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92. Random Functions in Fourier Restriction Algebras

By Toru KAWAI
Faculty of Science, Kagoshima University

(Communicated by Koésaku Yo0SIDA, M. J. A, Sept. 13, 1976)

We denote by A(R) the Fourier algebra on the real line B. The
norm of 4 in A(R) is

1
Ihlh=5- [, 1n)| dr.

For a closed subset E of R, set
AE)={g|E: gec AR)},
| S Nlacey =10 {||gllacz): 9 € AR), 9| E = f} (f € A(E)).
Let Ey={a®: m,=m<m;+n,} (k=1,2, ...) be pairwise disjoint
finite subsets of R each of which consists of n, points, where m,=0 and

My +1M =N+ -+ - + Ny, (k=2). Suppose x, & Us-, E; and {£,} converges
to z,, Put

E=\) B, U{a}.

Let {c;} be a sequence of complex numbers and let {¢,,} be the Rademacher
sequence. We define a random function f=f, on E by
{f(wi,’f’)=em(co)ck k=12, .-, mp=m<m;+ny)
f (wo) =0.
We investigate the condition for the function f to belong to A(E).
By using Rudin-Shapiro polynomials, we see that if each E, is an
arithmetic progression and {c,+ ﬁ;} does not converge to zero, then there
exists a function f ¢ A(E). The following Theorem asserts that it holds
almost surely. This is based on the same idea as Paley-Zygmund theo-
rem, but we use the estimate of the L'-norm of random trigonometric
polynomials which is due to Uchiyama.
Theorem. Suppose each E, is an arithmetic progression. If
{cxv/'ni} does not converge to zero, then f & A(E) a.s.
Proof. Put
2 =q, +mb, k=1,2, - -, m=m<m,+n,).
For each k, let v, be the function in L'(R) such that
bu@) =R @ —{a +m+p)bi})  @eR),
where p,=[n:/2], A=p,b; and

2 (o) — ¥l
K,(y)=max <1 T 0) (¥ e R).
If he L\(R) and h=f on E,, then
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N
>0 vk (@) exp (Ebymr)

—_—bi N (vk*h)(r+ 2;:") exp <~iak('r+ 2;” )) a.e.

k k k
Hence
1 J - ]z 0 (@) h(e)etnt| g
2rJo |m
= 7 l@ai®l d=inl,
2 J-»
and so
me+ng—1
(1) em(@)C Dy () etm =S acen-
m=mp L(T)

Choose >0 so that K={k: |¢,|vn; >y} is infinite. Let A, be the event
that the left side of (1) is not less than

L1ed("E i)

=mg

b

By Theorem 1 in [2], the probability p(4;) of A, is greater than 1/2.
Since {A;};cx is independent, the Borel-Cantelli lemma shows that

p(l——im Ak)=1.

kKEK

If welim A,, then for infinitely many &k we have
kEK

17 Nac z)[z en(@)Cydy(@P)etmt
m L1(T)
1 .\ o 2\ E 7
23 el (Bier) >3

It follows that f & A(E) (cf. [1, Theorem 2.6.4.]), and the proof is com-
plete.

Remark 1. Suppose {E,} are arithmetically disjoint; that is to .
say, there is a constant C such that

N N
Sl =C | 3 i

k=1 k=1
for every positive integer N and every measure p, supported by E,
(k=1,2,---,N). (Forexample, if each E, is an arithmetic progression
and {a;, b;} is linearly independent over the rationals, then {E,} are

arithmetically disjoint.) If ¢,v/n,—0 (k—o0), then for all » we have
f+A(E). Indeed, if z is a measure supported by E;, then

} j fdy)glck[ V(S (2D P el T || 2]l
If 2 is a measure supported by U™ E, and p,=21|E;, then
[radlsZiml. sup levim=C il sup ledv.
n nsksm nsksm
This implies that

oo
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There is a sequence {g,} of functions in A(¥) and an increasing sequence
{p.} such that g,=0 on UtE}, 9,=1 on U;, E,U{x} and [ g.[lsm <2
(cf. [1, Theorem 2.6.3.]). It follows from (2) that {f— fg,} is a Cauchy
sequence in A(K), so f e A(E).

Remark 2. If {F,} diverges to infinity and F=J;., E;, then the
same conclusions as Theorem and Remark 1 are valid.

Finally the author would like to express his hearty thanks to Prof.
S. Saeki for his valuable advices.
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