GENERALIZATION OF HERMITE-HADAMARD-MERCER AND TRAPEZOID
FORMULA TYPE INEQUALITIES INVOLVING BETA FUNCTION

MUHAMMAD AAMIR ALIY* ZHIYUE ZHANG?, AND MICHAL FECKAN3

ABSTRACT. In this work, we prove a generalized version of Hermite-Hadamard-Mercer type in-
equalities using the Beta function. Moreover, we prove some new trapezoidal type inequalities
involving Beta functions for differentiable convex functions. The main advantage of these inequal-
ities is that these can be converted into similar classical integral inequalities, Riemann-Liouville
fractional integral inequalities and k-Riemann-Liouville fractional integral inequalities. Finally,
we give applications to special means of real numbers for newly established inequalities.

1. INTRODUCTION

In both pure and applied mathematics, the concept of convex functions is extremely impor-
tant. Convex functions have a wide range of applications in fields such as finance, economics, and
engineering.

Definition 1. [21] A function F : [r1,m2] — R is called convex for all 52,7y € [m1, 73] and T € [0, 1]

i
(1) Fly+70=m) S 7F () + (L= 1) F (7).

Function F is said to be a strictly convex if the inequality in (1.1) is strict for F, while F is said
to be a concave function if —F is convez.

Many important inequalities hold for convex functions, including Jensen, Jensen-Mercer, Hermite-
Hadamard, and support line inequalities. The traditional Jensen’s inequality is one of the most
well-known inequalities, as stated below:

Theorem 1. [12,13] For a convex function F : [m,ma] = R, the following inequality holds:
(1.2) rF Zwi%i < ZwiF (54) ,
i=1 i=1

oo
where 3; € [m1,m2], w; € [0,1] and > w; = 1.
i=1
In 2003, Mercer presented a variant of Jensen’s inequality known as Jensen-Mercer inequality
in [16].
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Theorem 2. For a conver function F : [y, 73] = R, the following inequality holds:

(1.3) F (771 + o — Zuhm) < F (m)+F (m2) sz

=1
o0
where s; € [m1,ma], w; € [0,1] and > w; = 1.
i=1
The Hermite-Hadamard inequality is the first result given between convex functions and inte-

grals. This inequality was introduced by Hermite [8] in 1883 which was later proved by Hadamard [9]
in 1893. This inequality has the following mathematical form:

(1.4) F<W1+W2>< ! /Tz,r(%)d%<'f(”1)+'f(”2>

2 T — T 2 ’

where F is a convex function. This inequality also holds in reverse direction for concave functions.

This inequality has many advantages, especially in approximation theory, it is used a lot. Be-
cause of its great applications, mathematicians started working on it and came up with many new
results. For example, Dragomir and Agarwal [6] found the boundaries of the trapezoidal formula by
taking the difference of the middle part and the right part of this inequality and used differentiable
convexity in the whole process. Later, Kirmaci [15] gave the boundaries of the midpoint formula,
which were formed from the same inequality, he took the difference of the middle part from the left
part and he also derived his results by using differentiable convexity. Qi and Xi [22] took the dif-
ference of the middle part of this inequality with the average of the left and right parts to establish
a new inequality that we know as Bullen’s inequality.

Recently, Kian and Moslehian [14] presented the following variant of Hermite-Hadamard inequal-
ity (1.4) using the inequality (1.3) and it is known as Hermite-Hadamard-Mercer inequality.

Theorem 3. For a convex function F : [y, 73] = R, the following inequality holds:

1 T1+7Te— 3¢
(1.5) 2 (711 + 7y — %‘FW) < — F (w) dw
2 YT Jrima—ny
F(m+m—7)+F (m+m— %)
- 2
F () +F

< F(W1)+F(ﬂ2)*w
and
(1.6) F (m oy — ;”)

Y

< F(m)+F(7r2)f/

k3

r(w)dwgr(m)w(m)r(”;”),

where s,y € [y, o] .

Fractional integral operators have been used to expand the Hermite-Hadamard inequality. The
Riemann-Liouville fractional operators are defined as:

Definition 2. [17,20] For an integrable function F on [m1,ms], the left and right Riemann-Liouville
fractional integrals are defined as:

1

Ik () = g [ e
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JE F () = F(la)/wz(w—%)alF(w)dw,

where T' represents the Gamma function and defined as T (a) = foo e T dr.

0

Definition 3. [18/ For an integrable function F over [my,ms], the left and right k-Riemann-
Liouville fractional integrals are defined as:

J?{iF(%) = kF:m)/T:(%—w)%lF(w)dw,
J:Z’EF(%) = IJ;@/}{z(w%)z_lF(w)dw’

Lk

where T'y, () is k-Gamma functions and defined as Ty, (o) = [ e™ & 707 dr.

Recently, Sarikaya and Ata presented the generalized variant of Hermite-Hadamard inequality
(1.4) using the notions of Beta functions.

Theorem 4. [24] For a convex functions F : [m1, 7] — R, the following inequality holds:
T + o 1 ™
(L7) (M) s < et [ E)F (w)du
2 2 (7'['2 — 7Tl) + 1 T

F(m) +F (m2)
2

N

IN

B (m,n),

where B (m,n) = [

o T - )" is a Beta function and

E (w) = (me —w)™ 7 (

w—m)"" (g —w)" T (w— )"

The fundamental benefit of inequality (1.7) is that it can be turned into classical Hermite-
Hadamard inequality (1.4), fractional Hermite-Hadamard inequality [23] and k-fractional Hermite-
Hadamard inequality [10] without having to prove each one separately.

Many studies have been conducted in the topic of integral inequality, particularly in Hermite-
Hadamard inequality, using various integral operators. For example, the authors of [6] demonstrated
various Hermite-Hadamard type inequalities for convex functions and applied them to numerical
integration formulas. In [15] Kirmaci established Hermite-Hadamard type inequalities for differen-
tiable convex functions. The authors of [23] used Riemann-Liouville fractional integrals to prove
Hermite-Hadamard type inequalities for convex functions. The authors of [5] established Hermite-
Hadamard type inequalities for (a,m)-logarithmically convex functions. Riemann-Liouville frac-
tional integrals were used by Awan et al. [3] to refine fractional Hermite-Hadamard type inequalities
for strongly convex functions. Using generalized fractional integrals, the authors showed some new
Hermite-Hadamard type inequalities for harmonically convex functions in [27].

On the other hand, different authors have offered distinct versions of Hermite-Hadamard-Mercer
type inequalities. For example, in [1], fractional Hermite-Hadamard-Mercer type inequalities are
demonstrated using the Jensen-Mercer inequalities. Chu et al. [4] showed some new fractional esti-
mates of the Hermite-Hadamard inequality for differentiable convex functions. Using the k-Caputo
fractional derivative, the authors demonstrated Hermite-Hadamard type inequalities for convex
functions in [28]. In [11], Iscan demonstrated a weighted variant of the Hermite-Hadamard-Mercer
inequality. In [26], the authors showed Hermite-Hadamard-Mercer inequality for Harmonically
convex functions.
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Inspired by recent research, we establish a generalized version of Hermite-Hadamard-Mercer
inequalities using the Beta function. The fundamental benefit of these inequalities is that these can
be turned into classical Hermite-Hadamard-Mercer inequalities (1.6) and (1.5), fractional Hermite-
Hadamard-Mercer inequalities [19] and k-fractional Hermite-Hadamard-Mercer inequalities [2,25]
without having to prove each one separately.

2. HERMITE-HADAMARD-MERCER INEQUALITIES

In this section, we prove some new Hermite-Hadamard-Mercer type inequalities involving the
Beta function.

Theorem 5. For a convex function F : [y, 73] = R, the following inequality holds:

(2.1) F <7r1 + 7 — T) B (m,n)

[F(7T1)+F(7T2)]ﬁ(man)—W/WA(W)F(WWW

IN

< I F B )~ ) (57

where 3 (m,n) is a Beta function,
A (U}) — (’Y _ w)nb—l (U} _ J{)n—l + (’Y _ w)n—l (w _ %)WL—I
and s,y € [m1, 2] .

Proof. From Jensen-Mercer inequality and u,v € |7y, m2], we have

+ F(u)+F
(2.2) F(W1+7T2—u2v) SF(W1)+F(W2)—M.
Now by setting u =73+ (1 —7)v and v = 7y + (1 — 7) 3¢ in (2.2), we have
_l’_
(2.3) r (m b ”27)

< F(m)4F(m) - A=A F kA=) %)

2
Integrating to inequality (2.3) with respect to 7 over [0,1] after multiplying 71 (1 —7)"" ", we
have
x+
(2.4) F<7T1 +7T2—27)/6(m7”)

< B(m,n)[F (m) + F (7m2)]
—% [/0 T A=) T (e 4+ (1= 7)) dr

+/O Tm—l(I_T)nle(Tv_,_(l_q—)%)dT .

Thus, we obtain the first inequality in (2.1) by using the change of variables of integration.
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We use the convexity of F to prove the second inequality in (2.1) and we obtain

. P (FET L Faxt (=n) ) +F (4 (=7
2 2
Integrating to inequality (2.5) with respect to 7 over [0,1] after multiplying 71 (1 —7)""", we
have
_l’_
(2.6) F (%27> B(m,n)
17/
< 3 {/ A=) T (e + (L= 1)) dr
0
1
+/ (1 - 7_)7171 Fry+(1—=71)5) dT:| )
0
By using change of variables of integration, we have the following inequality
w+ 1 /’Y
F|— mn) < ————— A(w) F (w) dw
< 9 ) ﬁ( ) 9 (’)/ B %)’H'L-‘rn—l o ( ) ( )
which implies that
7+ fy> 1 /7

2.7 —F | — mn) < ——m-— A (w) F (w) dw.
1) (557) mm) <~ e [ A7 ()
As a result, we may get the last inequality of (2.1) by adding F (1) + F (7m2) on both sides of the
inequality (2.7). The proof is finished. O

Remark 1. In Theorem 5, if we set m =n = 1, then we recapture inequality (1.6).

Remark 2. In Theorem 5, if we set m =1 and n = a or m = « and n = 1, then we recapture
inequality (2.1) in [19, Theorem 2J.

Theorem 6. For a convex function F : [m1, 7] — R, the following inequality holds:

(2.8) F <7T1 +7T2—%2+’y>5(m,n)
1 m1+Te— 3¢
S S o, A @
F(Tl'l +7T2—’y)—|—F(71-1+7T2_%)

B 2 ﬁ(m,n)

< Blnm [ )+ 1y - L],
where B (m,n) is a Beta function and

Aw) = (mtm—sx—uw)"" (= (m+m—7)""

m—1

(T4 m — 2 —w)" " (w— (71 4+ T2 — 7))

and s,y € [m1, 2] .

28 Jan 2023 20:19:38 PST
220606-MuhammadAli Version 2 - Submitted to Rocky Mountain J. Math.



6 MUHAMMAD AAMIR ALIV*, ZHIYUE ZHANG?, AND MICHAL FECKAN?

Proof. From convexity of f and u,v € [m, 2], we have

u—l—v) < F(7T1+7T2—U)+F(7T1+7T2—'U)

2 2

Now by setting m+me—u = 7 (11 + 73 — 2¢)+(1 — 7) (71 + 12 — v) and m1+m—v = 7 (71 + 72 — ¥)+
(1 —7) (m + 72 — ») in inequality (2.9), we have

(2.9) r <7T1 +m —

(2.10) F (m oy — %;7)

IN

S F (4 =) + (1= 7) (i + 72— 7))
+F (T(m+m =)+ (1 —7)(m +m —5))].

Integrating to inequality (2.10) with respect to 7 over [0, 1] after multiplying 7™~ % (1 — T)"fl , We

have

< ;{/o T A=) (T (m e — )+ (1= 7) (M1 + T2 — 7)) dT

+/ TP A=) T (r(m e =) + (1= 1) (m 4 T2 — ) dT |
0

Thus, we obtain the first inequality in (2.8) by using the change of variables of integration.
We use the convexity of F to prove the second inequality in (2.8) and we obtain

(2.11) Fr(m4m—sx)+(1—7)(m +m2—7))
< 7F(mitme—s)+ (1 —7)F (m + 72 —7)
and
(2.12) F(r(m+m—7)+(1—=7)(m + 72— »))
< 7F (mi4+me—7)+ (1 —7)F (m1 +me — ).
By applying Jensen-Mercer inequality after addition of (2.11) and (2.12), we have
(2.13) Fr(mtm—s)+(1—7)(m +m—7))
+F (T (m + 72 —7) + (1 —7) (1 + 72 — 5))
F(m4+m—)+F (m + 7 — x)
20F (m) + F (m2)] = [F () + F ()]
Thus, we obtain second and third inequality of (2.8) by integrating to inequality (2.13) with respect

n—

IN N

to 7 over [0,1] after multiplying 7™~ (1 — 7) and using the change of variables of integration.
The proof is completed. O

Remark 3. In Theorem 6, if we set m = n = 1, then we recapture inequality (1.5).

Remark 4. In Theorem 6, if we set m =1 and n = @ or m = a and n = 1, then we recapture
inequality (2.2) in [19, Theorem 2J.

Remark 5. In Theorem 6, if we set m =1 andn = ¢ orm = ¢ and n = 1, then we obtain [2,

Theorem 2.1].
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Remark 6. In Theorem 5, if we set c = 1 and v = 7o, then we recapture inequality (1.7).

3. TRAPEZOIDAL TYPE INEQUALITIES

In this section, we prove some trapezoid formula type inequalities involving Beta functions.
Let’s start with the following new Lemma.

Lemma 1. For a differentiable mapping F : [m1, 73] — R over (w1, m3) and F € L [r1, 72|, then the
following equality holds:

F(m +ma—7) +F (71 + T2 — %)

(3.1) : 8 (m.m)
1 T+ — 2
e, A )
oy ! F'(m+m— (2¢+ (1= 7)7))
= T/o Br (m,n) { +F/(7i1 —1—;2—(774-(1_7.)%)) dr
— 1

- ,YT o [ﬂr (m,n) - 6177 (m,’n)] 2 ! (7T1 + 7y — (T%+ (1 _ T)’Y))dT,

where

Br (m,n) = / 21— 2)" e
0
and s,y € [m1, 2] .

Proof. From integration by parts, we have

1
(3.2) /0 Br (m,n) F' (my + 7o — (t3¢+ (1 = 7) 7)) dr

_ mmmw
vy—x

1 ! n—
— [ T A=) T G e =)+ (L= 1) (14w ) dr

- 0

_ B () T =)
4
1 T1+T2— n—1 m—1

_7m+n/ (M 4m—x—w)" (w—(m+m—7)) b (w) dw
(’Y*%) mT1+mT2—y

(3.3) /O Be (myn) ' (71 + 73 — (77 + (1 — 7) 2)) dr

_ 67’ (m,n) r (7T1 +_7TZ - ’Y)
¥ —x

1 T+ —2¢ _ _
_7m+n/ (1 + 7y — e —w)™ 1(w—(771—|—772—7))n 1F(w)dw.
(’7 - %) T+ =y
Thus, we obtain the required equality by subtracting (3.2) from (3.3) and later multiplying ﬁ
The proof is completed.
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Remark 7. In Lemma 1, if we set m = n = 1, then Lemma 1 becomes [19, Corollary 1].

Remark 8. In Lemma 1, if we setm =1 and n = a or m = « and n = 1, then we obtain [19,
Lemma 1].

Remark 9. In Lemma 1, if we setm =1 andn = ¢ orm = ¢ and n =1, then we obtain equality

(3.3) in [25, Remark 3.1].
Remark 10. In Lemma 1, if we set c = w1 and v = my, then we obtain [24, Lemma 5].
Theorem 7. We assume that the conditions of Lemma 1 hold. If |F'| is a convex function, then

we have the following trapezoid formula type inequality:

F(m+m—7)+F (1 +m— %)

(3.4) 5

B (m,n)

T +mTo—2¢
_;/ A (w) F (w) duw

2(7_%)m+n—1 1+me—y
[F o)l +|F (7)|)
2

< (v=x) <|F' ()| + [F (m2)| =

[N

X /0 [Bi—r (m,n) — B, (m,n)] dr.

Proof. Taking modulus in (3.1) and using Jensen-Mercer inequality, we have

F(W1+7T2—7)‘*2‘F(7Tl+72—%)5(m’n)

L [ A w)
2(y— %) et m+mTe—y

< 157 [ 1B mam) = B (m || (1 72 = (24 (1= 7))
St Y L. [F/ (m)| + |F" (m2) _
= V rer = e | GG ) L
[ 180 () = B ()] 1 ()| 4 1 (ma)| = 7 ()| = (1= ) () dr
= (y—») <|F' (mo)|+ [F' (m2)] — I (%)|—2HF/ <7)> /05 [B1-7 (m,n) = B- (m,n)] dr
and the proof is completed. O

Remark 11. In Theorem 7, if we set m =n = 1, then Theorem 7 becomes [25, Corollary3.5].

Remark 12. In Theorem 7, if we set m =1 and n =« or m = a and n = 1, then we obtain [19,
Theorem 4].

Remark 13. In Theorem 7, if we set m =1 andn = 3 or m = ¢ and n = 1, then we recapture
inequality (3.11) in [25, Remark 3.7].

Remark 14. In Theorem 7, if we set » = m and v = o, then we obtain [24, Theorem 6].
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Theorem 8. We assume that the conditions of Lemma 1 hold. If |F'|*, q > 1 is convex functions,
then we have the following trapezoidal type inequality:
’F(m + 7o — )+ F (71 + w2 — )

; 5 (m.n)

1 /771+7r2—%
2(y—») et T+ —y

1
P

< 255 ([ 16 tmom = i o o)

I ()" + |F wf
2 b

. (IF’ ()| + |F ()| —

1,01 _
where st =1
Proof. Taking modulus in equality (3.1) and applying Holder’s inequality, we have
’F(Trl + 2 77)+F(7Tl + 2 7%)5(771,77,)

2

1 /7r1+7r2—%
2(y—5) et myme—y

< 255 ([ - om) - 51 <m,n>1|pdr)’l’

x (/01|F’<7n+7r2—<w+<1—7>v>>qch)é

From Jensen-Mercer inequality, we have

F(m+m—7)+F (m + 72— x)

5 5 ()

1 T1+mTo—32

_ T / A (w) F (w)dw

2(77% 1+m2—y

< ”;”(/Oluﬁmm)—ﬁlT<m,n>]pd7);

1 ;
< ([ 1 @l 1 )l = 71 Gl = (= ) )l

1
b P

= == ( 18- (m,n) — p1—r <m,n>JPdr)

2
1
[ G+ ()T
2
and the proof is completed. O

) <IF’ (m)|* 4+ [F ()| —

Remark 15. In Theorem 8, if we set m =n = 1, then Theorem 8 becomes [25, Corollary 3.8].
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Remark 16. In Theorem 8, if we set m =1 and n = a or m = a and n = 1, then we obtain [25,
Corollary 3.9].

[e%

Remark 17. In Theorem &, if we set m =1 andn = ¢ orm = ¢ and n = 1, then we recapture

inequality (8.11) in [25, Corollary 3.10)].

Elle}

Remark 18. In Theorem 8, if we set s = w1 and v = wa, then we obtain [24, Theorem 7].

4. APPLICATION TO SPECIAL MEANS

In this section, we give applications of newly established inequalities in the context of special
means of real numbers. For arbitrary positive real numbers 7 and 7o (w1 # m2), we consider the
means as follows:

(1) The arithmetic mean

.A:.A(ﬂ'l,ﬂ'g): 71-1;71-2.
(2) The harmonic mean
27T17T2
H=H(my,m) = ———.
(m,m2) T+ T2

(3) The geometric mean
G =G (m,m) = /mim2.

Proposition 1. For 0 < m < mp and p € N, p > 2, the following inequality holds for all »,~ €
[mr1, ma]:
(2A (71, m2) — A(5¢,7))" B (m,n)
1 ¥
< 2A(xl,78) B (m,n) — W/ A (w) wPdw
2 (")/ — %) P2
< (2~A (71—{7 ﬂ—g) —A” (%7 7)) ﬁ (mv n) :

Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function
F (w) =wP, w>0. O

Proposition 2. For 0 < my < w2, the following inequality holds for all s,y € [m1,m2]:
(2A (ﬂ-l’ 71—2) -A (%7 7))71 6 (m7 TL)

B 1 T A (w
< 2H ! (mi,m) B (m,n) — 2(7%)m+n_1/ ’EU )dw

3

< (27‘[71 (7T1,’/T2)*.A71 (WIaWQ))ﬁ(mvn)'

Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function
F(w)==2,w#0. O

Proposition 3. For 0 < m < ma, the following inequality holds for all s,y € [my,m2]:
In (2A (my, m2) — A (5,7)) 8 (m, n)

< 21n(g(7r1,7T2))5(m,n)—W/VA(w)lnwdw
< (2 (G (m1,m2)) —In (A (5, 7))) B (m,n) .
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Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function
F (w) =Inw. O

Proposition 4. For 0 < m < mp and p € N, p > 2, the following inequality holds for all »,~ €
[71, m2]:

(2A (m1,m2) — A (3¢,7))" B (m,n)

1 T +To—2¢ .
= 2(’7 - %)ernil /771+71'2—’Y A(w)w w
< A((m 4 m2 =5, (m1 + 712 —7)7) B (m,n)
< (2A(r{, ) — A(",97)) B (m,n).

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function
F (w) =wP, w> 0. O

Proposition 5. For 0 < m; < e, the following inequality holds for all »,~ € [m1,ma):
(2“4 (Wla 71—2) -A (%a 7))71 ﬁ (mv Tl)

T1+mTo—3¢
< %/ Alw) g,
2(y—»)" Ty —y w
< H N (m 4w — s, m + w2 — ) B (m,n)
< (27{71 (77177(2) - H71 (%7 7)) B (mvn) .

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function
F(w)=2%,w#0. 0

Proposition 6. For 0 < my < w2, the following inequality holds for all s¢,~y € [m1,m2]:
In (2A (71, m2) — A(5¢,7)) B (m,n)
1 /71'1+7T2%
2(y— ) et Tt —y
In (G (w1 + my — 56,1 + w2 — 7)) B (m, )
(2In (G (m1,m2)) = In (G (5,7))) B (m, n).

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function
F (w) =nw. O

<
<

Proposition 7. For 0 < m; < w9 and p € N, p > 2, the following inequality holds for all s,~v €
[’/Tl, 71'2] g
|~’4 ((ﬂ—l + m — %)p ; (71—1 + m — 7)p) ﬁ (ma n)
1 T1+7To—32

2(7_%> et T+ —Y

< ply—») (2A (wffl,wgfl) —A (%P—17,yp—1)) /0% (B1_r (m,n) — Br (m,n)] dr.

Proof. The needed inequality can be obtained by applying Theorem 7 to the convex function
F (w) =wP, w>0. O
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Proposition 8. For 0 < my < g, the following inequality holds for all s,y € [m1,m2]:
|H ! (1 + 3 — 56,m1 + 72 — ) B(m,n)

1 T1+mo—32 A
S ),
2 ('Y - %) m T —y w

[N

< (e—7) (27—[71 (W%,TF%) —H! (%2,72)) /0 [Bi—r (m,n) — B (m,n)] dr.
Proof. The needed inequality can be obtained by applying Theorem 7 to the convex function

5. CONCLUSIONS

Using the beta function, we demonstrated several new generalizations of Hermite-Hadamard-
Mercer type inequalities. Additionally, for differentiable convex functions, we demonstrated some
novel trapezoidal type inequalities involving the Beta function. The fundamental benefit of these
inequalities is that they can assist us in determining the error bounds for the trapezoidal formula
in both fractional calculus and classical calculus. The first connection between Mercer inequalities
and beta functions is provided by these inequalities, and this connection opens up new possibilities
for the theory of special functions. In our remarks, we also emphasized the significance of applying
beta functions to recently discovered inequalities. Finally, we demonstrated some applications
of recently discovered inequalities using special real number. Researchers can obtain comparable
inequalities for different types of convexity and special functions in their future work, which is a
new and interesting problem.
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