
Real Analysis Exchange
Vol. 28(2), 2002/2003, pp. 287–320

A. Nekvinda∗, Department of Mathematics, Faculty of Civil Engineering,
Czech Technical University, Thákurova 7, 16629 Prague 6, Czech Republic.
e-mail: nekvinda@fsv.cvut.cz
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GÂTEAUX DIFFERENTIABILITY OF
LIPSCHITZ FUNCTIONS VIA
DIRECTIONAL DERIVATIVES

Abstract

Let X be a separable Banach space, Y a Banach space and f :
X → Y a Lipschitz function. We show that the set of all Gâteaux
non-differentiability points at which f has all one-sided or two-sided
directional derivatives can be covered by (special subsets of) Lipschitz
surfaces of codimension 1 or codimension 2, respectively. Further results
indicate that these results are close to the best possible ones. Our results
are new also for Lipschitz functions Rn → R; for these functions Gâteaux
differentiability is the classical (total) differentiability.

1 Introduction

In this paper we investigate sets of points x at which a Lipschitz function on
a Banach space X is directionally differentiable but f is not Gâteaux differen-
tiable at x. These and related sets were treated in a number of articles ([K],
[LW], [Fa], [Zh1], [Zh2], [BC] and others; see below for more information).
Our results are new also for Lipschitz functions Rn → R. For these functions
Gâteaux differentiability is the classical (total) differentiability. This simple
result is well-known for (different) proofs see e.g. [EG] (p. 83, the proof of the
Claim 3) or [NZ1].
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GAČR 201/00/0767 and GAUK 160/1999

287



288 A. Nekvinda and L. Zaj́ıček

We will use the following terminology.
If X,Y are Banach spaces, x, u ∈ X and f is a function from X to Y , we

consider the one-sided directional derivative of f at x in direction u

f ′+(x, u) := lim
t→0+

1
t
(f(x+ tu)− f(x))

and the (two-sided) directional derivative of f at x in direction u

f ′(x, u) := lim
t→0

1
t
(f(x+ tu)− f(x)).

If X,Y are Banach spaces, G ⊂ X is an open set and f : G → Y is
a Lipschitz function, we will investigate the sets S+(f), S(f) of “singular
points” of f defined by

(i) S+(f) is the set of all points x ∈ G such that f ′+(x, u) exists for each
u ∈ X but f is not Gâteaux differentiable at x.

(ii) S(f) is the set of all points x ∈ G such that f ′(x, u) exists for each u ∈ X
but f is not Gâteaux differentiable at x.

In particular, we consider the following problems. (They are formulated for
real functions, but our results hold for vector functions as well.)

Problem A.

(i) Characterize the system S+(X) of all sets which are of the form S+(f)
for a Lipschitz real function f on a Banach space X.

(ii) Characterize the system S̃+(X) of all sets which are of the form S+(f),
where f is a real Lipschitz function which has all one-sided directional
derivatives f ′+(x, u) at all points x ∈ X.

Problem B.

(i) Characterize the system S(X) of all sets which are of the form S(f) for
a Lipschitz real function f on a Banach space X.

(ii) Characterize the system S̃(X) of all sets which are of the form S(f),
where f is a real Lipschitz function which has all (two-sided) directional
derivatives f ′(x, u) at all points x ∈ X.
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Note that especially Problem A (ii) is quite natural and therefore we con-
sider Problem A more thoroughly than Problem B. The point is that there
exist important types of Lipschitz functions which have all one-sided deriva-
tives at all points. For example, such are quasi-differentiable functions (cf. e.g.
[DV]) which are used in optimization theory. Further, such functions arise as a
supremum (or infimum) of special families of Lipschitz functions. For example
([Z2]), if X is a Banach space with a uniformly Gâteaux differentiable norm
and F ⊂ X is a closed set, then the distance function x → dist (x, F ) has all
one-sided derivatives at all points x ∈ G := X \ F . Results of [K], [Fa], [Zh1],
[Zh2], [FZ], [FP], [G] imply that each set from S+(X) is a first category set in
all separable spaces and also in many non-separable spaces. Results of [BC],
[PZ], [Z4], [Z5] even imply that each set from S+(X) is σ-porous (in a strong
sense) in all separable spaces and in some non-separable spaces. In the case
of a separable Banach space we obtain here stronger results.

If X is a separable Banach space, we show that each set of type S+(f)
can be covered by countably many Lipschitz surfaces of codimension 1 and
each set of type S(f) can be covered by countably many Lipschitz surfaces of
codimension 2.

These results were already proved (for real-valued f) in [N]. Note that
the result on S+(f) for distance functions in a separable Banach space with
a uniformly Gâteaux differentiable norm is a special case of Theorem 4 from
[Z2].

Here we obtain also considerably finer results (Theorem 3.3 and Theorem
3.6) which show that the sets of type S+(f) or S(f) can be covered by countably
many “special subsets” of Lipschitz surfaces.

As a consequence we obtain e.g. (cf. Proposition 5.7) that (in each sepa-
rable space with dimX ≥ 2) there exists a Lipschitz surface of codimension 1
which cannot be covered by countably many sets of type S+(f). On the other
hand, if A is a countable union of “unilaterally smooth” Lipschitz surfaces of
codimension 1 in a separable Banach space X, then A ∈ S̃+(X) (cf. Theorem
4.7 for a more precise result). If dimX > 2, we do not know whether each
set from S̃+(X) can be covered by countably many of “unilaterally smooth”
Lipschitz surfaces of codimension 1.

We give a complete solution to Problem A (ii) in the case X = R2. Namely,
we obtain (Proposition 5.4) that S̃+(R2) is the system of all Fσ sets which can
be covered by countably many “unilaterally smooth Lipschitz curves”. (Note
that S̃+(R) = S+(R) is the system of all countable subsets of R, which is an
easy and well-known result.)

We also completely solve Problem B (ii) in the case X = R3. Namely
(Proposition 5.4) S̃(R3) is the system of all Fσ sets which can be covered
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by countably many “smooth Lipschitz curves”. (Our results also show that
S̃(R2) = S(R2) is the system of all countable sets, which is an easy result.)
For a further result concerning Problem B see Theorem 4.10.

We are not able characterize the systems S+(R2) and S(R3), but we give a
characterization of σ-ideals generated by these systems (see Proposition 5.5).

Our results easily imply that in each separable Banach space X there exists
a “Lipschitz curve” which cannot be covered by countably many sets from the
system S̃+(X) (cf. Proposition 5.8). A further result (see Proposition 5.7) says
that, in each separable Banach space with dimX ≥ 2, the σ-ideals generated
by the systems S+(X) and S̃+(X) do not coincide.

Now we describe briefly the structure of the paper. In Section 2 we work
with Lipschitz surfaces of finite codimension and their special subsets. This
relatively technical but indispensable section is based on a standard applica-
tion of Bouligand’s notion of the contingent (cone) of a set at a point.

In Section 3 we prove that sets of “singular points” of vector valued Lips-
chitz functions on separable Banach spaces can be covered by special subsets
of Lipschitz surfaces (of codimension 1 or 2). Some lemmas (especially Lemma
3.5) in this section need relatively delicate arguments.

In Section 4 we present some constructions of Lipschitz functions, which
have prescribed “singular points”. In the proof of the basic Lemma 4.1 we use
the method of B. Kirchheim’s proof of Proposition 14 from [PZ].

Consequences of the main results are presented in the last section, Section
5.

We finish the introduction with definitions, notation and well-known facts
which we will need.

If f : X → Y is a mapping and F ⊂ X, then we denote by f �F the
restriction of f to F . We use the notation B(x, r) for the open ball with
center x and radius r.

Definition 1.1. Let X be a Banach space, A ⊂ X and x ∈ X. Then we
denote by contg (A, x) (the contingent of A at x) the set of all 0 6= u ∈ X for
which there exist sequences x 6= xi ∈ A and λi > 0 such that limλi = 0 and
lim 1

λi
‖x+ λiu− xi‖ = 0.

For some properties and applications of the contingent see [Sa]. The set
contg (A, x) ∪ {0} is frequently called the (Bouligand) tangent cone of A at
x and denoted by Tan (A, x) (see [Fe]). Note that clearly tu ∈ contg (A, x)
whenever t > 0 and u ∈ contg (A, x). It is also easy to see that contg (A, x) =
contg (A, x) and that a is an accumulation point of A whenever contg (A, x) 6=
∅.
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Definition 1.2. Let Banach spaces X,Y , an open set G ⊂ X, x ∈ G and
f : G→ Y be given. Then we put

Lip(f) = sup
{
‖f(u)− f(v)‖
‖u− v‖

: u, v ∈ G, u 6= v

}
and

Lip(f, x) = lim sup
u→x

‖f(u)− f(x)‖
‖u− x‖

.

Clearly Lip(f, x) ≤ Lip(f) and f is Lipschitz on G iff Lip(f) <∞.
We will also need the following easy well-known facts.

Lemma 1.3. Let X,Y,G, f be as in Definition 1.2. Then the following as-
sertions hold.

(i) If f is Lipschitz on G, x ∈ G and f ′+(x, u) exists for each u ∈ X, then
the mapping u→ f ′+(x, u) is Lipschitz.

(ii) If G = X and Lip(f, x) ≤ K for each x ∈ X, then Lip(f) ≤ K.

For (i) see e.g. [A], p. 164 or [Sp], p. 483. For (ii) see e.g. Lemma 14.4.
of [BL].

2 Lipschitz Surfaces and Their Subsets

We start with natural definitions of “relative Hadamard” directional deriva-
tives h′A,+(a, v) and h′A(a, v).

Definition 2.1. Let Y,W be Banach spaces, A ⊂ Y, a ∈ A, v ∈ Y, d ∈ W
and h : A→W be a mapping.

(i) We write h′A,+(a, v) = d if v ∈ contg (A, a) and (1/λi)(h(xi)−h(a))→ d
whenever xi ∈ A, λi > 0, λi → 0 and (1/λi)‖a+ λiv − xi‖ → 0.

We say that h is unilaterally smooth at a w.r.t. A if h′A,+(a, v) exists for
each v ∈ contg (A, a).

(ii) We write h′A(a, v) = d if v ∈ contg (A, a)∪(−contg (A, a)) and (1/λi)(h(xi)
−h(a))→ d whenever xi ∈ A, λi 6= 0, λi → 0 and (1/λi)‖a+λiv−xi‖ →
0.

We say that h is bilaterally smooth at a w.r.t. A if h′A(a, v) exists for
each v ∈ contg (A, a) ∪ (−contg (A, a)).
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(iii) If A = Y , we say that h is unilaterally (or bilaterally) smooth at a if it
is unilaterally (or bilaterally) smooth at a w.r.t. A = Y .

We say that h is unilaterally (or bilaterally) smooth if it is unilaterally
(or bilaterally) smooth at each point of A = Y .

Remark 2.2. (i) It is easy to see that h′A(a, v) = d iff the following condi-
tions hold:

(a) v ∈ contg (A, a) ∪ (−contg (A, a)).

(b) If v ∈ contg (A, a) , then h′A,+(a, v) = d.

(c) If v ∈ −contg (A, a) , then h′A,+(a,−v) = −d.

(ii) Suppose a ∈ intA. Remark that h′A,+(a, v) means in this case the (one-
sided) Hadamard derivative (cf. [Sp], p. 480). Then clearly

h′A,+(a, v) = d⇒ h′+(a, v) = d, h′A(a, v) = d⇒ h′(a, v) = d.

Easy examples show that the opposite implications do not hold in gen-
eral. On the other hand, it is easy to see that the opposite implications
hold if h is Lipschitz (cf. [Sp], Proposition 3.5).

(iii) If Y = R and v = 1, then v ∈ contg (A, a) iff a is a right accumulation
point of A. In this case h′A,+(a, v) clearly equals to h′A,+(a) – the right
derivative of h at a w.r.t. A.

In the sequel we will need the following natural notion of a Lipschitz surface
of codimension n (cf. e.g. [Z7]).

Moreover, we define classes A+
n ,An,B+

n , Bn of “special subsets” of Lip-
schitz surfaces of codimension n, which we will need in the cases n = 1, 2
only.

Definition 2.3. Let X be a Banach space and 0 < n ≤ dimX be an integer.

(i) We say that S ⊂ X is a Lipschitz surface of codimension n if there exists
a closed linear subspace Y of X of codimension n, an n-dimensional
topological complement W of Y and a Lipschitz mapping h : Y → W
such that S = {y + h(y) : y ∈ Y }. Then we say that S is a Lipschitz
surface associated with W .

If Y,W, h can be chosen in such a way that h′+(y, v) (or h′(y, v)) exists
for each y, v ∈ Y , we say that S is a unilaterally smooth (or a bilaterally
smooth) Lipschitz surface associated with W .

If dim(Y ) = 1, we will speak about Lipschitz curves, unilaterally smooth
Lipschitz curves and smooth Lipschitz curves.
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(ii) Let Z ⊂ X and there exist Y,W, h, S as above such that Z ⊂ S. Let πY
be the projection of X on Y parallel to W . We say that

(a) Z ∈ A+
n if h is unilaterally smooth w.r.t. πY (Z) at each point

a ∈ πY (Z).

(b) Z ∈ An if h is bilaterally smooth w.r.t. πY (Z) at each point a ∈
πY (Z).

(c) Z ∈ B+
n if h has all one-sided directional derivatives h′+(a, y), y ∈ Y ,

at each point a ∈ πY (Z).

(d) Z ∈ Bn if h has all (two-sided) directional derivatives h′(a, y), y ∈ Y ,
at each point a ∈ πY (Z).

Remark 2.4. (i) We admit also the trivial case n = dimX. In this case
Lipschitz surfaces are singletons and A+

n = An = B+
n = Bn is the system

containing all singletons and ∅.

(ii) Using Remark 2.2 (ii), we immediately obtain

B+
n ⊂ A+

n , Bn ⊂ An, An ⊂ A+
n , Bn ⊂ B+

n .

(iii) A Lipschitz surface of codimension n in X is clearly closed.

Let S, Y,W be as in Definition 2.3 (i) and πY be the projection of X
on Y parallel to W . It is easy to see that πY �S : S → Y is a bilipschitz
bijection, in particular πY (A) is closed iff A ⊂ S is closed.

(iv) We will also write A+
n (X),An(X), . . . instead of A+

n ,An, . . . when it is
not clear in which space X we are working.

Now we will show how extension theorems give some non-trivial relations
among defined classes in the cases dimX = 2 and dimX = 3. We will use the
terminology of Definition 2.1; cf. also Remark 2.2, (iii).

The first extension result is essentially contained in [J].

Lemma 2.5. Let A ⊂ R and f : A → R be a Lipschitz function which is
unilaterally smooth w.r.t A at each point of A. Then there exists a Lipschitz
function F : R → R such that F �A= f , Lip(F ) = Lip(f) and F ′+(x), F ′−(x)
exist for all x ∈ A ∪ (R \A).

Proof. Clearly there exists a unique function f∗ defined on A such that
Lip(f∗) = Lip(f) and f∗�A= f . It is easy to see that f∗ is unilaterally smooth
w.r.t. A at each point of A. Let {Is = (as, bs) : s ∈ S} be the system of
all components of R \ A. Let F be the (clearly unique) extension of f∗ with
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the following properties: If Is is bounded, then F is linear on Is. If Is is
unbounded, then F is constant on Is. It is easy to verify Lip(F ) = Lip(f).
To prove that F ′+(x) and F ′−(x) exist for all x ∈ A we repeat the argument
of Jarńık [J]: It is sufficient to observe that if y belongs to a bounded (as, bs)
with x 6= as, x 6= bs, then F (y)−F (x)

y−x is between f∗(as)−f(x)
as−x and f∗(bs)−f(x)

bs−x .

The second extension theorem we need follows immediately from [M]. Note
that we cannot use results from [J], since Jarńık in [J] extends functions from
perfect sets only and does not discuss the “Lipschitz case”.

Lemma 2.6. Let C ⊂ R be closed and h : C → R be a Lipschitz function
which is bilaterally smooth w.r.t C at each point a ∈ C. Then there exists a
Lipschitz function g : R→ R such that g�C= h and g′(x) exists for all x ∈ R.

Proof. Set S := C, F := h, A := −Lip(h) − 1 and B := Lip(h) + 1. It is
easy to see that then we can use Theorem 8 of [M] to obtain a function g with
the desired properties.

We will also need the following extension result, which can be proved by
modifications of constructions from [J] or [M]. It is a special case of the main
result of [NZ2] where we use the ideas of [J].

Lemma 2.7. Let A ⊂ R be an arbitrary set and h : A → R be a Lipschitz
function which is bilaterally smooth w.r.t. A at each point a ∈ A. Then there
exists a Lipschitz function g : R→ R such that g�A= h and g′(x) exists for all
x ∈ A.

Lemma 2.8. Let X = R2. Then A+
1 (X) = B+

1 (X). Moreover, each closed
set from A+

1 (X) is contained in an unilaterally smooth Lipschitz curve.

Proof. Let Z ∈ A+
1 (X). By Definition 2.3 there exist two one-dimensional

subspaces Y , W of X with X = Y ⊕W and a Lipschitz function g : Y → W
such that Z ⊂ S := {y + g(y) : y ∈ Y } and g is unilaterally smooth w.r.t.
P (Z) at each point a ∈ P (Z), where P is the projection of X on Y parallel to
W . Since both Y and W are (linearly) isometric to R, Lemma 2.5 implies that
there exists a Lipschitz function g∗ : Y → W such that g�P (Z)= g∗�P (Z) and
g∗ is unilaterally smooth at all points of P (Z)∪(Y \P (Z)). If Z is closed, then
P (Z) is closed (cf. Remark 2.4 (iii)) and therefore g∗ is unilaterally smooth.
Thus the assertion of the lemma follows immediately.

Lemma 2.9. Let X = R3. Then A2(X) = B2(X). Moreover, if Z ∈ A2(X)
is closed, then Z is contained in a smooth Lipschitz curve.
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Proof. Let Z ∈ A2(X). By Definition 2.3 there exist a closed one-dimensional
subspace Y of X, a 2-dimensional topological complement W to Y and a Lips-
chitz function g : Y →W such that Z ⊂ S := {y+g(y) : y ∈ Y } and g is bilat-
erally smooth w.r.t. P (Z) at each point a ∈ P (Z), where P is the projection of
X on Y parallel to W . Let W = span {w1, w2} and g1, g2 : Y → R be the func-
tions for which g(y) = g1(y)w1 + g2(y)w2. Since Y is (linearly) isometric to R
and g1, g2 are clearly bilaterally smooth w.r.t. P (Z) at each point a ∈ P (Z),
by Lemma 2.7 there are Lipschitz extensions g∗1 : Y → R, g∗2 : Y → R of
g1�P (Z), g2�P (Z) such that (g∗1)′(x), (g∗2)′(x) exist for all x ∈ P (Z). Moreover,
if Z is closed, Lemma 2.6 gives that we can even obtain that (g∗1)′(x), (g∗2)′(x)
exist for all x ∈ Y . If we now put g∗(y) := g∗1(y)w1 + g∗2(y)w2 and consider
the Lipschitz curve S∗ := {y + g∗(y) : y ∈ Y }, the inclusion Z ⊂ S∗ proves
the lemma.

We do not know whether each closed set fromA+
1 belongs to B+

1 , if dimX >
2. We also do not know whether each closed set from A2 belongs to B2, if
dimX > 3. The following lemma is well-known in Euclidean spaces (cf. [Sa])
and was proved and used in [Z1] in the case dimW = 1.

Lemma 2.10. Let X be a Banach space and W a finite-dimensional subspace
of X with dimW ≥ 1. Let A ⊂ X and let contg (A, a)∩W = ∅ for each a ∈ A.
Then A can be covered by countably many Lipschitz surfaces associated with
W .

Proof. Let V be a topological complement of W . Let Pw and Pv be projec-
tions of X onto W and V parallel to W and V , respectively. Then for each
x ∈ A there exists n ∈ N such that(

y ∈ A, ‖Pw(y − x)‖ ≤ 1
n

)
⇒ ‖Pv(y − x)‖ ≥ 1

n
‖Pw(y − x)‖. (2.1)

Assume for the moment the contrary. Then there exist x ∈ A and a sequence
yn ∈ A such that

‖Pw(yn − x)‖ ≤ 1
n

and ‖Pv(yn − x)‖ < 1
n
‖Pw(yn − x)‖. (2.2)

Put zn := yn − x. By (2.2) we have Pw(zn) 6= 0 and Pw(zn) → 0. Since the
unit sphere of W is compact, we can find u ∈ W, ‖u‖ = 1, and a subsequence
{Pw(znk

)} of {Pw(zn)} such that ‖Pw(znk
)‖−1Pw(znk

) → u. Putting tk :=
‖Pwznk

)‖, we obtain

tk → 0 and
1
tk
‖tku− Pw(znk

)‖ → 0. (2.3)
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Since znk
= Pw(znk

) + Pv(znk
) and tk = ‖Pw(znk

)‖, (2.2) and (2.3) give

1
tk
‖tku− znk

‖ ≤ 1
tk
‖tku− Pw(znk

)‖+
1
tk
‖Pv(znk

)‖ → 0.

Thus u ∈ contg (M,x) which is a contradiction.
Let An be the set of all points x ∈ A, for which (2.1) holds. We have

proved A =
⋃∞
n=1An. Fix n ∈ N. Since dimW < ∞ we can clearly write

W =
∞⋃
m=1

Bm where diamBm < 1
n for each m ∈ N. Putting

An,m = {x ∈ An : Pw(x) ∈ Bm},

we obtain A =
∞⋃

n,m=1
An,m. If x, y ∈ An,m, then we have ‖Pw(y−x)‖ < 1

n and

consequently, by the definition of An, ‖Pw(y − x)‖ ≤ n‖Pv(y − x)‖. There-
fore the set {(Pv(x), Pw(x)) : x ∈ An,m} is a graph of a Lipschitz function
fn,m : Pv(An,m) → W . There exists a Lipschitz function f̃n,m : V → W
which extends fn,m; it easily follows from the well-known results (see for in-
stance [Sn]) on extensions of real-valued functions. Thus An,m is a subset of
a Lipschitz surface associated with W , which finishes the proof.

Lemma 2.11. Let X be a Banach space, Y be a closed linear subspace of X
of codimension n, W be a topological complement of Y in X and h : Y → W
be a Lipschitz mapping. Let S = {y+h(y) : y ∈ Y } and Z ⊂ S be given. Then
the following statements hold.

(i) If (contg (Z, z)− contg (Z, z)) ∩W ⊂ {0} for each z ∈ Z, then Z ∈ A+
n .

(ii) If (contg (Z, z)−contg (Z, z))∩W ⊂ {0} and (contg (Z, z)+contg (Z, z))∩
W ⊂ {0} for each z ∈ Z, then Z ∈ An.

Proof. Denote by πY the projection of X on Y parallel to W and put A :=
πY (Z). To prove (i), suppose that Z /∈ A+

n . Then there exist a ∈ A, a =
πY (z), and v ∈ Y such that v ∈ contg (A, a) and h′A,+(a, v) does not exist.
Consequently there exist sequences xi ∈ A, λi > 0 such that

λi → 0 and (1/λi)‖a+ λiv − xi‖ → 0 (2.4)

but limi→∞(1/λi)(h(xi)− h(a)) does not exist. Since

qi :=
∥∥∥∥h(xi)− h(a)

λi

∥∥∥∥ ≤ Lip(h)
‖xi − a‖

λi
≤ Lip(h)

‖λiv‖+ ‖a+ λiv − xi‖
λi

,
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(2.4) gives that the sequence (qi) is bounded. Since W is finite-dimensional,
we can find increasing sequences of natural numbers i(k), i∗(k) and elements
d 6= d∗ of W such that

lim
k→∞

h(xi(k))− h(a)
λi(k)

= d, lim
k→∞

h(xi∗(k))− h(a)
λi∗(k)

= d∗.

By the definition of A we have

zk := xi(k) + h(xi(k)) ∈ Z, z∗k := xi∗(k) + h(xi∗(k)) ∈ Z.

Since clearly zk → z and

1
λi(k)

‖z + λi(k)(v + d)− zk‖ ≤
1

λi(k)
‖a− xi(k) − λi(k)v‖

+
1

λi(k)
‖h(a)− h(xi(k))− λi(k)d‖ → 0,

we obtain v + d ∈ contg (Z, z). Quite analogously we obtain v + d∗ ∈
contg (Z, z). Consequently 0 6= d − d∗ ∈ (contg (Z, z) − contg (Z, z)) ∩ W
which is a contradiction.

To prove (ii), we suppose that Z /∈ An and obtain a ∈ A, a = πY (z), and
v ∈ Y such that v ∈ contg (A, a)∪ (−contg (A, a)) and h′A(a, v) does not exist.
Further we proceed quite similarly to the proof of (i). We obtain xi ∈ A and λi
as above, with the only difference that now λi 6= 0 (instead of λi > 0). Passing
to the subsequences λi(k), λi∗(k), we can clearly suppose that their signs are
constant, but possibly different. If sign (λi(k)) = sign (λi∗(k)) = 1, we obtain
a contradiction in the same way as above. If sign (λi(k)) = sign (λi∗(k)) = −1,
then we easily obtain −v − d ∈ contg (Z, z), −v − d∗ ∈ contg (Z, z),

0 6= d− d∗ ∈ (contg (Z, z)− contg (Z, z)) ∩W,

which is a contradiction. If sign (λi(k)) = 1 and sign (λi∗(k)) = −1, then
v + d ∈ contg (Z, z), −v − d∗ ∈ contg (Z, z),

0 6= d− d∗ ∈ (contg (Z, z) + contg (Z, z)) ∩W,

which is a contradiction.

Remark 2.12. It is not difficult to prove that the opposite implications in
(i) and (ii) also hold.
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3 Properties of Sets of Singular Points

In the following we suppose that X,Y are Banach spaces, G ⊂ X is an open
set and f : G→ Y is a Lipschitz mapping.

Lemma 3.1. Let A ⊂ G, x0 ∈ G, u, c ∈ X, U ∈ Y, δ > 0, c ∈ contg (A, x0)
and ε > 0 be given. Then the following assertions hold.

(i) If the inequality ‖ f(x+tu)−f(x)
t − U‖ ≤ ε holds for each point x ∈ A and

0 < t < δ, then

‖f ′+(x0, c+ λu)− f ′+(x0, c)− λU‖ ≤ λε

whenever λ > 0 and the one-sided directional derivatives f ′+(x0, c), f ′+(x0, c+
λu) exist.

(ii) If the inequality ‖ f(x+tu)−f(x)
t − U‖ < ε holds for each x ∈ A and 0 <

|t| < δ, then

‖f ′+(x0, c+ λu)− f ′+(x0, c)− λU‖ ≤ |λ|ε

whenever λ ∈ R and the one-sided directional derivatives f ′+(x0, c), f ′+(x0, c+
λu) exist.

Proof. By the definition of the contingent, we can choose a sequence of
numbers tn > 0, tn → 0 and a sequence of points xn ∈ A such that

dn := ‖xn − (x0 + tnc)‖ = o(tn), n→∞.

Suppose that the assumptions of (i) are satisfied and a λ > 0 is given. We
have

Vn :=
∥∥∥∥f(x0 + tn(c+ λu))− f(x0)

tn
− f(x0 + tnc)− f(x0)

tn
− λU

∥∥∥∥
≤
∥∥∥∥λ(f(xn + tnλu)− f(xn)

λtn
− U

)∥∥∥∥
+
∥∥∥∥f(x0 + tn(c+ λu))− f(xn + tnλu)

tn

∥∥∥∥
+
∥∥∥∥f(x0 + tnc)− f(xn)

tn

∥∥∥∥ := αn + βn + γn.

By our assumptions αn ≤ λε for all sufficiently large n. Since clearly βn ≤
Lip(f)dn

tn
and γn ≤ Lip(f)dn

tn
, we obtain

‖f ′+(x0, c+ λu)− f ′+(x0, c)− λU‖ = lim
n→∞

Vn

≤ λε+ 0 + 0 = λε,
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which proves (i). To prove (ii), consider a negative λ. Put λ̃ := −λ, ũ :=
−u, Ũ := −U . Since ‖ f(x+teu)−f(x)

t − Ũ‖ < ε for 0 < t < δ, by (i) we obtain

‖f ′+(x0, c+ λu)− f ′+(x0, c)− λU‖ = ‖f ′+(x0, c+ λ̃ũ)− f ′+(x0, c)− λ̃Ũ‖

≤ λ̃ε = |λ|ε.

Lemma 3.2. Let M ⊂ G, x0 ∈ G, u, v, w, s1, s2 ∈ X, ε, δ > 0, U, V,W ∈ Y be
given such that w = u + v, ‖W − (U + V )‖ > 3ε, s1, s2 ∈ contg (M,x0) and
s1 − s2 ∈ span {u}. Further let f ′+(x0, q) exist for each q ∈ X and∣∣∣∣f(x+ tu)− f(x)

t
− U

∣∣∣∣ ≤ ε, ∣∣∣∣f(x+ tv)− f(x)
t

− V
∣∣∣∣ ≤ ε,∣∣∣∣f(x+ tw)− f(x)

t
−W

∣∣∣∣ ≤ ε
whenever x ∈M and 0 < t < δ. Then s1 = s2.

Proof. Suppose on the contrary that s1 6= s2. Then we can suppose without
any loss of generality that s1− s2 = αu, where α > 0. By Lemma 3.1 (i) there
exist vectors ε1, ε2, ε3 ∈ Y, ‖εi‖ ≤ ε, i = 1, 2, 3, such that

f ′+(x0, s1 + αv) = f ′+(x0, s1) + αV + αε1,

f ′+(x0, s2 + αw) = f ′+(x0, s2) + αW + αε2,

f ′+(x0, s1) = f ′(x0, s2 + αu) = f ′+(x0, s2) + αU + αε3.

Since s1 + αv = s2 + αw, the above equalities imply

f ′+(x0, s1) + αV + αε1 = f ′+(x0, s2) + αW + αε2,

f ′+(x0, s1) = f ′+(x0, s2) + αU + αε3.

Subtracting these equalities, we obtain

αV + αε1 = αW + αε2 − αU − αε3,
W − (U + V ) = ε1 + ε3 − ε2,

‖W − (U + V )‖ ≤ 3ε,

which is a contradiction.

Theorem 3.3. Let X be a separable Banach space, G ⊂ X an open set, Y
a Banach space and f : G → Y a Lipschitz mapping. Let S+(f) be the set
of all points x ∈ G at which there exist all one-sided directional derivatives
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f ′+(x, v), v ∈ X, but f is not Gâteaux differentiable at x. Then S+(f) can be
covered by countably many Lipschitz surfaces of codimension 1. More precisely,
S+(f) is a countable union of sets from the class A+

1 .
If, moreover, f has all one-sided directional derivatives at all points of G,

then S+(f) is a countable union of closed sets from the class A+
1 .

Proof. Since the closed linear span of the range f(G) is clearly separable,
we may suppose without any loss of generality that Y is separable. Let DX

and DY be countable dense subsets of X and Y , respectively, and let Q+ be
the set of all positive rational numbers. Put

P = {(u, v, w, U, V,W, ε, δ) : u ∈ DX , v ∈ DX , w = u+ v, U ∈ DY ,

V ∈ DY ,W ∈ DY , ε ∈ Q+, δ ∈ Q+, ‖W − (U + V )‖ > 3ε}.

Note that P is countable. For each p = (u, v, w, U, V,W, ε, δ) ∈ P denote by
M(p) the set of all x ∈ G for which dist (x,X \G) ≥ δ and∥∥∥∥f(x+ tu)− f(x)

t
− U

∥∥∥∥ ≤ ε, ∥∥∥∥f(x+ tv)− f(x)
t

− V
∥∥∥∥ ≤ ε,∥∥∥∥f(x+ tw)− f(x)

t
−W

∥∥∥∥ ≤ ε for each 0 < t < δ.

(3.1)

It is easy to see that each M(p), p ∈ P , is a closed set. We have also

S+(f) ⊂
⋃
p∈P

M(p). (3.2)

Indeed, if x ∈ S+(f), then there exist ũ, ṽ ∈ X such that f ′+(x, ũ)+f ′+(x, ṽ) 6=
f ′+(x, ũ + ṽ). (Otherwise the mapping v → f ′+(x, v) would be linear and also
Lipschitz (cf. Lemma 1.3 (i)); consequently it would be a Gâteaux derivative
of f at x.) Since the function v → f ′+(x, v) is continuous (Lemma 1.3 (i)), we
can choose u ∈ DX , v ∈ DX , w := u + v and ε ∈ Q+ such that ‖f ′+(x, u) +
f ′+(x, v)− f ′+(x,w)‖ > 6ε. Now choose U, V,W ∈ DY for which

‖f ′+(x, u)− U‖ < ε, ‖f ′+(x, v)− V ‖ < ε, ‖f ′+(x,w)−W‖ < ε.

Then clearly ‖W − (U + V )‖ > 3ε and we can choose δ ∈ Q+ such that
dist (x,X \ G) ≥ δ and (3.1) holds. Thus x ∈ M(u, v, w, U, V,W, ε, δ) and
(3.2) holds. Consequently S+(f) =

⋃
p∈P

(
S+(f) ∩ M(p)

)
. Now fix p =

(u, v, w, U, V,W, ε, δ) ∈ P and consider M := S+(f)∩M(p). Lemma 3.2 implies
that (contg (M,x)−contg (M,x))∩span {u} ⊂ {0} and therefore contg (M,x)∩
span {u} = ∅ for each x ∈M . By Lemma 2.10 there exists a sequence (Sn)∞n=1
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of Lipschitz surfaces of codimension 1 associated with span {u} such that M ⊂⋃∞
n=1 Sn and therefore M =

⋃∞
n=1(Sn∩M). Fix n ∈ N and put M∗ = Sn∩M .

By Lemma 3.2 we have (contg (M∗, x) − contg (M∗, x)) ∩ span {u} ⊂ {0} for
each x ∈ M∗. Consequently Lemma 2.11 (i) implies M∗ ∈ A+

1 and therefore
S+(f) is a countable union of sets from the class A+

1 . Now suppose that f has
all one-sided derivatives at each point x ∈ G. Then we even have S+(f) =⋃
p∈P M(p). Indeed, if x ∈ M(p) for some p = (u, v, w, U, V,W, ε, δ) ∈ P , we

clearly obtain ‖f ′+(x, u) − U‖ ≤ ε, ‖f ′+(x, v) − V ‖ ≤ ε, ‖f ′+(x,w) −W‖ ≤ ε.
Therefore ‖f ′+(x, u) + f ′+(x, v) − f ′+(x,w)‖ > 0 and thus x ∈ S+(f). Conse-
quently the sets M = S+(f) ∩M(p) = M(p) and M∗ = Sn ∩M considered
above are closed. Therefore S+(f) is a countable union of closed sets from the
class A+

1 .

Remark 3.4. Note that we have proved the above theorem using Lemma
2.11 (i). In particular the above proof gives (without using Remark 2.12) that
S+(f) can be written in the form S+(f) =

⋃∞
n=1Mn where Mn are sets for

which

(contg (Mn, x)− contg (Mn, x)) ∩ span {u} ⊂ {0}, x ∈Mn. (3.3)

Moreover, if f has all one-sided derivatives at each point x ∈ G, then Mn can
be chosen to be closed. Further note that (3.3) clearly implies int(contg (Mn, x))
= ∅, x ∈Mn.

Lemma 3.5. Let M ⊂ X,x0, u, v, w, s1, s2 ∈ X, ε, δ > 0, U, V,W ∈ Y be given
such that w = u+ v, ‖W − (U + V )‖ > 5ε, s1, s2 ∈ contg (M,x0). Further let
f ′(x0, q) exist for each q ∈ X and∣∣∣∣f(x+ tu)− f(x)

t
− U

∣∣∣∣ ≤ ε, ∣∣∣∣f(x+ tv)− f(x)
t

− V
∣∣∣∣ ≤ ε,

∣∣∣∣f(x+ tw)− f(x)
t

−W
∣∣∣∣ ≤ ε,

whenever x ∈M and 0 < |t| < δ. Then the following assertions hold.

(i) If s1 − s2 ∈ span {u, v}, then s1 = s2.

(ii) If s1 + s2 ∈ span {u, v}, then s1 = −s2.

Proof. To prove (i), suppose on the contrary that s1 − s2 ∈ span {u, v}
and s1 6= s2. Without any loss of generality we can suppose that s1 − s2 =



302 A. Nekvinda and L. Zaj́ıček

αu + βv, where |α| > 0 and |α| ≥ |β|. By Lemma 3.1 (ii) there exist vectors
ε1, ε2, ε3, ε4 ∈ Y, ‖εi‖ ≤ ε, i = 1, 2, 3, 4, such that

f ′(x0, s1 − βv) = f ′(x0, s1)− βV + |β|ε1,
f ′(x0, s2 + αu) = f ′(x0, s2) + αU + |α|ε2,
f ′(x0, s1 − αw) = f ′(x0, s1)− αW + |α|ε3,

f ′(x0, s2 + (β − α)v) = f ′(x0, s2) + (β − α)V + |β − α|ε4.

Since s1 − βv = s2 + αu and s1 − αw = s2 + (β − α)v , the above equalities
imply

f ′(x0, s1)− βV + |β|ε1 = f ′(x0, s2) + αU + |α|ε2,
f ′(x0, s1)− αW + |α|ε3 = f ′(x0, s2) + (β − α)V + |β − α|ε4.

Subtracting these equalities, we obtain

αW − βV + |β|ε1 − |α|ε3 = αU − (β − α)V + |α|ε2 − |β − α|ε4,

W − (U + V ) =
1
α

(|α|ε2 − |β − α|ε4 − |β|ε1 + |α|ε3),

‖W − (U + V )‖ ≤ ε+ 2ε+ ε+ ε = 5ε,

which is a contradiction.
To prove (ii), suppose on the contrary that s1 + s2 ∈ span {u, v} and

s1 6= −s2. Without any loss of generality we can suppose that s1 + s2 =
αu + βv, where |α| > 0 and |α| ≥ |β|. By Lemma 3.1 there exist vectors
ε1, ε2, ε3, ε4 ∈ Y, ‖εi‖ ≤ ε, i = 1, 2, 3, 4, such that

f ′(x0, s1 − αu) = f ′(x0, s1)− αU + |α|ε1,
f ′(x0, s2 − βv) = f ′(x0, s2)− βV + |β|ε2,
f ′(x0, s1 − αw) = f ′(x0, s1)− αW + |α|ε3,

f ′(x0, s2 + (α− β)v) = f ′(x0, s2) + (α− β)V + |α− β|ε4.

Since s1 − αu = −(s2 − βv) and s1 − αw = −(s2 + (α − β)v) , the above
equalities imply

f ′(x0, s1)− αU + |α|ε1 = −(f ′(x0, s2)− βV + |β|ε2),
f ′(x0, s1)− αW + |α|ε3 = −(f ′(x0, s2) + (α− β)V + |α− β|ε4).

Subtracting these equalities, we obtain

αW − αU + |α|ε1 − |α|ε3 = αV + |α− β|ε4 − |β|ε2,
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W − (U + V ) =
1
α

(−|α|ε1 + |α|ε3 + |α− β|ε4 − |β|ε2),

‖W − (U + V )‖ ≤ ε+ ε+ 2ε+ ε = 5ε,

which is a contradiction.

Theorem 3.6. Let X be a separable Banach space, G ⊂ X an open set, Y
a Banach space and f : G → Y a Lipschitz mapping. Let S(f) be the set
of all points x ∈ G at which there exist all (two-sided) directional derivatives
f ′(x, v), v ∈ X, but f is not Gâteaux differentiable at x. Then S(f) can be
covered by countably many Lipschitz surfaces of codimension 2. More precisely,
S(f) is a countable union of sets from the class A2. If, moreover, f has all
(two-sided) directional derivatives at all points of G, then S(f) is a countable
union of closed sets from the class A2.

Proof. Since the closed linear span of the range f(G) is clearly separable,
we may suppose without any loss of generality that Y is separable. Let DX

and DY be countable dense subsets of X and Y , respectively, and let Q+ be
the set of all positive rational numbers. Put

P = {(u, v, w, U, V,W, ε, δ) : u ∈ DX , v ∈ DX , w = u+ v, U ∈ DY ,

V ∈ DY ,W ∈ DY , ε ∈ Q+, δ ∈ Q+, ‖W − (U + V )‖ > 5ε}.
Note that P is countable. For each p = (u, v, w, U, V,W, ε, δ) ∈ P denote by
M(p) the set of all x ∈ G for which dist (x,X \G) ≥ δ and∥∥∥∥f(x+ tu)− f(x)

t
− U

∥∥∥∥ ≤ ε, ∥∥∥∥f(x+ tv)− f(x)
t

− V
∥∥∥∥ ≤ ε,∥∥∥∥f(x+ tw)− f(x)

t
−W

∥∥∥∥ ≤ ε for each 0 < |t| < δ.

(3.4)

It is easy to see that each M(p), p ∈ P , is a closed set. We have also

S(f) ⊂
⋃
p∈P

M(p). (3.5)

Indeed, if x ∈ S(f), then there exist ũ, ṽ ∈ X such that f ′(x, ũ) + f ′(x, ṽ) 6=
f ′(x, ũ + ṽ). (Otherwise the mapping v → f ′(x, v) would be linear and also
Lipschitz (cf. Lemma 1.3 (i)); consequently it would be a Gâteaux derivative
of f at x.) Since the function v → f ′(x, v) is continuous (Lemma 1.3 (i)), we
can choose u ∈ DX , v ∈ DX , w := u + v and ε ∈ Q+ such that ‖f ′(x, u) +
f ′(x, v)− f ′(x,w)‖ > 8ε. Now choose U, V,W ∈ DY for which

‖f ′(x, u)− U‖ < ε, ‖f ′(x, v)− V ‖ < ε, ‖f ′(x,w)−W‖ < ε.
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Then clearly ‖W − (U + V )‖ > 5ε and we can choose δ ∈ Q+ such that
dist (x,X \ G) ≥ δ and (3.4) holds. Therefore x ∈ M(u, v, w, U, V,W, ε, δ)
and (3.5) holds. Consequently S(f) =

⋃
p∈P

(
S(f) ∩ M(p)

)
. Now fix p =

(u, v, w, U, V,W, ε, δ) ∈ P and consider M := S(f) ∩ M(p). Lemma 3.5
immediately implies that (contg (M,x) − contg (M,x)) ∩ span {u, v} ⊂ {0}
and therefore contg (M,x) ∩ span {u, v} = ∅ for each x ∈ M . By Lemma
2.10 there exists a sequence (Sn)∞n=1 of Lipschitz surfaces of codimension
2 associated with span {u, v} such that M ⊂

⋃∞
n=1 Sn and therefore M =⋃∞

n=1(Sn ∩ M). Fix n ∈ N and put M∗ = Sn ∩ M . By Lemma 3.5 we
have (contg (M∗, x) − contg (M∗, x)) ∩ span {u, v} ⊂ {0}, (contg (M∗, x) +
contg (M∗, x)) ∩ span {u, v} ⊂ {0} for all x ∈M∗. Consequently Lemma 2.11
(ii) implies M∗ ∈ A2 and therefore S(f) is a countable union of sets from
the class A2. Now suppose that f has all two-sided derivatives at each point
x ∈ G. Then we have even S(f) =

⋃
p∈P M(p). Indeed, if x ∈M(p) for some

p = (u, v, w, U, V,W, ε, δ) ∈ P , we clearly obtain ‖f ′(x, u)−U‖ ≤ ε, ‖f ′(x, v)−
V ‖ ≤ ε, ‖f ′(x,w) −W‖ ≤ ε. Therefore ‖f ′(x, u) + f ′(x, v) − f ′(x,w)‖ > 2ε
and thus x ∈ S(f). Consequently the sets M = S(f) ∩M(p) = M(p) and
M∗ = Sn ∩M considered above are closed. Therefore S(f) is a countable
union of closed sets from the class A2.

4 Constructions

In the following lemma we use the method of B. Kirchheim’s proof of Proposi-
tion 14 from [PZ]. Recall the notation B(x, r) for the open ball with a center
x and radius r.

Lemma 4.1. Let X be a separable Banach space and f a non-negative bounded
Lipschitz function defined on X. Let F := {x : f(x) = 0} 6= ∅. Then there
exists a function g such that

(i) g�F= 0, g�(X\F )> 0;

(ii) g is Gâteaux differentiable on X \ F ;

(iii) g is Lipschitz ;

(iv) the Fréchet derivative of f − g is 0 at each point of F .

Proof. Assume first 0 ≤ f ≤ 1, Lip(f) ≤ 1. Set

fk(x) = min
(

max
(
f(x)− 2−k, 0

)
, 2−k

)
, k ∈ N.
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It is easy to see that f =
∞∑
k=1

fk, 0 ≤ fk ≤ 2−k, Lip(fk) ≤ 1 and

fk(x) = 0 if f(x) ≤ 2−k; fk(x) = 2−k if f(x) ≥ 2−k+1. (4.1)

For each k ∈ N, let µk be a non-degenerate probability cube measure (see
[BL], p. 142) with

suppµk ⊂ B(0, 4−1−k) (4.2)

and gk = fk ? µk (i.e. gk(x) =
∫
fk(x − t)dµk(t)). Since fk is Lipschitz, it is

Gâteaux differentiable at µk-almost all points of X (see [BL], 6.25, 6.27, 6.42)
and therefore Lebesque’s dominated convergence theorem easily gives (as in
[BL], 6.43) that g′k(x, v) = (f ′k(., v) ? µk)(x) for every x, v ∈ X and therefore
gk is an everywhere Gâteaux differentiable function. It is easy to verify (using
0 ≤ fk ≤ 2−k, Lip(fk) ≤ 1 and (4.2)) that

0 ≤ gk ≤ 2−k, Lip(gk) ≤ 1 and |gk − fk| ≤ 4−1−k. (4.3)

Using (4.1), (4.2) and Lip(f) ≤ 1, we easily obtain that

gk(x) = fk(x) = 0 if f(x) < 2−k − 4−1−k (4.4)

and
gk(x) = fk(x) = 2−k if f(x) > 2−k+1 + 4−1−k. (4.5)

Set g :=
∑∞
k=1 gk. From (4.4), (4.3) and (4.5) we immediately obtain (i).

Now, fix n ∈ N and consider g on the set Dn = {x : 2−n < f(x) < 2−n+2}.
By (4.4) and (4.5) we have that gk(x) = fk(x) = 0 for x ∈ Dn and 1 ≤ k ≤
n− 3; gk(x) = fk(x) = 2−k for x ∈ Dn and k ≥ n+ 2. Consequently,

g(x) =
∑

k≥n+2

2−k +
∑

max(1,n−2)≤k≤n+1

gk(x), x ∈ Dn.

Therefore g is Gâteaux differentiable on Dn and Lip(g, x) ≤ 4 for each x ∈ Dn.

Since clearly X \ F =
∞⋃
n=1

Dn, we obtain (ii) and

Lip(g, x) ≤ 4 for each x ∈ X \ F. (4.6)

Using (4.3) we obtain, for each x ∈ Dn,

|f(x)− g(x)| ≤
∑

max(1,n−2)≤k≤n+1

|fk(x)− gk(x)| ≤ 4 · 4−n+1. (4.7)
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Fix y ∈ F and consider x ∈ X, x 6= y. Consider for x ∈ X \ F the least
n = n(x) for which x ∈ Dn. Since Lip(f) ≤ 1, we have ‖y − x‖ > 2−n. By
(4.7) we obtain

|f(x)− g(x)|
‖y − x‖

≤ 4 · 4−n+1

2−n
.

Clearly lim
x→y
x/∈F

n(x) =∞, which proves (iv).

Now, (iv) and Lip(f) ≤ 1 gives Lip(g, x) ≤ 4 for each x ∈ F . Using (4.6)
and Lemma 1.3 (ii), we obtain (iii).

In the general case find ε > 0 such that εf ≤ 1 and Lip(εf) ≤ 1. Applying
the construction above to f̃ := εf we obtain a function g̃ and g := 1

ε g̃ satisfies
the properties (i)-(iv).

The next lemma generalizes Lemma 4.1 in the sense that F is any closed
subset of {x ∈ X : f(x) = 0} but need not be equal to this set and f need not
be non-negative.

Lemma 4.2. Let X be a separable Banach space and f be a bounded Lipschitz
real-valued function. Let ∅ 6= F ⊂ X be closed and f�F= 0. Then there exists
a function g such that g is bounded Lipschitz, g is Gâteaux differentiable on
X \ F , g�F= 0 and f − g has zero Fréchet derivative at each point x ∈ F .

Proof. Set d(x) = min(dist (x, F ), 1). Let f+, f− be the positive and nega-
tive parts of f . Put h1(x) = f+(x) + d(x), h2(x) = f−(x) + d(x). Clearly h1,
h2 are non-negative bounded Lipschitz functions and

F = {x : h1(x) = 0} = {x : h2(x) = 0}.

By Lemma 4.1 we can find bounded Lipschitz functions g1, g2 which are
Gâteaux differentiable on X \F , gi�F= 0 and hi−gi has the Fréchet derivative
0 at each point x ∈ F , i = 1, 2. Set g = g1−g2. Then g�F= 0 and g is Gâteaux
differentiable on X \ F . Let x ∈ F . Since f = f+ − f− = h1 − h2, we have

|(f − g)(y)− (f − g)(x)|
‖y − x‖

≤ |(h1 − g1)(y)− (h1 − g1)(x)|
‖y − x‖

+
|(h2 − g2)(y)− (h2 − g2)(x)|

‖y − x‖
,

which with the fact that hi − gi has zero Fréchet derivative at all points of F
finishes the proof.

The following easy lemma is well-known (cf. Proposition 3.6. (i) from
[Sp]).
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Lemma 4.3. Let X, Y , Z be Banach spaces, f : X → Y , g : Y → Z be two
mappings and let g be Lipschitz. Let x,u ∈ X and let there exist v := f ′+(x, u),
g′+(f(x), v). Then

(g ◦ f)′+(x, u) = g′+(f(x), v). (4.8)

Remark 4.4. The preceding lemma clearly holds also in the trivial cases when
at least one of the spaces X,Y, Z is the trivial null-dimensional space {0}. Of
course, then the directional derivatives involved in (4.8) equal to zero.

Lemma 4.5. Let X be a separable Banach space and ∅ 6= A ∈ B+
1 (X). Then

there exists a bounded Lipschitz function f : X → R such that

(i) f ′+(x, u) exists for all x ∈ A and u ∈ X;

(ii) f is Gâteaux differentiable on X \A;

(iii) there is w ∈ X, ‖w‖ = 1, such that for all x ∈ A, f ′+(x,w) = f ′+(x,−w) =
1.

In particular, each closed set from B+
1 (X) belongs to S̃+(X).

Proof. According to Definition 2.3 there exist a subspace Y of codimension
1, a topological complement W of Y and a Lipschitz function h : Y →W such
that A ⊂ S := {y + h(y) : y ∈ Y } and

h′+(y, v) exists whenever v ∈ Y and y ∈ P (A), (4.9)

where P is the projection of X on Y parallel to W . For x ∈ X, put

g(x) := ‖x− P (x)− h(P (x))‖.

Clearly g�S= 0. Since the sum and the composition of two Lipschitz func-
tions is Lipschitz and the functions P, h, ‖.‖ are Lipschitz, we obtain that g is
Lipschitz. Since P is linear and ‖.‖ is convex, (4.9) and Lemma 4.3 imply that

g′+(x, u) exists for each x ∈ A and u ∈ X. (4.10)

Choose a unit vector w ∈ W and suppose that x ∈ A is given. Since clearly
P (x) = P (x+ tw) for each t ∈ R, we have

g(x+ tw) = ‖x+ tw − P (x)− h(P (x))‖ = ‖tw‖ = |t|.

Thus
g′+(x,w) = 1 and g′+(x,−w) = 1. (4.11)
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Set g1(x) := min(g(x), 1). Then g1 satisfies the assumptions of Lemma 4.2 with
F = A and so we can find a bounded Lipschitz function f such that f�A= 0,
f is Gâteaux differentiable on X \A and f − g1 has zero Fréchet derivative at
any point x ∈ A. These properties of f , (4.10) and (4.11) immediately give
(i) and (iii).

Lemma 4.6. Let X be a separable Banach space, {an}, {bn} sequences of

positive numbers,
∞∑
n=1

an <∞,
∞∑
n=1

bn <∞. Let fn : X → R satisfy |fn| ≤ an

and Lip(fn) ≤ bn. Let (fn)′+(x, u) exist for some x,u ∈ X. Set f =
∞∑
n=1

fn.

Then f is a Lipschitz function and

f ′+(x, u) =
∞∑
n=1

(fn)′+(x, u). (4.12)

Moreover, if fn are Gâteaux differentiable at x, then f is Gâteaux differentiable
at x.

Proof. It is easy to see that f is Lipschitz. For t ∈ (0,∞), put

g(t) =
1
t
(f(x+ tu)− f(x)), gn(t) =

1
t
(fn(x+ tu)− fn(x)).

Clearly, g(t) =
∞∑
n=1

gn(t) for t > 0, and |gn(t)| ≤ bn‖u‖ because Lip(fn) ≤ bn.

Consequently
∞∑
n=1

gn(t) converges uniformly on (0,∞). Therefore

∞∑
n=1

(fn)′+(x, u) =
∞∑
n=1

lim
t→0+

gn(t) = lim
t→0+

g(t) = f ′+(x, u),

which proves (4.12).
If fn are Gâteaux differentiable at x, then the mappings u → (fn)′+(x, u)

are linear on X. By (4.12) we have that v → f ′+(x, v) is linear and it is also
continuous by Lemma 1.3 (i).

Theorem 4.7. Let X be a separable Banach space, dim(X) ≥ 1, and A ⊂ X
be a countable union of closed sets from B+

1 . Then there exists a Lipschitz
function f : X → R such that f ′+(x, u) exists for all x, u ∈ X, f is Gâteaux
differentiable at all points of X \A and f is Gâteaux differentiable at no point
of A (i.e. A ∈ S̃+(X)).
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Proof. The case A = ∅ is trivial. Thus suppose that A =
∞⋃
n=1

An, where

∅ 6= An ∈ B+
1 are closed. According to Lemma 4.5 there are vectors wn ∈ X,

‖wn‖ = 1, functions fn : X → R and numbers Ln,Kn with

|fn| ≤ Ln, Lip(fn) ≤ Kn; (4.13)
(fn)′+(x, u) exists for all x,u ∈ X; (4.14)
fn is Gâteaux differentiable on X \An; (4.15)
(fn)′+(x,wn) = (fn)′+(x,−wn) = 1 for all x ∈ An. (4.16)

Without loss of generality we can suppose Ln ≥ 1, Kn ≥ 1. Define a sequence
{εn} by

ε1 =
1

L1K1
, εn+1 =

εn
3Ln+1Kn+1

. (4.17)

Since Ln ≥ 1, Kn ≥ 1, we have

εn ≤ 3l−nεl for 1 ≤ l ≤ n (4.18)

and consequently, for each n > 1, Lnεn = (3Kn)−1
εn−1 ≤ 3−1εn−1 ≤ 31−nε1.

Analogously, Knεn ≤ 31−nε1. Set gn = εnfn, n ∈ N. Then by (4.13) we have
|gn| ≤ 31−nε1 and |Lip(gn)| ≤ 31−nε1. Put f =

∑∞
n=1 gn. By Lemma 4.6,

(4.14) and (4.15) we have that f is Lipschitz, f ′+(x, u) exists for all x,u ∈ X,

f ′+(x, u) =
∞∑
n=1

(gn)′+(x, u) for all x, u ∈ X (4.19)

and f is Gâteaux differentiable at all points of X \A. Let x ∈ A be given. Put
m := min {n : x ∈ An}. Then by (4.15), for each 1 ≤ l < m, fl is Gâteaux
differentiable at x and consequently (fl)′+(x,wm) + (fl)′+(x,−wm) = 0, which
gives with (4.19) and (4.16)

f ′+(x,wm) + f ′+(x,−wm) =
∞∑
n=1

εn
(
(fn)′+(x,wm) + (fn)′+(x,−wm)

)
= 2εm +

∞∑
n=m+1

εn
(
(fn)′+(x,wm) + (fn)′+(x,−wm)

)
.

By (4.13) we have |(fn)′+(x, u)| ≤ Kn for each u ∈ X which gives with (4.17)
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and (4.18)∣∣∣ ∞∑
n=m+1

εn((fn)′+(x,wm) + (fn)′+(x,−wm))
∣∣∣ ≤ ∣∣∣ ∞∑

n=m+1

εn2Kn

∣∣∣
= 2

∞∑
n=m+1

εn−1

3Ln
≤ 2

∞∑
n=m

εn
3
≤ 2

3

∞∑
n=m

εm3m−n = εm.

Consequently, f ′+(x,wm) + f ′+(x,−wm) ≥ 2εm − εm > 0, which proves the
theorem.

Lemma 4.8. Let W = span {w1, w2} be a 2-dimensional Banach space. Then
there exists a bounded Lipschitz function q : W → R such that q(0) = 0,
q′(0, w) exists for each w ∈W , q′(0, w1) = q′(0, w2) = 0 and q′(0, w1+w2) = 1.

Proof. Let L : W → R2 be the linear mapping for which L(w1) = (1, 0) and
L(w2) = (0, 1). For (x, y) ∈ R2 put

p(x, y) =


min(x, y, 1) x > 0, y > 0
max(x, y,−1) x < 0, y < 0
0 xy ≤ 0.

It is easy to verify that p is a bounded Lipschitz function, p′((0, 0), w) exists for
each w ∈ R2, p′((0, 0), (1, 0)) = p′((0, 0), (0, 1)) = 0 and p′((0, 0), (1, 1)) = 1.
The function q := p ◦ L has clearly all desired properties.

Lemma 4.9. Let X be a separable Banach space and A ∈ B2(X). Then there
exists a bounded Lipschitz function f : X → R such that

(i) f ′(x, u) exists for all x ∈ A and u ∈ X;

(ii) f is Gâteaux differentiable on X \A;

(iii) there are unit vectors w1, w2 ∈ X such that, for each x ∈ A, f ′(x,w1) =
f ′(x,w2) = 0, f ′(x,w1 + w2) = 1.

In particular, each closed set from B2(X) belongs to S̃(X).

Proof. According to Definition 2.3 there exists a closed subspace Y of X, its
topological complement W of dimension 2 and a Lipschitz mapping h : Y →W
such that A ⊂ S := {y + h(y) : y ∈ Y } and

h′(y, v) exists whenever y ∈ P (A) and v ∈ Y, (4.20)
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where P is the projection of X onto Y parallel to W . Let W = span {w1, w2},
‖w1‖ = ‖w2‖ = 1 and q : W → R be the Lipschitz function from Lemma
4.8. For x ∈ X, put g(x) := q(x − P (x) − h(P (x))). It is easy to see that g
is a bounded Lipschitz function. Since clearly x−P (x)−h(P (x)) = 0 for x ∈ A,
(4.20), properties of q and Lemma 4.3 easily gives that g′(x, v) exists for each x ∈
A and v ∈ X. Let x ∈ A and w ∈ W . Then clearly P (x + w) = P (x) and
thus g(x + w) = q(w). This fact immediately implies g′(x,w1) = g′(x,w2) =
0, g′(x,w1 + w2) = 1. By Lemma 4.2 there exists a bounded Lipschitz func-
tion f on X such that f/A = 0, f is Gâteaux differentiable on X \ A and
f ′(x, u) = g′(x, u) for all x ∈ A, u ∈ X. Consequently f has all desired
properties.

Theorem 4.10. Let X, dim(X) ≥ 2, be a separable Banach space and A ⊂ X
be a countable union of closed sets from B2(X). Then there exists a Lipschitz
function f : X → R such that f ′(x, u) exists for all x, u ∈ X, f is Gâteaux
differentiable at all points of X \A and f is Gâteaux differentiable at no point
of A (i.e. A ∈ S̃(X)).

Proof. The case A = ∅ is trivial. Thus suppose that A =
∞⋃
n=1

An, where

∅ 6= An ∈ B2 are closed sets. According to Lemma 4.9 there are unit vectors
w1n ∈ X, w2n ∈ X, functions fn : X → R and numbers Ln,Kn with

|fn| ≤ Ln, Lip(fn) ≤ Kn; (4.21)
(fn)′(x, u) exists for all x,u ∈ X; (4.22)
fn is Gâteaux differentiable on X \An; (4.23)

(fn)′(x,w1n) = (fn)′(x,w2n) = 0,
f ′(x,w1n + w2n) = 1 for all x ∈ An.

(4.24)

Without any loss of generality we can assume Ln ≥ 1, Kn ≥ 1. Define the
sequence {εn} by

ε1 =
1

L1K1
, εn+1 =

εn
5Ln+1Kn+1

. (4.25)

Since Ln ≥ 1, Kn ≥ 1, we have

εn ≤ 5l−nεl for 1 ≤ l ≤ n (4.26)

and consequently, for n > 1, Lnεn = (5Kn)−1εn−1 ≤ 5−1εn−1 ≤ 51−nε1.
Analogously, Knεn ≤ 51−nε1. Put gn = εnfn. Then by (4.21) we have |gn| ≤
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51−nε1 and |Lip(gn)| ≤ 51−nε1. Put f =
∑∞
n=1 gn. By Lemma 4.6, (4.22) and

(4.23) we obtain that f is Lipschitz, f ′(x, u) exists for all x,u ∈ X,

f ′(x, u) =
∞∑
n=1

(gn)′(x, u) for all x, u ∈ X (4.27)

and f is Gâteaux differentiable at all points of X \ A. Let x ∈ A be given.
Put m := min{n : x ∈ An}. Then by (4.23), for each 1 ≤ l < m, fl is Gâteaux
differentiable at x and thus (fl)′(x,w1m+w2m) = (fl)′(x,w1m)+(fl)′(x,w2m),
which gives by (4.27)

f ′(x,w1m + w2m)− f ′(x,w1m)− f ′(x,w2m)

=
∞∑
n=1

εn((fn)′(x,w1m + w2m)− (fn)′(x,w1m)− (fn)′(x,w2m))

=
∞∑
n=m

εn((fn)′(x,w1m + w2m)− (fn)′(x,w1m)− (fn)′(x,w2m))

=εm((fm)′(x,w1m + w2m)− (fm)′(x,w1m)− (fm)′(x,w2m))

+
∞∑

n=m+1

εn((fn)′(x,w1m + w2m)− (fn)′(x,w1m)− (fn)′(x,w2m)).

According to (4.24), (4.21), (4.25) and (4.26) we have

|f ′(x,w1m + w2m)− f ′(x,w1m)− f ′(x,w2m)|

≥ εm − 3
∞∑

n=m+1

εnKn ≥ εm − 3
∞∑

n=m+1

εn−1

5Ln

≥ εm −
3
5

∞∑
n=m

εn ≥ εm −
3
5

∞∑
n=m

εm
5n−m

=
εm
4
> 0.

Thus, f is not Gâteaux differentiable at x which finishes the proof.

5 Consequences of the Theorems

In this section we present some consequences of the above four theorems.
Remember that we consider Lipschitz curves of special kind – see Definition
2.3.

Proposition 5.1. Let A ⊂ R2. Then the following conditions are equivalent.
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(i) There exists a Lipschitz real function f on R2 such that f ′+(x, u) exists
for all x, u ∈ R2 and A is the set of all Gâteaux non-differentiability
points of f .

(ii) There exists a Banach space Y and a Lipschitz function f : R2 → Y
such that f ′+(x, u) exists for all x, u ∈ R2 and A is the set of all Gâteaux
non-differentiability points of f .

(iii) A =
⋃∞
n=1 Fn, where each Fn is a closed subset of a unilaterally smooth

Lipschitz curve Ln.

(iv) A is an Fσ set which can be covered by countably many unilaterally
smooth Lipschitz curves.

Proof. The implication (i)⇒(ii) is trivial. The implication (ii)⇒(iii) imme-
diately follows from Theorem 3.3 and Lemma 2.8. The implication (iii)⇒(i)
immediately follows from Theorem 4.7. The conditions (iii) and (iv) are clearly
equivalent.

Remark 5.2. Theorem 3.3 and Theorem 4.7 easily imply that S̃+(R) = S+(R)
is the system of all countable subsets of R, which is an easy and well-known
fact.

Proposition 5.3. Let X = R2 or X = R3 and A ⊂ X. Then the following
conditions are equivalent.

(i) There exists a Lipschitz real function f on X such that f ′(x, u) exists for
all x, u ∈ X and A is the set of all Gâteaux non-differentiability points
of f .

(ii) There exists a Banach space Y and a Lipschitz function f : X → Y
such that f ′(x, u) exists for all x, u ∈ X and A is the set of all Gâteaux
non-differentiability points of f .

(iii) A is a countable union of closed sets from B2(X).

In the case X = R2 these conditions are equivalent to

(iv)1 A is a countable subset of R2

and in the case X = R3 to the condition

(iv)2 A is an Fσ set which can be covered by countably many smooth Lipschitz
curves.
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Proof. The implication (i)⇒(ii) is trivial. The implication (ii)⇒(iii) imme-
diately follows from Theorem 3.6, Lemma 2.9 and Remark 2.4 (i). The im-
plication (iii)⇒(i) immediately follows from Theorem 4.10. The equivalence
of (iii) and (iv)1 in the case X = R2 is obvious. The equivalence of (iii) and
(iv)2 easily follows from Lemma 2.9.

The above propositions give immediately the following partial answers to
Problems A, B (see Remark 5.2 for the case X = R).

Proposition 5.4. S̃+(R2) is the system of all Fσ subsets of R2 which can be
covered by countably many unilaterally smooth Lipschitz curves. S̃(R3) is the
system of all Fσ subsets of R3 which can be covered by countably many smooth
Lipschitz curves. S̃(R2) = S(R2) is the system of all countable subsets of R2.

For a class of sets C, denote by CH the smallest hereditary class which
contains all sets from C (i.e. CH = {A : A ⊂ C for some C ∈ C}) and by CI
the σ-ideal generated by C.

Since we are not able to solve completely Problems A and B, it is natural
to consider the following problem, which could be easier.

Problem C. Let X be a Banach space.

(i) Characterize the classes (S̃+(X))H , (S+(X))H , (S̃(X))H , (S(X))H .

(ii) Characterize the σ-ideals (S̃+(X))I , (S+(X))I , (S̃(X))I , (S(X))I .

Of course, Proposition 5.4 immediately implies that (S̃+(R2))H = (S̃+(R2))I
is the system of all subsets of R2 which can be covered by countably many
unilaterally smooth Lipschitz curves and (S̃(R3))H = (S̃(R3))I is the system
of all subsets of R3 which can be covered by countably many smooth Lips-
chitz curves. (Moreover, we have that (S̃+(R))H = (S̃+(R))I = (S+(R))H =
(S+(R))I is the system of all countable subsets of R and (S̃(R2))H = (S̃(R2))I =
(S(R2))H = (S(R2))I is the system of all countable subsets of R2.)

We are not able to give a satisfactory characterization of classes S+(R2),
S(R3), (S+(R2))H , (S(R3))H . However, we have the following result which
characterizes the σ-ideals (S+(R2))I , (S(R3))I .

Proposition 5.5. (i) (S+(R2))I = (A+
1 (R2))I = (B+

1 (R2))I .

(ii) (S(R3))I = (A2(R3))I = (B2(R3))I .
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Proof. The statement (i) immediately follows from Theorem 3.3, Lemma
2.8 (which shows that A+

1 (R2) = B+
1 (R2)) and Lemma 4.5 (which implies

that for each M ∈ B+
1 (X) there exists a Lipschitz function on R2 such that

M ⊂ S+(f)).
Similarly (ii) follows immediately from Theorem 3.6, Lemma 2.9 and Lemma

4.9.

We have a complete answer to Problem C in no other case. However, our
results yield some partial answers which are based on the following proposition.

Proposition 5.6. Let X be a separable Banach space and M ⊂ X be a Gδ
set. Then the following assertions hold.

(i) If there exists a set D ⊂M dense in M such that
int(contg (M,x)) 6= ∅ for each x ∈ D, then M /∈ (S̃+(X))I .

(ii) If int(contg (M,x)) 6= ∅ for each x ∈M , then M /∈ (S+(X))I .

Proof. To prove (i), suppose on the contrary that M ∈ (S̃+(X))I . By Theo-
rem 3.3 there exist closed sets Fn ∈ A+

1 , n = 1, 2, . . . , such that M ⊂
⋃∞
n=1 Fn.

Using Remark 3.4 (cf. also Remark 2.12) we have also that int(contg (Fn, x)) =
∅ for each x ∈ Fn. Since M is a Baire space, there exists an open set G ⊂ X
and n ∈ N such that ∅ 6= G ∩ M ⊂ Fn. Choose a point d ∈ G ∩ D. By
the assumptions of (i) we have int(contg (M,d)) 6= ∅. Consequently also
int(contg (Fn, d)) 6= ∅, which is a contradiction.

It seems that (ii) cannot be proved directly by the Baire category theorem,
but a proof similar to the proof of the Baire category theorem can be given.
This phenomenon is frequent in proofs which show that a “small” set is not σ-
porous. Actually, we will show that (ii) is an easy consequence of well-known
facts on “abstract porosity”.

We will say that A ⊂ X is (c)-porous at a ∈ X if int(contg (A, a)) = ∅. A
set is said to be (c)-porous if it is (c)-porous at each its point. A set is said to
be σ-(c)-porous if it is a countable union of (c)-porous sets.

Now we will use the generalized Foran lemma for Gδ-sets which is proved
in [Z6]. It works with the notion of abstract porosity; we shall formulate this
lemma here only in the special case of (c)-porosity. (It is clear that (c)-porosity
satisfies axioms of “abstract porosity”. Namely: it is a local notion and if A
is (c)-porous at x, then also each subset of A is porous at x.)

We will say that a non-empty system F of non-empty Gδ-subsets of a
Banach space X is a generalized Foran system (for (c)-porosity) if the following
condition holds.
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If A ∈ F , H is open and A ∩H 6= ∅, then there exists A∗ ∈ F such that
A∗ ⊂ A ∩H and A ∩H is (c)-porous at no point of A∗.

The generalized Foran lemma (for (c)-porosity) is the following result.
Let X be a Banach space and let F be a generalized Foran system of Gδ

subsets of X. Then F contains no σ-(c)-porous set.
Now suppose that (ii) does not hold. In the above terminology, M is (c)-

porous at no of its point and M ∈ (S+(X))I . Using Theorem 3.3 and Remark
3.4 (cf. also Remark 2.12) we obtain that M is σ-(c)-porous. It is easy to
see that F := {M ∩ G : G is open and M ∩ G 6= ∅} is a Foran system. Thus
the generalized Foran lemma implies that M is not σ-(c)-porous which is a
contradiction.

In the subsequent proposition we will use the following notation.
If X is a Banach space, then we denote by L the system of all Lipschitz

surfaces in X of codimension 1 and by L+ the system of all unilaterally smooth
Lipschitz surfaces in X of codimension 1.

Proposition 5.7. Let X be a separable Banach space, dim(X) ≥ 2. Then

(S̃+(X))I ⊂ (S+(X))I , (L+)I ⊂ (S+(X))H , (S+(X))I ⊂ (L)I

and all these inclusions are proper.

Proof. The inclusion (S̃+(X))I ⊂ (S+(X))I is trivial. To prove that it is
proper, by Proposition 5.6 (i) it is sufficient to find a Gδ set M ∈ (S+(X))H
and a dense subset D of M such that

int(contg (M,x)) 6= ∅ for each x ∈ D. (5.1)

To this end find closed subspaces W,Y,Z, V of X such that dimW = 1, X =
Y ⊕W, dimZ = 1 and Y = Z ⊕ V . Choose 0 6= w ∈ W, 0 6= z ∈ Z and a
dense countable subset C of R. It is not difficult to construct (see the proof
of Proposition 5.8 below for a more general construction) a Lipschitz function
ϕ : R→ R which is differentiable at all points of R \ C and

ϕ′+(x) exists at no point x ∈ C. (5.2)

If y ∈ Y is of the form y = αz+v, where α ∈ R and v ∈ V , put h(y) := ϕ(α)w.
Further put

M :={y + h(y) : y = αz + v, v ∈ V, α ∈ R \ C}, and
D :={y + h(y) : y = αz + v, v ∈ V, α ∈ C}.
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Clearly M is a Gδ set, M ∈ B1(X) and D is dense in M . By Lemma 4.5 we
have M ∈ (S+(X))H . Since it is not difficult to see that (5.2) implies (5.1),
we are done.

Theorem 4.7 immediately implies the inclusion (L+)I ⊂ (S̃+(X))H . Since
the inclusion (S̃+(X))I ⊂ (S+(X))I is proper, clearly the inclusion (S̃+(X))H ⊂
(S+(X))H is also proper and therefore the inclusion (L+)I ⊂ (S+(X))H is
proper as well.

The inclusion (S+(X))I ⊂ (L)I follows from Theorem 3.3. To show that
it is proper, we will need a function ϕ̃ : R → R such that ϕ̃ is Lipschitz and
there exists a dense Gδ set P ⊂ R such that ϕ̃′+(x) exists at no point x ∈ P .

The existence of such a function is well-known (for a well-known easy
construction, see [Br]). Now let W,Y,Z, V, w, z, h be defined as above, but now
using the function ϕ̃ instead of ϕ. Put M̃ = {y+h(y) : y = αz+ v, α ∈ P, v ∈
V }. Of course, M̃ is a subset of a Lipschitz surface and thus M̃ ∈ (L)H ⊂ (L)I .
On the other hand, M̃ is clearly a Gδ set and it is not difficult to verify that
int(contg (M̃, x)) 6= ∅ for each x ∈ M̃ . Consequently Proposition 5.6 (ii)
implies M̃ /∈ (S+(X))I .

In the proof of the following proposition we will use the following notation.
If W is a Banach space, f : R→W and a ∈ R, then we put

D+f(a) := {w ∈W : ∃hn↘a
f(a+ hn)− f(a)

hn
→ w}.

It is easy to see that D+f(a) is always a closed set.

Proposition 5.8. Let X be a separable Banach space, dimX ≥ 2, and let
X = Y ⊕W , where dimY = 1 and W is a closed linear subspace of X. Then
there exists a Lipschitz function h : Y → W such that the “Lipschitz curve”
L := {y + h(y) : y ∈ Y } does not belong to the σ-ideal (S̃+(X))I .

Proof. Choose w0 ∈ W, ‖w0‖ = 1 and a sequence (wn)∞n=1 of vectors from
the ball B(w0, 1/2) which is dense in this ball. Further choose a sequence
an ↘ 0 such that an+1/an → 0. Let p : R → W be the function with the
following properties:

(i) p(t) = wn for t ∈ [a2n, a2n−1], n ∈ N;

(ii) p is affine on each interval [a2n+1, a2n], n ∈ N;

(iii) p(t) = 0 for t ∈ (−∞, 0] and p(t) = w1 for t ∈ [a1,∞].
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Clearly, p is bounded. Put P (x) :=
∫ x
0
p(t) dt. It is easy to show thatD+P (0) =

B(w0, 1/2). Now choose a sequence (tn)∞n=1 dense in R and put g(t) :=∑∞
k=1 2−k p(t − tk) and G(x) :=

∫ x
0
g(t) dt. Thus, G is Lipschitz. For each

n ∈ N, put

Gn(x) :=
∫ x

0

2−n p(t− tn) dt, G̃n(x) :=
∫ x

0

∑
k 6=n

2−k p(t− tk) dt.

It is easy to see that G̃′n(tn) exists,(
D+Gn(tn)

)
= 2−nD+P (0) = 2−nB(w0, 1/2)

and consequently
int
(
D+G(tn)

)
6= ∅. (5.3)

Now choose y0 ∈ Y, y0 6= 0, define the mapping h : Y → W by h(ty0) :=
G(t), put L := {y + h(y) : y ∈ Y } and zn := tny0 + h(tny0). Then h is
Lipschitz. It is easy to show that (5.3) implies int (contg (L, zn)) 6= ∅. Since
(zn)∞n=1 is dense in L it is sufficient to apply Proposition 5.6 (i) (with M := L

and D := {zn : n ∈ N}) to see L /∈ (S̃+(X))I .
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