WEIGHTED COMPOSITION-DIFFERENTIATION OPERATOR
OF ORDER n ON THE HARDY AND WEIGHTED BERGMAN
SPACES

MAHSA FATEHI

ABSTRACT. In this paper, we consider the weighted composition—differentiation
operator Dy, . »n on the Hardy and weighted Bergman spaces. We describe
the spectrum and the spectral radius of an operator Dy, o, .n- Also the lower
estimate and the upper estimate on the norm of the weighted composition—
differentiation operator on the Hardy space H? are obtained. Furthermore,
we determine the norm of some composition—differentiation operators Dy n
on the Hardy space H2.

1. PRELIMINARIES

Let D be the open unit disk in the complex plane. The Hardy space H? is the
set of all analytic functions f on D such that
1/2

27
191 (s, 5 [ Vre)an) <o

<r<1 2m 0

For —1 < a < oo, the weighted Bergman space A2 is the space of all analytic
functions f on D so that

11l = (/D (&) (@ + 1)(1 - IZQ)”‘dz‘l(Z)>l/2 < oo,

where dA is the normalized area measure on D. The case when o = 0, usually
denoted A2, is called the (unweighted) Bergman space. Throughout this paper, we
will write H,, to denote the Hardy space H? for a = —1 or the weighted Bergman
space A2 for a > —1.

The weighted Bergman spaces and the Hardy space are reproducing kernel Hilbert
spaces. For every w € D and each non-negative integer n, let Kl,j‘]a denote the
unique function in H,, that (f, Kq[ﬁla) = "™ (w) for each f € Hq, where f(™) is the
nth derivative of f (note that f(®) = f); for convenience, we use the notation Ky
when n = 0. The function KL[ZL]Q is called the reproducing kernel function. The re-
producing kernel functions for evaluation at w are given by K, o(2) = 1/(1—wz)**?
and
(a+2)..(a+n+1)2"

(1 —wz)ntat?

KL (2) =
for z,w e D and n > 1.
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2 M. FATEHI

For an operator T on H,,, we write ||T||, to denote the norm of T acting on H,,.
Through this paper, the spectrum of T', the point spectrum of 7', and the spectral
radius of T' are denoted by oo (T'), 0p,o(T), and 74 (T), respectively.

We write H* to denote the space of all bounded analytic functions on I, with
[flloc = sup{|f(2)[ : z € D}.

We say that an operator T" on a Hilbert space H is hyponormal if T*T —TT* > 0,
or equivalently if ||T*f|| < |Tf]| for all f € H. Moreover, the operator T is said
to be cohyponormal if T* is hyponormal. Let P denote the projection of L?(9D)
onto H2. For each b € L?(0D), we define the Toeplitz operator T, on H? by
Ty(f) = P(bf). For ¢ an analytic self-map of I, let C,, be the composition operator
such that C,(f) = fo ¢ for any f € Ho. The composition operator C, acts
boundedly for every ¢, with

1 (a+2)/2 1+ [(0)] (a+2)/2
(1) <1— |¢<o>|2> < %l < (1— |<ﬂ(0)|) '

(See [2, Corollary 3.7] and [10, Lemma 2.3].) Let ¢ be an analytic function on D
and ¢ be an analytic self-map of . The weighted composition operator Cy . is
defined by Cy o(f) =¢ - (f o) for f € Ha.

Although for each positive integer n, the differentiation operator D, (f) = )
is unbounded on H, (note that lim,, ,o [|[Dn(2™)]|/]|z™|| = o0), there are some
analytic maps ¢ : D — D such that the operator C,D,, is bounded. The bounded
and compact operators C,D,, on H, were determined in [6], [8], [9] and [11]. Re-
cently the author and Hammond [3] obtained the adjoint, norm, and spectrum of
some operators C,D; on the Hardy space. For an analytic self-map ¢ of I and
a positive integer n, the composition—differentiation operator on H, is defined by
the rule Dy, ,(f) = f™ o ¢; for convenience, we use the notation D, when n = 1.
The operator D, is guaranteed to be bounded (and in fact compact) on H, if
|l < 1 and is guaranteed to be unbounded if ¢ has finite angular derivative at
any point in 9D (see [9] and [11]). For an analytic function ¢ on D, the weighted
composition—differentiation operator Dy o, n on H, is defined

Dy o f(2) = ¥(2) [ (0(2)).

Some properties of weighted composition—differentiation operators were considered
in [4] and [5].

In the last two years, the weighted composition—differentiation operator has re-
ceived a lot of attention from authors. In this paper, we determine the spectrum
of a compact operator Dy, ., » When the fixed point w of ¢, is inside the open
unit disk and the function 1, has a zero at w of order at least n (Theorem 2.4).
The spectral radius of a class of compact weighted composition—differentiation op-
erators is obtained (Theorem 2.5). Then for the compact operator D, we find
the spectrum of this operator whenever ¢'(w) = 0 that w € D is a fixed point
of ¢ (Corollaries 2.6 and 2.7). In addition, we find the lower estimate and the
upper estimate for ||Dy o n|—1 (Propositions 3.2 and 3.6). Moreover, the norm
of a composition—differentiation operator D, ,, acting on the Hardy space H 2 is
determined in the case where ¢(z) = bz for some complex number b that |b| < 1
(Theorem 3.5).
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WEIGHTED COMPOSITION-DIFFERENTIATION OPERATORS 3

2. SPECTRAL PROPERTIES

To find the spectrum of Dy, ., » We need to obtain an invariant subspace of
W onm- L0 do this, we consider the action of the adjoint of the operator Dy, ¢, n
on the reproducing kernel functions.

Lemma 2.1. Let m be a non-negative integer. Suppose that Dy, . n s a bounded
operator on Hy, and the fixed point w of p, is inside the open unit disk. Assume
that the function v, has a zero at w of order at least n.

(i) If m > n, then
D:ng,mn 1[Um] - Z Bz n

+(m)¢£”><w>(so;<w>>m "KL

(i) if m = n, then

Di o K =l (w) KL, ;

(i1i) if m <mn, then
D} KM =o,

VnsPn,m
where the functions B;’s consist of some products of the derivatives of 1, and ¢y,.

Proof. Let f be an arbitrary function in H,. Let m < n. Since 1, has a zero at w
of order at least n, we have

(1D o KEY = (- (F7 0 02)) ™ (w)
G

s
S

i=0
0.

* [m] _
It shows that Dy, . Kia =0.

Now assume that m > n. We obtain

D) = 3 (7)) (¢ 00 )
i=0

b (M o) Vw

i=m—n+1

(2.) = 3 (7)ur ) o) V)
i=0
If m > n, then by (2.1), we get
m—n—1
<f’ D'ébnv‘an” woc = Z Bl K[l+n (’I’TLTﬁ n)qp(n)( )(Qpn( ))m_an[;tL(L>7
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4 M. FATEHI

SO
D* [m] — Bi_ Kl my . (n) ’ men pelm
Yn,Pn,n Z lU,Dt + n ’(/}” (’LU) (QDn(’LU)) w,at
If m = n, then by (2.1), we see that
(D}, KLY = 607 (w) ) (w) = (f, 07 (w) KL,
Hence the result follows. O

In the next proposition, we identify all possible eigenvalues of Dy, .. n-

Proposition 2.2. Suppose that Dy, o, n s a bounded operator on H, and the
fized point w of @, is inside the open unit disk. If the function v, has a zero at w
of order at least n, then

OU{(})sr @) e,

contains the point spectrum of Dy, o, n

Proof. Let X be an arbitrary eigenvalue for Dy, .. » With corresponding eigenvector
f. Note that

(2.2) )‘f(z) = wn(z)f(n) (‘Pn(z))

for each z € D. If f(w) # 0, then A = 0. Let f have a zero at w of order [ > 1.
Differentiate (2.2) I times and evaluate it at the point z = w to obtain

l
(2.3) MOw) = Z(l->w§f_j)(w)(f(")own)“)(w)

i=o M
First assume that [ < n. Since 1, has a zero at w of order at least n, we have
A =0 by (2.3).
Now assume that [ > n. Then z/;r(ll_])(w) = 0 for each j > [ —n. Hence (2.3)
implies that

l—n

j=0
and so

MO = (! n) 04 () O ) (¢ () "

(Note that in case of ¢!, (w) =0 and I = n, we set (g@%(w))l_n = 1.) Therefore, in
this case, any eigenvalue must have the form

(1)t (en) ™

for a natural number [ with [ > n. O

Proposition 2.3. Suppose that the hypotheses of Proposition 2.2 hold. Then the

point spectrum of Dw o contains

OU{ ()i @)™ e, |
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WEIGHTED COMPOSITION-DIFFERENTIATION OPERATORS 5

Proof. Let [ be a positive integer with [ > n and K denote the span of {K,, q, Kg,]a, - Kg],a}.
Note that this spanning set is linearly independent and so is a basis. Let A; be

the matrix of the operator Dzm%m restricted to K; with respect to this basis. We

infer from Lemma 2.1 that

On,n * *
0 ¥ (w) *

Al - 0 0 * )
0 0 e (DY (w) (e (w)) "

where 0,, ,, is the zero matrix of dimension n x n. Then A4; is an upper triangular
matrix. Since the subspace K is finite dimensional, it is closed and so the space
H. can be decomposed as H, = K; P KL Then the block matrix of D:Z onin with
respect to the above decomposition must be of the form

A G

0 EIi
(note that K is invariant under Dy, . n by Lemma 2.1 and so the lower left
corner of the above matrix is 0). Since the spectrum of D is the union of

P, Pn,m
the spectrum of A; and the spectrum of Ej (see [2, p. 270]), we conclude that

( ) (n)< ) (it (w ))t—n :teNandn <t < l} is the subset of o, 4 (Dzbn,wn,n)'

Since [ is arbitrary, the result follows. [

In the following theorem, we characterize the spectrum of an operator Dy o »
under the conditions of Proposition 2.2. The spectrum of an operator Dy ., , Which
was obtained in [5, Theorem 3.1] is an example for Theorem 2.4.

Theorem 2.4. Suppose that the hypotheses of Proposition 2.2 hold. If Dy, .. n s
compact on H,, then

0a(Diprpin) = {O}U{< ) B0 (w) (¢! (w))l_n:leNzn}.

In particular, if ’(/JELn) (w) = 0, then the operator Dy, ., n is quasinilpotent; that is,
its spectrum is {0}.

In the next theorem, we obtain the spectral radius of a compact operator Dy o .

Theorem 2.5. Suppose that Dy, is a compact operator on Ho. Assume that
the fixed point w of  is inside the open unit disk and the function ¢ has a zero at
w of order n. Then

TQ(DM%n) = <L1|<P(1U)|J> |¢ )H@/(w)‘ LWJ 7n7

where | -] denotes the greatest integer function.

Proof. Theorem 2.4 implies that

oa (Do) = {(l>¢,<n>(w) (&) "l e Nzn}

n
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6 M. FATEHI

and so
l —n
Ta(Dy,pn) = sup { (n> ’1/;(") (w)HLp'(w)‘l e NZn}.

If ¢'(w) = 0, then 7, (Dw,%n) = ’1/1(") (w)’ Now suppose that ¢ (w) # 0. Let the
function h(z) = z(xz — 1)...(x — n + 1)|<p’(w)|x_n on [n,+00). Since |¢'(w)| < 1
(see the Grand Iteration Theorem), we conclude that lim, oo A(x) = 0. Then h is
a bounded function on [n,+o00) and so it obtains an absolute maximum point. If
W(t) = 0 for some t € [n,+00), then g(t) = —In|¢'(w)|, where g(z) = 2 + L5 +
et arfi'rlkl»l for each « € [n,4+00). We can easily see that ¢’ is strictly decreasing and
so the function h has at most one local extremum on [n, +00), which must be its
absolute maximum (note that if h'(¢) # 0 for all ¢, then h has an absolute maximum
of n! at n). Therefore, for obtaining 7, (Dw%n), we must find the greatest natural
number [ such that [ > n and

(1 =1)(l=n)|g W) " <Ll =n+1)|¢ (w)]

l—n

n

or equivalently [ < P e (note that if n! = n(n —1)..1- |¢'(w) > .. (1 —
1=’ (w)

’n—n

n+ 1)|g0’(w)|lin for each I > n, then we have n! > (n + 1)!|¢/(w)|. It shows that

n<- "( T <n+1 and so L%J =n). Thus the quantity (L) ’gp’(w)‘lin is
— |’ (w
maximized when [ = L J , so the conclusion follows. (I
1- [ (w)]

In the following two corollaries, we find the spectrum of the compact operator
D, whenever ¢'(w) = 0 that w € D is a fixed point of .

Corollary 2.6. Suppose that D, is compact on Ho. Assume that w € D is a fized
point of ¢ and ¢'(w) = ¢"(w) =0. Then D, is quasinilpotent.

Proof. Suppose that D, is compact on H,. Then Dyioy 0,20 = D,yD,, is compact.
Let w € D be a fixed point of ¢. If A is an eigenvalue for D, corresponding to the
eigenvector f, then A2 is an eigenvector for D rop,p,,2 corresponding to eigenvector
f. Since ¢’ (w) = ¢""(w) = 0, Theorem 2.4 dictates that Doy s, 2 is quasinilpotent.
Hence D,, is quasinilpotent. ([l

Corollary 2.7. Suppose that D, is compact on Hn. Assume that w € D is a fized
point of ¢, ¢'(w) =0, and ¢"(w) #0. Then

Ja(Dtp) = {07 Q)O/I(w)}

Proof. Suppose that ¢'(w) = 0 and ¢"(w) # 0. Then D 1[3]0, = ¢ (w) q[f]a by [4,
Lemma 1]. Hence ¢”(w) is an eigenvalue for D, and so D, is not quasinilpotent.
We can see that Dyrop 0,2 = DyD, is compact. Using Theorem 2.4 for Dyiop,,,2

shows that o, (DLP’OLp,wzﬂ) = {0, (90”(“)))2}7 S0
{0,¢"(w)} C 0a(Dy) C {0, " (w), —¢" (w)}.

Suppose that —¢”(w) is an eigenvalue for D, with corresponding eigenvector f.
Note that

(2.4) f'(e(2)) = =¢" (w) f (2).
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WEIGHTED COMPOSITION-DIFFERENTIATION OPERATORS 7

Differentiate both sides of (2.4) to obtain

(2.5) FP(e(2))¢' (2) = =" (w) [ (2).

Indeed, letting z = w in (2.5) gives f’'(w) = 0, so putting z = w in (2.4) shows that
f(w) = 0. Now by differentiating both sides of (2.5), we have

(2.6) FOe@)(#(2)” + FP ()¢ (2) = =" (w)f"(2).

Hence letting z = w in (2.6) implies that f()(w) = 0. It is not hard to see that
@) (w) = 0 by differentiating both sides of (2.6) and letting z = w. Now assume
that f has a zero at w of order m, where m > 2. Then f(w) = f)(w) = f@(w) =
... = f"=D(w) = 0. Differentiate both sides of (2.5) m — 1 times to see that

m—1

en X (")) T P W) V) = o) 7w

k=0
Since ¢'(w) = 0 and f has a zero at w of order m, we can see that

m—1

Z (mkj 1) (f// o 90) (mflfk)(w) (W/)(k) (U}) _ (f// o SD) (mfl)(w)ap,(w)

k=0
+ (m=1(" o) P (w)e" (w)

e 3 (" e ) )
k=2
(2.8) = (m=1)("0p) " P (w)e" (w).

Since m > 2, we have (f"oyp) (m=2) (w) = £ (w) (<p'(w))m_2+2;€n:_01 F®) (w) gr(w),
where g;’s are functions which consist of various products of the derivatives of .

It follows that (f” o ¢) (m=2) (w) = 0 because ¢'(w) = 0 and f has a zero of order
m at w. Then 37~ (™h (f”oso)(mflfk) (w)(go’)(k) (w) = 0 by (2.8) and so (2.7)
implies that (™) (w) = 0 which is a contradiction. Then

0a(Dy) = {0,¢" (w)}.

We can see that [3, Example 6] is an example for Corollary 2.7.

Remark 2.8. Assume that ¢ = a, where a is constant with |a| < 1 so that Dy .,
is bounded on H,. Since ||¢||o < 1, the operator Dy . is compact (see [8] and
[11]). The spectra of some of such operators Dy, ., , were found in [5, Theorem 3.2]
and [5, Theorem 3.3], but by the same idea which was stated in the proof of [5,
Theorem 3.2], we can easily see that for these operators, we obtain

_ J{oyu{e™(a)}, ¢™(a) #0,
Oq (Dw»%") - {{0}7 w(”)(a) —0;

moreover, if (" (a) # 0, then 1 is an eigenvector for Dy .n with corresponding
eigenvalue (™) (a).
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8 M. FATEHI

Example 2.9. Suppose that p(z) = w+c2(z —w)?+ ...+ ¢, (2 —w)™, where n > 2,
w € D and ¢y, ..., ¢,, are constant with |w|+ |ca|(1+ |w|)2 + ot el (14 |w|)n <1.
(i) If ¢; = 0 for each 7 > 2, then o,(D,) = {0} by Remark 2.8.

(ii) If ¢ = 0 and there is an integer ¢ > 2 such that ¢; # 0, then Corollary 2.6
implies that o4 (D,) = {0}.

(iii) Assume that co # 0. Invoking Corollary 2.7, we see that 04 (D,) = {0,2¢2}.

3. NORMS

We begin this section with an example which is a starting point for estimating
a lower bound for || Dy, ,.n_;-

Example 3.1. Suppose that ¢(z) = bz® + az? with 1 < |a| <1 and |a| + |b| < 1.
We can see that ¢(0) = ¢'(0) = 0 and ¢”(0) = 2a. By Corollary 2.7, we have
ra(Dy,) = 2|a| and so ||D¢Ha > 2|al > 1. Compare 2|a| with the lower bound for
| Dy ||, which was found in [3, Proposition 4] (note that [3, Proposition 4] implies
that ||Dyl||_, >1).

The preceding example leads to obtain the lower estimate on the norm of Dy, o, »
on the Hardy space by using the spectrum of a weighted composition—differentiation
operator which was obtained in Proposition 2.3.

Proposition 3.2. Suppose that Dy, is a bounded operator on H?. Assume that
the fixed point w of ¢ is inside the open unit disk.

(1) If ¢'(w) # 0, then
1Dyl > |6 (w)] <L1_|€WJ> | )| L] =,

(i1) if ¢'(w) =0, then
1Dl _y = 161 (w)];
(i17) if ¢’ (w) =0, " (w) =0 and n = 1, then

1Dyl > max{|¢'<w>|, |w(w)s0”(W)|},

where
¥(2), PO (w) = ... = "D (w) =0,

6(2) = () (22)" " ¢ O(w) = . =D (w) =0, p™ (w) £ 0 and 1 <m <,
V()" vw) £0.

Proof. First suppose that (%) (w) = ... = (=Y (w) = 0. Proposition 2.3 and the

idea which was used in the proof of Theorem 2.5 imply that

B0 WPl 2 )] () L),

n
(Note that in case of ¢'(w) = 0, we set |<p’(w)’ Ll*‘*ﬁ("“)d_n =1.)

Now assume that 9(z) = (w — 2)™g(z), where 1 < m < n and g(w) # 0. Let
p(z) =(2)(=£)"™". Since T

1-wz

1
1-wz

v—> is an isometry on H? and the nth derivative
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WEIGHTED COMPOSITION-DIFFERENTIATION OPERATORS 9

of ¥(2) (12 )n_m at the point w is %, by replacing ¢ with ¢ in (3.1),

W<LWJ>|¢f(w)|lWJ”.

L e e G

Now suppose that ¢ (w) # 0 and ¢(z) = w(z)(lw_%zz)n. By replacing ¢ with ¢ in

(3.1), we have
Dol = 1Pesnly 2 2 (L)) s )

we obtain

Note that if ¢/(w) = 0 and ¢ (w) = 0, then D, , , Kb)_; = d(w)e" (w)KL _,
by [4, Lemma 1]. Therefore, we conclude that ||Dy 1| _, > [¢(w)e” (w)|. Hence
the result follows. g

In the next example, we show that for some operators D,, Proposition 3.2 is
more useful than [3, Proposition 4] for estimating the lower bound for ||D%,H_1

Example 3.3. Suppose that ¢(z) = az" + bz, where 3 < [b| < 1 — |a| and n is a

positive integer that n > 2. Proposition 3.2 implies that

1 - —
HDML1 > {1——|bJ|bL1K1 BhI-1 5 q

and so this lower bound is greater than the lower bound for HDW‘L1 which was
estimated in [3, Proposition 4].

In the following proposition, we obtain || Dy, nlla, When Dy, o, » is a cohyponor-
mal operator which satisfies the hypotheses of Proposition 2.2.

Proposition 3.4. Suppose that i is not identically zero and ¢ is a nonconstant
analytic self-map of D so that Dy o pn is bounded on H,. Assume that w € D is
the fized point of ¢ and ¢ has a zero at w of order at least n. Then Dy o, 15
cohyponormal on He if and only if ¥(z) = az™ and ¢(z) = bz, where a € C\ {0}
and b € D\ {0}; moreover, in this case

| Dyl = nllal (lebJ) 1) [

Proof. Suppose that Dy, ., is cohyponormal. Lemma 2.1 shows that Dy, o nEw,a =
0. Hence K,, o is an eigenvector for Dy, ., corresponding to eigenvalue 0. Since
Dy n is cohyponormal, we conclude that Dy, o, n Ky o(2) = (a+(21) iim;lﬁgmw(z) =

0 and so w = 0. Lemma 2.1 implies that

D, K50 (2) = 0 (0) KL (2) = ¥ (0) (@ + 2)...(a + n + 1)2"

Since Dy o n is cohyponormal it follows that

Dy o n K55 (2) = 0™ (0)(@ +2)...(a+ n+1)2"

Because Dz/;,g;,nK([f] =nl(a+2)...(a+n+ 1)y, we conclude that (z) = ¢ (0) 2",

a T n!
where (™ (0) # 0 (note that 1 is not identically zero). Then (™) (0) = 0 for each
m # n. Hence Lemma 2.1 shows that

D} K5 = (n+ )™ ()¢ (0) K.
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10 M. FATEHI

Therefore, we have

(3.2) Dy oKl = (n+ 10 (0)¢' (0) G,
On the other hand, we obtain
Dy KU = (n4 1) (a+2)e(a+n+ 2)9(2)p(2)
¥(™(0)
(3.3) = (n+1)!(a+2)...(o¢+n—|—2)Tz”<p(z)

for each z € D. Since Dy o, ,, is cohyponormal and bounded, (3.2) and (3.3) imply
that ¢(z) = ¢'(0)z, where |¢'(0)| < 1.
Conversely is obvious by [7, Proposition 3.2] (note that an analogue of [7, Propo-
sition 3.2] holds in H? by the similar idea).
Due to the cohyponormality of Dy, . », invoking Theorem 2.5, it follows that
Dol = raDop) = il (LE L)
]

From now on we consider ¢ with ||¢||ec < 1; this assumption guarantees that
D, ,, is bounded on H? (see [8] and [9]). In Theorem 3.5, we extend [3, Theorem
2].

Theorem 3.5. If ¢(z) = bz for some b € D\ {0}, then
(34 [Deally = (L L)

Proof. The result follows immediately from Proposition 3.4 and the fact that T,

is an isometry on H?2. O
In view of Theorem 3.5, we can see that ||Dgp,nH_1 =nl for 0 < || < n%‘_l and
HD%"H4 > n! for n%—l < |b] < 1. Since C.x is an isometry on H?, (3.4) holds for

¢(z) = bz* where k is a positive integer.
In the next proposition, we estimate an upper bound for HDw%n|‘_1.

Proposition 3.6. If ¢ is a nonconstant analytic self-map of D with ||¢]lc < 1 and
the function v belongs to H*, then

1D sl s < 1] b_@((m( - )b

|Dga,nH71 = n! whenever both ||¢|lee < %_H

whenever ||¢|l < b < 1. In particular,
and ©(0) = 0.

Proof. Suppose that ||¢]|lcc < b < 1 and ¢ € H*®. We define ¢, = (1/b)¢ and
p(z) = bz (see [3, p. 2898]). Since HDwv%an < NYlloolCpu =111 Dp,nll=1, Wwe can

see that
b IO (15251 -
3.5 D <n! — 1-bd \pli-p] "
33 Dol < ey 5500 (T
by Theorem 3.5 and (1.1). Now suppose that |[¢]e < %H and ¢(0) = 0. By

the Cauchy—Bunyakowsky—Schwarz Inequality, we have |¢'(0)] < HapHHK([,l]AH <
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WEIGHTED COMPOSITION-DIFFERENTIATION OPERATORS 11

lello < ﬁ Consequently ||D%n||71 > n! by Proposition 3.2. On the other
hand, (3.5) implies that HDWlH_1 < nl. Therefore HD%”H—1 =nl. O

REFERENCES

[1] J. B. CoNWAY, The Theory of Subnormal Operators, Amer. Math. Soc., Providence, 1991.

[2] C. C. CowEN AND B. D. MACCLUER, Composition Operators on Spaces of Analytic Functions,
CRC Press, Boca Raton, 1995.

[3] M. Fateni AND C. N. B. HaAMMOND, Composition—differentiation operators on the Hardy
space, Proc. Amer. Math. Soc. 148 (2020), 2893-2900.

[4] M. FaTeEHI AND C. N. B. HAMMOND, Normality and self-adjointness of weighted composition-
differentiation operators, Complex Anal. Oper. Theory 15 (2021), 13.

[5] K. HAN AND M. WANG, Weighted composition—differentiation operators on the Bergman space,
Complex Anal. Oper. Theory 15 (2021), 17.

6] R. A. HIBSCHWEILER AND N. PORTNOY, Composition followed by differentiation between
Bergman and Hardy spaces, Rocky Mountain. J. Math. 35 (2005), 843-855.

[7] M. MoraDI AND M. FaTEHI, Complex symmetric weighted composition—differentiation opera-
tors of order n on the weighted Bergman spaces, arXiv:2101.04911.

[8] M. MoRraDI AND M. FATEHI, Products of composition and differentiation operators on the
Hardy space, arXiv:2108.06774

[9] S. OuNO, Products of composition and differentiation between Hardy spaces, Bull. Austral.
Math. Soc. 73 (2006), no. 2, 235-243.

[10] A. E. RICHMAN, Subnormality and composition operators on the Bergman space, Integr. Equ.
Oper. Theory 45 (2003), 105-124.

[11] S. STEVI¢, Products of composition and differentiation operators on the weighted Bergman
space, Bull. Belg. Math. Soc. Simon Stevin 16 (2009), 623-635.

DEPARTMENT OF MATHEMATICS, SHIRAZ BRANCH, ISLAMIC AZAD UNIVERSITY, SHIRAZ, IRAN
Email address: fatehimahsa@yahoo.com

9 Jan 2022 06:24:14 PST
220109-Fatehi Version 1 - Submitted to Rocky Mountain J. Math.



