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Y ABSTRACT. Eldred, Kirk and Veeramani introduced the notion of proximal normal structure to prove the
o best proximity point theorems for relatively nonexpansive mappings and showed that uniformly convex
— Banach spaces has the proximal normal structure. In this paper, a characterization for the weak proximal
m normal structure is given. Using this characterization, it is proved that every weakly compact convex pair
12 in a Banach space X has proximal normal structure whenever X satisfies: X is &—inquadrate in every
13 direction for some & € (0, 1) or X has the modulus of k —UC 8§ (1) > 0, for k € N or X has the modulus
14 of k dimensional U —convexity U}’}( 1) > 0, for k € N or X has the coefficient of noncompact convexity
15 €1(X) < 1. Moreover, we generalize the notion &—inquadrate in every direction to £y—inquadrate with
o respect to every k—dimensional subspace and showed that X has the weak proximal normal structure and
— the weak normal structure if & € (0, 1). In case of g € [1,2), the Banach space X has the weak proximal
- normal structure with an additional assumption X has the WORTH property.
18
9 1. Introduction
20

»1 Let A and B be nonempty bounded subsets of a Banach space X. The closed unit ball and the unit
22 sphere of X are denoted by By and Sy respectively. Define for a € A, §(a,B) = sup{|la—y|| : y € B},
5 0(A,B) = sup{5(a B)}, dist(A,B) =inf{|la—b|| : a € A,b € B}. The numbers (A, B) and dist(A, B)

=" are called respectlvely the diameter and distance between the sets A and B.
Qi A pair of sets (A, B) is said to be a proximal pair [3] if for every a € A, there exists an b € B such
?® that ||a — b|| = dist(A,B) and vice versa.
7 We say that a pair of sets (A, B) is nonempty bounded closed convex if both A and B are nonempty
8 bounded closed convex sets in X. Similarly, the pair (A, B) is said to be weakly compact convex if both
29 A and B are weakly compact convex sets.
LetT:AUB — AUB be a map. Then T is called a cyclic map if T(A) C B and T(B) C A. If
' T(A) CAand T(B) C B, then T is called a non-cyclic map.
%2 Eldred, Kirk and Veeramani [3] introduced the notion of proximal normal structure and proved:
33
34 Theorem 1.1. [3] Let (A, B) be a nonempty weakly compact convex proximal pair having the proximal
35 normal structure in a Banach space X. Suppose that T : AUB — AUB is a relatively nonexpansive

s map (i.e, forx €A,y € B ||[Tx—Ty| < |lx—y|.).

Bz a) If T is a non-cyclic map, then there exist x € A and y € B such that Tx =x, Ty =y and
@ x—yl =dist(A,B).

39 b) If T is a cyclic map, then there exists an x € AUB such that ||x — Tx|| = dist(A,B).

40

i 2020 Mathematics Subject Classification. 4TH00, 47TH10, 46B20.
41 Key words and phrases. Normal structure, proximal normal structure, £—inquadrate in every direction, the modulus of
42 U—convexity, the modulus of k — UC, the coefficient of noncompact convexity & (X).
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1 Definition 1.2. [3] A nonempty bounded convex proximal pair (A,B) of a Banach space X is said
2 to have the proximal normal structure if every convex proximal pair (C,D) C (A,B) (i.e., C C A and
'3 D C B) with §(C,D) > dist(C,D) = dist(A,B) there exist points ¢ € C and d € D satisfying

8(c,D) < 8(C,D) and 8(d,C) < 8(C.D).

We say that a Banach space has the proximal normal structure if every nonempty bounded convex
proximal pair (A,B) has the proximal normal structure. A Banach space is said to have the weak
proximal normal structure if every nonempty weakly compact convex pair (A, B) has the proximal

9 normal structure. If we take A = B in the definition 1.2, then the notion of proximal normal structure
10 coincides with the normal structure concept [2].

||~ fofo]s

11
o Definition 1.3. [2] A nonempty bounded convex subset K of a Banach space X is said to have the
— normal structure if every nonempty convex subset F of K with 6(F) > 0 there is a point x € F satisfying

= 5(x,F) < 8(F).

5 We say that a Banach space X has the normal structure if every nonempty bounded closed convex
16 set has the normal structure and X has the weak normal structure if every nonempty weakly compact
17 convex set has the normal structure.

18 Kirk [10] proved that every nonexpansive self-map on a nonempty weakly compact convex subset K
19 of a Banach space X has a fixed point whenever K has the normal structure. Motivated by this result,
20 many interesting geometric conditions, implying the normal structure, on norms of Banach spaces
21 were introduced. One may refer to [1, 5, 6, 7, 11, 13, 14] for various geometric conditions on norms
22 implying the normal structure and the references therein.

23 It is known that the Banach space X has the weak normal structure if [13] X is gg—inquadrate in
24 every direction for some & € (0,1) or [7] the characteristic of convexity € (X) < 1 or [1] the modulus
25 of k—uniform convexity §%(1) > 0 or [5] the modulus of k—dimensional U —convexity U%(1) > 0
26 or [7] the coefficient of noncompact convexity €;(X) < 1 or [14] X is uniformly rotund with respect
27 to every k—dimensional subspace for some fixed k € N. Also, it is known from [9] that, UCED
28 Banach spaces and Nearly uniformly convex Banach spaces have the proximal normal structure. Since
29 k—uniformly convex Banach spaces are nearly uniformly convex, k—uniformly convex Banach space
30 has the proximal normal structure.

31 Further, it is easy to see that the Banach space X has the (weak) normal structure whenvever X has
32 the (weak) proximal normal structure. Nevertheless, it is unclear that a Banach space X has the (weak)
33 proximal normal structure whenever X has the (weak) normal structure. This motivates us to ask the
34 following question:

35 Question: Does a Banach space X has the (weak) proximal normal structure whenever X has the
36 (weak) normal structure?

37 In[9], Gopal and Veeramani gave the following characterization for the proximal normal structure.
38
2o Lemma 1.4. [9] In a Banach space X, every weakly compact convex pair has proximal normal

20 Structure if there do not exist sequences {x,}, {yn} such that

w
41 x, — 0,

42 [[Yall =1,
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5({)6”}, {yn}) =1

1
2 |%n — yul| = dist(co{xm : m € N},co{ym :m e N}) =d < 1, foralln € N,
E dist(ypi1,co{x1,x2, -+, x,}) — 1.
4

— Remark 1.5. Tt is easy to see that for the sequence {x,} in Lemma 1.4 that the diameter §({x,})

% satisfies | —d < 8({x,}) < 1+d, where d is the distance dist(co{x,, : m € N},co{y,, : m € N}) and

- 5({xn}a{yn}):1- O

7
8 Using the lemma 1.4, the authors in [9] showed that a Banach space X has the weak proximal normal
9 structure whenever X is UCED or X is nearly uniformly convex.

10 In this paper, it is proved that a Banach space X has the weak proximal normal structure whenever
11X is &y—inquadrate in every direction for some & € (0,1) or X has the modulus of k dimensional
12 U—convexity Uf (1) > 0, for some k € N or X has the modulus of k— UC 8%(1) > 0, for some k € N
13 or X has the coefficient of noncompact convexity € (X) < 1. Moreover, we generalize the notion
14 gy—inquadrate in every direction to &—inquadrate with respect to every k—dimensional subspace
15 denoted by &) — URE} and showed that such spaces have the weak proximal normal structure and the
16 weak normal structure if & € (0, 1). In case of & € [1,2), the &y — URE}, Banach space X has the weak
17 proximal normal structure whenever it has the WORTH property.

18

19 2. Preliminaries

20
o, In this section, we give the definitions of some of the geometric coefficients used in this paper. Let X

,, bea Banach space.

23 Definition 2.1. [7] The modulus of convexity in the direction of z € Sy, dx(€,z) : [0,2] — [0,1], is

24 defined as
25

26
o Ox(€g,z) = inf{l — HxszyH :xX,y € Bx,x—y=Azand |A| > €}.

2E We say that X is uniformly convex in the direction of z if dx(€,z) > 0, for € € (0,2] and X is

29 uniformly convex in every direction (UCED in short) if 8x(€,z) > 0 for all z € Sy and € € (0,2].

30
5; Definition 2.2. [7] The modulus of convexity function, dy : [0,2] — [0, 1], is defined as

32
2 6X(£):inf{l—w:x,yeBX and ||[x—y|| > €}

% We say that X is uniformly convex if 8x (&) > 0 for € € (0,2].

% The coefficient of convexity of X is the number
36

37 &(X) =sup{e > 0: 6x(g) =0}.

% Definition 2.3. [1] The modulus of k—uniform rotundity of the Banach space X, 5§(8), 1s defined as
39

— k+1

40 . Y xi :

LE 6§(8) = lnf{l—w:||x,'||:lVl:LZ,---,k—I—land

42 V(X],.Xz,"' 7xk+l) 28}7
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1 where V(x1,x2,++ ,x¢11) is the k—dimensional volume of the convex hull co{xj,xz, - , X%}, that is,
2 1 1 . 1
S L) b)) o o)
- ) fB) o fHla)
5 V(xlij... 7xk+]) = Sup{det . . .

6
7 . L
o fer1(x1)  firr(x2) o e ()

9

fieX and ||f|| <1Vi=2,3, k+1}

% ek(X) = sup{e > 0: 8k(e) = 0}.

E Definition 2.4. [7] The modulus of noncompact convexity of a Banach space X is the function
16 Ax:[0,2] — [0, 1] defined by

7 Ax (€) = inf{1 — dist(0,A)} = inf{1 — inf{|}x||}},

18 x€A

9 where the first infimum is taken over all convex subsets A of the unit ball with a(A) > € and o((A) =
20 inf{e > 0: A is contained in the union of a finite number of bounded sets each having diameter less
21 than €}.

22 We say that the Banach space X is A —uniformly convex if Ax (€) > 0 for € € (0,2]. The coefficient

23 of noncompact convexity of X is the number
24
s €1(X) =sup{e >0:Ax (¢) =0}.

26

- 3. Proximal Normal Structure

28 The following lemma gives a characterization for the weak proximal normal structure.
29
2 Lemma 3.1. In a Banach space X, every weakly compact convex pair has proximal normal structure if

31 there do not exist sequences {x,}, {yn} such that

32 Xp = 0,

s §({u}) > 1,

34 |vull = 144,

35 |2 — yul| = d, foralln € N,

36 dist(ypi1,co0{x1,x2,- -, xu}) = 1 +d,

i where d = dist(co{x,, : m € N}, co{y,, : m € N}) and §({x,},{yn}) = 1+d.
38
59 Proof Suppose that the Banach space X does not have the weak proximal normal structure. Then by

2o the lemma 1.4 there exist sequences {x,}, {y,} such that

\%
41 x, — 0,

42 [[yall =1,
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5({)6,,}, {yn}) =1,

1% — Y| = dist(co{xm :m € N},co{ym :meN})=d' < 1,foralln €N,

s

2

3 dist(ypi1,co0{x1,X2, -+ ,xn}) — L.

4 Letu, = % and v, = %, for all n € N. Then the sequences {u,} and {v,} satisfy:
: _ —

6 Uy, X)O,

7 5({u)> 1.

8

? anH — l_d/’

- !

10 ey — vl = 7 = dist(co{uy : m € N},co{v,, : m € N}), forall n € N,
11 o

" . 1

12 dist(vpt1,co{uy,uy, -+ ,up}) — 1—a

S 1 d'

14 Note that §({u},{va}) = m(’?({xn},{yn}) =1+ 7= 1+d,

> where d = dist(co{uy : m € N}, co{v,, : m € N}). Hence proved. O

16
17 Remark 3.2. If (A,B) is a nonempty weakly compact convex proximal pair with §(a,B) = (A, B)

1g foralla € Aand 8(A,B) = 0(A) +dist(A,B), then the sequence {x,} in the lemma 3.1 can be chosen
19 such that 8 ({x,}) = 1. O

20 The next result is used in the sequel.

21
oo Proposition 3.3. Let {x,} and {y,} be sequences as in the lemma 3.1. Then

23 a) lim|jx —y,|| = D, for x € co{x,}, where D = 3({xn},{yn}) = 14+d and d = ||x, — y,|| for
- n—oo

24 neN,

2 b) for every € > 0 and for | € N, there exists an N € N such that

dl 1 —x;|| > 1 —€form>N.

27 c) for every € > 0, there exists a subsequence {x,, } of {x,} such that ||x,, —x, || > 1 — € for
28 1 #k.

29

20 Proof a) Fix k € N and let x € co{xj,x2, - ,x }.

a1 Since dist(yy11,co{x1,x2, -+ ,x,}) < ||lyutr1 — x| for k < n, we have r}gr;”x—ynﬂ = D for every

32 x € co({x,}). Now from the continuity of the function f(x) = lim ||x — y,||, we get lim |lx — y,|| =D
— n—soo n—soo

%_for every x € co({x,})-

% b) Since lim |lyn —x;|| = D, for € € (0,D —d) we can find an N € N such that ||y, —x;|| > D — € for

© > N. Then for m > N, we get ||x, —x7|| > |[ym — x|l = |Xm —ym|| >D—€—d>1—¢€,asD=1+d.

36 |

- c) Let € > 0 and n; = 1. Now by b), there exists n, € N such that ||x; — x,|| > 1 — & for all
— n > ny. For x,,, there exists n3 € N with n3 > n, such that ||x,, — x,|| > 1 — € for all n > n3. Then
— |[xn; —xn;|| > 1—€fori+# jandi,j € {1,2,3}. By continuing this way, we can construct a subsequence

39 .
2y Lo} of Lo} with [y, —xy || > 1~ for I # . O

‘E Theorem 3.4. If a Banach space X is €y—inquadrate in every direction for some fixed &y in (0, 1), then
42 every weakly compact convex pair (A,B) in X has the proximal normal structure.
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1 Proof Assume that X does not the proximal normal structure. Then there exists a pair of sequences
2 {x,} and {y,} in X satisfying the lemma 3.1.
Since §(co({x,})) > 1, we can choose points u and v in ¢o({x,}) such that ||u — v|| > &. Since

li_r)n ||x —yn|| = D for every x € co({x,}), we get lgn ||MT+V —ynll <D(1—06x(&)) < D. Hence X has
n—o0 n—yoo
the weak proximal normal structure. 0

As a Banach space X has the coefficient of convexity €)(X) < 1 implies that X is &y—inquadrate in
every direction, we get:

jo |~ o |o]s]e]

9 Corollary 3.5. If X is a Banach space with the characeristic of convexity €(X) < 1, then X has the
10 proximal normal structure.

"' Theorem 3.6. If a Banach space X has the modulus of k—dimensional UC 85(1) > 0, then X has the

12 .
-2 proximal normal structure.
13

14 Proof Assume the contrary. Then by lemma 3.1 there exist sequences {x,}, {y,} in X such that

15 X, — 0and 8({x,}) > 1

16 [ynll = 6({xn}, {¥n}).

17 1% — ynl|| = dist(co{xm : m € N}, co{y, : m € N}), foralln € N,
18 dist(Ypt1,c0{x1,x2,- - ,xu}) = D := 8({xn},{yn})-

19 Since 6&(1) > 0 and 8%(-) is continuous on [0,2), we can find € > 0 such that 5§(1 —€) > 0. Now,

2% choose & € (0,1) such that 1 > & + /T — €. Since x, — 0 and 8({x,}) > 1, we can find a linearly

?!_ independent subsequence {xn, } of {x,} such that ||x,, — x| > 1 — & forn; > N(&).
?2. Without loss of generality assume that {x,} is a linearly independent set and |x, —x;|| > 1 — & for

% alln # 1. Consider the finite set {x,x2,- - ,xx+1 }. By the Hahn-Banach theorem there exists linear
2 functionals fj+1 € Sx+ such that fj 1 (xj11 —x1) = ||xj31 —x1]| and fj41(x;) =0 for j+1# . Then
®®_ the k—dimensional volume V(x1,%2,x3, - xxy1) > (1—g)f > 1—¢.

26 X1 +X2+X3+ -+ X

>, Thus lim ||y, — i | < (1—85(1—¢))D < D, for all m € N, which is a
- m—roo

28 contradiction to lim ||y, —x|| = D for all x € co({x, }). Hence X has the proximal normal structure. [J
R m—o0

29
20 Theorem 3.7. If a Banach space X has the coefficient of noncompact convexity €(X) < 1, then every

41 weakly compact convex pair (A,B) has the proximal normal structure.

32 Proof Suppose that there are sequences {x,} and {y,} in X satisfying the lemma 3.1. Now, from the
% proposition 3.3, for every € > 0 we get a subsequence {x,, } of {x,} such that ||x,, —x,,|| > 1—¢€ for
34 [ # k. Without loss of generality, assume that ||x, —x,,|| > 1 — & > & (X), for n # m. Then the measure
35 of noncompactness of {x,} is o({x,}) > &1 (X).

% Since the sequence {x, — yx} converges weakly to y; and a({x, —yc}) = a({x,}), we get |yl <
87 D(1—Ax(1—¢)) < Dforall k € N. This is a contradiction to kh_r)r;”ka = D. Hence the Banach space

38
.o X has the proximal normal structure if & (X) < 1. O
o Since €;(X) = 0 for a nearly uniformly convex Banach space X, we get:

E Corollary 3.8. [9] In a nearly uniformly convex Banach space X, every nonempty weakly compact
42 convex pair has the proximal normal structure.
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1 3.1. & — URE}, Banach spaces. Sims [13] proved that if a Banach space X is gg—inquadrate in every

2 direction for some & € [1,2) and X has the WORTH property, then X has the weak normal structure.

A Banach space X is said to have the WORTH property [12] if for every weakly null sequence (x;,)
(i.e., x, 25 0) in X we have

|0 +x|| = [|xn — x|| = O forall x € X.

The authors in [14] introduced the notion of uniformly rotund with respect to every k—dimensional
g subspace (in short, URE}) and proved that all such spaces have the weak normal structure.

[~[ofo]s]e|

E Definition 3.9. [14] For a k—dimensional subspace Y of a normed linear space X, we define for each

10 >0

11 . 1 |kl

- Ox(eY)=infy 1~ mH 'leiH X1 X € By, V(X1 Xkr1) > € and span{xy — Xy1,%2 —
% Xpt 1y 3 Xk — Xy 1 | = Y}, where V(x1,---,x¢+1) denotes the k—dimensional volume of the k + 1
E 1 1 1

16 flx1) ) o falag)
17 fx) i) o )
18 points xi,xa, -, Xx+1 defined by V (xy, -+ ,xp4.1) = sup{det . . . }
19

2E

21 Jierr(x1)  firr(2) o fierr (e

2> and the functionals f; € Sy« fori =2,3,--- ,k+ 1.

23 The space X is said to be uniformly rotund with respect to Y if dx(€,Y) > 0 for all € > 0. The space
24 X is said to be uniformly rotund with respect to k—dimensional subspaces if 8x(€,Y) > 0 for all
25 k—dimensional subspaces Y and for all € > 0. Such spaces are denoted by URE.

%5 Motivated by the notion of gy—inquadrate in every direction by Sims [13] and the URE}, spaces, we

27
<’ define:
28

o9 Definition 3.10. A Banach space X is said to be &—inquadrate with respect to k— dimensional
50 subspaces (in short, & — URE}) if x(&,Y) > 0 for some & > 0 and for every k—dimensional
31 subspace Y of X.

82 Remark 3.11. Examples of &y—inquadrate Banach spaces:
3 It is known from [8] that ||(x,y)|l, = max{||(x,)||s,0]|(x,¥)||1} is a norm on R? where Ay =

¥ 14v2
2242
% Hence R? is not strictly convex w.r.to the norm || - ||,. However, if (x1,y1), (x2,y2) € B[O, 1] with
I, y1) = (2,32)lla > Ao then || (e +x2, 31 +y2)lla < [[(x1,31)lla + [[(x2,32)[|a- Since the unit ball
%_Bl0, 1] is compact, we have (for & > Ag)

39 ' 1 _

s (&) =inf{l =Sl +x2,y1+y2)lla (x1,31), (x2,y2) € B0, ] with [[(x1,y1) = (2 =y2) |« 2 £} > 0.
: Therefore the Banach space (R?,]| - ||) is uniformly €—inquadrate for € > A9 = L+v2

42 e 2+V2

< 1 and the unit sphere S[0, 1] is the regular hexagon with side-length .

41
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2
. . : w  |x(n
It is known [15] that ¢o(N) is UCED with respect to the norm || (x(n))||, = \/H )z +X ’(4}1)‘
Consider the Banach space X = {(x,y) : x € R%,y € ¢o(N} with the norm ||(x,y)|| = 1/[1x[|2+ ||y[|2.

Since (R?,]| - ||,) is isometrically isomorphic to the subspace ¥ = {(x,y) € X : y is the zero vector in
(N)} of X, we have X is not strictly convex. This implies that X is not uniformly convex in every
— direction (UCED). Moreover, X is not reflexive, as c¢o(N) is isometrically isomorphic to the subspace
—X; ={(x,y) €X :x=(0,0)}.

We claim that X is €—inquadrate for € > Ay. Let (xo,y0) € X such that ||(xp,y0)|| = 1. That is

ofa|a|w|m|=
%)
(=)

‘(O‘m\l

—_

0
o . 1 .
" Sagy0) (X &) =If{1 =5 [[(xtu, y+v) [ | e )| < 1, 1 (e, )| < Dwith (x—u,y—v) =€ (x0,y0)} > 0.

12
13 Suppose that &, ,)(X,€) = 0. Then there exists sequences (x,,,) and (u,,v,) in the unit ball B[O, 1]

14 of X such that (x,, — u,,y, — vn) = € (x0,y0) for all n and lim || (x, + 4, yu + va|| = 2.
n—oo

15 Case 1: Let €||xo|[¢ > Ao.
16 Since (R?,||-||4) is e—inquadrate for € > Ag and ||x, — u||a = €||X0||a > A0, We have

1
% §||xn+un||a < M—5f0r some 0 > 0 and for all n. Then
9 2 = limsup||(xa + Un, yn +va) ||
20 n—ree
21 = timsup /o -+ a2+ vl
2i n—oo
= < timsup /() + 1t = 26+ (3 + i )2
2i n—oo
25 < limsup || (e, yn) || =+ 1| (2t v) || < 2.
26 e
27 Hence limsup [[|x, |4 + ||un]|a — 28] = limsup(||x, |4 + ||[un|a], when ||x, — uy||a = €[x0]|a > Ao. This
n—roo Nn—oo

Z% is a contradiction to R? is £—inquadrate for & > Ao.

o Hence &y, ,,)(X,€) > 0if € > A9 and €||xo]|, > Ao.

o Case 2: Let &[xo||a < Ao.

o Since €||(x0,¥0)]] > Ao, we have €||yol|, > 0. Since c¢o(N) is UCED and |y, — va|l» = €|lyoll» >

[alle+1vally

il 1
33 0, there exists a 6 > 0 such that §||y,, +nllp < — & for all n. Then, by using the

34 arguments of the Case 1, it is easy to see that limsup[||y,||» + ||vallp — 28] = limsup[||ya|[» + [[vl|s],
n—soo n—soo

35
5 When [yn = vallo = €[lyoll» > 0. This is a contradiction to co(N) is UCED. Hence §, .\ (X,€) > 0 if
S, €> Ao and €lxolla < Ao.

s Therefore the Banach space X = {(x,y) : x € R,y € ¢o(N)} with the norm [|(x,y)|| = /]2 + [|y]|?

39 1—|—ﬂ

. is é—inquadrate for in every direction € > Ay = .
40 242
41

O

zg The next theorem can be proved in a similar way as theorem 3.6.
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1 Theorem 3.12. If a Banach space X is €y — URE}, for some fixed €y € (0, 1), then every weakly compact
2 convex pair (A, B) has the proximal normal structure. In particular, X has the weak normal structure.

% Corollary 3.13. If a Banach space X is URE}, then every weakly compact convex pair (A, B) has the
- proximal normal structure.

E Theorem 3.14. If a Banach space X is €y — URE}, for some €y € [1,2) and X has the WORTH property,
7 then X has the weak normal structure.

8
o Proof Suppose that X does not have the weak normal structure. Then there exists a weakly null
- sequence (x,) in X (i.e., x, convereges weakly to 0) and dist(x,+1,co({x1,x2,---,x,})) — 1. This
—~ implies that hm ||xn —x|| =1, for all x € co({x,}). Since (x,) is a weakly null sequence, we assume

10
1
12 that {x,} is hnearly independent.

13 Since X has the WORTH property, we get r}l_I}IDIOHXn +x|| = 1 for all x € co{x,}. Choose € € (0,1)

14
;- such that 1> ¢+ (/2. Since lim |lx,|| = 1, for € € (0,1) there exists N € N such that ||x;|| > 1 —¢
n—oo

¢ foralln>N.

.7 Letyi=xyyfori=2,3,--- k+1andy; = —y,. Since {y2,y3, -+ ,yk+1} is linearly independent,

;s there are linear functionals f; € Sx+ such that fi(y;) = ||y:|| and f;(y;) = O for i # j. Then

19 1 T 1

20 L) L02) o k)

21 B 02 o Ok

2i V(y17y27“')yk+]) Z det{ : ’ ’ }
23 . . .

Z% fir101) fir1(02) - fir1 k1)
26 k k

27 > 20T Ivill =2 Tllxv+ill = 2(1—¢)f > &

28 =2 =2

29
29 1 ke
s0 Hence lim -—| ,):lxn—yz'H <(I=8x(V(yi,y2-++ s yi41),Y)) <1, where Y = Span({y1,y2-- ,yk+1}).

n—eok 4+ 1

3 1 k+l 1

s2 Since yp +y2 =0 and 0 € co({x,}), we have z = 1 Z yi € co{x,} and p 1( Z X — yi) =

3 1kl .

34 Xp — k+1 ( Z Yz)

s k1

3i Therefore lim 0 [lx, — 2| <1, where z = le Z yi € co{x,}, which is a contradiction. Thus the
i=3

°”_Banach space X has the weak normal structure if X is &y — URE for & € [1,2) and X has the WORTH

Z’? property. 0

—  The next theorem can be proved in a similar way.
40

E Theorem 3.15. If a Banach space X is €y — URE for € € [1,2) and X has the WORTH property, then
42 X has the weak proximal normal structure.
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1 Since k — UC implies k — UCED, we have:

2 Corollary 3.16. If a Banach space X has the modulus of k —UC 8% (e0) > 0 for some € € [1,2) and
* the WORTH property, then X has the weak proximal normal structure. In particular, X has the weak

4
" normal structure.
5

6 3.2. U—convex Banach spaces. Gao and Satit [5] introduced the notion of k—dimensional U —convex
'7 Banach space and proved that such spaces have the normal structure if the modulus of k—dimensional
‘s U—convexity Uk(1) > 0.

9 The modulus of k—dimensional U—convexity is defined as follows:

"% Definition 3.17. [5] Let X be a Banach space. The modulus of k—dimensional U —convexity function

" of X is defined by
12

bl . 1 k+1
13 U)]E(E):ll’lf{l—k_i_ln .leiHWla'“»kaESX;V(xlv“‘»ka)Ze},
i =

4 where

s 1 1 1

16 flx1)  falx2) 2 (Xks1)
7 fx1)  filx) f3(%kg1)
20 . .

21 Jer1(x1)  fir1(x2) Srer1(xg1)

22

- fi € Sx= satisfies fi(x;)) =1 fori=2,3,--- k+1}

24 We say that a Banach space X is k—dimensional U —convex if Uf (¢) > 0 for all € € (0,v%), where

ZE vk = sup{v(x1,x2, -+, Xke1) 1 X1, X1 € Sx }-

*° Theorem 3.18. If a Banach space X has the modulus of k— dimensional U —convexity U§(l) > 0, for

27 .
— some k € N, then X has the proximal normal structure.
28

29 Proof Assume the contrary. Then by lemma 3.1 there exist sequences {x,}, {y,} in X such that

0 Xy~ 0and §({x,}) > 1

3 [Yall = 8 ({xn}, {3 }),

32 |%n — yul| = dist(co{x : m € N},co{ym : m € N}), foralln € N,
33 dist(ypt1,c0{x1,x2, - ,xn}) = D := 8({xn},{yn})-

*_Since x, — 0 and §({x,}) > 1, we can find a linearly independent subsequence {x,, } of {x,} such that
. || X, —x1]| > 1 — & for n; > N(€;). Without loss of generality assume that {x,} is linearly independent.

% Consider the finite linearly independent set {xi,x2,---,x;+1}. Since lim ||y, — x| = D for all
37 n—oo

s Y €co({x;}), choose N € N such that

39 D—¢e < |xi—ynl| <D,

Xi —Yn

. [1xi =yl
42 by the Hahn-Banach theorem there exists linear functionals f; € Sx+ such that fi(z;) = 1 and fj(z;) =0

40
" foralln>Nandi=1,2,--- ,k+ 1. Now, for n > N, define z; = fori=1,2,--- k4 1. Then
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fori+# j. Then v(zy,22, -+ ,2k+1) > 1 for all n > N. This implies that

o

2 k+1

B Iy Lol < 0k <1

5  Now by the triangle inequality, we get

6 1 Kkl k+1 1 1

. i 5 0=+ I R (5 e )
E Since r}i_1>130||xl~—yn|| =D >0foralli € N, we get

0 R

il Jim vy~ g Lowll < D(1~Uk(1)+0 <D,

: which is a contradiction to hm H yn—x|| =D for all x € co({x;}).

Hence the Banach space X has the proximal normal structure whenever the modulus of k—dimensional
E U —convexity Uk (1) > 0. 0
- Using the proof technique of the theorem 3.14, we can prove:

E Theorem 3.19. If a Banach space X has the modulus of k—dimensional U —convexity U§(8) > 0 for
19 some € € [1,2) and X satisfies the WORTH property, then X has the weak proximal normal structure.
20 In particular, X has the weak normal structure.

21 . :
—  In general, it is unknown that a Banach space X has the proximal normal structure whenever X has

s the normal structure. However, we observe:

24 Remark 3.20. Let (A, B) be a nonempty weakly compact convex proximal pair in a Banach space X
25 with §(A,B) = 6(A) +dist(A,B) > 6(A). If §(x,B) = 8(A,B) for all x € A, then A does not have the
26 normal structure. Moreover, if X is strictly convex Banach space, then both A and B do not have the
27 normal structure.

28
. Proof Suppose that (A, B) is a nonempty proximal pair satisfying
20 a) 6(A,B) =0(A)+dist(A,B) and

a1 b) o(x,B) = 6(A,B) for all x € A.

32 Then by the lemma 3.1 there are sequences {x,} € A and {y,} € B such that

% X, — 0and 8({x,}) = §(A),

il [Yall = 8({xa},{yn}) = (A, B),

3 1 — yul| = dist(co{xm : m € N}, co{ym :m € N}) =d, foralln € N,

36 dist(ynt1,c0{x1,x2,+++ ;x5 }) = 6 ({xn },{n})-

% Note that ||y, —x|| —d = ||yn — x|| = ||*n — yul| < ||xn —x]|, for all n and x € ¢o({x,}). Since }groloﬂyn —

2 Xl = 6(A,B), we have limsup||x, —x|| = 6(A). Hence A does not have the normal structure.

N n—ro0

40 Now, assume that X is strictly convex. Then it is known from [4] that there is a unique 2 € X such
41 that B=A+hand ||h|| = dist(A,B). Since A does not have the normal structure and B = A + £, the set
42 B does not have the normal structure. O
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1 4. Relatively Nonexpansive Mappings

2 As the theorems 3.4, 3.6, 3.7, 3.12, 3.15, 3.18, and 3.19 give sufficient conditions for the proximal

3 . . ; . .
o normal structure, we claim the following theorem for relatively nonexpansive mappings.

E Theorem 4.1. Let X be a Banach space as mentioned in any one of the theorems 3.4, 3.6, 3.7, 3.12,
6 3.15, 3.18, 3.19. Let T : AUB — AUB be a relatively nonexpansive map (i.e., for x € A,y € B
7 | Tx=Ty|| < []x—Yl.), where (A,B) is a nonempty weakly compact convex proximal pair in X.

8 a) If T is a non-cyclic map, then there exist x € A and y € B such that Tx =x, Ty =y and
9 [|x = y|| = dist (A, B).

10 b) If T is a cyclic map, then there exists an x € AU B satisfying ||x — Tx|| = dist(A,B).

11

12

13

4
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