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41. A Note on Banach Algebras

By Yasue MIYANAGA
(Comm. by K. KUNUGI, M.J.A., March 12, 1956)

R. E. Edwards [1 has shown the following
Theorem. If R is a complex Banach algebra with unit element

and if the norm satisfies the condition II x-1 II: II x II - for all x e R,
then R is isomorphic to the complex field.

In this Note, we shall give a proof of the theorem mentioned
above. Our proof is essentially due to E. Hille 2.

Proof. Let e-x be a regular element in R. Since, for in
the resolvent set (x), the inverse of e-x exists, the condition of
the norm shows that

[[ (),e-x)- [1- 11 ,e-x 1[- in (x).
From the ormula

(2e--x)-l--(oe--x)- e+N (0-)E(0e-x)-

We see that if (oe-X)- exists, hen the series is absolutely con-
vergent when -o I< lI oe-x II, therefore (e-x)- exists or

Hence, we may continue (e-x) analytically along any path
starting at --0 on which e-x 0.

There can be at most one value of for which e-x vanishes;
on the other hand, there nust be at least one such value since
(e-x)-, which is holomorphic at infinity, can not be holomorphic
or all finite values of .

Hence there exists a complex number such that x-_e. This
completes the proof o the theorem.
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