).
- Then the following conditions are equivalent:

o8 (i) D = FE for some continuous linear transformation F : R(E) — %/

2o () ||ID(x)|| < M||E(x)||, for some M > 0 and each x € 2.
s (i) R(D*) CR(E™).

31 Theorem2.9. [3]LetT € B(Z ,%). IfS€ B(Z", %) withR(S*) CR(T*) and R(T ) is complemented,
32 then there exists someV € B(%, %) such that S =VT.
33

34 3. von Neumann-Schatten K-p-frames

35
. In this section, we introduce and study von Neumann-Schatten K-p-frames, von Neumann-Schatten

37 K*-atomic systems, von Neumann-Schatten K-duals and von Neumann-Schatten K*-duals.

38 Definition 3.1. Let K € B(Z"). A sequence ¥ = {¥;};>| C B(2",6)) is a von Neumann-Schatten
39 K-p-frame for 2 with respect to 77 if there exist constants A, By > 0 such that
40 1

P
% As(/IIKfH<<ZH€4 H”> <By|lfl, VfeZ.
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1 The sequence ¢ is called a tight von Neumann-Schatten K-p-frame if the following condition is
2 satisfied:

AgHKfHZ(ZW H”)-

Remark 3.2. In general, a von Neumann-Schatten K-p-frame may not be a von Neumann-Schatten p-
frame although it is always a von Neumann-Schatten p-Bessel sequence. For some special operators K
such as K = I - or when K is bounded below, a von Neumann-Schatten K-p-frame is a von Neumann-
Schatten p-frame.

jefe|~]o|o]s]e]

—_

0

;1 Now, some examples of von Neumann-Schatten K-p-frames which are not von Neumann-Schatten

;, b-frames are presented.

s Example 3.3. Let 2° = ©%),. Define K : &%, — ®%), by
14

= K({eA}) = {

17
;5 Obviously, K € B(©%)) and |[K| < 1.
. Now, for each i € N, define

o i=2k,
0 i=2k+]1.

20 G o€, =€, G(A)=PK(),

; where P, is the coordinate operator on ®%),. Clearly, {¢;}>, C B(®%),,%),) and for each &/ =

2 — {4}, € DE),, we have

24

s (W ) - (ZHPK W) = k()

6
o, Therefore, {%;};2, is a tight von Neumann-Schatten K-p-frame for 2". But {%;};Z, is not a von
-s Neumann-Schatten p-frame for 2". To see this, suppose that {ei}?, is an orthonrmal basis for JZ .
29 Consider A; = e; ® ey, and

80 oo 42/1 = 17
31 {oizi = {0 i1
32 '

33 Clearly, {#}72, € ) and [{#4}Z, || = || 7|, = 1. But ¥, |4 ({4}l = 0

3? Example 3.4. Let 2" = . be a separable Hilbert space and let {e;}3* | be an orthonormal basis for
s /¢ Fix M € N and define K € B(Z') by

87 0, 1<j<M,
38 K<ej>:{

€, j>M.
39

40 Itis easy to see that for each x € 77, ||Kx|| < ||x||. Now, for each i € N, define
41

2 G H—=C,  YG(f)=

2 sK(fl@er.
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Obviously, {%4;}7 | € B(,6),). For each f € 5, we have

oo

(ZII% ) - (22,,,H1<f||17ue1||")‘1’

||1<fu(221,,)'1]

IKf)
(@ —1)»

10 Therefore, ¢ is a von Neumann-Schatten K-p-frame for 7. If we take f = ey, then ||f| = 1 but

1 Y2 114()]|5 = 0. Thus ¢ is not a von Neumann-Schatten p-frame for .77

12
13 Thenext proposition characterizes von Neumann-Schatten K-p-frames in terms of a range inclusion

14 broperty. This characterization is analogous to the one presented for Hilbert space K-frames in [15,
15 Theorem 4].

[efe|~]ofo]s]e]n]-

' Proposition 3.5. Let K € B(2"). Then a sequence 4 = {%,}_, is a von Neumann-Schatten K-p-frame
7 for 2 if and only if 4 is a von Neumann-Schatten p-Bessel sequence for 2~ and R(K*) C R(Ty),

8 where Ty is the synthesis operator of 9 .
19

20 Proof. A sequence ¢ is a von Neumann-Schatten K-p-frame for .2~ with bounds A and By if and
21 only if

22 !

2 AwHKfH<<ZH=‘4 H”) <Bg|fl, vVfeZ,

24
25 which is equivalent to say that

26

- Ag|KfII < lUg (NIl < BoIIfll, VfeZ,

28 where Uy is the analysis operator of ¢. Now, the result follows from Theorem 2.4 and Theorem

29 2.8. O

30
5, Corollary 3.6. Let & = {4} | be a von Neumann-Schatten K-p-frame for 2" and T € B(Z") with
o R(T*) CR(K*). Then 9 is a von Neumann-Schatten T-p-frame for 2"

SE Definition 3.7. Let K € B(Z"). A countable family ¢4 = {¥;}7> | C B(%Z,%)) is a von Neumann-

84 Schatten K*-atomic system for 2 if the following conditions hold:

® (i) the series Y.~ | <%%; converges for each {2} | € ©E;

36 . . . .
— (i1) there exists some posmve number C such that for each x* € 27, there is a sequence .7+ =

Z% ()2, € ©F, with K*x* =Y7, %%,

39 In the rest of this section, some relationships between von Neumann-Schatten K-p-frames and von
40 Neumann-Schatten K*-atomic systems are collected. We first show that every von Neumann-Schatten
41 K*-atomic system is a von Neumann-Schatten K-p-frame. In fact, the next theorem generalizes the
42 result obtained in the implication (i) = (ii) of [15, Theorem 3].
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1 Theorem 3.8. Let K € B(Z") and let ¢ = {%4;} | be a von Neumann-Schatten K*-atomic system for
2 Z'. Then ¥ is a von Neumann-Schatten K-p-frame for Z .

— Proof. Letx* € Z7*. Since ¢ is a von Neumann-Schatten K*-atomic system for .2, there exist a se-
— quence {#* } | € %, and a constant C > O such that ||{e7* }2,|| < C||x*| and K*x* = ¥ | o/~ 4.
— Now, for each x € 2", we have

IKx|| = sup
e |x*|<1

x*(Kx)‘ = sup ‘K*x*(x)‘
e |x*I<1
Y ()

= sup ’
i=1

e |xf|<1

s
EBEHEEEEE NN

sup (iw‘uz) (2%)”5)

e ||x*|<1 \i=1

_ cnx*n@n%wnz) =C<2H€%~(x)||$>

XX |Ixt|<1

IN

1

17
18 Now, consider the operator

9 T:9¢ — 2*
20 [ee]
21 (o}, — Y a4
22 i=1

ZE By the Banach-Steinhaus theorem, 7 is a bounded operator. It follows from Theorem 2.4 that ¢ is
24 also a von Neumann-Schatten p-Bessel sequence for 2. Therefore, ¢ is a von Neumann-Schatten
25 K-p-frame for 2. O

26
o, Asweknow, every closed subspace of a Hilbert space is complemented but this does not necessarily

o hold for subspaces of a Banach space. The following theorem shows that if R(Ug) is complemented,

29 where ¢ is a von Neumann-Schatten K-p-frame, then ¢ is also a von Neumann-Schatten K*-atomic

5 System. Indeed, the next result is a more general version of the implication (ii) = (i) in [15, Theorem
- 3l
31

%2 Theorem 3.9. Suppose that 9 = {¥4;}%, is a von Neumann-Schatten K-p-frame for 2" and R(Uy) is
33 complemented. Then 9 is a von Neumann-Schatten K*-atomic system for 2 .

34
35 Proof. The von Neumann-Schatten K-p-frame ¢ is a von Neumann-Schatten p-Bessel sequence. It
36 follows from Theorem 2.4 that T is a well-defined linear operator. Hence, the first condition of
37 Definition 3.7 is satisfied. Since ¢ is a von Neumann-Schatten K-p-frame, it follows from Proposition
3s 3.5 that R(K*) C R(Ty) and because R(Uy) is complemented, by Theorem 2.9, there exists some V €
39 B(®%),, Z) such that K = VUy, so K* = Ty V*. For each x* € 27, V*(x*) € @€, and ||[V*(x*)|| <
a0 [IVFIllx"l, also we get
‘1 K'Y =TV (x") = Y P(V*(x")%.
42 .



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

VON NEUMANN-SCHATTEN P-FRAMES FOR OPERATORS 8

i Considering C:= ||V*|| and /¥ := P,(V*(x*)), where P, is the coordinate operator on &%, we obtain
2 that ¢ is a von Neumann-Schatten K*-atomic system for 2. O
3
- Definition 3.10. Let K € B(Z') and let ¢ = {¥4;}> |, C B(Z",%),) be a von Neumann-Schatten p-

— Bessel sequence for 2" and .7 = {.%;} | C B(Z*,%,) be a von Neumann-Schatten q-Bessel se-
— quence for Z7*. The sequence ¥ is called a von Neumann-Schatten K-dual for .%# if

Kf=Y %N F.  (feZ)

o=
‘—n‘o‘co‘oo‘\l o | o
Il
—_

2
13
12 and % is called a von Neumann-Schatten K*-dual for ¢ if

7 Kg=Y Zi(g)¥% (g€ 2™).
19

% Remark 3.11. With the assumptions of Definition 3.10, it is easy to check that if 2 is a reflexive
2! Banach space, then .7 is a von Neumann-Schatten K*-dual for ¢ if and only if ¢ is a von Neumann-

%2 Schatten K-dual for .Z.
23

24

o5 Example 3.12. Let 2" = ©%),. Suppose that 4 = {¥;}, and K € B(Z") are the sequence and the
26 linear operator defined in Example 3.3, respectively. As we saw, ¢ is a von Neumann-Schatten K-
27 p-frame. Now, for each i € N, suppose that .%; is the coordinate operator on &6, (F; : 6, — 6,).
23 Obviously, {.Z}7 | C B(®%6,,€,). Itis easy to see that {.%;}7 | is a von Neumann-Schatten q-Bessel
29 sequence for &6, and Y.7° , %(/).#; = Ko/ , for each o7 € &6, and Y° | F:( )4 = K* o , for each
30 o/ € ®%,. Hence, .7 is a von Neumann-Schatten K*-dual of ¢ and ¢ is a von Neumann-Schatten
31 K-dual of .Z.

32

33 . . .
. The following proposition says that if a von Neumann-Schatten p-Bessel sequence ¢ possesses a

2? von Neumann-Schatten K*-dual, then ¢ and its K*-dual are von Neumann-Schatten K-p-frame and
5 Von Neumann-Schatten K*-q-frame, respectively. A special case of this result can be found in the
- implication (iii) = (ii) of [15, Theorem 3].

38

39 Proposition 3.13. Let K € B(Z") and let 4 = {9} | € B(Z,6,) be a von Neumann-Schatten
40 p-Bessel sequence for 2" and F = {%;}7 | C B(Z™*,%,) be a von Neumann-Schatten q-Bessel
41 sequence for Z'*. If F is a von Neumann-Schatten K*-dual of 4, then . and & are von Neumann-
42 Schatten K*-q-frame for 2" and von Neumann-Schatten K-p-frame for 2, respectively.
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Proof. Suppose that By is an upper bound of ¢. Then, for each g € Z™*, we have

K¢l =

= sup
JeZ |IflI<1

=1
1

= fe&;uIIIJ)‘H<1 (;H Hq) (2“54 Hp)

1

< By (Z 17 ||q)q

14 Therefore .# is a a von Neumann-Schatten K*-q-frame for 2.
15 Suppose that B4 is an upper bound of .%. Then, for each f € 2", we have

_.
[Bfefe]~]ofo]s]e]n]-
<=

—_

A

—_

16

- IKAl = swp |5 (kS
1 xreZ*,|Ix¢||<1
o = s [k

— e [Ixt<1

20
2 = s | YA
22 e |xH|<1 ' i=1

IN

23 1 %
24 sup Y IF ) Z 1 (NI
25 e 2 |Ix*|<1 \i=1

o ;
o < B (zug up)

28
29 Therefore, ¢ is a von Neumann-Schatten K-p-frame for 2. O
30

31 Now, using Theorems 3.8, 3.9 and Proposition 3.13, we obtain the following result which is a

3> generalization of Theorem 3 in [15] to von Neumann-Schatten K-p-frames, K*-atomic systems and
33 K*-duals in Banach spaces.

** Theorem 3.14. Let K € B(2") and let 9 = {¥4;}7., C B(Z,6,) be a von Neumann-Schatten p-Bessel
. sequence for 2. If R(Uy) is complemented, then the following are equivalent:

- (1) ¢ is a von Neumann-Schatten K*-atomic system for 2 .
- (i1) ¢ is a von Neumann-Schatten K-p-frame for Z .
s (i) There exists a von Neumann-Schatten q-Bessel sequence F = {Zi}2, € B(Z*,6,) such

o that ¥ is a K*-dual of 4 .

zz Proof. The equivalence of (i) and (ii) can be obtained using Theorem 3.8 and Theorem 3.9.
42 (i) = (iii). Suppose that ¢ is a von Neumann-Schatten K-p-frame for 2. By the argument we used
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1 in the proof of Theorem 3.9, there exists some V € B(&%),, Z") such that K = VUy, so K* = Ty V™.

"2 Consider .%; := P,(V*), where P, is the coordinate operator on &%, for each i € N. For each x* € 27,
1

? k(LK oo k(LK q * [k * *

vy € % and (T2 IRV EDIE) T = V@) < VA7), also we have

K*x* = TyV* (x*) = ZB(V*(x*))%- =
i=1

™
N

Il
—_

i(x")%:.

~|o o

5 This means that {.%;};” is a K*-dual of &.
5 We can get the implication (iii) = (ii) by Proposition 3.13. O

E Corollary 3.15. Let K € B(Z') and let G = {4}, C B(Z', %)) be a von Neumann-Schatten K-p-

" frame for Z . If the analysis operator of 4 is surjective, then 4 has a K*-dual.

12

13 Several characterizations for duals of a Hilbert space frame appeared in [7]. Now, motivated by
. the results obtained in [7], we give a characterization for von Neumann-Schatten K*-duals of a von

15 Neumann-Schatten K-p-frame.

16 Theorem 3.16. Let ¥ = {¥;}> | C B(Z,€),) be a von Neumann-Schatten K-p-frame for 2. If P, is
7 the coordinate operator on &, then von Neumann-Schatten K*-duals of & are precisely the families
8 {F}y2 ={PM} |, where M : 2™ — ©%€, is a linear bounded operator with K* = TyM.

19

oo Proof. Forevery x* € 2, we have

o |trmeyz

23

1M ()|
1] ][

IN

24 This shows that {.%;}* | is a von Neumann-Schatten q-Bessel sequence. Also, for each x* € 27", we
25 have
26

27 K*(x*) = TgM(x")
= = T, ({PM()}7)
) — Y A

Il
—_

31
s2 Therefore {7} | is a K*-dual of &.
33 For the other implication, suppose that {.%;}72 | isa K*-dual of 4. Then Uz : 2™ — ©%, is abounded
34 linear operator, {7} | = {P;Uz}7 and it is clear that K* = Ty U z. O

35 . . . .
—  The preservation of the frame properties under the action of bounded operators has a major impact

6 o . e . o
;o on the applications of frames and their generalizations, see [5, 7, 25]. In the following proposition,
5 Ve show that every bounded below operator which commutes with K preserves the properties of a
S von Neumann-Schatten K-p-frame.

g Proposition 3.17. Let K € B(Z") and let 4 = {%4;}> | C B(Z', %)) be a von Neumann-Schatten
41 K-p-frame for 2. If T € B(Z") is bounded below and KT = TK, then {4;T }? | is a von Neumann-
42 Schatten K-p-frame for 2.
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1 Proof. Suppose that Ay and By are von Neumann-Schatten K-p-frame bounds for ¢ and A; is the
"2 lower bound of T It is clear that {¢T}?, is a von Neumann-Schatten p-Bessel sequence. For each
3 f€Z, wehave

4 1

B (ZII%T WE)" > AglKT()]

6

- = Ag|TK(/)|

0 > AglKS].

9 Therefore {¢,T}, is a von Neumann-Schatten K-p-frame for 2" O
10

1"

‘

4. Perturbations of von Neumann-Schatten K-p-frames

—_
N

- In this section, we focus on perturbations of von Neumann-Schatten K-p-frames. It is shown that they
1 ., are stable under small perturbations. Indeed, the stability of von Neumann-Schatten K-p-frames under
15 some well-known kinds of perturbations is considered. These perturbations have been presented and
—~ studied for frames and some of their generalizations such as g-frames, fusion frames and Hilbert-

16
17 Schmidt frames, see [4, 6,7, 17, 21, 26].

E Theorem 4.1. Let K € B(Z") and let 4 = {%;} | be a von Neumann-Schatten Kpframefor 2 and

19 let ¥V ={¥}7, be a sequence in B(Z", ). If A1, Az, ft > O such that max{A; + +-, Ao} <1 and
20 7

o 1 1 s
2 (4.1) (ZH% H") <A <Z||€4 ||”> +7Lz<2||7/ ||”> +ulIKf],

23 i=1 i=1
o4 forevery f € 2 andn € N, then {¥;}7 | is a von Neumann-Schatten K-p-frame for 2~ with bounds

25 A-AAg—p . (1+4)By +u|K]|
26 (1+ 1) (1-2)

1

% Proof. Forevery f € Z and n € N, we have
2 ,
0 Z I -7y | = [ -7

31

32

o2 > | inye | - |||

33
" Using (4.1), we obtain that

— 1 1
35

o |l - |E@enn| < A @H%ﬁuz)ﬁm(iH%(f)ng)pwann.

i=1

V

sg Therefore
oo 1

39 » v
40 (1—2) (ZH”V Hp) < (144) (ZH% H”) + U Kf]]

41

42 < (T4+4)By || £+ mlI KA
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1 for every n € N. Hence
2 1
— P
3 (1+2A1)By + u|K||
= YOI < .
: (ZH H) <
= Similarly using (4.1), we get
6
N 1
-’ (1-A1)Ay —u

YiOIN | =5 IKfl-

10 Thus {¥;}% is a von Neumann-Schatten K-p-frame for 2"~ with bounds
n (1-M)Ag —u (1+1)Bg + 1K
12 — and .
o (1+12) (1-22)
v O

E Proposition 4.2. Let K € B(Z"). Suppose that G = {%;}7 | C B(Z',€)) is a von Neumann-Schatten
16 K-p-frame, & = { P}, is a subset of B(Z",€),) and {c;}7, is a sequence in (P. If there exist some
70 < A, A < 1 such that

18

o 1) = 2Nl = M, + 2l 2O, + <l K,

20 foreach f € 2 and i € N with (1 — M)Ay > |[{ci}2||ew, then & is a von Neumann-Schatten K-p-
21 frame.

22

o3 Proof. Foreach f € 2 and every finite subset Q in N, we have
24

= {9 = 2D} call <MD} call + 22l{ 240} cqll + Heibical L K

K%} icall + {200 =% ()} icall
I+ A)[{E (N icall + 2[{ 21 ficall + [ Heidicall KT,

28 {2} ol

30
31 consequently,

= {2 icqll < =5 (1 +20)Bs + KN e} ) 1]

33
34 This means that & is a von Neumann-Schatten p-Bessel sequence. If ¢ is a von Neumann-Schatten

35 K-p-frame with (1—21)Ay > |{ci}3||er, then
2 KH2(Hlicall = {4 (D} ical = {21 = %N} icall
o = (1=2){%(N) }ical = 2l{ 21N }icall = [{eidicall 1K1

38 -

3
IN A

SE Hence |
= {2y 2 77 (A= A0Ag = [[{eiizi o) IK 7
42 This yields that & is a von Neumann-Schatten K-p-frame. 0J
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Theorem 4.3. Let K € B(Z") and let 9 = {%;}7 | be a von Neumann-Schatten K-p-frame for 2" and
let {7;}7 | be a sequence in B(Z ,6),). If there exists some positive constant M, such that for each
fe,

4.2) (ZH% ”>L<Mmin (ZII% H”) <le“f/ ”)1 ;

then the sequence {¥;}7 | is a von Neumann-Schatten K-p-frame for Z .
Proof. Suppose that (4.2) holds. For each f € 2" and n € N, we have

1

(2”7/ H”) < [t@-rneym| +|[imom|

< (L paun-» np)l (£ ratng)

16 1 1

I
[Bla[R]=2|o]e]e|[vo|afae]m]-

—_
o

= < M(ZH% up) +<Z||%(f)||§>
E i 1:1

-~ = (M+1) (ZH% ||P> < By(M+ 1) f].
22

2ETherefore .

(;nw >Hz) < By (M +1)|1].

2%Also, foreach f € 27, we get

% - :

5 AgllKS| < ;H%(f)%) = [tz

30 =

o1 < (@G-« ||

32 1 1
e = ZH% H”) (ZW H”)
34

35 1 1

23 < <ZH“’/ ||P> +<i|| Af)Hﬁ)

0 (M +1) (ZH“// H")

a1
4> Therefore, ¥ = {7}, is a von Neumann-Schatten K-p-frame. O]
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