SECOND HANKEL DETERMINANT OF LOGARITHMIC
COEFFICIENTS OF CERTAIN ANALYTIC FUNCTIONS

VASUDEVARAO ALLU AND VIBHUTI ARORA

ABSTRACT. We consider a family of all analytic and univalent functions (i.e., one-to-
one) in the unit disk D := {2z € C : |2| < 1} of the form f(z) = 2 +a22®> + azz3> +---. In
this paper, we obtain the sharp bounds of the second Hankel determinant of Logarithmic
coefficients for some subclasses of analytic functions.

1. INTRODUCTION

Let A denote the class of functions f of the form

(1.1) fR) =2+ an2"

which are analytic in the unit disk D := {z € C: |z| < 1}. Let S be the class all functions
f € A that are univalent (i.e., one-to-one) in ID. For a general theory of univalent
functions, we refer the classical books [7,9].

For ¢,n € N, the Hankel determinant H,,(f) of a function f € A of the form (1.1) is
defined as

Qp, Apy1 - Ap4q—1
Apt1 Apy2 ... Cln+q
Hq,n(f) = . . . .
Antg-1 Qntq -+ Apy2(g-1)

In particular, for ¢ = 2 and n = 1, Hy1(f) = ayasz — a3 is usually called the second Hankel
determinant. It is interesting to note that the second Hankel determinant is related to
the Fekete-Szegd functional for y = 1 as |Ha1(f)| = |aras — pa3|. For the class S, the
bound of Hy(f) = az — a3 was estimated by Bieberbach in 1916. General results for
Hankel determinants of any degree studied by Pommerenke [22;23], Hayman [10] and
many others in recent years. It is worth mentioning that Pommerenke [22] gave some
applications of Hankel determinants in the study of singularities and the power series
with integral coefficients of analytic functions. The problem of computing the bounds
of Hankel determinants in a given family of analytic functions attracted the attention of
many mathematicians (see [3,29] and reference therein).

The Logarithmic coefficients 7y, of f € § are defined by the following series expansion:

(1.2) Fy(z) = log @ =2 w(f)2", zeD.
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The logarithmic coefficients have great importance as they play a crucial role in Milin
conjecture [18] (see also [7, p. 155]). Milin conjectured that for f € S and n > 2,

Yo (kP -1) <o,

k
m=1 k=1

where the equality holds if, and only if, f is a rotation of the Koebe function. De

Branges [5] proved Milin conjecture which confirmed the famous Bieberbach conjecture.

On the other hand, one of reasons for more attention has been given to the Logarithmic

coefficients is that the sharp bound for the class § is known only for v, and ~,, namely

1
(1.3) 71| <1 and || < 5(1 +2e7%)=0.635....

It is still an open problem to find the sharp bounds of v,, n > 3, for the class §. Note
that for the Koebe function k(z) = 2/(1 — 2)?, 2z € D, it is easy to see that v, = 1/n
for each n > 1. Therefore it is expected that |v,| < 1/n, since the Koebe function plays
a role of extremal function in many problems of geometric function theory. But it was
shown that, this is not true even for n = 2, as we can seen in equation (1.3). The problem
of finding the sharp bound of |v,| for the class S and for its various subclasses are studied
recently by several authors in different contexts, for instance see [1,2,8,14,26,31].

If f is given by (1.1), then by differentiating (1.2) and equating coefficients, we obtain

1 1 1 1 1

"= 5 az,7Y2 = 5((13 D) ag), and 3 = §(a4 — G203 + 3 ag).

Due to the great importance of logarithmic coefficients in the recent years, it is appro-
priate and interesting to compute the Hankel determinant whose entries are logarithmic
coefficients. In particular, the second Hankel determinant of F;/2 is defined as

(1.4) Hoa(Fp/2) = s — 5 = i(a2a4 — a3+ %ag)‘
As usual, instead of the whole class S one can take into account their subclasses for which
the problem of finding sharp estimates of Hankel determinant of logarithmic coefficients
can be studied. The problem of computing the sharp bounds of Hs 1 (F/2) was considered
in [11] for starlike and convex functions.

It is now appropriate to remark that Hs;(F/2) is invariant under rotation since for
fo(2) = e f(e?2), 6 € R when f € S we have

e 2, 1y 4if
1 a2a4—a3+ﬁa2 =€ H2’1<Ff/2)
The main purpose of this paper is to obtain the sharp upper bounds of the second Hankel

determinant of the logarithmic coeflicients, i.e., |Ha 1(F/2)|, for various subclasses of the
class A.

Hy1(Fy, /2) =

2. PRELIMINARY RESULTS

In this section, we present key lemmas which will be used to prove the main results of
this paper. Let P denote the class of all analytic functions p having positive real part in
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D, with the form
(2.1) p(z) =1+crz+cz? + 32’
A member of P is called a Carathéodory function. 1t is known that |c,| < 2, n > 1 for a
function p € P (see [7]).
Parametric representations of the coefficients are often useful. Libera and Zlotkiewicz
[16,17] derived the following parameterizations of possible values of ¢ and 3.

Lemma 2.1. [16,17] If p € P is of the form (2.1) with ¢; > 0, then

(2.2) 1 = 2p,

(2.3) ¢y = 2p7 + 2(1 — pY)pa,

and

(2.4) cs = 2p} +4(1 — pY)pipa — 2(1 — pi)paps + 2(1 — p}) (1 — |p2|*)ps

for some py €[0,1] and pa, ps €D :={z € C: |z| < 1}.

Forp, € T:={z € C: |z| =1}, there is a unique function p € P with ¢; as in (2.2),
namely
14 mz
1l —pi2

p(z) eD.

Forpy € D and ps € T, there is a unique function p € P with ¢; and ¢y as in (2.2) and
(2.3), namely
L4 (py +Pip2)z + p22?

L — (p1 — Pip2)z — paz?

For pi1, po € D and p3 € T, there is unique function p € P with c1, co, and c3 as in
(2.2)-(2.4), namely,

(2.5) p(2)

14 (Paps + Pip2 + 1)z + (Pips + pibaps + p2)z° + p32®
1+ (P2ps + Pip2 — p1)2 + (P1ps — p1Daps — p2)2? — p3z?

p(z) z € D.

Next we recall the following well-known result due to Choi et al. [6]. Lemma 2.2 plays
an important role in the proof of our main results.

Lemma 2.2. [6] Let A, B, C be real numbers and
Y (A, B,C) :=max(|A + Bz + C2*| + 1 — |z]*).
z€D

(i) If AC' > 0, then
| Al + B[ + €1, Jor |B| = 2(1 —[CY),

Y(A,B,C) = 2

1+ 1A
+|\+4

TEETE) for |B| < 2(1—1C|).
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(i) If AC' <0, then

( 2
1— A+ ———, —4AC(C72—1) < B> A|B| < 2(1 - |C)),
A+ e (€= 1)< B A|B| <21 - [C))
Y (A, B,C) = B2
o 14 A+ ———, B2 < min{4(1 2 _4AC(C2 —1
+ | |+4(1+|C|)’ < min{4(1 + |C|)?, —4AC(C )},
[ R(A, B, C), otherwise,
where
(Al +|B]+|C|, IC|(|B| + 4]A|) < |AB,
_ < _
R(A,B,C) = Al +[B[+]C], [AB| < [C[(|B] — 4]A]),
2
\ (JA[+]C]) 1—m, otherwise.

3. MAIN RESULTS

For a better clarity in our presentation, we divide this section into several subsections
consisting of different families of functions from the class A and prove our main results
associated with those classes of functions.

3.1. The class Sz(a).

To state our first result we need to introduce the following definitions: A function
f € Ais called starlike if f(D) is a starlike domain with respect to origin. The class
of univalent starlike functions is denoted by S*. There is one natural generalization of
starlike functions is S-spirallike functions of order a which leads to a useful criterion for
univalency. The family Sg(«v) of B-spirallike functions of order « is defined by

!
Spla) = {f e A: Re(e‘iﬁ%g)> > acosﬁ},

where 0 < a < 1 and —7/2 < 8 < 7/2. It is known that each function in Sz(a) is
univalent in D (see [15]). Functions in Sz(0) are called [-spirallike, but they do not
necessarily belong to the starlike family S*. For example, the function f(z) = z(1—iz)""!
is m/4-spirallike but f ¢ S*. The class S3(0) was introduced by Spacek [30] (see
also [7]). Moreover, Sy(a) =: S*(«v) is the usual class of starlike functions of order «, and
§*(0) = S*. Recall that the class Sg(«), for 0 < a < 1, is studied by several authors in
different perspective (see, for instance [12,15]).

Now we will prove the first main result of this paper.

Theorem 3.1. Let —7/2 < f < /2 and 0 < o < 1. For every f € Sg(a) of the form
(1.1), we have

(3.1) Hyo(Fyj2)] < L2055
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Equality in (3.1) holds for the rotation of the function

z
fl(z) = (1 _ 22)(1—04) cos BeiB”

Proof. Let f(z) = z+ Y7, a,2" € Sg(a). Then by the definition, we may consider
p(z) =1+ 12+ 2?4+ -+ - € P of the form

N |

The above equality we can rewrite as

)

f(2)
By using the Taylor series representations of the functions f and p, and after comparing
the coefficients of 2" (n = 1,2, 3) on both the sides, we get

(1 —a)p(z) + a)cosf—isinff=e

as = (1 — a)e cos Bey,
2a5 = (1 — )%e*’ cos® Bc? + (1 — a)e' cos Bey,
and
6as = (1 — a)3e¥ cos® B3 + 3cica(1 — a)?e?P cos? B + 2(1 — a)e®” cos Bes.
Substitution of as, as, and a4 in (1.4) gives
(1 — )2e?® cos? B
48

As H,y;1(F¢/2) and Sp(or) are invariant under the rotations, therefore to simplify the
calculation we assume that ¢; is real. Therefore, by Lemma 2.1, for some p; € [0, 1] and
P2, p3 € D we have

H2’1<Ff/2) == (40103 - 303)

(1 —«a)?cos®
12

+4p1 (1 —pi)(1 — |p2|2)p3).

(3.2) Hyy(Fy/2) =

(:»% 21— ) — (1= D)3 + p)p

Now, we may have the following cases on py:

Case 1: Let p; = 1. Then from (3.2) we get
(1 —a)?cos® 3

Hyy(Fr/2)| =
o (y/2)] = S
Case 2: Let p; = 0. Then from (3.2) we get
(1 — a)?cos? (1 — a)?cos?
[ Ha1 (Fy/2)] = [3p3| <

12
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Case 3: Let p; € (0,1). Applying the triangle inequality in (3.2) and by using the fact
that |ps| < 1, we obtain

(3.3) | a1 (Fy/2)] <

(1—a)?cos?
- |t +2(1 — pd)pipe — (1 — p})(3 + php3|

Fap(1— )1 - \p2\2>)

1 — a)? cos? 1—p?
(3.4) — ( ) 35791( pl)(\AJerg +Cp3| +1— |p2|2>,
where
:Lz, B = ]ﬂ, andC’::—( pl).
4(1 —P1) 2 4p,

Observe that AC' < 0, so we can apply case (ii) of Lemma 2.2. Now we check all the
conditions of case (ii).

3(a) Note that for p; € (0,1) we have

1 3p3
A =—1) - B =<,
C? pi+ 3
Also, the inequality |B| < 2(1 — |C|) is equivalent to 2p? — 4p; + 3 < 0 which is not true
for p; € (0,1).
3(b) Next, it is easy to check that

1 1
min{4(1 +|C))3, —4Ac(@ — 1>} = —4AC(@ — 1) < B?,

here the last inequality directly follows from 3(a).

3(c) For 0 < p; < 1, it is easy to verify that |C|(|B| 4+ 4|A|) — |AB| < 0 is not satisfied
as 3+ 4p? > 0.

3(d) We note that the inequality

4pt 4+ 8p2 — 3 -
8(1—pi) —

holds for 0 < p; < 81 := \/\/7/2 —1 =~ 0.568221. It follows from Lemma 2.2 and the
inequality (3.3) that

[AB| = |CI(|B| — 4]A]) =

|Ho1(Fr/2)| < (1- 04)2 cos? Bpi(1 —p%)

(—lA]+[B] +]C])

3
(I —a)?*cos® B(3 — 4pi)
B 12
< (1 —a)?cos®p3

- 4
for 0 < p; < sy.
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3(e) For s; < p; < 1, we use the last case of Lemma 2.2 together with (3.3) to obtain

(1 - o) cos? Bpu(1 — p}) B

| Ha1 (Fy/2)| <

where
(1 — a)?cos? B(3 — 222)
6v/3 + 22 '

t(z) =

Observe that

(1 — a)?cos? B(15z + 22%)
t'(z) = — 63 T 22 <0, s<zx<l,

Thus, the function ¢ is decreasing on s; < z < 1 which yields

t(z) < t(s1) = (1 — a)®cos® 8 5 VT < (1—a)”cos 5’

3vV8 + 27 4

for s; < x < 1. Summarizing parts from Case 1-3, it follows the desired inequality (3.1).

We now proceed to prove the equality part. Consider the function

z

fi(z) = (= z € D.

A simple calculation shows that f; belongs to Sg(a). The coeflicients of f; are as = 0
and a3 = (1 — a)cos Be?’. Then from (1.4) we see that the inequality (3.1) is sharp for
f1- This completes the proof. OJ

For the special case § = 0, we get the following sharp result for the class of starlike
functions of order a:

Corollary 3.2. Let f € S*(a), 0 < a < 1. Then we have

(1-ap

|Hy1 (Fr/2)| < 1

The inequality is sharp.
For a = 0 and 8 = 0, we obtain the estimate for the class &* of starlike function.

Corollary 3.3. Let f € §*. Then we have

|

|Ho 1 (Fy/2)] <

The equality holds for the rotation of the Koebe function.
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3.2. The class G(v).
Recall that a function f € A is said to be locally univalent function at a point z € D
if it is univalent in some neighborhood of z; equivalently f'(z) # 0. Let LU denote the

subclass of A consisting of all locally univalent functions; namely, LU = {f € A: f'(z) #
0,z € D}. A family G(v), v > 0, of functions f € LU is defined by

g(u):{feﬁu:Re(1+Z]‘f,,;i§)> <1+g}.

The class G := G(1) was first introduced by Ozaki [20] and proved the inclusion relation
G C S. The Taylor coefficient problem for the class G(v), 0 < v < 1, is discussed in [19].
Recently, the radius of convexity for functions in the class G(v), v > 0, is obtained
in [13]. The class G(v), with special choices of the parameter v, has also been considered
by many researchers in the literature for different purposes; see for instance [13,25,27].

Next, we obtained the following sharp bound of |Hy;(Ff/2)| for f € G(v).
Theorem 3.4. Let 0 <v < 1. If f € G(v) given by (1.1), then

< V(% + 120 — 44)
~ 192(v? 4 8v — 32)

|H2,1(Ff/2)

The inequality is sharp.

Proof. Since f € G(v), then there exist a Carathéodory function p of the form

-3 32)

It is equivalent to write

(3.5) v(p(z) —1)f'(2) = =22f"(2).

By using the Taylor series representations for functions f and p and equating the coeffi-
cients of z, 22, and 2% in (3.5), we obtain

vey v(ve? — 2cy) v(6reicy — 8cg — v3c?)
=———— and ay = :

24 192

By substituting the above expression for as, a3, and a4 in (1.4) and then further simpli-
fication gives

1 1
H271(Ff/2) = Z(CLQCM — Cl?), + Eag)

V2

~ 36864

Noting that G(v) and Hs;(F/2) are rotationally invariant. So we can assume that ¢; is
real. Thus, in view of Lemma 2.1 and writing ¢y, ¢, and c3 in terms of p;, ps, and ps we

(960163 — 64c5 — Sucicy — Vzcil).
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obtain
2

2304

(36)  Hoi(Fy/2) = ((—u2 84— )1 e

-2+ = BB+ 2000~ (L~ o
with p; € [0,1] and ps, p3 € D.
We next divide the proof into three cases:
Case 1: If p; = 1. Then from (3.6), we obtain
Vi (—v? —4v +8)
2304

|Ho 1 (Fy/2)] =

Case 2: If p; = 0. Then from (3.6), we obtain
1612 py|? - V2
2304 T 144
Case 3: Now let p; € (0,1). Then use |ps] <1 in (3.6) to obtain
|Ha1 (Fy/2)|
< 24v%p1(1 - p?)
- 2304
24v%p1 (1 — p?)
2304 (

|Ha1 (Fy/2)| =

P —dv+8) (- vppe (240D
24(1 — p?) 6 3py

i1 |p2|2)

|A+ Bps 4+ Cp3| + 1 — |paf?),

where I )
—v®—4rv 48 4 — 2
Aoy =t o Uovn o 2R
24(1 - p?) 6 3p1
Since AC' < 0, then we apply Lemma 2.2 only for the case (ii). Now we check all the
conditions of case (ii).

3(a) Note that

1 ) _BQZpf(—y2p§+(2y2+16u—32)) <0,

—4AC| = -1

(02 12(pt +2)
for 0 < p; < 1and 0 < v < 1. Moreover, it is easy to see that the inequality |B| <
2(1 —|C) does not hold for p; € (0,1).

3(b) Using the above observation, we have the following inequality

: 2 1 1 )
min< 4(1 + |C])*, —4AC E_l = —4AC E—l < B

3(c) We now show that |C|(|B|+4|A|)—|AB| > 0 holds for all v € (0, 1] and p; € (0,1).
A simple calculation shows that
— Pi8 +v)v* + 8pi(—1* — 4v +8) + 16(4 — v)

(CI(IB| +4]A]) — |AB| = - = g(v).




10 VASUDEVARAO ALLU AND VIBHUTI ARORA

It is easily check that g is a decreasing function with respect to v in (0,1]. This implies
that
16+ 8p; — 3p;

1290 =" ="

3(d) Next, the inequality

40,3 2 2 2

pi(v® — 8v* — 64v + 128) + 8pi(—2v° — v + 20) — 16(4 — v)
[AB| — [C|(|B] - 4]A]) = = —
144(1 — p7)

<0
is equivalent to
G(2*) <0, ve€ (0,1 and z € (0,1)
where
G(z) := 2*(v® — 8% — 64v + 128) + 8z(—2v* — 9v + 20) — 16(4 — v) and = = p°.

which is a quadratic polynomial. Note that the discriminant of G is given by A =
192(304 — 248y + 11v* 4+ 160 + v*) > 0 for v € (0,1]. The equation G(z) = 0 has
following two solutions:

—4(=2v% — 9v + 20) — 44/3(304 — 248y + 1102 + 1603 + 1/*)
v3 —8v2 — 64v + 128

I =

and

—4(—2v% — 9v + 20) + 4,/3(304 — 248v + 1102 + 1613 + 1)
To = .

v3 — 812 — 64 + 128

Check that z; < 0 and x5 > 0 as 892 — 735v + 3502 4 4803 + 3v* > 0. Also it is easy
to verify that z, < 1 since —28672 + 29696 — 281612 — 284813 — Sy + 320° — 18 < 1.
Therefore, the function G(x) has the unique zero x5 € (0,1). Hence G < 0 for 0 < z < x5
and the condition |AB| < |C|(|B| — 4|A]) in Lemma 2.2 is satisfied for 0 < p; < (/x3.
Therefore, Lemma 2.2 yields

24v°py (1 — p?)
2304

|Ha1 (Fy/2)] < (—[A[+ Bl +|C])

2

v
= 5301 ((V2 +8v — 32)p] + (8 — 4v)p? + 16) =: ¢(p1)
V(2 4+ 120 — 44)
. < =
(8.7) < 00%2) = {go07 T 80— 32)
where
2(v—2)
(3:8) 2\ s 32

is the critical point of ¢ and gives the maximum value. A more involved computation
shows that sy < /3.



SECOND HANKEL DETERMINANT OF LOGARITHMIC COEFFICIENTS 11

3(e) Next consider the case /T3 < p; < 1 and use the last case of the Lemma 2.2

24v%pi (1 — p?) B’
H, (Ff/2)| < (|A 1-—
|Ho (Fy/2)] € —(41 + 10D\ 1 - 5
v? 3(p3v? + v? + 8v — 16)
3.9 = 16 — 8p2 — p? 4 ! = .
Since
'(2) -2z 3(2+2%) (V2 + 4v — 8) 16(—48 + 240 1 ?)
= X J—
V) = izt 22 14 —8) \| 252 4 2 1 8y — 16) v
+ 82%(—16 — 561 + 23v* + 120° + vt) + 2'v(—192 + 64 + 7607 + 130°)+
+ 4250 (4 + 1/))
<0,

so 1) is decreasing in the interval [\/Z3, 1). Therefore ¢(p;) < ¥(y/x2) and equation (3.9)
leads to

HaalFy/2)| < () = — Y32 8WHW\/ At L

where

a = 3v* + 541% + 18% — 984v + 1344
b:=20%+10v — 16
= 3(304 — 248y + 1102 + 16v° + 1/*)
d:=128 — 64v — 8> +1°
e := —2048 + 2048y — 3361% — 108v° + 8v* + 1°
f =" — 4 — 46v + 83) (v + 4v — 8).

A lengthy calculation shows that

(Vw2) = ¢(V2).

Now with the help of last equality along with equations (3.7) and (3.9), we deduce that

[Haa (Fy/2)| < w(p1) < 0(1/72) < 6(s2) = 59(21; - i;l;

Thus combining all the above cases 1-3, we find the desired inequality.

To prove the equality part, consider the function
1—22

P2(2) = 1— 2892 + 22
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is in the class P follows from Lemma 2.1. Here s, is defined by (3.8). For given ps € P,
we recall from (3.5) that the function f, € G(v) with

s ~ v(l+ (v —2)s3) das— v(v—2)s3(3+ (v — 4)s3)
CL2——2,CZ3— 6 , anad a4 = — 24 .
Hence 2, )
ve(ve+ 12v — 44
Hy1(F¢/2)| = :
Haa(Fy/2)] 192(12 + 8v — 32)
This completes the proof of Theorem 3.4. 0

3.3. The class Fy(\).
Let f € A be a locally univalent. Then, according to Kaplan’s theorem, it follows that
f is close-to-convex if, and only if,

02 "
/91 Re (1 + Z}t/(;)) df > —m, z=re",

for each r (0 < r < 1) and for each pair of real numbers #; and 6, with 6; < 6. If a
locally univalent analytic function f defined in ID satisfies

" 1

Re 1+zf 2) > ——, for z €D,
f'(2) 2

then by the Kaplan characterization it follows easily that f is close-to-convex in D, and

hence f is univalent in D. This generates the following subclass of the class of close-to-

convex (univalent) functions:

z2f"(2) 1
C(—1/2)::{f€A:Re(1+ 72 >—§ forzeDy;.
Functions in C(—1/2) are not necessarily starlike but is convex in some direction. Other
related results for f € C(—1/2) were also obtained in [4,24]. Robertson [28] considered
the following generalization of C(—1/2) for —1/2 < A < 1/2. The class F()), defined for
~1/2<A<1by

z2f"(z 1
F(A):{fe.A: Re(l—i— ]{'((Z))) >§—>\ forze]D}.

We note that F(1) = C(—1/2). Moreover, F(1/2) =: C is the usual class of convex
functions. Functions in F(\) are close-to-convex for 1/2 < A <1 but contain non-starlike
functions for all 1/2 < A <1 (see [21]). The class F(A) has also been considered for the
restriction 1/2 < X < 1, denote by Fy(\), and further extensively studied in this regards,
we refer to [3].

In the next theorem, we will discuss about the sharp bound for |Hs(F;/2)| when the
functions f runs over the class Fo(\).

Theorem 3.5. Let f € Fo(N), for 1/2 < X <1, given by (1.1). Then
(2) + 1)2(12A2 — 6GOA — 165)

Hy i (Fy/2)| <
[Haa(Fp/2)] < 576(4)2 — 12X — 39)

The inequality is sharp.
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Proof. Let f € Fo(A) be of the form (1.1). Then there exists p € P of the form (2.1) such
that

2 z2f"(z)  2A+1
3.10 = D.
(3.10) plz) 2)\+1(f’(z)+ 2 ) °c
Substituting the series (1.1) and (2.1) into (3.10) and equating the coefficients we obtain
220 +1
Qg = 4 C1,
220 +1
as = (2co + (2A + 1)cd),
24
and
220 +1
ay = %(803 + 6(2)\ + 1)6102 + C?(Q)\ + 1)2)

Since the class Fy(A) and the functional H;(Fy/2) are rotationally invariant, without
loss of generality we may assume that ¢; € [0,2]. Hence by substituting as, agz, and a4 in
(1.4), and Lemma 2.1, we obtain

1 1
(311) HQ,l(Ff/2> == —<CL26L4 — a% —+ —aé)
4 12
2\ +1)?
— W (96c1c3 4+ 8(2A + 1)cfea — (2X + 1)%¢} — 64c3)
2\ +1)2
= % ((—M +4X 4+ 11)p} + 42X+ 5)(1 — p)pips
(3.12) —8(pY +2)(1 — pi)p3 +24(1 — pi)(1 - |p2|2)p1p3).

The following three possibilities arise:

Case 1: If p; = 1. Then by (3.11) we have

(2A + 1) ) A
Hy1(F¢/2)| = —=——((—4X" + 4N+ 11)p;).
[ Hoa(Fy/2)] = g5 (4N + 42+ 11)py)
Case 2: If p; = 0. Then by (3.11) we have
2X+1)2 ., (2A+1)?
Hy (Fr)2)| = ———— < —
|Ha1 (F/2)] el = g
Case 3: Let p; € (0,1). Since |ps| <1, from (3.11) it follows that

| Ho1 (Fy/2)]

o @11 =) (AN + D 1pd | A+ 5)mpe 2+

= 96 24(1 - p}) G 31
(2A+1)*pi(1 — pi)

- PP (A + Bpa+ Coil + 1~ [paP)

i1 |p2|2)
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where
(—4A% 44\ + 11)p? (2X + 5)py (2+p?)
T ua-m T 6 MOt
We note that AC' < 0. so we can apply case (ii) of Lemma 2.2. Now we check all the
conditions of case (ii).

3(a) Note that

C? 36(p? + 2) -

But the inequality |B| < 2(1 — |C) is equivalent to (2\ + 9)p? — 12p; + 8 < 0 which is
not true for p; € (0,1) and A € [1/2,1].

3(b) For 0 < p; < 1and 1/2 < X <1, an easy computation shows that

: 2 1 1 )
ming 4(1+|C))%, —4AC( 5 — 1) p = —44C( - 1) < B~
The last inequality follows from 3(a).

3(c) We first show that |C|(|B| + 4|A|) — |AB| > 0 holds for all 0 < p; < 1 and
1/2 < A < 1. A simple calculation shows that

1 2(—4N2 44N+ 11)(4 — p? 2 2\ + 52
—4AC(——1)—B2:—( +4A+11)(4 = p1) + 2+ p1)(2A + )<0_

1B+ 414) ~ 148 = 2
where

H(z) = 32\ + 8(17 + 6A — 8A%)z? + 8)\%2" + [80 — (20A% + 26\ + 7)z"].
It is easily seen that H(z) > 0 for z € [0,1] and X € [1/2,1].

3(d) Next we compute

48] - [C1(BI ~ 414D = 17

where
J(z) = (—8A% — 44X\ + 90\ + 183)z™ + 8(—8A + 10\ + 27)z% — 16(2A +5).
The discriminant of the quadratic equation J(z) = 0 is given by
A = T68(137 4+ 113\ — 312\ — 24)\3 + 40" > 0
and it has following two solutions

— 8(—8A2 + 10X + 27) — VA _
2(—8A3 — 44X2 + 90\ + 183) —

y =

and
— 8(—8A2 4+ 10\ +27) + VA
2(—8X\3 — 44X2 + 90X + 183) —

Yo 1=
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A simple computation shows that y, < 1. Hence, it follows that
|AB| < |C|(IB] —4]A]),  for 0 <p1 < /1,

|AB| > [C(|B] = 4[A]),  for \/ijp <p1 < 1.
Therefore by Lemma 2.2, we obtain

(A +1/2)*p1(1 — i)
24

[Ha 1 (Fy/2)] < (=[Al+ B[+ |C]) = h(p),

where \ )
22 +1
h(z) := @A+ 17 (40% — 12X — 39)z"* + 42\ + 3)2* + 16 ).
2304
If 1/2 < X <1, we have h/(s3) = 0, where
—2(2\+3)
(3.13) e \/4)\2 — 12X — 39
and we note that s3 < /7. Since h”(s3) < 0, we have
(2) + 1)2(12\% — 60X — 165)
T6(4N2 — 12\ — 39)

(3.14) |Haa (Fy/2)] < hipr) < h(ss) =

3(e) Next we consider \/y; < p1 < 1 in order to complete the proof. Then, by Lemma
2.2, we have

|H271(Ff/2)|
(A+1/2°pi(1 - pi) B?
< (JA Ch/1-—
B (2A 4+ 1)2(16 — 8p? + (—4X2 +4X + 3)p])  [3((23 + 12X\ — 4X?) — (1 + 2)1)?p?)
B 2304 2(2 + p?)(—4X\2 + 4) + 11)
=: T (p1).
By differentiating T', we obtain
2\ + 1)2 3(24 p?)(—4X2 + 4\ + 11
2304(2 4 x2)2(11 + 4N —4X2) | 2((23 + 12X — 4X2) — (1 + 2)\)22?)

K(z,2) = 16(=71 — 44X + 4)?) + 322%(13 + 35\ — 7TA% — 16)% + 40\%)
+ 2%(193 + 288\ — 344X — 192)\% 4 208)\*) + 425(—3 + 2)) (1 + 2))%.
Now differentiate K with respect to z, we get
OK (z,\)

5 =642 (35\ — TA? — 16)%) + 42°(193 + 288\ — 344)\% — 192)\°
X

+ 208X*) + 8[8x(13 + 4A*) + 3z°(—=3 + 2X)(1 + 2X)%] > 0
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which implies that K (x, \) is increasing with respect to z and hence
K(z,\) < K(1,)\) = (4)\? — 4\ — 11)(100\* — 76\ + 49) < 0.

The above observation shows that 7"(z) < 0. Therefore, T" is decreasing with respect to
x € [\/)2,1). Hence

(3.15)
CO32(11 44X = 4X?)(2A + 1)%(a + by/o) e —24(1+2)\)*/c
Tlp) = T(ie) = 2304 d? \/f +16(—4A2 + 4X + 11),/¢
where

a = 2295 + 1740\ — 5047\% — 336A% + 48)\*
b= —48 — 24\ + 16)?
c:=3(137 4+ 113X — 3107 — 24)% + 4\
d = —8)\* — 44)\* + 90\ + 183
e := 3(4317 + 4738\ — 104)\? — 1040)\% — 48)\* 4- 32)\%)
[ = 4(=11 — 4X + 42%) (=129 — 70\ + 28)\% 4 8)%).
A tedious computations show that
hMVy2) =TV yz2),
for each A\ € [1/2,1]. Therefore (3.15) together with (3.14) leads to

(2 + 1)2(12)% — 60X — 165)
< =
T(vie) < hiss) BT6(4N2 — 12X — 39)

Summarizing, from parts 1-3 it follows that
(2\ + 1)2(12)2 — 60\ — 165)

Hy (Fr/2)| <
[Haa (Fy/2)] < B76(4A% — 12X — 39)

We now show that the above inequality is sharp by constructing extreme function.
Consider the function ps of the form

B 1—22
1 — 28324 22

with s3 given by (3.13) and it belongs to the class P follows from Lemma 2.1. The
corresponding function f3 can be obtain from (3.10) and coefficients of f3 are given by

(2A 4+ 1)s3 A+ 1D)((34+2N)s2 —1)
Qg = T’ asz = 6 )

p3(2) =1+ 2832 + (453 — 2)2* + (853 — 653)2° + - - -

and,
(A + 12X+ 3)((2A +5)s2 — 3)s3
24 '
From (1.4), it is clear that inequality is sharp for f;. This completes the proof of the
theorem. ]

ay =
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Choosing A = 1/2 and A = 1, we deduce the following sharp inequalities:

Corollary 3.6. If f € C, then

1
Hy1(Ff/2)] < —.
[Haa(Fy/2)| < o

If f € C(—1/2) given by (1.1), then

213

Hy1(Fr/2)| < —.
Haa(Fy/2)] < o

The inequalities are sharp.
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