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Abstract: In the present work, we have proposed a hybrid Leslie-Gower predator-prey system with
feedback control and hunting cooperation among predator on non uniform time domain, where our
proposed model commutes between a continuous-time dynamical system and discrete-time dynamical
system. Using the comparison theorems and some dynamic inequality on the time scale, we have
studied the permanence results for the proposed system. Also, with the help of a suitable Lyapunov
function, we have established some sufficient conditions that will ensure the global attractivity of the
proposed model. Furthermore, simulation studies are provided to verify the theoretical results, as well
as to further investigate the effects of feedback control strategy and hunting cooperation on the prey-
predator system. These findings suggest that hunting cooperation and feedback control strategy have
a substantial influence to control the population of predator-prey dynamical system.

Keywords: Leslie-Gower prey-predator system; Lyapunov functional; Hunting cooperation; Time
scales; Global attractivity; Feedback control.

AMS Subject Classification: 92D25; 34N05; 37B25.

1 Introduction

The study of predator-prey interactions has become an interesting topic of research not only for Biol-
ogists and Ecologists but also for Mathematicians. In recent years, Leslie-Gower model [1] has been
widely explored and is one of the most significant predator-prey models. In Leslie-Gower model, the
predator growth equation is of logistic type and the predator’s environment’s carrying capacity is pro-
portional to the number of prey. Furthermore, because to its fascinating dynamics, the Leslie-Gower
prey-predator system is one of the most extensively used mathematical models in the theoretical eco-
logical system. The classical Leslie-Gower prey-predator model, which was studied by Leslie [1] and
Gower [2] is as follows

dx

dt
= rx

(
1− x

K

)
− qxy,

dy

dt
= ey

(
1− y

nx

)
, (1.1)

where x represents the prey density and y represents the predator density. Also, for biological meaning
of these coefficients, one can see [1, 2].
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In general, one investigates the continuous and discrete dynamical systems separately and the
majority of outcomes are demonstrated independently by using either discrete analysis or continuous
analysis. But, in numerous realistic models, we frequently need continuous and discrete time model
simultaneously. For example, to demonstrate the development cycle of certain species, such as Pharaoh
cicada, Magicicada septendecim and Magicicada cassinii [3], we need a particular time scale of type
T = ∪∞r=0[r(t1 + t2), r(t1 + t2) + t2] with t1, t2 ∈ R+, since it depends on both continuous and discrete
times. We can’t precisely describe such a system’s dynamic behaviour by choosing either a difference
equation or a differential equation. As a consequence, S. Hilger [4], presented the idea of time scales
theory in 1988 in his PhD thesis which works simultaneously for continuous and discrete analysis.
Extension and unification are two main features of the time scale calculus [5]. For more about time
scale theory, one can see [6–10].

Cooperative hunting is a social behaviour that many predator populations exhibit. Hunting co-
operation occurs when a couple or group of species organised their actions together as part of their
hunting in order to increase their chances of getting and eating the food. The following are some of the
benefits of predators cooperating in hunting: more prey is taken in less time, the prey being captured
in a shorter time, the predator’s destruction is reduced and hunting distance reduces, etc. Coopera-
tive hunting is widespread among the following species e.g., birds [11], African lions [12], African wild
dogs [13] and ants [14]. Numerous predators use different techniques depending on their mobility, so-
cial skills, communication abilities, cognitions, prey species and available resources, etc. For example,
wolves have techniques for enclosing and catching prey in order to get larger and quicker prey [15].
Group hunting in lionesses generally involves a formation whereby some lionesses circle prey while
others wait for prey to move towards them [16]. Painted dogs make a rally, inspiring and rallying one
another for collective hunting [17]. For more about group hunting techneques. please see [18]. In [19],
authors addresed the issue related to hunting cooperation. Also in [20], Alves and Hilker suggested
functional response of hunting cooperation, which is given by

q(x, y) = (λ+ αy)x, (1.2)

where x, y denotes the prey and predator densities, α is a parameter defining predator cooperation in
hunting and λ represents the attack rate. Thus, the classical Leslie-Gower prey-predator model (1.1)
with hunting cooperation q(x, y) from equation (1.2), can be written as:

dx

dt
= rx

(
1− x

K

)
− (λ+ αy)xy,

dy

dt
= ey

(
1− y

nx

)
. (1.3)

In literature, many writers have explored the effects of cooperative hunting in predator-prey systems
[21–28]. The most important study for ecosystems are on the qualitative analysis of solutions of
considered ecosystems, such as permanence, global attractivity and the existence of periodic solutions
and so on. Permanence is the most important study of ecological system, which tells us the long-term
coexistence of species. Also, ecological system are continuously disturbed by the unpredictable forces
which can results changes in the system parameters like survival rates, harvesting of species etc. These
unpredictable disturbances can be considered as the control variables in the model. Some authors also
called these unpredictable disturbances as the feedback control variables. The practical example of the
feedback control mechanism might be implemented by harvesting procedure or by means of use some
biological control scheme like use of paracites or natural enemies. In literatire, few works published
related to predator-prey system with feedback control on time scales [29–35]. In [29], authors studied
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the permanence of the following system with feedback control on time scales

x∆(t) = b(t)− a(t) exp(x(t))− c(t) exp(y(t))− d1u1(t),

y∆(t) = g(t)− f(t) exp(y(t)− x(t))− d2u2(t),

u1(t) = α1u1(ρ(t)) + β1 exp(x(t)),

u2(t) = α2u2(ρ(t)) + β2 exp(y(t)), t ∈ T, (1.4)

where x, y denotes the prey and predator densities and T represents the time scale. Also, to the best
of our knowledge, there is no work related to the Leslie-Gower predator-prey system with cooperation
hunting and feedback control strategy on non-uniform time domain.

Therefore, motivated by the above discussion, in this work, we are considering the hybrid Leslie-
Gower predator-prey system with effect of cooperation hunting and feedback control strategy on non-
uniform time domain namely

x∆(t) = r(t)

(
1− exp(x(t))

k(t)

)
− (λ(t) + α(t) exp(y(t))) exp(y(t))− e1(t)u1(t) (1.5)

u∆
1 (t) = −α1(t)u1(t) + β1(t) exp(x(t)) (1.6)

y∆(t) = b(t)

(
1− exp(y(t))

n(t) exp(x(t))

)
− e2(t)u2(t) (1.7)

u∆
2 (t) = −α2(t)u2(t) + β2(t) exp(y(t)), (1.8)

where x(t) and y(t) denotes the population densities of prey and predator respectively; u1(t) and u2(t)
are the feedback control terms for t ∈ T, with initial conditions x(0) > 0, u1(0) > 0, y(0) > 0, u2(0) > 0.
Also, αi, βi, i = 1, 2, represents the control parameters. The functions r(t), k(t), λ(t), α(t), e1(t),
α1(t), α2(t), β1(t), β2(t), b(t), n(t) and e2(t) all are non-negative, rd-continuous functions on t ∈ T
and the biological meaning of all the functions are listed below:

1. r(t) represent the intrinsic growth rate of prey species x.

2. k(t) denotes the maximum carrying capacity of prey species x.

3. b(t) represents the intrinsic growth rate of the predator species y.

4. n(t) is a measure of the food quality that the prey provides for conversion into predator births.

5. n(t) exp(x(t)) is the maximum carrying capacity of predator species y, which is proportional to
the population density of the prey species x.

6. λ(t) is the attack rate per predator and prey.

7. α(t) describing the predator’s cooperation in hunting.

8. e1(t) denotes the rate coefficient for the disturbance experienced by prey species.

9. e2(t) denotes the rate coefficient for the disturbance experienced by predator species.

10. αi(t) (i = 1, 2) represents the time-dependent decay rates of respective control variables.

11. βi(t) (i = 1, 2) represents the per capita effect of prey (or predator) on the disturbance rate.

12. The term q(x, y) = (λ(t) + α(t) exp(y(t))) exp(y(t)) denotes the hunting cooperation by predator.
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The main purpose of this work is to study the permanence of the proposed hybrid Leslie-Gower
system (1.5) − (1.8) by using the time scale analysis and some comparison theorems. Also, based on
the permanence results and Lyapunov functional theory, we have established the conditions that will
ensure the global attractivity of the proposed model (1.5)− (1.8). Moreover, in the numerical section,
we have discussed the effect of feedback control strategy and hunting cooperation on proposed model.
Also, in numerical section by giving simulating examples, we conclude our proposed hybrid model will
also work in different-different time domains (i.e. continuous, discrete, and combination of both). This
is the first report made by the authors to analyse the hybrid Leslie-Gower system with effect of feedback
control strategy and hunting cooperation on non-uniform time domain.

Remark 1: For T = R, exp(x(t)) = N1(t), exp(y(t)) = N2(t), then model (1.5)− (1.8) becomes

N ′1(t) = N1(t)

{
r(t)

(
1− N1(t)

k(t)

)
− (λ(t) + α(t)N2(t))N2(t)− e1(t)u1(t)

}
u′1(t) = −α1(t)u1(t) + β1(t)N1(t)

N ′2(t) = N2(t)

{
b(t)

(
1− N2(t)

n(t)N1(t)

)
− e2(t)u2(t)

}
(1.9)

u′2(t) = −α2(t)u2(t) + β2(t)N2(t).

Remark 2: For T = Z, exp(x(t)) = N1(t), exp(y(t)) = N2(t), then model (1.5)− (1.8) becomes

N1(t+ 1) = N1(t) exp

{
r(t)

(
1− N1(t)

k(t)

)
− (λ(t) + α(t)N2(t))N2(t)− e1(t)u1(t)

}
u1(t+ 1) = u1(t)− α1(t)u1(t) + β1(t)N1(t)

N2(t+ 1) = N2(t) exp

{
b(t)

(
1− N2(t)

n(t)N1(t)

)
− e2(t)u2(t)

}
(1.10)

u2(t+ 1) = u2(t)− α2(t)u2(t) + β2(t)N2(t).

Thus, from the above remark 1 and 2, we can conclude that our model will serve for both the discrete
as well as continuous cases.

Remark 3: The biological and mathematical differences between the model of Z. Li, T. Zhang [29]
and our proposed model are listed below:

1. In [29], authors considered the Leslie-Gower model with feedback control on time scales, but in
our work, we are considering a Leslie-Gower model with hunting cooperation by predators and
feedback control on non-uniform time domains.

2. In [29], authors discussed only the permanence results, but we have studied the global attractivity
and permanence of the model with the effects of hunting cooperation by predators.

3. In numerical sections, we have given four examples where T = R, Z and q−calculus. Also, we
have given the example where the time scales is mixture of both discrete as well as continuous
time domain. Also, we have shown how the prey and predator species behave in different time
domain with same parameters values and initial conditions.

The remainder of this manuscript is structured as follows. In Section 2, we introduce some use-
ful notations, definitions and give some preliminary results. In Section 3, have studied the perma-
nence\persistence of system (1.5) − (1.8). In Section 4, we have studied the global attractiveness of
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system (1.5)− (1.8). In Section 5, we give some simulated examples to show the feasibility of obtained
analytical outcomes on non-uniform time domain.

2 Preliminaries

Definition 2.1 (See [5]). A time scale (which is special case of a measure chain [5]) is an arbitrary
nonempty closed subset of the real number. For example: R, Z, [0, 1] ∪ N and Cantor set.

Definition 2.2 (See [5]). The forward jump operator (σ) and backward jump operator (ρ) are defined
as follow
σ : T→ T, with σ(t) := inf{s ∈ T : s > t} and inf ∅ = supT,
ρ : T→ T, with ρ(t) := sup{s ∈ T : s < t} and sup ∅ = inf T.

Definition 2.3 (See [5]). The graininess function µ : T→ [0,∞) is defined by µ(t) := σ(t)− t,∀ t ∈ T.

Definition 2.4 (See [5]). The set Tk is derived from time scale T which is defined as follows:
If T has a left-scattered maximum t1, then Tk = T− {t1}, otherwise Tk = T.

Definition 2.5 (See [5]). Assume ψ : T→ R is a function and let t ∈ Tk. Then we define ψ∆(t) to be
the number (provided it exists) with the property that given any ε > 0, there is a neighborhood U of t
(i.e., U = (t− δ, t+ δ) ∩ T for some δ > 0) such that∣∣[ψ(σ(t))− ψ(s)]− ψ∆(t)[σ(t)− s]

∣∣ ≤ ε|σ(t)− s|, ∀ s ∈ U .

If T = R, then ψ∆(t) = ψ′(t).
If T = Z, then ψ∆(t) = ∆ψ(t) = ψ(t+ 1)− ψ(t).

Definition 2.6 (See [5]). A function ψ : T→ R is called regulated if the right-hand limit exists (finite)
at all right-dense points of T and the left-hand limit exists (finite) at all left-dense points of T. Also,
ψ is called rd-continuous, if it is regulated and it is continuous at all right-dense points.

Definition 2.7 (See [5]). The rd-continuous functions q : T→ R is said to be regressive if 1+µ(t)q(t) 6=
0, ∀ t ∈ T. The set of all regressive functions q : T→ R will be denoted by denoted by R. Moreover, q
is said to be positive regressive if 1+µ(t)q(t) > 0, ∀ t ∈ T and the set of all positive regressive functions
is denoted by R+.

Definition 2.8 (See [5]). If q ∈ R, then we define the exponential function by

eq(t, r) = exp

(∫ t

r
ζµ(ϕ)(q(ϕ))∆ϕ

)
, for t, r ∈ T,

where

ζµ(r)(q(r)) =


1

µ(r)
Log(1 + q(r)µ(r)), if µ(r) 6= 0,

q(r), if µ(r) = 0.

Definition 2.9 (See [5]). If ψ : T→ R is a function, then we define the function ψσ : T→ R by

ψσ(t) = ψ(σ(t)) for all t ∈ T,

i.e., ψσ = ψ o σ.

To prove the permanence and global attractivity of our proposed model (1.5)-(1.8), we need the fol-
lowing lemmas:
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Lemma 2.1 (See [5]). If t0, t1, a ∈ T and q ∈ R, then∫ t1

t0

q(ϕ)eq(a, σ(ϕ))∆ϕ = eq(a, t0)− eq(a, t1).

Lemma 2.2 (See [36]). Let ψ : T→ R be a continuously increasing function, ψ(t) > 0 and ψ∆(t) ≥ 0
for t ∈ T. Then

ψ∆(t)

ψσ(t)
≤ [ln(ψ(t))]∆ ≤ ψ∆(t)

ψ(t)
.

If ψ(t) > 0 and ψ∆(t) < 0 for t ∈ T, then

ψ∆(t)

ψ(t)
≤ [ln(ψ(t))]∆ ≤ ψ∆(t)

ψσ(t)
.

Lemma 2.3 (See [37]). Let a 6= 0,−a ∈ R+, and z(t0) > 0, t0 ∈ T. Then the following inequalities hold

1. If z∆(t) ≤ b− az(t), for t ∈ Tk, then

z(t) ≤ z(t0)e(−a)(t, t0) +

(
b

a

)
(1− e(−a)(t, t0)), t ≥ t0.

In particular, if a, b > 0,then

lim sup
t→∞

z(t) ≤ b

a
, for t ≥ t0.

2. If z∆(t) ≥ b− az(t), for t ∈ Tk, then

z(t) ≥ z(t0)e(−a)(t, t0) +

(
b

a

)
(1− e(−a)(t, t0)), t ≥ t0.

In particular, if a, b > 0, then

lim inf
t→∞

z(t) ≥ b

a
, for t ≥ t0.

Lemma 2.4 (See [38]). Let a 6= 0,−a,−b ∈ R+, z(t) > 0.

1. If z∆(t) ≤ z(σ(t))(b− az(t)), then for t ≥ t0

z(t) ≤ b

a

[
1 +

(
b

az(t0)
− 1

)
e(−a)(t, t0)

]−1

.

In particular, if a, b > 0, we have lim supt→∞ z(t) ≤ b
a .

2. If z∆(t) ≥ z(σ(t))(b− az(t)), then for t ≥ t0

z(t) ≥ b

a

[
1 +

(
b

az(t0)
− 1

)
e(−a)(t, t0)

]−1

.

In particular, if a, b > 0, we have lim inft→∞ z(t) ≥ b
a .
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Lemma 2.5. Assume that −a,− b ∈ R+, a > 0, b > 0, z(t) > 0, and µ+ = supt∈T µ(t).

1. If z∆(t) ≥ z(t)(b− az(t)), then for t ≥ t0

z(t) ≥ b

a

[
1 +

(
b

az(t0)
− 1

)
e(− a

1+µ+b
)(t, t0)

]−1

.

In particular, if a, b > 0, we have lim inft→∞ z(t) ≥ b
a .

Proof. We know that

z(t) = z(σ(t))− µ(t)z∆(t).

We have given

z∆(t) ≥ z(t)(b− az(t)) = (z(σ(t))− µ(t)z∆(t))(b− az(t))
=⇒ z∆(t) ≥ z(σ(t))(b− az(t))− µ(t)(b− az(t))z∆(t)

=⇒ [1 + µ(t)(b− az(t))] z∆(t) ≥ z(σ(t))(b− az(t)).

Therefore, we can write the above equation as

z∆(t) ≥ z(σ(t))

{
b

1 + µ+b
− a

1 + µ+b
z(t)

}
,

where
(
−b

1+µ+b

)
,
(
−a

1+µ+b

)
∈ R+. Thus, from Lemma 2.4, we get

z(t) ≥ b

a

[
1 +

(
b

az(t0)
− 1

)
e(− a

1+µ+b
)(t, t0)

]−1

.

In particular, if a, b > 0, then e(− a
1+µ+b

)(t, t0) < 1. Hence, we obtain lim inft→∞ z(t) ≥ b
a . The proof is

completed.

For convenience, the following notations are introduced

ψ+ = sup
t∈T

ψ(t), ψ− = inf
t∈T

ψ(t).

3 Permanence

In this section, we will prove the permanence of proposed model (1.5)− (1.8).

Definition 3.1 (See [38]). Model (1.5) − (1.8) is permanent, if there are positive constants m1,m2,
m3, M1, M2,M3 such that the following inequalities hold

lim
t→∞

inf x(t) ≥ m1, lim
t→∞

supx(t) ≤M1,

lim
t→∞

inf y(t) ≥ m2, lim
t→∞

sup y(t) ≤M2,

lim
t→∞

inf u1(t) ≥ m3, lim
t→∞

supu1(t) ≤M3,

lim
t→∞

inf u2(t) ≥ m4, lim
t→∞

supu2(t) ≤M4.

Throughout this paper, we make the following assumptions:
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(H1) The functions r(t), k(t), λ(t), α(t), e1(t), α1(t), α2(t), β1(t), β2(t), b(t), n(t) and e2(t) all are
non-negative, rd-continuous functions on t ∈ T such that r− > 0, k− > 0, b− > 0, α−2 > 0,

β−1 > 0, β−2 > 0 and n− > 0. Also,
(
r+ − r−

k+

)
> 0, r

−

k+
> 0,

[
b+ − b−

n+ exp(M1)

]
> 0,

[r− − λ+ exp(M3)− α+ exp(2M3)− e+
1 M2] > 0, r

+

k− > 0, [b− − e+
2 M4] > 0, b+

n− exp(m1)
> 0.

(H2) (r+k+ − r−) > r−, b− > e+
2 M4, b

+n+ exp(M1) > b−. Also, − r−

k+
,−α−1 ,− b−

n+ exp(M1)
,−α−2 ,

− [r− − λ+ exp(M3)− α+ exp(2M3)− e+
1 M2],− r+

k− ,−α
+
1 ,−[b− − e+

2 M4],− b+

n− exp(m1)
,−α+

2 ∈ R+.

Theorem 3.2. If the assumptions (H1) and (H2) hold, then system (1.5)− (1.8) is permanent.

Proof. From equation (1.5), we have

x∆(t) = r(t)

(
1− exp(x(t))

k(t)

)
− (λ(t) + α(t) exp(y(t))) exp(y(t))− e1(t)u1(t)

≤ r+ − r−

k+
exp(x(t))

≤
(
r+ − r−

k+

)
− r−

k+
x(t).

Therefore, by applying Lemma 2.3, we get

lim sup
t→∞

x(t) ≤
(
r+k+ − r−

r−

)
= M1.

From equation (1.6), we have

u∆
1 (t) = −α1(t)u1(t) + β1(t) exp(x(t))

≤ −α−1 u1(t) + β+
1 exp(M1).

Thus, by applying Lemma 2.3, we have

lim sup
t→∞

u1(t) ≤ β+
1 exp(M1)

α−1
= M2.

From equation (1.7), we have

y∆(t) = b(t)

(
1− exp(y(t))

n(t) exp(x(t))

)
− e2(t)u2(t)

≤ b+ − b−

n+ exp(M1)
[1 + y(t)]

≤
[
b+ − b−

n+ exp(M1)

]
− b−

n+ exp(M1)
y(t).

By applying Lemma 2.3, we get

lim sup
t→∞

y(t) ≤ b+n+ exp(M1)− b−

b−
= M3.

From equation (1.8), we have

u∆
2 (t) = −α2(t)u2(t) + β2(t) exp(y(t))

≤ −α−2 u2(t) + β+
2 exp(M3).
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Therefore, by applying Lemma 2.3, we have

lim sup
t→∞

u2(t) ≤ β+
2 exp(M3)

α−2
= M4.

Now, from equation (1.5), we have

x∆(t) = r(t)− r(t)

k(t)
exp(x(t))− λ(t) exp(y(t))− α(t) exp(2y(t))− e1(t)u1(t)

≥ r− − r+

k−
exp(x(t))− λ+ exp(M3)− α+ exp(2M3)− e+

1 M2.

Put exp(x(t)) = Q(t). Then, we see that Q(t) > 0 and x∆(t) = [logQ(t)]∆. So, we can write the above
inequality as

[logQ(t)]∆ ≥ r− − r+

k−
Q(t)− λ+ exp(M3)− α+ exp(2M3)− e+

1 M2.

If Q∆(t) ≥ 0, then from Lemma 2.2, we get

=⇒ Q∆(t)

Q(t)
≥ [r− − λ+ exp(M3)− α+ exp(2M3)− e+

1 M2]− r+

k−
Q(t),

=⇒ Q∆(t) ≥ Q(t)

{
[r− − λ+ exp(M3)− α+ exp(2M3)− e+

1 M2]− r+

k−
Q(t)

}
.

So, by Lemma 2.5, we get

lim inf
t→∞

Q(t) ≥ [r− − λ+ exp(M3)− α+ exp(2M3)− e+
1 M2]

r+

k−

. (3.11)

If Q∆(t) < 0, then from Lemma 2.2, we get

=⇒ Q∆(t)

Qσ(t)
≥ [r− − λ+ exp(M3)− α+ exp(2M3)− e+

1 M2]− r+

k−
Q(t),

=⇒ Q∆(t) ≥ Qσ(t)

{
[r− − λ+ exp(M3)− α+ exp(2M3)− e+

1 M2]− r+

k−
Q(t)

}
.

So, by Lemma 2.4, we get

lim inf
t→∞

Q(t) ≥ [r− − λ+ exp(M3)− α+ exp(2M3)− e+
1 M2]

r+

k−

. (3.12)

Thus, from equations (3.11) and (3.12), we get

lim inf
t→∞

Q(t) ≥ [r− − λ+ exp(M3)− α+ exp(2M3)− e+
1 M2]

r+

k−

,

=⇒ lim inf
t→∞

y(t) = log

{
[r− − λ+ exp(M3)− α+ exp(2M3)− e+

1 M2]
r+

k−

}
= m1,
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where

{
[r−−λ+ exp(M3)−α+ exp(2M3)−e+1 M2]

r+

k−

}
> 0.

From equation (1.6), we have

u∆
1 (t) = −α1(t)u1(t) + β1(t) exp(x(t))

≥ −α+
1 u1(t) + β−1 exp(m1).

Therefore, by Lemma 2.3, we get

lim inf
t→∞

u1(t) ≥ β−1 exp(m1)

α+
1

= m2.

From equation (1.7), we have

y∆(t) = b(t)− b(t)

n(t) exp(x(t))
− e2(t)u2(t)

≥ b− − b+

n− exp(m1)
exp(y(t))− e+

2 M4.

Put exp(y(t)) = M(t). Then, we see that M(t) > 0 and y∆(t) = [logM(t)]∆. Thus, we can write the
above inequality as

[logM(t)]∆ ≥ [b− − e+
2 M4]− b+

n− exp(M1)
M(t).

If M∆(t) ≥ 0, then from Lemma 2.2, we get

=⇒ M∆(t)

M(t)
≥ [b− − e+

2 M4]− b+

n− exp(m1)
M(t),

=⇒ M∆(t) ≥M(t)

{
[b− − e+

2 M4]− b+

n− exp(m1)
M(t)

}
.

Thus, by applying Lemma 2.5, we get

lim inf
t→∞

M(t) ≥ [b− − e+
2 M4]

b+

n− exp(m1)

. (3.13)

If M∆(t) < 0, then from Lemma 2.2, we get

=⇒ M∆(t)

Mσ(t)
≥ [b− − e+

2 M4]− b+

n− exp(m1)
M(t),

=⇒ M∆(t) ≥Mσ(t)

{
[b− − e+

2 M4]− b+

n− exp(m1)
M(t)

}
.

Thus, by applying Lemma 2.4, we get

lim inf
t→∞

M(t) ≥ [b− − e+
2 M4]

b+

n− exp(m1)

. (3.14)
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Thus, from equations (3.13) and (3.14), we get

lim inf
t→∞

M(t) ≥ [b− − e+
2 M4]

b+

n− exp(m1)

,

=⇒ lim inf
t→∞

y(t) ≥ log

{
[b− − e+

2 M4]
b+

n− exp(m1)

}
= m3,

where

{
[b−−e+2 M4]

b+

n− exp(m1)

}
> 0. Now, from equation (1.8), we have

u∆
2 (t) = −α2(t)u2(t) + β2(t) exp(y(t))

≥ −α+
2 u2(t) + β−2 exp(m3).

From Lemma 2.3, we get

lim inf
t→∞

u2(t) ≥ β−2 exp(m3)

α+
2

= m4.

Thus, from the above calculations, we get

lim
t→∞

inf x(t) ≥ m1, lim
t→∞

supx(t) ≤M1,

lim
t→∞

inf y(t) ≥ m2, lim
t→∞

sup y(t) ≤M2,

lim
t→∞

inf u1(t) ≥ m3, lim
t→∞

supu1(t) ≤M3,

lim
t→∞

inf u2(t) ≥ m4, lim
t→∞

supu2(t) ≤M4.

Hence, our considered system (1.5)− (1.8) is permanent.

Remarks:

From Theorem 3.2, we observe the following:

1. The maximum upper bound of prey species is M1 =
(
r+k+−r−

r−

)
and predator species is M3 =(

b+n+ exp(M1)−b−
b−

)
. From these upper bounds of prey and predator species, we can see that upper

bound of predator species depends on prey population. As prey population grows implies predator
population also grows. Also, these bounds depends on intrinsic growth rate and carrying capacity
of corresponding species. Increase the growth rate and carrying capacity of prey-predator species
leads the increase in upper bounds of species.

2. Also from the above calculations, we have observed that the feedback control coefficients α1, α2,
β1 and β2 also affect the minimum and maximum bounds of the prey and predator populations.

3. The minimum lower bound of prey species is m1 = log

{
[r−−λ+ exp(M3)−α+ exp(2M3)−e+1 M2]

r+

k−

}
and

predator species is m3 = log

{
[b−−e+2 M4]

b+

n− exp(m1)

}
. From these values, we can see that, the lower bounds

of prey-predator species also depends on each other.
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4 Global Attractivity

In this section, we will discuss the global attractivity of system (1.5) − (1.8). Define the set ω =
{x(t), u1(t), y(t), u2(t) : m1 ≤ x(t) ≤ M1, m2 ≤ u1(t) ≤ M2, m3 ≤ y(t) ≤ M3, m4 ≤ u2(t) ≤ M4} are
supposed to be solutions of system (1.5)− (1.8). To prove the global attractivity, we need he following:

(H3) We assume that P = (P1 + P1
′ + Q1) > 0, Q = (P2 + Q2) > 0, R = (P3 + P3

′ + Q3
′) > 0, S =

(P4
′ +Q4

′) > 0, where

P1 =

{
2
r−

k+
exp(m1) + λ− exp(m2) + 2α− exp(2m2) + e−1 − µ

+
( r+

k−
exp(M1)

)2
− µ+ r+

k−
λ+ exp(M1) exp(M2)− 2µ+ r+

k−
α+ exp(M1) exp(2M2)− µ+ r

+

k−
e+

1 exp(M1)

}
,

P2 =

{
e−1 − µ

+(e+
1 )2 − µ+ r

+

k−
e+

1 exp(M1)− µ+α+e+
1 exp(2M2)− µ+λ+e+

1 exp(M2)

}
,

P3 =

{
λ− exp(m2) + 2α− exp(2m2)− µ+(λ+ exp(M2) + 2α+ exp(2M2))2

− µ+ r+

k−
λ+ exp(M1) exp(M2)− 2µ+ r

+

k−
α+ exp(M1) exp(2M2)− µ+α+e+

1 exp(2M2)

− µ+λ+e+
1 exp(M2)

}
,

Q1 = [−β+
1 exp(M1)− µ+(β+

1 )2 exp(2M1) + µ−α−1 β
−
1 exp(m1)],

Q2 = [2α−1 − β
+
1 exp(M1)− µ+(α+

1 )2 + µ−α−1 β
−
1 exp(m1)],

P
′
1 =

{
− b+ exp(M1 +M2)

n− exp(2m1)
− µ+(b+)2 exp(2M1) exp(2M2)

(n−)2 exp(4m1)
+
µ−(b−)2 exp(2m1 + 2m2)

(n+)2 exp(4M1)

+
µ−b−e−2 exp(m1 +m2)

n+ exp(2M1)

}
,

P
′
3 =

{
2b− exp(m1 +m2)

n+ exp(2M1)
− b+ exp(M1 +M2)

n− exp(2m1)
+ e−2 −

µ+(b+)2 exp(2M1 + 2M2)

(n−)2 exp(4m1)

+ µ−
(b−)2 exp(2m1 + 2m2)

(n+)2 exp(4M1)
− µ+b+e+

2 exp(M1 +M2)

n− exp(2m1)

}
,

P
′
4 =

{
e−2 − µ

+(e+
2 )2 +

µ−b−e−2 exp(m1 +m2)

n+ exp(2M1)
− µ+b+e+

2 exp(M1 +M2)

n− exp(2m1)

}
,

Q
′
3 = {−β+

2 exp(M2)− µ+(β+
2 )2 exp(2M2) + µ−α−2 β

−
2 exp(m2)},

Q
′
4 = {2α−2 − β

+
2 exp(M2)− µ+(α+

2 )2 + µ−α−2 β
−
2 exp(m2)}.

Definition 4.1 (See [39]). System (1.5)-(1.8) is said to be globally attractive if any two positive
solutions X(t) = (x1(t), u1(t), y1(t), u2(t)) with x1(0) > 0, u1(0) > 0, y1(0) > 0, u2(0) > 0 and
Y (t) = (x2(t), v1(t), y2(t), v2(t)) with x2(0) > 0, v1(0) > 0, y2(0) > 0, v2(0) > 0 of system (1.5)-(1.8)
satisfies

lim
t→∞
|x1(t)− x2(t)| = 0, lim

t→∞
|y1(t)− y2(t)| = 0 and lim

t→∞
|ui(t)− vi(t)| = 0, i = 1, 2.

Theorem 4.2. Let us assume that (H1)-(H3) hold along with κ > 0, −κ ∈ R+, where κ = min{P,Q,R,
S}. Then, system (1.5)− (1.8) is globally attractive.
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Proof. By Theorem 3.2, we conclude that system (1.5)− (1.8) has a bounded solution satisfying

m1 ≤ x(t) ≤M1

m2 ≤ u1(t) ≤M2

m3 ≤ y(t) ≤M3

m4 ≤ u2(t) ≤M4.

Hence |x(t)| ≤ M1, |u1(t)| ≤ M2, |y(t)| ≤ M3 and |u2(t)| ≤ M4. For (x, u1, y, u2) ∈ R4, we define a
norm

‖(x, u1, y, u2)‖ = sup
t∈T
|x|+ sup

t∈T
|u1|+ sup

t∈T
|y|+ sup

t∈T
|u2|.

Suppose that X(t) = (x1(t), u1(t), y1(t), u2(t)) and Y (t) = (x2(t), v1(t), y2(t), v2(t)) be any two solution
of system (1.5)− (1.8), then ||X|| ≤ C, ||Y || ≤ C, where C =

∑4
i=1Mi. Now, consider

x∆
1 (t) = r(t)

(
1− exp(x1(t))

k(t)

)
− (λ(t) + α(t) exp(y1(t))) exp(y1(t))− e1(t)u1(t)

u∆
1 (t) = −α1(t)u1(t) + β1(t) exp(x1(t))

y∆
1 (t) = b(t)

(
1− exp(y1(t))

n(t) exp(x1(t))

)
− e2(t)u2(t)

u∆
2 (t) = −α2(t)u2(t) + β2(t) exp(y1(t))

and

x∆
2 (t) = r(t)

(
1− exp(x2(t))

k(t)

)
− (λ(t) + α(t) exp(y2(t))) exp(y2(t))− e1(t)v1(t)

v∆
1 (t) = −α1(t)v1(t) + β1(t) exp(x2(t))

y∆
2 (t) = b(t)

(
1− exp(y2(t))

n(t) exp(x2(t))

)
− e2(t)v2(t)

v∆
2 (t) = −α2(t)v2(t) + β2(t) exp(y2(t)).

Now, we consider the Lyapunov function V (t,X, Y ) on T× ω × ω defined by

V (t,X, Y ) = (x1 − x2)2 + (y1 − y2)2 +
2∑
i=1

(ui − vi)2.

Then,

D+V (t,X, Y ) = [2(x1(t)− x2(t)) + µ(t)(x1(t)− x2(t))∆][x1(t)− x2(t)]∆

+ [2(y1(t)− y2(t)) + µ(t)(y1(t)− y2(t))∆][y1(t)− y2(t)]∆

+
2∑
i=1

[2(ui(t)− vi(t)) + µ(t)(ui(t)− vi(t))∆][ui(t)− vi(t)]∆.

For convenience, we denote w1(t) = x1(t)− x2(t), w2(t) = y1(t)− y2(t) and zi(t) = ui(t)− vi(t), where
i = 1, 2. Thus,

D+V (t,X, Y ) = (2w1 + µ(t)w∆
1 (t))w∆

1 (t) + (2w2 + µ(t)w∆
2 (t))w∆

2 (t)

+

2∑
i=1

(2zi + µ(t)z∆
i (t))z∆

i (t)

= V1(t) + V2(t) + V3(t) + V4(t),
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where V1, V2, V3 and V4 are given by

V1(t) = (2w1 + µ(t)w∆
1 (t))w∆

1 (t), V2(t) = (2z1 + µ(t)z∆
1 (t))z∆

1 (t),

V3(t) = (2w2 + µ(t)w∆
2 (t))w∆

2 (t), V4(t) = (2z2 + µ(t)z∆
2 (t))z∆

2 (t).

Now, computing the delta derivative of w1(t), we get

w∆
1 (t) = x∆

1 (t)− x∆
2 (t)

= r(t)

(
1− exp(x1(t))

k(t)

)
− (λ(t) + α(t) exp(y1(t))) exp(y1(t))− e1(t)u1(t)

− r(t)
(

1− exp(x2(t))

k(t)

)
+ (λ(t) + α(t) exp(y2(t))) exp(y2(t)) + e1(t)v1(t)

= − r(t)
k(t)

(exp(x1(t))− exp(x2(t)))− λ(t)(exp(y1(t))− exp(y2(t)))

− α(t)(exp(2y1(t))− exp(2y2(t)))− e1(t)(u1(t)− v1(t)). (4.15)

By using mean value theorem, we have

exp{x1(t)} − exp{x2(t)} = exp{ξ1(t)}(x1(t)− x2(t)), ξ1 ∈ (x1, x2), (4.16)

exp{y1(t)} − exp{y2(t)} = exp{ξ2(t)}(y1(t)− y2(t)), ξ2 ∈ (y1, y2), (4.17)

exp{2y1(t)} − exp{2y2(t)} = 2 exp{2ξ3(t)}(y1(t)− y2(t)), ξ3 ∈ (y1, y2). (4.18)

Then, by use of equation (4.16), (4.17) and (4.18), equation (4.15) can be written as

w∆
1 (t) = − r(t)

k(t)
exp(ξ1(t))w1(t)− (λ(t) exp(ξ2(t)) + 2α(t) exp(2ξ3(t)))w2(t)− e1(t)z1(t).

Now, computing the delta derivative of z1(t), we get

z∆
1 (t) = u∆

1 (t)− v∆
1 (t),

= −α1(t)z1(t) + β1(t) exp(ξ1(t))w1(t).

Now, computing the delta derivative of w2(t), we get

w∆
2 (t) = y∆

1 (t)− y∆
2 (t)

= b(t)

(
1− exp(y1)

n(t) exp(x1(t))

)
− e2(t)u2(t)− b(t)

(
1− exp(y2(t))

n(t) exp(x2(t))

)
+ e2(t)v2(t)

= − b(t)
n(t)

{
exp(y1(t))

exp(x1(t))
− exp(y2(t))

exp(x2(t))

}
− e2(t){u2(t)− v2(t)}

= − b(t)
n(t)

{
exp(x2(t)) exp(y1(t))− exp(x2(t)) exp(y2(t))

exp(x1(t)) exp(x2(t))

+
exp(x2(t)) exp(y2(t))− exp(x1(t)) exp(y2(t))

exp(x1(t)) exp(x2(t))

}
− e2(t)z2(t)

= − b(t)
n(t)

{
exp(x2(t))(exp(y1(t))− exp(y2(t)))

exp(x1(t)) exp(x2(t))

− exp(y2(t))(exp(x1(t))− exp(x2(t)))

exp(x1(t)) exp(x2(t))

}
− e2(t)z2(t)

=
−b(t)
n(t)

[
exp(x2(t)) exp(ξ2(t))w2(t)− exp(y2(t)) exp(ξ1(t))w1(t)

exp(x1(t)) exp(x2(t))

]
− e2(t)z2(t).
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Now, computing the delta derivative of z2(t), we get

z∆
2 (t) = u∆

2 (t)− v∆
2 (t)

= −α2(t)z2(t) + β2(t) exp(ξ2(t))w2(t).

Thus, from the above equations, we obtain

w∆
1 (t) = − r(t)

k(t)
exp(ξ1(t))w1(t)− (λ(t) exp(ξ2(t)) + 2α(t) exp(2ξ3(t)))w2(t)− e1(t)z1(t)

z∆
1 (t) = −α1(t)z1(t) + β1(t) exp(ξ1(t))w1(t)

w∆
2 (t) =

−b(t)
n(t)

[
exp(x2(t)) exp(ξ2(t))w2(t)− exp(y2(t)) exp(ξ1(t))w1(t)

exp(x1(t)) exp(x2(t))

]
− e2(t)z2(t)

z∆
2 (t) = −α2(t)z2(t) + β2(t) exp(ξ2(t))w2(t).

Hence,

V 1(t)

= (2w1(t) + µ(t)w∆
1 (t))w∆

1 (t)

=

{
2w1(t) + µ(t)

(
− r(t)

k(t)
exp(ξ1(t))w1(t)− (λ(t) exp(ξ2(t)) + 2α(t) exp(2ξ3(t)))w2(t)

− e1(t)z1(t)

)}
×
(
− r(t)
k(t)

exp(ξ1(t))w1(t)− (λ(t) exp(ξ2(t)) + 2α(t) exp(2ξ3(t)))w2(t)− e1(t)z1(t)

)
= −2

r(t)

k(t)
exp(ξ1(t))w2

1(t)− 2λ(t) exp(ξ2(t))w1(t)w2(t)− 4α(t) exp(2ξ3(t))w1(t)w2(t)

− 2e1(t)w1(t)z1(t) + µ(t)

{( r(t)
k(t)

exp(ξ1(t))
)2
w2

1(t) +
(
λ(t) exp(ξ2(t))

+ 2α(t) exp(2ξ3(t))
)2
w2

2(t) + e2
1(t)z2

1(t) + 2
r(t)

k(t)
λ(t) exp(ξ1(t)) exp(ξ2(t))w1(t)w2(t)

+ 4
r(t)

k(t)
α(t) exp(ξ1(t)) exp(2ξ3(t))w1(t)w2(t) + 2

r(t)

k(t)
e1(t) exp(ξ1(t))w1(t)z1(t)

+ 2α(t)e1(t) exp(2ξ3(t)z1(t)w2(t)) + 2λ(t)e1(t) exp(ξ2(t))z1(t)w2(t)

}
.

Now, using the inequality a2 + b2 ≥ 2ab. Thus, above equation can be written as

V1(t) ≤
{
− 2

r−

k+
exp(m1)− λ− exp(m2)− 2α− exp(2m2)− e−1 + µ+

( r+

k−
exp(M1)

)2
+ µ+ r+

k−
λ+ exp(M1 +M2) + 2µ+ r+

k−
α+ exp(M1 + 2M2) + µ+ r

+

k−
e+

1 exp(M1)

}
× w2

1(t)

+

{
−λ− exp(m2)− 2α− exp(2m2) + µ+(λ+ exp(M2) + 2α+ exp(2M2))2

+ µ+ r+

k−
λ+ exp(M1 +M2) + 2µ+ r

+

k−
α+ exp(M1 + 2M2) + µ+α+e+

1 exp(2M2)

+ µ+λ+e+
1 exp(M2)

}
× w2

2(t)
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+

{
− e−1 + µ+(e+

1 )2 + µ+ r
+

k−
e+

1 exp(M1) + µ+α+e+
1 exp(2M2) + µ+λ+e+

1 exp(M2)

}
× z2

1(t)

≤ −P1w
2
1 − P2z

2
1 − P3w

2
2.

Also,

V2(t) = (2z1(t) + µ(t)z∆
1 (t))z∆

1 (t)

=

(
2z1(t) + µ(t)[−α1(t)z1(t) + β1(t) exp(ξ1(t))w1(t)]

)
×
(
− α1(t)z1(t) + β1(t) exp(ξ1(t))w1(t)

)
≤ [β+

1 exp(M1) + µ+(β+
1 )2 exp(2M1)− µ−α−1 β

−
1 exp(m1)]× w2

1(t)

+ [−2α−1 + β+
1 exp(M1) + µ+(α+

1 )2 − µ−α−1 β
−
1 exp(m1)]× z2

1(t)

≤ −Q1w
2
1 −Q2z

2
1 .

Now,

V 3(t)

= (2w2(t) + µ(t)w∆
2 (t))w∆

2 (t)

=

{(
2w2(t) + µ(t)

[
−b(t)exp(x2(t)) exp(ξ2(t))w2(t)

n(t) exp(x1(t)) exp(x2(t))
+
b(t) exp(y2(t)) exp(ξ1(t))w1(t)

n(t) exp(x1(t)) exp(x2(t))

− e2(t)z2(t)

])
×
(
−b(t)exp(x2(t)) exp(ξ2(t))w2(t)

n(t) exp(x1(t)) exp(x2(t))
+
b(t) exp(y2(t)) exp(ξ1(t))w1(t)

n(t)x exp(x1(t)) exp(x2(t))
− e2(t)z2(t)

)}
≤
{
b+ exp(M1 +M2)

n− exp(2m1)
+
µ+(b+)2 exp(2M1) exp(2M2)

(n−)2 exp(4m1)
− µ−(b−)2 exp(2m1 + 2m2)

(n+)2 exp(4M1)

− µ−b−e−2 exp(m1 +m2)

n+ exp(2M1)

}
× w2

1(t)

+

{
− 2b− exp(m1 +m2)

n+ exp(2M1)
+
b+ exp(M1 +M2)

n− exp(2m1)
− e−2 +

µ+(b+)2 exp(2M1 + 2M2)

(n−)2 exp(4m1)

− µ− (b−)2 exp(2m1 + 2m2)

(n+)2 exp(4M1)
+
µ+b+e+

2 exp(M1 +M2)

n− exp(2m1)

}
× w2

2(t)

+

{
− e−2 + µ+(e+

2 )2 − µ−b−e−2 exp(m1 +m2)

n+ exp(2M1)
+
µ+b+e+

2 exp(M1 +M2)

n− exp(2m1)

}
× z2

2(t)

≤ −P ′1w2
1 − P

′
3w

2
2 − P

′
4z

2
2 .

Also,

V4(t) = (2z2(t) + µ(t)z∆
2 (t))z∆

2 (t)

=

(
2z2(t) + µ(t)[−α2(t)z2(t) + β2(t) exp(ξ2(t))w2(t)]

)
×
(
− α2(t)z2(t) + β2(t) exp(ξ2(t))w2(t)

)
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≤ {−2α−2 + β+
2 exp(M2) + µ+(α+

2 )2 − µ−α−2 β
−
2 exp(m2)} × z2

2(t)

+ {β+
2 exp(M2) + µ+(β+

2 )2 exp(2M2)− µ−α−2 β
−
2 exp(m2)} × w2

2(t)

≤ −Q′3w2
2 −Q

′
4z

2
2 .

Combining the above results, we get

D+V (t,X, Y ) ≤ −(P1 + P
′
1 +Q1)w2

1 − (P2 +Q2)z2
1

−(P3 + P
′
3 +Q

′
3)w2

2 − (P
′
4 +Q

′
4)z2

2

≤ −κV (t,X, Y ),

where κ = min{P,Q,R, S}. Applying the differential inequality theorem and the variation of constant
formula of solution of first order linear differential equation, we have

V (t,X, Y ) ≤ V (t0, X, Y ) exp{−k(t− t0)}.

It is obvious that V (t,X, Y )→ 0 as t→∞, that is

(x1 − x2)2 → 0, (y1 − y2)2 → 0 and

2∑
i=1

(ui − vi)2 → 0 as t→∞.

Also, we can say that

lim
t→∞
|x1 − x2| = 0, lim

t→∞
|y1 − y2| = 0, and lim

t→∞
|ui − vi| = 0, i = 1, 2.

Therefore, by Definition 4.1, system (1.5)− (1.8) is globally attractive.

5 Examples and Discussion

In this section, we shall give numerical examples with a simulation which shows the feasibility of ob-
tained analytical results. Also, we will give the importance of feedback control and hunting cooperation.

Example 5.1 In this example, we are considering the time domain T = R i.e., µ = 0 and consider the
following coefficients

r(t) = 50 + 0.5 cos(t), k(t) = 2 + 0.3 cos(t), λ(t) = 0.001, α(t) = 0.001,

α1(t) = 25.1 + 0.01 sin(t), β1(t) = 0.1 + 0.01 sin(t), b(t) = 0.2 + 0.01 sin(t),

n(t) = 1.0 + 0.01 cos(t), e1(t) = 0.001, e2(t) = 0.3, β2(t) = 0.01 + 0.001 sin(t),

α2(t) = 29.5 + sin(t).

We can easily see that

r+ = 50.50, r− = 49.50, k+ = 2.30, k− = 1.700, λ+ = 0.001, λ− = 0.001, α+ = 0.001,

α− = 0.001, α+
1 = 25.11, α−1 = 25.090, α+

2 = 30.50, α−2 = 28.50, β+
1 = 0.11, β−1 = 0.090,

n+ = 1.01, n− = 0.990, β+
2 = 0.011, β−2 = 0.009, e+

1 = 0.001, e−1 = 0.001,

e+
2 = 0.30, e−2 = 0.30, b+ = 0.21, b− = 0.190.
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(a) Prey (b) Predator

Figure 1: Permanence and global attractivity of prey and predator system (5.19) with T = R.

Thus, the system (1.5)− (1.8) becomes

x∆(t) = 50 + 0.5 cos(t)

(
1− exp(x(t))

(2 + 0.3 cos(t))

)
− (0.001 + 0.001 exp(y(t))) exp(y(t))− 0.001u1(t)

u∆
1 (t) = −(25.1 + 0.01 sin(t))u1(t) + (0.1 + 0.01 sin(t)) exp(x(t)) (5.19)

y∆(t) = (0.2 + 0.01 sin(t))

(
1− exp(y(t))

(1.0 + 0.01 cos(t)) exp(x(t))

)
− 0.3u2(t)

u∆
2 (t) = −(29.5 + sin(t))u2(t) + (0.01 + 0.001 sin(t)) exp(y(t)).

After doing some simple calculation, we get
m1 = 0.4954, m2 = 0.0124, m3 = 0.3718, m4 = 0.00042, M1 = 1.3465, M2 = 0.0169,
M3 = 3.2909,M4 = 0.0085, P = 69.9124, Q = 49.7582, R = 0.3263 and S = 57.1988.
Therefore, κ = min{P,Q,R, S} = 0.3263 > 0. Hence, all the assumptions of Theorem 3.2 and Theorem
4.2 are satisfied. Thus, considered system is globally attractive. Also,

lim
t→∞

inf x(t) ≥ 0.4954, lim
t→∞

supx(t) ≤ 1.3465,

lim
t→∞

inf u1(t) ≥ 0.0124, lim
t→∞

supu1(t) ≤ 0.0169,

lim
t→∞

inf y(t) ≥ 0.3718, lim
t→∞

sup y(t) ≤ 3.2909,

lim
t→∞

inf u2(t) ≥ 0.00042, lim
t→∞

supu2(t) ≤ 0.0085.

Therefore, our system is permanent.

Observations: In this example, we have considered the time domain T = R and plot the solu-
tion curves for the predator and prey system (5.19). In Figure 1 (a), we have plot the solution
curves of prey species and in Figure 1 (b), we plot the predator population with initial condition
{(0.8, 0.2, 0.64, 0.6), (0.5, 0.2, 0.7, 0.6), (0.9, 0.2, 0.66, 0.6)}. From these figures, we can see that all the
solution curves of prey and predator species approach the same curve after some time, which means
our solution is globally attractive. Also, the solution curve is bounded which means the system (5.19)
is permanent.
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(a) Prey (b) Predator

Figure 2: Permanence and global attractivity of prey and predator system (5.20) with T = Z.

Example 5.2 In this example, we are considering the time domain T = Z i.e., µ = 1 and consider the
following coefficients

r(t) = 1.1 + 0.001 cos(πt), k(t) = 1.2 + 0.001 sin(πt), λ(t) = 0.001 + 0.0001 cos(πt),

α1(t) = 0.9 + 0.01 sin(πt), β1(t) = 0.01 + 0.001 sin(πt), b(t) = 1.0 + 0.01 sin(πt),

n(t) = 1.7 + 0.001 cos(πt), e1(t) = 2.7 + 0.001 cos(πt), e2(t) = 1.9 + 0.05 cos(πt),

α2(t) = 1.1 + 0.1 sin(πt), β2(t) = 0.09 + 0.001 cos(πt), α(t) = 0.001 + 0.0001 cos(πt).

We can easily see that

r+ = 1.1010, r− = 1.0990, k+ = 1.2000, k− = 1.2000, λ+ = 0.0011, λ− = 0.0009, α+ = 0.0011,

α− = 0.0009, α+
1 = 0.9000, α−1 = 0.9000, α+

2 = 1.1000, α−2 = 1.1000, β+
1 = 0.0100, β−1 = 0.0100,

n+ = 1.7010, n− = 1.6990, β+
2 = 0.0910, β−2 = 0.0890, e+

1 = 2.7010, e−1 = 2.6990,

e+
2 = 1.9500, e−2 = 1.8500, b+ = 1.0000, b− = 1.0000.

Thus, the system (1.5)− (1.8) becomes

x∆(t) = 1.1 + 0.001 cos(πt)

(
1− exp(x(t))

(1.2 + 0.001 sin(πt))

)
− (2.7 + 0.001 cos(πt))u1(t)

− ((0.001 + 0.0001 cos(πt)) + (0.001 + 0.0001 cos(πt)) exp(y(t))) exp(y(t))

u∆
1 (t) = −(0.9 + 0.01 sin(πt))u1(t) + (0.01 + 0.001 sin(πt)) exp(x(t)) (5.20)

y∆(t) = (1.0 + 0.01 sin(πt))

(
1− exp(y(t))

(1.7 + 0.001 cos(πt)) exp(x(t))

)
− (1.9 + 0.05 cos(πt))u2(t)

u∆
2 (t) = −(1.1 + 0.1 sin(πt))u2(t) + (0.09 + 0.001 cos(πt)) exp(y(t)).

After doing some simple calculation, we get
m1 = 0.1344, m2 = 0.0127, m3 = 0.0378, m4 = 0.0840, M1 = 0.2022, M2 = 0.0136,
M3 = 1.0821,M4 = 0.2388, P = 0.0158, Q = 0.6445, R = 4.6424 and S = 0.3796.
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(a) Time scale T = R. (b) Time scale T = Z.

Figure 3: Phase diagram of system 5.19 and 5.20 with Time domain T = R and T = Z.

Therefore, κ = min{P,Q,R, S} = 0.0158 > 0. Hence, all the assumptions of Theorem 3.2 and Theorem
4.2 are satisfied. Thus, our system is globally attractive. Also,

lim
t→∞

inf x(t) ≥ 0.1344, lim
t→∞

supx(t) ≤ 0.2022,

lim
t→∞

inf u1(t) ≥ 0.0127, lim
t→∞

supu1(t) ≤ 0.0136,

lim
t→∞

inf y(t) ≥ 0.0378, lim
t→∞

sup y(t) ≤ 1.0821,

lim
t→∞

inf u2(t) ≥ 0.0840, lim
t→∞

supu2(t) ≤ 0.2388.

Therefore, our system is permanent.

Observations: In this example, we have considered the time domain T = Z and plot the solu-
tion curves for the predator and prey system (5.20). In Figure 2 (a), we have plot the solution
curves of prey species and in Figure 2 (b), we plot the predator population with initial condition
{(0.15, 0.05, 0.3, 0.10), (0.25, 0.02, 0.4, 0.12), (0.06, 0.005, 0.5, 0.15)}. From these figures, we can see that,
all the solution curves of prey and predator species approaches to the same curve after some time, that
means our solution is globally attractive. Also, solution cures is bounded that means system (5.20) is
permanent. Moreover, in Figure 3, the phase diagrams of prey-predator systems (5.19) and (5.20) are
given with time domains T = R and T = Z.

Example 5.3 In this example, we are considering the time domain T = [0, 19]∪{20, 20.25, 20.50, 20.75,
· · · , 40} i.e., µ = 0, 0.25 and consider the following coefficients

r(t) = 2.2 + 0.001 cos(πt), k(t) = 1.2 + 0.001 sin(πt), λ(t) = 0.01 + 0.001 cos(πt),

α1(t) = 1.5 + 0.01 sin(πt), β1(t) = 0.05 + 0.001 sin(πt), b(t) = 2.0 + 0.01 sin(πt)

n(t) = 1.7 + 0.001 cos(πt), e1(t) = 1.0 + 0.001 cos(πt), e2(t) = 0.2 + 0.01 cos(πt),

α2(t) = 0.2 + 0.1 sin(πt), α(t) = 0.01 + 0.001 cos(πt), β2(t) = 0.09 + 0.001 cos(πt).
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We can easily see that

r+ = 2.2010, r− = 2.1990, k+ = 1.2010, k− = 1.1990, λ+ = 0.0110, λ− = 0.0090, α+ = 0.0110,

α− = 0.0090, α+
1 = 1.5100, α−1 = 1.4900, α+

2 = 0.3000, α−2 = 0.1000, β+
1 = 0.0510, β−1 = 0.0490,

n+ = 1.7010, n− = 1.6990, β+
2 = 0.0910, β−2 = 0.0890, e+

1 = 1.0010, e−1 = 0.9990,

e+
2 = 0.2100, e−2 = 0.1900, b+ = 2.0100, b− = 1.9900.

Thus, the system (1.5)− (1.8) becomes

x∆(t) = 2.2 + 0.001 cos(πt)

(
1− exp(x(t))

(1.2 + 0.001 sin(πt))

)
− (1.0 + 0.001 cos(πt))u1(t)

− ((0.01 + 0.001 cos(πt)) + (0.01 + 0.001 cos(πt)) exp(y(t))) exp(y(t))

u∆
1 (t) = −(1.5 + 0.01 sin(πt))u1(t) + (0.05 + 0.001 sin(πt)) exp(x(t)) (5.21)

y∆(t) = (2.0 + 0.01 sin(πt))

(
1− exp(y(t))

(1.7 + 0.001 cos(πt)) exp(x(t))

)
− (0.2 + 0.01 cos(πt))u2(t)

u∆
2 (t) = −(0.2 + 0.1 sin(πt))u2(t) + (0.09 + 0.001 cos(πt)) exp(y(t)).

After doing some simple calculation, we get

Case 1: If t ∈ [0, 19], µ = 0, in this case
m1 = 0.0977, m2 = 0.0358, m3 = 0.2851, m4 = 0.3945, M1 = 0.2021, M2 = 0.0419,
M3 = 1.1029,M4 = 2.6814, P = 2.7620, Q = 3.9166, R = 0.8567 and S = 0.2510.
Therefore, κ = min{P,Q,R, S} = 0.2510 > 0. Hence, all the assumptions of Theorem 3.2 and Theorem
4.2 are satisfied. Thus, our system is globally attractive. Also,

lim
t→∞

inf x(t) ≥ 0.0977, lim
t→∞

supx(t) ≤ 0.2021,

lim
t→∞

inf u1(t) ≥ 0.0358, lim
t→∞

supu1 ≤ 0.0419,

lim
t→∞

inf y(t) ≥ 0.2851, lim
t→∞

sup y(t) ≤ 1.1029,

lim
t→∞

inf u2(t) ≥ 0.3945, lim
t→∞

supu2(t) ≤ 2.6814.

Thus, our system is permanent for t ∈ [0, 19].
Case 2: If t ∈ {20, 20.25, 20.50, · · · , 40}, µ = 0.25, in this case
m1 = 0.0977, m2 = 0.0358, m3 = 0.2851, m4 = 0.3945, M1 = 0.2021, M2 = 0.0419,
M3 = 1.1029,M4 = 2.6814, P = 0.0228, Q = 2.7956, R = 0.6163 and S = 0.2981.
Therefore, κ = min{P,Q,R, S} = 0.0228 > 0. Hence, all the assumptions of Theorem 3.2 and Theorem
4.2 are satisfied. Thus, our system is globally attractive. Also,

lim
t→∞

inf x(t) ≥ 0.0977, lim
t→∞

supx(t) ≤ 0.2021,

lim
t→∞

inf u1(t) ≥ 0.0358, lim
t→∞

supu1 ≤ 0.0419,

lim
t→∞

inf y(t) ≥ 0.2851, lim
t→∞

sup y(t) ≤ 1.1029,

lim
t→∞

inf u2(t) ≥ 0.3945, lim
t→∞

supu2(t) ≤ 2.6814.

Thus, our system is permanent for t ∈ {20, 20.25, 20.50, · · · , 40}. Now, by the above two cases, we
conclude that our system is permanent and global attractive for t ∈ [0, 19] ∪ {20, 20.25, 20.50, · · · , 40}.
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(a) Prey (b) Predator

Figure 4: Solution curve for the prey-predator system (5.21) with T = [0, 19] ∪
{20, 20.25, 20, 50, 20.75, 21, · · · , 40} and initial condition (0.15, 0.04, 0.6, 0.6).

Observations: In this example, we have considered the hybrid system means time domain is the com-
bination of both continuous interval as well as discrete sets i.e., T = [0, 19] ∪ {20, 20.25, 20.50, · · · , 40}
and plot the solution curve for the predator and prey system (5.21). In Figure 4 (a), we have
plot the solution curve of prey species and in Figure 4 (b), we plot the predator population with
initial condition {(0.15, 0.04, 0.6, 0.6)}. Also, in Figure 5 (a), 5 (b) and 5 (c), we have given the
phase portrait of prey-predator system with time. Figure 5 (a), shows the global attractivity of
prey-predator species with respect to time and consider the time domain T = R with initial con-
ditions {(0.8, 0.2, 0.64, 0.6), (0.5, 0.2, 0.7, 0.6), (0.9, 0.2, 0.66, 0.6)}. Similarly, in Figure 5 (b), shows
the global attractivity of prey-predator species with respect to time and consider the time domain
T = Z with initial conditions {(0.15, 0.05, 0.3, 0.10), (0.25, 0.02, 0.4, 0.12), (0.06, 0.005, 0.5, 0.15)}, More-
over, Figure 5 (c), represents the phase diagram of prey-predator system with time and time domain
T = [0, 19] ∪ {20, 20.25, 20, 50, 20.75, 21, · · · , 40}.

Remark 5.1 In Figure 6 and 7, we have shown the importance of feedback control. For this, we have
considered the different values of control parameters. In Figure 6 (a), we have varied the value of control
parameter α1 = 0.5, 0.6, 0.7, 0.8 and rest of the parameters are fixed, considered similar as example
3. Also, from Figure 6 (b), we have varied the value of control parameter β1 = 0.05, 0.06, 0.07, 0.08
and rest of the parameters are also fixed, considered similar as example 3. Similarly, from figure
7 (a) and 7 (b), we have varied the values of control parameters α2 = 0.3, 0.4, 0.5, 0.6 and β2 =
0.09, 0.1, 0.2, 0.3 respectively. From these figures, we can see that with new values of control parameters,
the corresponding solution trajectory will also change. So, feedback control has a very important
implication from the biological point of view to control the population of prey-predator species by
changing the values of control parameters.

Remark 5.2 In Figure 8 and 9, we have shown the importance of hunting cooperation by the predator
species with non-uniform time domains T = R and T = Z. In our considered model (1.5) − (1.8),
we have λ and α as hunting cooperation parameters. So, we have plotted the graph with distinct
values of λ and α. In Figure 8 (a) and 8 (b), we have considered the hunting cooperation parameters
λ, α = 0, 0.1, 0.2 and rest of the parameters are same as example 1. In these figures, we observe that,
by changes the values of these parameters the population densities of species will also change. Also,
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(a) T = R. (b) T = Z.

(c) T = [0, 19] ∪ {20, 20.25, · · · , 40}.

Figure 5: Phase diagram of prey predator species with different-different time domains.

(a) (b)

Figure 6: Influences of different α1 and β1 on prey species x(t).
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(a) (b)

Figure 7: Influences of different α2 and β2 on predator species y(t).

(a) (b)

Figure 8: Impact of cooperative hunting with T = R.

(a) (b)

Figure 9: Impact of cooperative hunting with T = Z.
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in Figure 9 (a) and 9 (b), we have plot the prey and predator population with λ, α = 0, 0.01, 0.02 and
rest of the parameters are same as example 2 when T = Z. From the biological point of view, hunting
cooperation will help the species to increase their chances of getting and eating the food or many more.
The hunting cooperation strategy is also used to control the population densities of species.

Example 5.4 In this example, we are considering the time domain T = qn, where q = 1.2, n =
{1, 2, 3, 4, 5, 6, 7, 8, 9} i.e., T = {1.2, 1.44, 1.728, 2.0736, 2.488, 2.986, 3.583, 4.290, 5.150}. Also, µ = (q −
1)t, t ∈ T and consider the following coefficients

r(t) = 2.7 + 0.001 cos(4πt), k(t) = 1.57 + 0.001 sin(4πt), λ(t) = 0.002 + 0.001 cos(4πt),

α1(t) = 0.5 + 0.01 sin(4πt), β1(t) = 0.002 + 0.001 sin(4πt), b(t) = 0.7 + 0.01 cos(4πt),

n(t) = 1.1 + 0.001 cos(4πt), e1(t) = 0.005 + 0.001 cos(4πt), β2(t) = 0.001 + 0.001 cos(4πt),

α2(t) = 0.14 + 0.001 sin(4πt), α(t) = 0.02 + 0.001 cos(4πt), e2(t) = 0.19.

We can easily see that

r+ = 2.7010, r− = 2.6990, k+ = 1.5710, k− = 1.5693, λ+ = 0.0030, λ− = 0.0010, α+ = 0.0210,

α− = 0.0190, α+
1 = 0.5095, α−1 = 0.4932, α+

2 = 0.1410, α−2 = 0.1393, β+
1 = 0.0030, β−1 = 0.0013,

n+ = 1.1010, n− = 1.0990, β+
2 = 0.0020, β−2 = 0.000038, e+

1 = 0.0060, e−1 = 0.0040,

e+
2 = 0.1900, e−2 = 0.1900, b+ = 0.7099, b− = 0.6904.

Thus, the system (1.5)− (1.8) becomes

x∆(t) = (2.7 + 0.001 cos(4πt))

(
1− exp(x(t))

(1.57 + 0.001 sin(4πt))

)
− ((0.002 + 0.001 cos(4πt)) + (0.02 + 0.001 cos(4πt)) exp(y(t))) exp(y(t))

− (0.005 + 0.001 cos(4πt))u1(t)

u∆
1 (t) = −(0.5 + 0.01 sin(4πt))u1(t) + (0.002 + 0.001 sin(4πt)) exp(x(t))

y∆(t) = (0.7 + 0.01 cos(4πt))

(
1− exp(y(t))

(1.1 + 0.001 cos(4πt)) exp(x(t))

)
− 0.19u2(t)

u∆
2 (t) = −(0.14 + 0.001 sin(4πt))u2(t) + (0.001 + 0.001 cos(4πt)) exp(y(t)).

After doing some simple calculations, we get
m1 = 0.3868, m2 = 0.0038, m3 = 0.4531, m4 = 0.0004, M1 = 0.5721, M2 = 0.0106
M3 = 1.0060,M4 = 0.0007, P = 1.9939, Q = 0.7464, R = 0.0233 and S = 0.3435.
Therefore, κ = min{P,Q,R, S} = 0.0233 > 0. Hence, all the assumptions of Theorem 3.2 and Theorem
4.2 are satisfied. Thus, considered system is globally attractive. Also,

lim
t→∞

inf x(t) ≥ 0.3868, lim
t→∞

supx(t) ≤ 0.5721,

lim
t→∞

inf u1(t) ≥ 0.0038, lim
t→∞

supu1(t) ≤ 0.0106,

lim
t→∞

inf y(t) ≥ 0.4531, lim
t→∞

sup y(t) ≤ 1.0060,

lim
t→∞

inf u2(t) ≥ 0.0004, lim
t→∞

supu2(t) ≤ 0.0007.

Therefore, our system is permanent.

Remark 5.3 In Figure 10, 11 and 12, we have plotted the prey and predator densities in different-
different time domain with same parameters values. In Figure 10, we choose T = {1.2, 1.44, 1.728, 2.0736,
2.488, 2.986, 3.583, 4.290, 5.150}, in Figure 11, we choose T = Z and in Figure 12, we choose T = R.
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(a) Prey (b) Predator

Figure 10: T = {1.2, 1.44, 1.728, 2.0736, 2.488, 2.986, 3.583, 4.290, 5.150} with initial conditions x(0) =
0.442, y(0) = 0.093, u1(0) = 0.02, u2(0) = 0.01.

(a) Prey (b) Predator

Figure 11: T = Z with initial conditions x(0) = 0.442, y(0) = 0.093, u1(0) = 0.02, u2(0) = 0.01.

(a) Prey (b) Predator

Figure 12: T = R with initial conditions x(0) = 0.442, y(0) = 0.093, u1(0) = 0.02, u2(0) = 0.01.
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6 Conclusion

In this work, we have proposed the hybrid Leslie-Gower predator-prey system with feedback control
on the non-uniform time domain. The main aim of this work is to establish sufficient conditions that
ensure the global attractivity and permanence of the proposed system (1.5)− (1.8). Also, our proposed
model commutes between discrete-time and continuous-time dynamical systems.

Firstly, in Section 3, 4, we have discussed the permanence of the considered system (1.5) − (1.8)
which ensures the long term survival of species. In Theorem 3.2 and 4.2, we have established suffi-
cient conditions for permanence and global attractivity of the considered model by using comparison
theorems, time scale analysis and Lyapunov function.

In Section 5, to show the feasibility of the obtained theoretical results related to global attractivity,
permanence and effects of feedback control, we have given some numerical examples with computer
simulation with different-different time domains, e.g. T = R, Z and non-uniform time domain T =
[0, 19]∪{20, 20.25, 20.50, 20.75, · · · , 40}. From these simulated examples, we have seen that our solution
is global attractive and permanent (see Figure 1,2). From Figure 4, we can observe that our results
are also true for non-uniform time domain T = [0, 19] ∪ {20, 20.25, 20.50, 20.75, · · · , 40}.

From Figure 6 (a) and 6 (b), we have observed that from distinct values of control parameters α1,
β1 the behaviour of prey species also changes and this leads to the new trajectory of prey population
corresponding to new values of control parameters. Also, from Figure 7 (a) and 7 (b), we have ob-
served that the predator population is also affected by changing the corresponding control parameters
α2 and β2. This means that by changing the values of control parameters, we can control the prey and
predator population. Also, from Figure 8 and 9, we can see how cooperative hunting affects the prey
and predator population with non-uniform time domains.
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