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Abstract

Let X be a separable Banach space, Y a Banach space and f :
X — Y a Lipschitz function. We show that the set of all Gateaux
non-differentiability points at which f has all one-sided or two-sided
directional derivatives can be covered by (special subsets of) Lipschitz
surfaces of codimension 1 or codimension 2, respectively. Further results
indicate that these results are close to the best possible ones. Our results
are new also for Lipschitz functions R" — R; for these functions Gateaux
differentiability is the classical (total) differentiability.

1 Introduction

In this paper we investigate sets of points x at which a Lipschitz function on
a Banach space X is directionally differentiable but f is not Gateaux differen-
tiable at x. These and related sets were treated in a number of articles ([K],
[LW], [Fa], [Zh1], [Zh2], [BC] and others; see below for more information).
Our results are new also for Lipschitz functions R™ — R. For these functions
Gateaux differentiability is the classical (total) differentiability. This simple
result is well-known for (different) proofs see e.g. [EG] (p. 83, the proof of the
Claim 3) or [NZ1].
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288 A. NEKVINDA AND L. ZAJICEK

We will use the following terminology.
If X,Y are Banach spaces, x,u € X and f is a function from X to Y, we
consider the one-sided directional derivative of f at x in direction u

Fiesu) = Jim < (f o+ ) = f(@)

t—04

and the (two-sided) directional derivative of f at x in direction u

f () = Tim ~ (f (e + tu) — f(2)).

t—0 t

If X,Y are Banach spaces, G C X is an open set and f : G — Y is
a Lipschitz function, we will investigate the sets Si(f), S(f) of “singular
points” of f defined by

(i) S4(f) is the set of all points € G such that f! (x,u) exists for each
u € X but f is not Gateaux differentiable at z.

(if) S(f) is the set of all points z € G such that f'(x,u) exists for each u € X
but f is not Gateaux differentiable at x.

In particular, we consider the following problems. (They are formulated for
real functions, but our results hold for vector functions as well.)

Problem A.

(i) Characterize the system Sy (X) of all sets which are of the form S (f)
for a Lipschitz real function f on a Banach space X.

(ii) Characterize the system Sy (X) of all sets which are of the form S (f),
where f is a real Lipschitz function which has all one-sided directional
derivatives f’ (x,u) at all points z € X.

Problem B.

(i) Characterize the system S(X) of all sets which are of the form S(f) for
a Lipschitz real function f on a Banach space X.

(ii) Characterize the system S(X) of all sets which are of the form S(f),
where f is a real Lipschitz function which has all (two-sided) directional
derivatives f’(x,u) at all points = € X.



GATEAUX DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS 289

Note that especially Problem A (ii) is quite natural and therefore we con-
sider Problem A more thoroughly than Problem B. The point is that there
exist important types of Lipschitz functions which have all one-sided deriva-
tives at all points. For example, such are quasi-differentiable functions (cf. e.g.
[DV]) which are used in optimization theory. Further, such functions arise as a
supremum (or infimum) of special families of Lipschitz functions. For example
([22]), if X is a Banach space with a uniformly Géateaux differentiable norm
and F C X is a closed set, then the distance function x — dist (x, F') has all
one-sided derivatives at all points € G := X \ F. Results of [K], [Fa], [Zh1],
[Zh2], [FZ], [FP], [G] imply that each set from S;(X) is a first category set in
all separable spaces and also in many non-separable spaces. Results of [BC],
[PZ], [Z4], [Z5] even imply that each set from S; (X) is o-porous (in a strong
sense) in all separable spaces and in some non-separable spaces. In the case
of a separable Banach space we obtain here stronger results.

If X is a separable Banach space, we show that each set of type Si(f)
can be covered by countably many Lipschitz surfaces of codimension 1 and
each set of type S(f) can be covered by countably many Lipschitz surfaces of
codimension 2.

These results were already proved (for real-valued f) in [N]. Note that
the result on S, (f) for distance functions in a separable Banach space with
a uniformly Gateaux differentiable norm is a special case of Theorem 4 from
[Z2].

Here we obtain also considerably finer results (Theorem 8.8 and Theorem
3.6) which show that the sets of type S1(f) or S(f) can be covered by countably
many “special subsets” of Lipschitz surfaces.

As a consequence we obtain e.g. (cf. Proposition 5.7) that (in each sepa-
rable space with dim X > 2) there exists a Lipschitz surface of codimension 1
which cannot be covered by countably many sets of type S.(f). On the other
hand, if A is a countable union of “unilaterally smooth” Lipschitz surfaces of
codimension 1 in a separable Banach space X, then A € S;(X) (cf. Theorem
4.7 for a more precise result). If dim X > 2, we do not know whether each
set from §+(X ) can be covered by countably many of “unilaterally smooth”
Lipschitz surfaces of codimension 1.

We give a complete solution to Problem A (ii) in the case X = R%. Namely,
we obtain (Proposition 5.4) that S, (R2) is the system of all F,, sets which can
be covered by countably many “unilaterally smooth Lipschitz curves”. (Note
that Sy (R) = S, (R) is the system of all countable subsets of R, which is an
easy and well-known result.)

We also completely solve Problem B (ii) in the case X = R3. Namely

(Proposition 5.4) S(R?) is the system of all F, sets which can be covered
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by countably many “smooth Lipschitz curves”. (Our results also show that
S(R?) = S(R?) is the system of all countable sets, which is an easy result.)
For a further result concerning Problem B see Theorem 4.10.

We are not able characterize the systems S (R?) and S(R3), but we give a
characterization of o-ideals generated by these systems (see Proposition 5.5).

Our results easily imply that in each separable Banach space X there exists
a “Lipschitz curve” which cannot be covered by countably many sets from the
system S; (X) (cf. Proposition 5.8). A further result (see Proposition 5.7) says
that, in each separable Banach space with dim X > 2, the o-ideals generated

by the systems S4(X) and S, (X) do not coincide.

Now we describe briefly the structure of the paper. In Section 2 we work
with Lipschitz surfaces of finite codimension and their special subsets. This
relatively technical but indispensable section is based on a standard applica-
tion of Bouligand’s notion of the contingent (cone) of a set at a point.

In Section 3 we prove that sets of “singular points” of vector valued Lips-
chitz functions on separable Banach spaces can be covered by special subsets
of Lipschitz surfaces (of codimension 1 or 2). Some lemmas (especially Lemma
3.5) in this section need relatively delicate arguments.

In Section 4 we present some constructions of Lipschitz functions, which
have prescribed “singular points”. In the proof of the basic Lemma 4.1 we use
the method of B. Kirchheim’s proof of Proposition 14 from [PZ].

Consequences of the main results are presented in the last section, Section
5.

We finish the introduction with definitions, notation and well-known facts
which we will need.

If f: X - Y is a mapping and FF C X, then we denote by f[p the
restriction of f to F. We use the notation B(x,r) for the open ball with
center = and radius 7.

Definition 1.1. Let X be a Banach space, A C X and z € X. Then we
denote by contg (A, x) (the contingent of A at x) the set of all 0 #£ v € X for
which there exist sequences x # z; € A and A; > 0 such that lim A\; = 0 and
lim /\in + Aiu — x| = 0.

For some properties and applications of the contingent see [Sa]. The set
contg (A,x) U {0} is frequently called the (Bouligand) tangent cone of A at
x and denoted by Tan (A4, z) (see [Fe]). Note that clearly tu € contg(A,x)
whenever ¢ > 0 and u € contg (A, x). It is also easy to see that contg (A4, z) =
contg (A, z) and that a is an accumulation point of A whenever contg (A, z) #
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Definition 1.2. Let Banach spaces X,Y, an open set G C X, x € GG and
f G —Y be given. Then we put

and
Lip(f, JS) = ligl_b:l}p W

Clearly Lip(f,z) < Lip(f) and f is Lipschitz on G iff Lip(f) < oo.
We will also need the following easy well-known facts.

Lemma 1.3. Let X,Y,G, f be as in Definition 1.2. Then the following as-
sertions hold.

(i) If f is Lipschitz on G, v € G and f! (z,u) exists for each u € X, then
the mapping v — f' (x,u) is Lipschitz.

(ii) If G = X and Lip(f,z) < K for each x € X, then Lip(f) < K.

For (i) see e.g. [A], p. 164 or [Sp], p. 483. For (ii) see e.g. Lemma 14.4.
of [BL].

2 Lipschitz Surfaces and Their Subsets

We start with natural definitions of “relative Hadamard” directional deriva-
tives h'y | (a,v) and h'y(a,v).

Definition 2.1. Let Y, W be Banach spaces, ACY, ac€c A, veY, deW
and h : A — W be a mapping.

(i) We write Ay | (a,v) = d if v € contg (A, a) and (1/X;)(h(z;) —h(a)) — d
whenever x; € A, \; > 0,\; — 0 and (1/X;)]|a + \jv — z4|| — 0.

We say that h is unilaterally smooth at a w.r.t. Aif h/y | (a,v) exists for
each v € contg (A4, a).

(ii) We write h/4(a,v) = dif v € contg (A, a)U(—contg (A, a)) and (1/A;)(h(x;)
—h(a)) — d whenever x; € A, \; # 0,\; — 0 and (1/\)||a+ v —a;|| —
0.

We say that h is bilaterally smooth at a w.r.t. A if h/y(a,v) exists for
each v € contg (A,a) U (—contg (A, a)).
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) If A=Y, we say that h is unilaterally (or bilaterally) smooth at a if it
is unilaterally (or bilaterally) smooth at @ w.rt. A=Y.

We say that h is unilaterally (or bilaterally) smooth if it is unilaterally
(or bilaterally) smooth at each point of A =Y.

Remark 2.2. (i) It is easy to see that h/y(a,v) = d iff the following condi-

(iii

tions hold:

(a) v € contg (A4, a) U (—contg (4, a)).

(b) If v € contg (A, a) , then by | (a,v) =d.

(c) If v € —contg (A, a) , then by | (a,—v) = —d.

i) Suppose a € intA. Remark that ', , (a,v) means in this case the (one-

)

sided) Hadamard derivative (cf. [Sp], p. 480). Then clearly
hi(a,v) =d= b\ (a,v) =d, hy(a,v)=d= h(a,v)=d.

Easy examples show that the opposite implications do not hold in gen-
eral. On the other hand, it is easy to see that the opposite implications
hold if h is Lipschitz (cf. [Sp], Proposition 3.5).

) If Y =R and v = 1, then v € contg (4, a) iff a is a right accumulation
point of A. In this case b’y | (a,v) clearly equals to A’y | (a) — the right
derivative of h at a w.r.t. A.

In the sequel we will need the following natural notion of a Lipschitz surface

of codimension n (cf. e.g. [Z7]).

Moreover, we define classes A, A,, BF, B, of “special subsets” of Lip-

schitz surfaces of codimension n, which we will need in the cases n = 1,2
only.

Definition 2.3. Let X be a Banach space and 0 < n < dim X be an integer.

(i

) We say that S C X is a Lipschitz surface of codimension n if there exists
a closed linear subspace Y of X of codimension n, an n-dimensional
topological complement W of Y and a Lipschitz mapping h : ¥ — W
such that S = {y + h(y) : y € Y}. Then we say that S is a Lipschitz
surface associated with W.

If Y,W,h can be chosen in such a way that b/, (y,v) (or h'(y,v)) exists
for each y,v € Y, we say that S is a unilaterally smooth (or a bilaterally
smooth) Lipschitz surface associated with W.

If dim(Y') = 1, we will speak about Lipschitz curves, unilaterally smooth
Lipschitz curves and smooth Lipschitz curves.
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(ii) Let Z C X and there exist Y, W, h, S as above such that Z C S. Let 7y
be the projection of X on Y parallel to W. We say that

(a) Z € Al if h is unilaterally smooth w.r.t. my(Z) at each point
a €y (Z).

(b) Z € A, if h is bilaterally smooth w.r.t. my(Z) at each point a €
Wy(Z).

(c) Z € B} if h has all one-sided directional derivatives b/, (a,y), y € Y,
at each point a € 7y (Z).

(d) Z € B, if h has all (two-sided) directional derivatives h'(a,y),y € Y,
at each point a € 7wy (Z).

Remark 2.4. (i) We admit also the trivial case n = dim X. In this case
Lipschitz surfaces are singletons and A} = A,, = B} = B,, is the system
containing all singletons and (.

(ii) Using Remark 2.2 (ii), we immediately obtain

Bf c Af B, C A, A, C AL B, CBl.

(iii) A Lipschitz surface of codimension n in X is clearly closed.

Let S,Y,W be as in Definition 2.3 (i) and 7y be the projection of X
on Y parallel to W. It is easy to see that my[g: S — Y is a bilipschitz
bijection, in particular my (A) is closed iff A C S is closed.

(iv) We will also write A} (X), A, (X),... instead of A, A,,... when it is
not clear in which space X we are working.

Now we will show how extension theorems give some non-trivial relations
among defined classes in the cases dim X = 2 and dim X = 3. We will use the
terminology of Definition 2.1; cf. also Remark 2.2, (iii).

The first extension result is essentially contained in [J].

Lemma 2.5. Let A C R and f : A — R be a Lipschitz function which is
unilaterally smooth w.r.t A at each point of A. Then there exists a Lipschitz
function F': R — R such that F[4= f, Lip(F') = Lip(f) and F' (z), F' (x)
exist for allz € AU (R\ A).

PRrROOF. Clearly there exists a unique function f* defined on A such that
Lip(f*) = Lip(f) and f*[a= f. It is easy to see that f* is unilaterally smooth

w.r.t. A at each point of A. Let {I; = (as,bs) : s € S} be the system of
all components of R\ A. Let F be the (clearly unique) extension of f* with
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the following properties: If I, is bounded, then F is linear on I,. If I, is
unbounded, then F' is constant on I,. It is easy to verify Lip(F) = Lip(f).
To prove that F (x) and F’ () exist for all € A we repeat the argument
of Jarnik [J]: It is sufficient to observe that if y belongs to a bounded (as, bs)

with 2 # a,,x # b, then 7F(y‘;:F(w) is between f*(‘;z):f(w) and f*(bs):rf(a:). O

T bs

The second extension theorem we need follows immediately from [M]. Note
that we cannot use results from [J], since Jarnik in [J] extends functions from
perfect sets only and does not discuss the “Lipschitz case”.

Lemma 2.6. Let C C R be closed and h : C — R be a Lipschitz function
which is bilaterally smooth w.r.t C' at each point a € C. Then there exists a
Lipschitz function g : R — R such that glc= h and ¢'(z) exists for all x € R.

PROOF. Set S :=C, F := h, A:= —Lip(h) — 1 and B := Lip(h) + 1. It is
easy to see that then we can use Theorem 8 of [M] to obtain a function g with
the desired properties. O

We will also need the following extension result, which can be proved by
modifications of constructions from [J] or [M]. It is a special case of the main
result of [NZ2] where we use the ideas of [J].

Lemma 2.7. Let A C R be an arbitrary set and h : A — R be a Lipschitz
function which is bilaterally smooth w.r.t. A at each point a € A. Then there
exists a Lipschitz function g : R — R such that gl a= h and ¢'(x) exists for all
x € A

Lemma 2.8. Let X = R%. Then Af(X) = Bf (X). Moreover, each closed
set from AT (X) is contained in an unilaterally smooth Lipschitz curve.

ProoF. Let Z € Af(X). By Definition 2.3 there exist two one-dimensional
subspaces Y, W of X with X =Y @ W and a Lipschitz function g : Y — W
such that Z € S := {y+ g(y) : y € Y} and g is unilaterally smooth w.r.t.
P(Z) at each point a € P(Z), where P is the projection of X on Y parallel to
W. Since both Y and W are (linearly) isometric to R, Lemma 2.5 implies that
there exists a Lipschitz function g* : Y — W such that g[p(z)= g*p(z) and
g* is unilaterally smooth at all points of P(Z)U (Y \ P(Z)). If Z is closed, then
P(Z) is closed (cf. Remark 2.4 (iii)) and therefore ¢g* is unilaterally smooth.
Thus the assertion of the lemma follows immediately. O

Lemma 2.9. Let X = R3. Then Ay(X) = Ba(X). Moreover, if Z € Ay(X)
is closed, then Z is contained in a smooth Lipschitz curve.
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PROOF. Let Z € A3(X). By Definition 2.3 there exist a closed one-dimensional
subspace Y of X, a 2-dimensional topological complement W to Y and a Lips-
chitz function g : Y — W such that Z C S := {y+g(y) : y € Y} and ¢ is bilat-
erally smooth w.r.t. P(Z) at each point a € P(Z), where P is the projection of
X on'Y parallel to W. Let W = span {w;, w2} and g1, g2 : Y — R be the func-
tions for which g(y) = ¢1(y)w1 + g2(y)ws. Since Y is (linearly) isometric to R
and g1, g2 are clearly bilaterally smooth w.r.t. P(Z) at each point a € P(Z),
by Lemma 2.7 there are Lipschitz extensions gf : ¥ — R, g5 : ¥ — R of
911 p(z)s 92 p(z) such that (g7)"(x), (g3)"(v) exist for all x € P(Z). Moreover,
if Z is closed, Lemma 2.6 gives that we can even obtain that (¢7)(z), (¢3)'(x)
exist for all z € Y. If we now put g*(y) := ¢5(y)w1 + ¢5(y)ws and consider
the Lipschitz curve S* := {y + ¢*(y) : vy € Y}, the inclusion Z C S* proves
the lemma. O

We do not know whether each closed set from A7 belongs to By, if dim X >
2. We also do not know whether each closed set from A belongs to B, if
dim X > 3. The following lemma is well-known in Euclidean spaces (cf. [Sa])
and was proved and used in [Z1] in the case dim W = 1.

Lemma 2.10. Let X be a Banach space and W a finite-dimensional subspace
of X withdimW > 1. Let A C X and let contg (A,a) "W = for each a € A.
Then A can be covered by countably many Lipschitz surfaces associated with
w.

PrOOF. Let V be a topological complement of W. Let P, and P, be projec-
tions of X onto W and V parallel to W and V, respectively. Then for each
x € A there exists n € N such that

(vealptr-al<2) = IRG-2I= IR -2l @)

Assume for the moment the contrary. Then there exist x € A and a sequence
Yn € A such that

1 1
1Pulye— )l < - and [Pl — ) < Pulyn ). (22)
Put z, := y, — 2. By (2.2) we have Py, (z,) # 0 and P,(z,) — 0. Since the
unit sphere of W is compact, we can find u € W, ||u|]| = 1, and a subsequence

{Py(2n,)} of {Pu(2,)} such that ||Py(zn, )| Pu(2n,) — u. Putting t; :=
”sznk)H, we obtain

1
try — 0 and t—Htku — Py (zn,)| — 0. (2.3)
k
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Since zp, = Py(zn,) + Po(2n,) and ¢ = || Py(zn, )|, (2.2) and (2.3) give

1 1 1
—ltku — 2, || < —lltkw — Puw (2| + — |1 Po(20,) | = 0.
12 tx Tk

Thus u € contg (M, x) which is a contradiction.

Let A, be the set of all points € A, for which (2.1) holds. We have
proved A = |Jo2; A,. Fix n € N. Since dimW < oo we can clearly write
W = | B, where diam B,,, < 1, for each m € N. Putting

n
m=1

Apm={z €A, : Py(x) € Bn},

weobtain A= |J A, m. Ifz,y€ A, ,,, then we have ||P,(y—x)| < % and

n,m=1
consequently, by the definition of A,,, |Py(y — )| < n||P,(y — z)||. There-
fore the set {(P,(z), Pyw(z)) : © € Apm} is a graph of a Lipschitz function
frm @ Py(Apm) — W. There exists a Lipschitz function J:"V,L,m V=W
which extends fy, ,; it easily follows from the well-known results (see for in-
stance [Sn]) on extensions of real-valued functions. Thus A,, ., is a subset of
a Lipschitz surface associated with W, which finishes the proof. O

Lemma 2.11. Let X be a Banach space, Y be a closed linear subspace of X
of codimension n, W be a topological complement of Y in X and h:Y — W
be a Lipschitz mapping. Let S = {y+h(y):y €Y} and Z C S be given. Then
the following statements hold.

(i) If (contg (Z,z) — contg (Z,2)) N W C {0} for each z € Z, then Z € A}.

(i) If (contg (Z, z)—contg (Z,z))NW C {0} and (contg (Z, z)+contg (Z, z))N
W C {0} for each z € Z, then Z € A,,.

PRrROOF. Denote by 7y the projection of X on Y parallel to W and put A :=
7y (Z). To prove (i), suppose that Z ¢ Af. Then there exist a € A,a =
7y (z), and v € Y such that v € contg(4,a) and h/; , (a,v) does not exist.
Consequently there exist sequences x; € A, A\; > 0 such that

Ai — 0and (1/\)|la+ Av —z;]| — 0 (2.4)
but lim; oo (1/A;)(h(z;) — h(a)) does not exist. Since

h(z;) — h(a)
Ai

|z — all

‘ SLIp(h)l SLlp(h)H)\Z’UH—FHCL—F/\zU—l‘l”

Ai Ai ’

|
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(2.4) gives that the sequence (g¢;) is bounded. Since W is finite-dimensional,
we can find increasing sequences of natural numbers i(k),i*(k) and elements
d # d* of W such that

im h(ziky) — ha) o Wi ) — (a) _ .
k—o0 Az(k:) k—o0 Ai*(k)

By the definition of A we have
2z 1= Tiky + W(@iy) € Z, 2 1= Tir ) + h(Ti-(x)) € Z.

Since clearly zx — z and

1 1
1z 4+ iy (v + d) — 2| S)\

a — Ty — Ni(k)V
o a2y ~ Myl

1
Ai(k)

+ 17— k(@) = h(zik)) — Xiwydl — O,

we obtain v + d € contg(Z,z). Quite analogously we obtain v + d* €
contg (Z,z). Consequently 0 # d — d* € (contg(Z,z2) — contg (Z,z)) N W
which is a contradiction.

To prove (ii), we suppose that Z ¢ A,, and obtain a € 4,a = my (z), and
v € Y such that v € contg (A4, a) U (—contg (4, a)) and k4 (a,v) does not exist.
Further we proceed quite similarly to the proof of (i). We obtain z; € A and \;
as above, with the only difference that now A; # 0 (instead of A\; > 0). Passing
to the subsequences A;x), Aj=(x), we can clearly suppose that their signs are
constant, but possibly different. If sign (A;x)) = sign (\;=(x)) = 1, we obtain
a contradiction in the same way as above. If sign (A;)) = sign (A=) = —1,
then we easily obtain —v — d € contg (Z, z), —v — d* € contg (Z, z),

0#d—d" € (contg(Z,z) — contg (Z,z)) N W,

which is a contradiction. If sign (A\;)) = 1 and sign(X;-x)) = —1, then
v+d € contg(Z,z), —v—d* € contg (Z,2),

0#d—d* € (contg(Z,z)+ contg (Z,2)) N W,
which is a contradiction. I

Remark 2.12. It is not difficult to prove that the opposite implications in
(i) and (ii) also hold.
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3 Properties of Sets of Singular Points
In the following we suppose that X,Y are Banach spaces, G C X is an open
set and f: G — Y is a Lipschitz mapping.

Lemma 3.1. Let ACG, 20 € G, u,ce X, U€Y, 6 >0, c€ contg(A,xg)
and € > 0 be given. Then the following assertions hold.

(i) If the inequality ||M — Ul| < e holds for each point x € A and
0<t<d, then

£ (zo, ¢+ Au) — fi(zo,¢) = AU|| < Ae

whenever A > 0 and the one-sided directional derivatives f'\ (zo,c), f' (xo,c+
Au) exist.

(i) If the inequality ||w —Ul|| < € holds for each x € A and 0 <
|t| < 6, then

1£4 (o, ¢ + Au) — f (20, ¢) = AU|| < |AJe

whenever A\ € R and the one-sided directional derivatives f', (xo,c), f (xo,c+
Au) exist.

ProOOF. By the definition of the contingent, we can choose a sequence of
numbers ¢, > 0,t, — 0 and a sequence of points x, € A such that

dp, = ||zn — (o + trc)|| = o(tn), n — 0.

Suppose that the assumptions of (i) are satisfied and a A > 0 is given. We
have

V- Hf(ﬂfo +tn(04tr)\u)) — flwo)  flwo +t7;c) — f(@o) )‘UH
< H)\(f(xn thnj;u) — f(zn) _ U)H
H f(zo + tn(c+ Au)) — f(z, + th ) ‘
* t
N IR ES o

By our assumptions «, < Ae for all sufficiently large n. Since clearly 5, <

Lip(f)% and vy, < Lip(f)f—", we obtain

| fi (2o, ¢+ Au) — fi(zo,¢) = AU| = lim V,

n—oo

<Ae+0+0= )¢
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which proves (i). To prove (i), consider a negative A. Put Xi= AT =
—u,U := —U. Since ||w —U| <efor 0<t<d,by (i) we obtain

4 (o, ¢+ du) = f1 (20, ¢) = AU|| = || f1 (20, ¢ + AT) — [ (0, ¢) — MU ||
< Ae =|Ae. O
Lemma 3.2. Let M C G,zg € G,u,v,w, 81,82 € X,&,0 >0,U,V,W €Y be

given such that w = w+ v, |[W — (U + V)| > 3¢, s1,82 € contg (M, o) and
s1 — s € span{u}. Further let f' (xo,q) exist for each ¢ € X and

flz+tu) — f(x) flz+tv) — f(x)
t t

_U’<€7

_V‘<Ea

[z + tw) — f(z)
t

whenever x € M and 0 <t <. Then s1 = so.

W‘<€

PROOF. Suppose on the contrary that s; # so. Then we can suppose without
any loss of generality that s; — sy = au, where @ > 0. By Lemma 3.1 (i) there
exist vectors €1,e9,e3 €Y, |lg;]] <e,1=1,2,3, such that

!

fi(xo,s1 +av) = fi(20,51) + &V + aey,
fi(zo, 52 + aw) = f (20, 52) + aW + aes,

!

fi(zo,51) = (@0, s2 + au) = f (20, 52) + aU + aes.
Since s1 + av = s2 + aw, the above equalities imply

fi(xo,51) + oV + aey = [ (x0, 52) + aW + ey,
fi(zo,81) = fi(zo,82) + aU + aes.

Subtracting these equalities, we obtain

aV +aegy = aW + agy — aU — aes,
W—(U+V)=El+€3—€2,
[W—(U+V)| <3,

which is a contradiction. O

Theorem 3.3. Let X be a separable Banach space, G C X an open set, Y
a Banach space and f : G — Y a Lipschitz mapping. Let S, (f) be the set
of all points © € G at which there exist all one-sided directional derivatives
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fi(x,v), ve X, but f is not Gateaux differentiable at . Then Si(f) can be
covered by countably many Lipschitz surfaces of codimension 1. More precisely,
S, (f) is a countable union of sets from the class A .

If, moreover, f has all one-sided directional derivatives at all points of G,
then Sy (f) is a countable union of closed sets from the class AT .

PROOF. Since the closed linear span of the range f(G) is clearly separable,
we may suppose without any loss of generality that Y is separable. Let Dx
and Dy be countable dense subsets of X and Y, respectively, and let QT be
the set of all positive rational numbers. Put

P = {(u,v,w,U,V,W,e,0) :u € Dx,v € Dx,w=u+v,U € Dy,

V €Dy,W € Dy,ecQ",6€Q",|W—(U+V)| > 3¢}

Note that P is countable. For each p = (u,v,w,U,V,W,¢e,0) € P denote by
M (p) the set of all z € G for which dist (z, X \ G) > ¢ and

[fo oty [farm ot ),
t -7 t -7

(3.1)
Hf(l‘ —&-tu;) —f@) — WH < e foreach 0 <t <.

It is easy to see that each M(p),p € P, is a closed set. We have also

se(f) e U M) (3:2)

peP

Indeed, if x € S (f), then there exist u,v € X such that f! (z,u)+ f (z,?v) #
fi(x, w4+ 7). (Otherwise the mapping v — f! (x,v) would be linear and also
Lipschitz (cf. Lemma 1.3 (i)); consequently it would be a Géateaux derivative
of f at x.) Since the function v — f! (x,v) is continuous (Lemma 1.3 (i)), we
can choose u € Dx, v € Dx,w := u+v and € € Q% such that | f| (z,u) +
fi(z,v) — fi(x,w)|| > 6e. Now choose U, V,W € Dy for which

£y () = Ul <&, Iff(z,0) = VI <& Iff(z,0) - W] <e.

Then clearly |[W — (U + V)|| > 3¢ and we can choose § € Q* such that
dist (z, X \ G) > ¢ and (3.1) holds. Thus x € M(u,v,w,U,V,W,¢,§) and
(3.2) holds. Consequently Si(f) = U,ep (S4(f) N M(p)). Now fix p =
(u,v,w,U,V,W,e,§) € Pand consider M := S (f)NM (p). Lemma 3.2 implies
that (contg (M, x)—contg (M, z))Nspan {u} C {0} and therefore contg (M, z)N
span {u} = 0 for each x € M. By Lemma 2.10 there exists a sequence (.5,,)>2

n=1
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of Lipschitz surfaces of codimension 1 associated with span {u} such that M C
U2, Sy, and therefore M = |~ ,(S,NM). Fixn € N and put M* = S, N M.
By Lemma 3.2 we have (contg (M*, x) — contg (M*,x)) Nspan{u} C {0} for
each x € M*. Consequently Lemma 2.11 (i) implies M* € A} and therefore
S, (f) is a countable union of sets from the class .A]". Now suppose that f has
all one-sided derivatives at each point € G. Then we even have Sy (f) =
UpeP M(p). Indeed, if z € M(p) for some p = (u,v,w,U,V,W,e,d) € P, we
clearly obtain || f (z,u) = U| < e, ||f\(z,v) = V| < e, || fi(z,w) = W| < e.
Therefore || fi (x,u) + fi(z,v) = fi(z,w)| > 0 and thus x € Sy(f). Conse-
quently the sets M = S (f) N M(p) = M(p) and M* = S, N M considered
above are closed. Therefore S;(f) is a countable union of closed sets from the
class A . O

Remark 3.4. Note that we have proved the above theorem using Lemma
2.11 (i). In particular the above proof gives (without using Remark 2.12) that
S4(f) can be written in the form S;(f) = U,—, M,, where M, are sets for
which

(contg (M,,, z) — contg (M,,,x)) Nspan{u} C {0}, = € M,. (3.3)

Moreover, if f has all one-sided derivatives at each point x € G, then M,, can
be chosen to be closed. Further note that (3.3) clearly implies int(contg (M, x))
=0, x € M,.

Lemma 3.5. Let M C X, xp,u,v,w,81,82 € X,e,6 >0,U,V,W €Y be given
such that w = u+v, [|[W — (U + V)| > be, s1,s2 € contg (M, xg). Further let
f'(xo,q) exist for each g € X and

flz +tu) - f(2)
t

flz +tv) = f(z)
t

—U‘Se, ‘ —V’Sa

’f(chrtw)—f(x)
t

~w<e
whenever x € M and 0 < |t| < 6. Then the following assertions hold.
(i) If s1 — s2 € span {u, v}, then s; = so.

(i) If s1 + s2 € span{u, v}, then s1 = —sa.

PRrROOF. To prove (i), suppose on the contrary that s; — so € span{u,v}
and s; # so. Without any loss of generality we can suppose that s; — so =
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au + Bv, where |a| > 0 and |a| > |3]. By Lemma 3.1 (ii) there exist vectors
€1,82,€3,84 €Y, |l&i]| < e,i=1,2,3,4, such that

f(xo, 51— P ) = BV +|Blex,
f (20, 82 + au Zo, 82) + aU + |a|ea,
)
) +

!/
Zo, S1

/

Zo,81) — aW + |ales,
!

)= f(
) =1
)=
f (2o, 52+ (B — a)v) = f/(

Since s; — fv = s2 + au and 81 — aw = s + (f — a)v , the above equalities
imply

0, 2 (B—a)V + |8 — ales.

(o, 81) — BV + |Bler = [/ (w0, s2) + aU + |aea,
['(xo,81) —aW + |ales = f'(z0,52) + (B — @)V + |3 — ales.

Subtracting these equalities, we obtain
— BV +|Bler —lales = aU — (B — )V + |alez — |8 — ales,
1
W—-(U+V)= a(\a|52 — |8 — ales — |Bler + |ales),
IW—-(U+V)| <e+2e+e+e=Dbe,

which is a contradiction.

To prove (ii), suppose on the contrary that s; + s2 € span{u,v} and
s1 # —so. Without any loss of generality we can suppose that s; + s =
au + fv, where || > 0 and |a] > |8]. By Lemma 3.1 there exist vectors
€1,€9,€3,64 €Y, |lgs]| <e,i=1,2,3,4, such that

f(xo,51 — au) = f'(20,51) — U + |aley,
f' (w0, 89 — Bv) = f'(20,52) — BV + |Blea,
f(xo, 51 — aw) = f'(x0,51) — aW + |ales,
f(2o, 52 + (= B)v) = f'(20,52) + (@ = B)V + | — Bea.

Since 1 — au = —(s2 — fv) and s; — aw = —(s2 + (a — B)v) , the above
equalities imply

f(@o,51) — U + |aler = —(f'(x0, 52) — BV + |Ble2),
(o, 51) — aW + |ales = —(f' (w0, 52) + (o — B)V + | — Bles).

Subtracting these equalities, we obtain

aW —aU + |ale; — |ales = aV + |a — Bles — |Blea,
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1
W-U+V)= a(*|04\51 + |ales + [a — Bles — |Ble2),
|W—-U+V)| <e+e+2+e =5,
which is a contradiction. O

Theorem 3.6. Let X be a separable Banach space, G C X an open set, Y
a Banach space and f : G — Y a Lipschitz mapping. Let S(f) be the set
of all points x € G at which there exist all (two-sided) directional derivatives
f(z,v),v € X, but f is not Gateauz differentiable at x. Then S(f) can be
covered by countably many Lipschitz surfaces of codimension 2. More precisely,
S(f) is a countable union of sets from the class As. If, moreover, f has all
(two-sided) directional derivatives at all points of G, then S(f) is a countable
union of closed sets from the class As.

PROOF. Since the closed linear span of the range f(G) is clearly separable,
we may suppose without any loss of generality that Y is separable. Let Dx
and Dy be countable dense subsets of X and Y, respectively, and let @+ be
the set of all positive rational numbers. Put

P = {(u,v,w,U,V,W,e,0) :u € Dx,v € Dx,w=u+v,U € Dy,

V € Dy,W € Dy,e € QT,0 € Q" |W — (U + V)| > 5¢}.

Note that P is countable. For each p = (u,v,w,U,V,W,e,0) € P denote by
M (p) the set of all z € G for which dist (z, X \ G) > ¢ and

[z +tv) = f(z)

=t o] < S (3.
Hf(z+tu;)—f(17)_WH§g for each 0 < [t| < 6. |
It is easy to see that each M(p),p € P, is a closed set. We have also
sty < | M) (3:5)

peEP

Indeed, if x € S(f), then there exist u,v € X such that f'(z,u) + f'(z,v) #
f'(x,u+v). (Otherwise the mapping v — f’(z,v) would be linear and also
Lipschitz (cf. Lemma 1.3 (i)); consequently it would be a Gateaux derivative
of f at x.) Since the function v — f’(z,v) is continuous (Lemma 1.3 (1)), we
can choose u € Dx, v € Dx,w := u+ v and € € QT such that || f'(z,u) +
f(x,v) — f'(z,w)| > 8. Now choose U,V,W € Dy for which

1 (,u) = Ull <&, [1f'(z,0) =V <&, |[f'(z,w) =W <e.
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Then clearly |[W — (U + V)|| > 5¢ and we can choose § € Q* such that
dist (z, X \ G) > ¢ and (3.4) holds. Therefore x € M (u,v,w,U,V,W,¢,0)
and (3.5) holds. Consequently S(f) = U,cp (S(f) N M(p)). Now fix p =
(u,v,w,U,V,W,e,0) € P and consider M := S(f) N M(p). Lemma 3.5
immediately implies that (contg (M, z) — contg (M, x)) N span{u,v} C {0}
and therefore contg (M, z) N span{u,v} = @ for each x € M. By Lemma
2.10 there exists a sequence (5,)%2; of Lipschitz surfaces of codimension
2 associated with span {u,v} such that M C (J,—, S, and therefore M =
Ur— (S, N M). Fix n € N and put M* = S, N M. By Lemma 3.5 we
have (contg (M*,z) — contg (M*,z)) N span{u,v} C {0}, (contg (M*, z) +
contg (M*, z)) Nspan {u,v} C {0} for all z € M*. Consequently Lemma 2.11
(ii) implies M* € A and therefore S(f) is a countable union of sets from
the class Ay. Now suppose that f has all two-sided derivatives at each point
z € G. Then we have even S(f) = U,cp M(p). Indeed, if x € M(p) for some
p = (u,v,w,U,V,W,e,8) € P, we clearly obtain || f'(z,u)—Ul| < e, ||f'(z,v)—
V|| < &, | (z,w) - W|| < e Therefore [|f'(z, u) + f'(z,v) — f'(z, w)]| > 2¢
and thus x € S(f). Consequently the sets M = S(f) N M(p) = M(p) and
M* = S, N M considered above are closed. Therefore S(f) is a countable
union of closed sets from the class As. O

4 Constructions
In the following lemma we use the method of B. Kirchheim’s proof of Proposi-
tion 14 from [PZ]. Recall the notation B(x,r) for the open ball with a center

x and radius r.

Lemma 4.1. Let X be a separable Banach space and f a non-negative bounded
Lipschitz function defined on X. Let F := {z : f(z) = 0} # (0. Then there
ezists a function g such that

(i) glr=0, gl(x\rm)> 0;

(ii) g is Gateauz differentiable on X \ F;

(iii) g is Lipschitz ;

(iv) the Fréchet derivative of f — g is 0 at each point of F.
PROOF. Assume first 0 < f <1, Lip(f) < 1. Set

fr(2) = min (max (f(z) —27%,0),27%), k e N.



GATEAUX DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS 305

It is easy to see that f = > fi, 0 < fr <27% Lip(f) < 1 and
k=1

fe(z) =0 if f(z) <27% fu(x)=27Fif f(z)>27FF, (4.1)

For each k € N, let uy be a non-degenerate probability cube measure (see
[BL], p. 142) with
supp up C B(0,4717F) (4.2)

and g = fi * pr (ie. gr(z) = [ fu(ez —t)dpx(t)). Since fi is Lipschitz, it is
Gateaux differentiable at ug-almost all points of X (see [BL], 6.25, 6.27, 6.42)
and therefore Lebesque’s dominated convergence theorem easily gives (as in
[BL], 6.43) that g (z,v) = (f,(.,v) *x ug)(x) for every z, v € X and therefore
gk is an everywhere Gateaux differentiable function. It is easy to verify (using
0< fr. <27% Lip(f) <1 and (4.2)) that

0<gr<27" Lip(gr) < 1and |gp — fa| <47'7F (4.3)
Using (4.1), (4.2) and Lip(f) < 1, we easily obtain that
gr(2) = fulw) = 0 if f(z) < 27 — 471 (1.4)

and
ge(z) = fe(z) =277 if f(z) > 27FF 44717k, (4.5)

Set g := > 7o, gr. From (4.4), (4.3) and (4.5) we immediately obtain (i).

Now, fix n € N and consider g on the set D,, = {z : 27" < f(z) < 27 "2}
By (4.4) and (4.5) we have that gx(x) = fr(z) =0 for x € D, and 1 < k <
n—3; gr(z) = fr(z) = 27% for z € D,, and k > n + 2. Consequently,

g(z) = Z 27k 4 Z gr(x), x € D,.

k>n+2 max(1,n—2)<k<n+1
Therefore g is Gateaux differentiable on D,, and Lip(g, z) < 4 for each z € D,,.
oo
Since clearly X \ F'= |J D,,, we obtain (ii) and
n=1
Lip(g,z) < 4 for each z € X \ F. (4.6)

Using (4.3) we obtain, for each = € D,,

[f(z) —g(z)| < > |fr(z) = gr(x)] < 447" (4.7)

max(1,n—2)<k<n+1
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Fix y € F and consider z € X,  # y. Consider for z € X \ F the least
n = n(z) for which # € D,,. Since Lip(f) < 1, we have ||y — z|| > 27™. By
(4.7) we obtain
F@) —g(@)] _ -4+
ly—= — 277

Clearly %% n(x) = oo, which proves (iv).
¢ F
Now, §(éiv) and Lip(f) < 1 gives Lip(g,x) < 4 for each x € F. Using (4.6)
and Lemma 1.3 (ii), we obtain (iii).
In the general case find € > 0 such that ef < 1 and Lip(ef) < 1. Applying
the construction above to f := ef we obtain a function g and g := %ﬁ satisfies
the properties (i)-(iv). O

The next lemma generalizes Lemma 4.1 in the sense that F' is any closed
subset of {x € X : f(x) = 0} but need not be equal to this set and f need not
be non-negative.

Lemma 4.2. Let X be a separable Banach space and f be a bounded Lipschitz
real-valued function. Let ) # F C X be closed and flrp= 0. Then there exists
a function g such that g is bounded Lipschitz, g is Gateauz differentiable on
X\ F, glr=0 and f — g has zero Fréchet derivative at each point x € F.

PROOF. Set d(r) = min(dist (z, F'),1). Let f*, f~ be the positive and nega-
tive parts of f. Put hy(z) = f+(z) + d(z), ha(z) = f~ () + d(z). Clearly hy,
ho are non-negative bounded Lipschitz functions and

F={x:hi(x) =0} ={x: ha(x) =0}.

By Lemma 4.1 we can find bounded Lipschitz functions ¢i, go which are
Gateaux differentiable on X \ F, g;[ p= 0 and h; —g; has the Fréchet derivative
0 at each point x € F, i =1,2. Set g = g1 —g2. Then g[r= 0 and g is Gateaux
differentiable on X \ F. Let € F. Since f = fT — f~ = hy — ho, we have

I(f —9)y) — (f —g)(@)]

|y — |l
< (i = g1)(y) = (Il — g1) ()] n |(h2 — g2)(y) — (h2 — g2)(2)|
- lly — ] ly — || ’

which with the fact that h; — g; has zero Fréchet derivative at all points of F’
finishes the proof. O

The following easy lemma is well-known (cf. Proposition 3.6. (i) from

[Sp)).
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Lemma 4.3. Let X, Y, Z be Banach spaces, f : X —Y,g:Y — Z be two
mappings and let g be Lipschitz. Let x,u € X and let there exist v := f! (z,u),

gy (f(x),v). Then
(g0 (@, u) = gy (f(2),0). (4.8)

Remark 4.4. The preceding lemma clearly holds also in the trivial cases when
at least one of the spaces X,Y, Z is the trivial null-dimensional space {0}. Of
course, then the directional derivatives involved in (4.8) equal to zero.

Lemma 4.5. Let X be a separable Banach space and () # A € B (X). Then
there exists a bounded Lipschitz function f: X — R such that

(i) fi(x,u) exists for allz € A and u € X;
(i) f is Gateauz differentiable on X \ A;

(iii) thereisw € X, ||w| = 1, such that for allz € A, f (z,w) = f\(z,—w) =
1.

In particular, each closed set from Bf (X) belongs to Sy(X).

PROOF. According to Definition 2.3 there exist a subspace Y of codimension
1, a topological complement W of Y and a Lipschitz function h : Y — W such
that AC S:={y+h(y):y €Y} and

! (y,v) exists whenever v € Y and y € P(A), (4.9)
where P is the projection of X on Y parallel to W. For z € X, put
9(x) = ||lz — P(z) — h(P(x))]].

Clearly g[s= 0. Since the sum and the composition of two Lipschitz func-
tions is Lipschitz and the functions P, h, ||.|| are Lipschitz, we obtain that g is
Lipschitz. Since P is linear and ||| is convex, (4.9) and Lemma 4.3 imply that

¢’ (x,u) exists for each z € A and u € X. (4.10)

Choose a unit vector w € W and suppose that z € A is given. Since clearly
P(x) = P(x + tw) for each t € R, we have

9(x +tw) = ||z + tw — P(z) — h(P(z))| = [[tw]| = [¢].

Thus
¢, (z,w) =1 and ¢/, (z, —w) = 1. (4.11)
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Set g1(x) := min(g(x),1). Then gy satisfies the assumptions of Lemma 4.2 with
F = A and so we can find a bounded Lipschitz function f such that f 4= 0,
f is Gateaux differentiable on X \ A and f — g; has zero Fréchet derivative at
any point € A. These properties of f, (4.10) and (4.11) immediately give

(i) and (iii). O
Lemma 4.6. Let X be a separable Banach space, {an}, {bn} sequences of
positive numbers, > ap, < 00, Y. b, < o0o. Let f,, : X — R satisfy |fn] < ap,

n=1 n=1
and Lip(fn) < by. Let (fn)! (@, u) exist for some x,u € X. Set f = > fn.
n=1
Then f is a Lipschitz function and
Folwu) = (fa) (@, ). (4.12)
n=1

Moreover, if f,, are Gateauz differentiable at x, then f is Gateaux differentiable
at .

PROOF. It is easy to see that f is Lipschitz. For t € (0,00), put
9(8) = L (@ tu) = (@), 9a(t) = 7 (e + tw) — fu(a).

o0
Clearly, g(t) = > gn(t) for t > 0, and |g,(t)| < by||u|| because Lip(f,) < by,.
n=1

Consequently > g,(t) converges uniformly on (0, 00). Therefore
n=1

3 (o) = 3 Jig (6= Jig of6) = £ )

which proves (4.12).

If f, are Gateaux differentiable at x, then the mappings v — (fy)’ (=, u)
are linear on X. By (4.12) we have that v — f! (z,v) is linear and it is also
continuous by Lemma 1.3 (i). O

Theorem 4.7. Let X be a separable Banach space, dim(X) > 1, and A C X
be a countable union of closed sets from By . Then there exists a Lipschitz
function f : X — R such that f (z,u) exists for all x,u € X, f is Gateauz
differentiable at all points of X \ A and f is Gdteaux differentiable at no point
of A (i.e. Ae S (X))
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PRrROOF. The case A = () is trivial. Thus suppose that A = |J A,, where
n=1

) # A, € B are closed. According to Lemma 4.5 there are vectors w,, € X,

|lwn|| =1, functions f, : X — R and numbers L,,, K,, with

|ful < L, Lip(fr) < Kn; ( )
(fn)'y (z, u) exists for all z,u € X; (4.14)
fn is Gateaux differentiable on X \ A,; (4.15)
(fo)p (@, wn) = (fn)(z, —w,) =1 for all z € A,. (4.16)

Without loss of generality we can suppose L,, > 1, K,, > 1. Define a sequence
{en} by

1 En

TR T T 3L K (4.17)
Since L,, > 1, K,, > 1, we have
en <3 Mg for1<i<n (4.18)

and consequently, for each n > 1, L&, = (SKn)_lan,l <37 lg,_1 <317 "gy.
Analogously, K&, < 3'~"¢;. Set g, = €,.fn, n € N. Then by (4.13) we have
lgn| < 3'7 "¢y and |Lip(g,)| < 3'7"e;. Put f = > .7 gn. By Lemma 4.6,
(4.14) and (4.15) we have that f is Lipschitz, f! (x,u) exists for all z,u € X,

Ji(z,u) = Z(gn);(a:,u) for all z,u € X (4.19)
n=1

and f is Gateaux differentiable at all points of X \ A. Let = € A be given. Put
m :=min{n : z € A,}. Then by (4.15), for each 1 < I < m, f; is Gateaux
differentiable at = and consequently (f;), (z,wn) + (f1)’ (z, —wp,) = 0, which
gives with (4.19) and (4.16)

fjr(wim) + fjr(.’b, _wm) = Z sn((fn);(wvwm) + (fn)zr(xv _wm))
=2em + Z gn((fn)zr(x7wm) + (fn)lJr(xa _wm))'

n=m-+1

By (4.13) we have |(f,), (z,u)| < K, for each u € X which gives with (4.17)
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and (4.18)
| > ()@ wn) + () (=) < | DD a2k
n=m-+1 n=m-+1
= €n 2 = m—n

Consequently, f (x,wm) + fi(z,—wm) > 26y, — €m > 0, which proves the
theorem. ]

Lemma 4.8. Let W = span {wy,ws} be a 2-dimensional Banach space. Then
there exists a bounded Lipschitz function q : W — R such that ¢(0) = 0,
q'(0,w) exists for eachw € W, ¢'(0,w1) = ¢'(0,w2) = 0 and ¢'(0, w1 +ws) = 1.

PRrROOF. Let L : W — R? be the linear mapping for which L(w;) = (1,0) and
L(wz) = (0,1). For (z,y) € R? put

min(z,y, 1) x>0,y>0
p(z,y) = ¢ max(z,y,—1) x<0,y<0
0 zy < 0.

It is easy to verify that p is a bounded Lipschitz function, p’((0,0), w) exists for
each w € R?, p’((0,0),(1,0)) = p'((0,0),(0,1)) = 0 and p’'((0,0),(1,1)) =
The function g := p o L has clearly all desired properties. D

Lemma 4.9. Let X be a separable Banach space and A € Ba(X). Then there
exists a bounded Lipschitz function f : X — R such that

(1) f(x,u) exists for allx € A and u € X;
(i) f is Gateauz differentiable on X \ A;

(iii) there are unit vectors wi, we € X such that, for each x € A, f'(x,w1) =
f/(mva) = 0; fl(xawl + ’U}Q) =1

In particular, each closed set from By(X) belongs to S(X).

PROOF. According to Definition 2.3 there exists a closed subspace Y of X, its
topological complement W of dimension 2 and a Lipschitz mapping h : Y — W
such that AC S:={y+h(y):y €Y} and

1 (y,v) exists whenever y € P(A) and v € Y, (4.20)
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where P is the projection of X onto Y parallel to W. Let W = span {wy, w2},
lwi]] = |lwe]] = 1 and ¢ : W — R be the Lipschitz function from Lemma
4.8. For z € X, put g(z) := q(x — P(x) — h(P(z))). It is easy to see that g
is a bounded Lipschitz function. Since clearly z—P(x)—h(P(x)) = 0for z € A,
(4.20), properties of ¢ and Lemma 4.3 easily gives that ¢/(z, v) exists for each z €
Aand v € X. Let x € A and w € W. Then clearly P(z + w) = P(x) and
thus g(x + w) = g(w). This fact immediately implies ¢'(z,w;) = ¢'(x,ws) =
0, ¢’(z,w1 + w2) = 1. By Lemma 4.2 there exists a bounded Lipschitz func-
tion f on X such that f/A = 0, f is Gateaux differentiable on X \ A and
f(x,u) = ¢'(x,u) for all z € A,u € X. Consequently f has all desired
properties. O

Theorem 4.10. Let X, dim(X) > 2, be a separable Banach space and A C X
be a countable union of closed sets from Ba(X). Then there exists a Lipschitz
function f : X — R such that f'(x,u) exists for all x,u € X, [ is Gateauz
differentiable at all points of X \ A and f is Gdteaux differentiable at no point
of A (i.e. Ae8(X)).

o0
PROOF. The case A = () is trivial. Thus suppose that A = |J A,, where
n=1
() # A, € By are closed sets. According to Lemma 4.9 there are unit vectors
Wiy € X, we, € X, functions f, : X — R and numbers L,,, K,, with

(fn) (z,u) exists for all z,u € X; (4.22)
fn is Gateaux differentiable on X \ A,; (4.23)

(fn)/(szln) = (fn)/(xaw2n) =0,

4.24
F(x,wip +way) =1 for all z € A,. ( )

Without any loss of generality we can assume L, > 1, K,, > 1. Define the
sequence {e,} by

1 En
_ = ——m 4.25
“1 LK, Fntl SLpy1 K1 ( )
Since L,, > 1, K,, > 1, we have
en <5 Mg for1<I<n (4.26)

and consequently, for n > 1, L,e, = (5K,) tep_1 < 571lg,—1 < 5177,
Analogously, K&, < 5'7"¢;. Put g, = &, fn. Then by (4.21) we have |g,| <
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5'7"¢; and |Lip(g,)| < 5'""e1. Put f =>"°7 | gn. By Lemma 4.6, (4.22) and
(4.23) we obtain that f is Lipschitz, f'(z,u) exists for all x,u € X,

fl@u) = (gn) (z,u) forall z,ueX (4.27)
n=1

and f is Gateaux differentiable at all points of X \ A. Let © € A be given.
Put m := min{n : z € A,,}. Then by (4.23), for each 1 <1 < m, f; is Gateaux
differentiable at « and thus (f;)' (@, Wim +wam) = (fi)'(x, wim)+(f1) (&, wom),
which gives by (4.27)

f,(l'vwlm + w2m) - f/(wilm) - f/(xaw%n)

Zgn((fn)l(l‘vwlm + w2m) - (fn)/(xawlm) - (fn)/<x7w2m))

= Z en((fn) (@, 0im + w2m) = (fn) (2, wim) = (fn)' (2, w2m))
=em((fm) (@, wim + wam) = (fm)" (2 wim) — (fm)' (2, w2m))
+ Z En((fn),(xuwlm + w?m) - (fn)/(x7w1m) - (fn)l(wiQm))
n=m-+1

According to (4.24), (4.21), (4.25) and (4.26) we have

‘f/(xawlm + w2m) - fl(wilm) - f/(xa w2m,)|

00 00 S
>e, — E >e, — E
>em—3 enky > em —3 5L,
n=m-+1 n=m-+1
3 = 3= ¢ €
m m
2 Em — gnzgmen 2 Em — gn:Em Bnm = g > 0.
Thus, f is not Gateaux differentiable at x which finishes the proof. O

5 Consequences of the Theorems

In this section we present some consequences of the above four theorems.
Remember that we consider Lipschitz curves of special kind — see Definition
2.3.

Proposition 5.1. Let A C R%2. Then the following conditions are equivalent.
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(i) There exists a Lipschitz real function f on R? such that f! (z,u) ezists
for all x,u € R? and A is the set of all Gateaux non-differentiability

points of f.

(ii) There erists a Banach space Y and a Lipschitz function f : R? — Y
such that f! (x,u) exists for all x,u € R? and A is the set of all Gateaur
non-differentiability points of f.

(iii) A= U,—, Fn, where each F, is a closed subset of a unilaterally smooth
Lipschitz curve L.

(iv) A is an F, set which can be covered by countably many unilaterally
smooth Lipschitz curves.

PROOF. The implication (i)=-(ii) is trivial. The implication (ii)=-(iii) imme-
diately follows from Theorem 3.3 and Lemma 2.8. The implication (iii)=(i)
immediately follows from Theorem 4.7. The conditions (iii) and (iv) are clearly
equivalent. O

Remark 5.2. Theorem 3.3 and Theorem 4.7 easily imply that S1 (R) = S, (R)
is the system of all countable subsets of R, which is an easy and well-known
fact.

Proposition 5.3. Let X = R? or X = R3 and A C X. Then the following
conditions are equivalent.

(i) There exists a Lipschitz real function f on X such that f'(x,u) exists for
all x,u € X and A is the set of all Gateaux non-differentiability points

of f.

(ii) There exists a Banach space Y and a Lipschitz function f : X — Y
such that f'(x,u) exists for all z,u € X and A is the set of all Giteaux
non-differentiability points of f.

(iii) A is a countable union of closed sets from Ba(X).
In the case X = R? these conditions are equivalent to
(iv)1 A is a countable subset of R?

and in the case X = R? to the condition

(iv)e A is an F, set which can be covered by countably many smooth Lipschitz
curves.
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PROOF. The implication (i)=-(ii) is trivial. The implication (ii)=-(iii) imme-
diately follows from Theorem 3.6, Lemma 2.9 and Remark 2.4 (i). The im-
plication (iii)=-(i) immediately follows from Theorem 4.10. The equivalence
of (iii) and (iv); in the case X = R? is obvious. The equivalence of (iii) and
(iv)s easily follows from Lemma 2.9. O

The above propositions give immediately the following partial answers to
Problems A, B (see Remark 5.2 for the case X = R).

Proposition 5.4. S, (R2) is the system of all F, subsets of R which can be
covered by countably many unilaterally smooth Lipschitz curves. S(R3) is the

system of all F,; subsets of R3 which can be covered by countably many smooth
Lipschitz curves. S(R?) = S(R?) is the system of all countable subsets of RZ.

For a class of sets C, denote by Cy the smallest hereditary class which
contains all sets from C (i.e. Cyg = {A: A C C for some C € C}) and by C;
the o-ideal generated by C.

Since we are not able to solve completely Problems A and B, it is natural
to consider the following problem, which could be easier.

Problem C. Let X be a Banach space.
(i) Characterize the classes (S (X))a, (S4(X))a, (S(X)) g, (S(X))n.

(ii) Characterize the o-ideals (S1(X))s, (S4(X))r, (S(X))r1, (S(X));.

Of course, Proposition 5.4 immediately implies that (4 (R2))z = (S4(R2));
is the system of all subsets of R? which can be covered by countably many
unilaterally smooth Lipschitz curves and (S(R?))y = (S(R?)); is the system
of all subsets of R? which can be covered by countably many smooth Lips-
chitz curves. (Moreover, we have that (S4(R))g = (S+(R)); = (S+(R))y =
(84 (R)); is the system of all countable subsets of R and (S(R2))y = (S(R2)); =
(S(R?)) = (S(R?)); is the system of all countable subsets of R2.)

We are not able to give a satisfactory characterization of classes S (R?),
S(R?), (S+(R?))w, (S(R?))y. However, we have the following result which

characterizes the o-ideals (S1(R?))r, (S(R3));.
Proposition 5.5. (i) (S:(R?))r = (A7 (R?))r = (B (R?));.

(ii) (S(R?))r = (A2(R?))r = (B2(R?));.
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PROOF. The statement (i) immediately follows from Theorem 3.3, Lemma
2.8 (which shows that A (R?) = B (R?)) and Lemma 4.5 (which implies
that for each M € B, (X) there exists a Lipschitz function on R? such that
M C Si(f)).

Similarly (ii) follows immediately from Theorem 3.6, Lemma 2.9 and Lemma
4.9. O

We have a complete answer to Problem C in no other case. However, our
results yield some partial answers which are based on the following proposition.

Proposition 5.6. Let X be a separable Banach space and M C X be a Gg
set. Then the following assertions hold.

(i) If there exists a set D C M dense in M such that
int(contg (M, z)) # 0 for each z € D, then M ¢ (S+(X));.

(i) If int(contg (M,z)) # 0 for each x € M, then M ¢ (S4+(X))r.

PROOF. To prove (i), suppose on the contrary that M € (S4(X));. By Theo-
rem 3.3 there exist closed sets F,, € A7, n =1,2,...,such that M C Uzo:l F,.
Using Remark 3.4 (cf. also Remark 2.12) we have also that int(contg (F,,,z)) =
() for each x € F,. Since M is a Baire space, there exists an open set G C X
and n € N such that ) # GN M C F,. Choose a point d € GN D. By
the assumptions of (i) we have int(contg (M,d)) # 0. Consequently also
int(contg (F},,d)) # 0, which is a contradiction.

It seems that (ii) cannot be proved directly by the Baire category theorem,
but a proof similar to the proof of the Baire category theorem can be given.
This phenomenon is frequent in proofs which show that a “small” set is not o-
porous. Actually, we will show that (ii) is an easy consequence of well-known
facts on “abstract porosity”.

We will say that A C X is (¢)-porous at a € X if int(contg (4,a)) = 0. A
set is said to be (c¢)-porous if it is (c)-porous at each its point. A set is said to
be o-(c¢)-porous if it is a countable union of (¢)-porous sets.

Now we will use the generalized Foran lemma for Gs-sets which is proved
in [Z6]. Tt works with the notion of abstract porosity; we shall formulate this
lemma here only in the special case of (¢)-porosity. (It is clear that (c)-porosity
satisfies axioms of “abstract porosity”. Namely: it is a local notion and if A
is (c)-porous at z, then also each subset of A is porous at z.)

We will say that a non-empty system F of non-empty Ggs-subsets of a
Banach space X is a generalized Foran system (for (¢)-porosity) if the following
condition holds.
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If Ae F, H is open and AN H # 0, then there exists A* € F such that
A* C ANH and AN H is (¢)-porous at no point of A*.

The generalized Foran lemma (for (¢)-porosity) is the following result.

Let X be a Banach space and let F be a generalized Foran system of Gs
subsets of X. Then F contains no o-(c)-porous set.

Now suppose that (ii) does not hold. In the above terminology, M is (c¢)-
porous at no of its point and M € (S4(X));. Using Theorem 3.3 and Remark
3.4 (cf. also Remark 2.12) we obtain that M is o-(c)-porous. It is easy to
see that F := {M NG : G is open and M NG # @} is a Foran system. Thus
the generalized Foran lemma implies that M is not o-(¢)-porous which is a
contradiction. O

In the subsequent proposition we will use the following notation.

If X is a Banach space, then we denote by L the system of all Lipschitz
surfaces in X of codimension 1 and by £ the system of all unilaterally smooth
Lipschitz surfaces in X of codimension 1.

Proposition 5.7. Let X be a separable Banach space, dim(X) > 2. Then

(§+(X))I C(S+(X))1, (Ly)r C(S+(X))u, (S+(X)1 C (L)r
and all these inclusions are proper.

PROOF. The inclusion (S, (X)); C (S4(X)); is trivial. To prove that it is
proper, by Proposition 5.6 (i) it is sufficient to find a G5 set M € (S4(X))m
and a dense subset D of M such that

int(contg (M, z)) # @ for each x € D. (5.1)

To this end find closed subspaces W,Y, Z,V of X such that dimW =1, X =
YW, dmZ=1andY =2Z®V. Choose 0 #w € W, 0# z € Z and a
dense countable subset C' of R. It is not difficult to construct (see the proof
of Proposition 5.8 below for a more general construction) a Lipschitz function
¢ : R — R which is differentiable at all points of R\ C' and

¢/, (x) exists at no point z € C. (5.2)

Ify € Y is of the form y = az+wv, where a € R and v € V', put h(y) := p(a)w.
Further put

M :={y+h(y) :y=az+v,0 € V,a € R\ C}, and

D :={y+h(y):y=az+v,veV,aeC}.
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Clearly M is a G5 set, M € B1(X) and D is dense in M. By Lemma 4.5 we
have M € (S4(X))m. Since it is not difficult to see that (5.2) implies (5.1),
we are done. N

Theorem 4.7 immediately implies the inclusion (£1); C (S4(X))n. Since
the inclusion (54 (X)); C (S4(X)); is proper, clearly the inclusion (S (X))y C
(8+(X)) g is also proper and therefore the inclusion (£4); C (S+(X))m is
proper as well.

The inclusion (S4(X))r € (£)r follows from Theorem 3.3. To show that
it is proper, we will need a function ¢ : R — R such that ¢ is Lipschitz and
there exists a dense G5 set P C R such that ¢/, (x) exists at no point z € P.

The existence of such a function is well-known (for a well-known easy
construction, see [Br]). Now let W,Y, Z, V, w, z, h be defined as above, but now
using the function ¢ instead of . Put M= {y+h(y):y=az+v,a € Pv e
V'}. Of course, M is a subset of a Lipschitz surface and thus M € (L)ym C (L)1
On the other hand, M is clearly a G5 set and it is not difficult to verify that
int(contg (M, x)) # 0 for each x € M. Consequently Proposition 5.6 (ii)

implies M ¢ (S4+(X))r. O

In the proof of the following proposition we will use the following notation.
If W is a Banach space, f : R — W and a € R, then we put

fla+hy) — f(a)

D+f((l) = {w eWw: th\a h
n

— w}.

It is easy to see that DV f(a) is always a closed set.

Proposition 5.8. Let X be a separable Banach space, dim X > 2, and let
X =YW, wheredimY =1 and W is a closed linear subspace of X. Then
there exists a Lipschitz function h :' Y — W such that the “Lipschitz curve”
L:={y+h(y):y € Y} does not belong to the o-ideal (S+(X));.

PROOF. Choose wy € W, ||lwg| = 1 and a sequence (w,)52, of vectors from
the ball B(wp,1/2) which is dense in this ball. Further choose a sequence
an \, 0 such that a,y1/a, — 0. Let p : R — W be the function with the
following properties:

(i) p(t) = wy, for t € [agn, azn—1], n €N;
(ii) p is affine on each interval [asp41,a2,], n € N;

(iii) p(t) =0 for t € (—00,0] and p(t) =w; for t € a1, ).
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Clearly, p is bounded. Put P(z) := [ p(t) dt. It is easy to show that D+ P(0) =
(w0,1/2) Now choose a sequence (tn)S2, dense in R and put g(t) :=
Sre 27 p(t — ) and G(x) := [, g(t)dt. Thus, G is Lipschitz. For each
n € N, put
xT
Gn(x)::/ 27" p(t — t,) dt, Gy / 22 p(t —tr) d
0 0

k#n
It is easy to see that G/, (t,) exists,
(DG, (ty)) =27"DYP(0) = 27" B(wo, 1/2)

and consequently

int (DTG(t,)) # 0. (5.3)

Now choose yo € Y, yo # 0, define the mapping h : Y — W by h(tyg) :=
G(t), put L := {y+ h(y) : vy € Y} and z, := t,yo + h(tnyo). Then h is
Lipschitz. It is easy to show that (5.3) implies int (contg (L, z,,)) # 0. Since
(2r)22, is dense in L it is sufficient to apply Proposition 5.6 (i) (with M := L
and D := {z, : n € N}) to see L ¢ (S4(X));. O
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