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Abstract:

In this paper we study non-symplectic automorphisms of odd order on K3

surfaces which are not purely. In particular we shall describe fixed loci of non-symplectic

automorphisms of order 15 and 21.
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1. Introduction. In this paper, we treat
automorphisms of finite order on K3 surfaces. By
the definition, a K3 surface has a nowhere vanishing
holomorphic 2-form. An automorphism on a K3
surface is called symplectic or non-symplectic if it
acts trivially or non-trivially on a nowhere vanish-
ing holomorphic 2-form, respectively. Moreover an
automorphism of order n of a K3 surface is called
purely mnon-symplectic if it multiplies a nowhere
vanishing holomorphic 2-form by a primitive n-th
root of unity.

Symplectic automorphisms of finite order were
first studied by Nikulin [11], and purely non-
symplectic automorphisms have been studied by
many mathematicians. Recently, studies on non-
purely non-symplectic automorphisms have pro-
gressed ([1], [6], [13]). What we can say in common
is that studies of fixed loci are essential as charac-
terizations for automorphisms.

This paper is devoted to a study of non-purely
non-symplectic automorphisms of odd order on K3
surfaces. In particular, we determine fixed loci of
such automorphisms. The following is the main
theorem of this paper.

Main Theorem. Let X be a K3 surface, wy
a nowhere vanishing holomorphic 2-form of X and o
a non-purely non-symplectic automorphism of odd
order on X.

(a) The order of o is 15 or 21.

(b) Assume that the order of o is 15 and o satisfies
0*wy = Gswy. Then the fixed locus is of the
form X7 = { P53, Ps 14, Ps12, Po11}-
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K3 surface; automorphism.

(¢) Assume that the order of o is 15 and o satisfies
0*wy = (swyx. Then the fixed locus is of the
form

o _ { {Py14},
{P1‘2; P4,143 P4,147 P5.,13; P7,11a P&IO}-

(d) If the order of ¢ is 21 then o satisfies o*wy =
Grwx and its fixed locus is of the form X7 =
{P12, Py20, Py20, P17, Prav, Praz}.

Here (, is a primitive n-th root of unity. For the

notation P, ;, see Section 2.

Remark 1.1. As for non-purely non-sym-
plectic automorphisms of order 21, these are essen-
tially studied by [6, Section 7]. However they only
determined the topological type of fixed loci, and
did not describe their local actions for isolated fixed
points. Main theorem (d) complements it.

We summarize the contents of this paper.
Section 2 is a preliminary section. We recall some
basic results about automorphisms on K3 surfaces.
By simple observations, we obtain Main Theorem
(a). In Section 3, we study K3 surfaces with a non-
purely non-symplectic automorphism of order 15,
and gives a proof of Main Theorem (b) and (c). In
Section 4, we apply the holomorphic Lefschetz
formula to determine local actions of an automor-
phism. This is Main Theorem (d).

2. Basic results for automorphisms on K3
surfaces. Let o be an automorphism of order n
on a K3 surface X, ¢, a primitive n-th root of unity
and (z,y) a local coordinate centered at a point in
X?. If o acts on the point as mapping (z,y) to
(¢'z,¢y) then we denote it P, ;. In this case, the
action of o for wx(= dx A dy) is multiplication by
¢, hence o*wy = (twy. Note that if i = 0 mod n
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then P, ; lies on a fixed curve given by y = 0. Thus a
fixed locus of a symplectic automorphism consists
of isolated fixed points, and a fixed locus of a non-
symplectic automorphism generally consists of non-
singular curves and isolated points.

Proposition 2.1 ([11]). Let o be a symplec-
tic automorphism of order m on X. Then m < 8.
Moreover, the set of fized points of o has cardinality
8,6,4,4,2,3, or2, ifm=2,3,4,5,6,7, or 8, respec-
tively.

As for purely non-symplectic automorphisms
in this paper, it is enough for us to know the
following

Proposition 2.2 ([2], [3], [14]). Let o be a
non-symplectic automorphism of order 3, 5 or 7.
Then the fized locus of o is not empty, and of the
form

X' =CYNPI---TIP' I {P,..., Py}

Here CY is a genus g curve and P are isolated
points.

Note that if the order of ¢ is 5 then there exist
two types of fixed points hence P4 and P;3, and if
the order of ¢ is 7 then there exist three types of
fixed points hence P276, P375 and P4?4.

Lemma 2.3. Let o be a non-purely non-
symplectic automorphism of finite order on a K3
surface. Then its fixed locus has no curves.

Proof. Since ¢ is non-purely non-symplectic,
we may assume that ™ is symplectic. If there exists
a fixed curve of o then it is fixed by ¢™ too. But it
is a contradiction for Proposition 2.1. O

Lemma 2.4. If a K3 surface has a non-
purely non-symplectic automorphism of odd order
then its order is 9, 15, 21, 25, 27 or 33.

Proof. 1t is well-known ([9], [11]) that if a K3
surface has an automorphism of order I then
®(I) <20 where ® is the Euler function. Thus if T
is odd then I =9,15,21,25,27,33 or prime. Clearly
if I is prime then the automorphism is symplectic or
purely non-symplectic. (I

Proposition 2.5. A K3 surface does not
have a non-purely non-symplectic automorphism of
order 9.

Proof. 1t follows from [1, Theorem 0.1 (1)]. O

Remark 2.6. It does not deny that a K3
surface simultaneously has an symplectic automor-
phism of order 3 and an non-symplectic automor-
phism of order 3. The claim does not contradict
[8, Theorem 4.1].
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Proposition 2.7. A K3 surface does not
have non-purely non-symplectic automorphisms of
order 25, 27 and 33.

Proof. These follow from [9,Lemma 4.7 (4)],
(9, Lemma 4.6 (2)] and [9, Lemma 4.4], respectively.

|

The remaining cases are I = 15 and 21.

3. Order 15. Let o be a non-purely non-
symplectic automorphism of order 15. Then o
satisfies o*wx = GGwx or o*wx = Gwx. We shall
study o in each case.

We denote by 7, r3, r5 and 715 the rank of
the eigenspace of o* in H?*(X,C) relative to the
eigenvalues 1, (3, ¢; and (j; respectively. Put
S(o') :={x € H*(X,Z) | o' (x) = z}.

Proposition 3.1. The topological FEuler
characteristic of the fized locus of o is 2+ (r] —
r3 — 75+ 7‘15).

Proof. We apply the topological Lefschetz
formula:

4

X(X7) =Y (=1 tr(o"|H*(X, R))
=0

=1-0+ (1 7 + (G+EG)rs
+ (GG HE+ s
(G5 + Gy G + Cs + s + G
+ G5+ Gis)ris) —0+ 1
=2+ (r1 —7r3—175+1715).
O
3.1. The case of oc*wx = (3wx. Let o be
an automorphism on X of order 15 which satisfies
o*wy = Gawyx. Hence the fixed locus of ¢® consists of
exactly four points, and the fixed locus of ¢® may
have some non-singular curves and some isolated
points.
Proposition 3.2.
the fized locus of o:

X7 ={P23, Ps14, P32, Po11}-

There exists one type of

Proof. We see the action of ¢ on a fixed point
P, ;. Since o satisfies o*wx = ngwx = (3wx, we
have i + 7 =5 mod 15. Note that a fixed point of
type Py lies on a fixed curve of o. Thus X” consists
of at most 4 isolated points of type P4, Po3, Fs.14,
P7,13, P8,127 P9,11 or P10,10~

We apply the holomorphic Lefschetz formula
([4,p. 542] and [5, p. 567]):



mi
(1= ¢s)(1 = Gis)
where m; ; is the number of isolated fixed points of
type Pi;. Using the Serre duality H?(X,Ox) ~
H(X,0x(Kx))', we can calculate the left-hand
side as 1+ ¢;' =1+ ¢{7. This implies

S (-1 ("X, 0x)) = 3

k=0 i

M3 = mg12 = 1 +my3,
Me14 = Mo 11 = 1+ My,
mio,10 = 0,

hence we have ma3 = mg 14 = Mg 12 = My 11 = 1 and
mi4 = mr713 = Mmip,10 = 0. O

Corollary 3.3. X7 s of the form C®) 11 P!
or CW.

Proof. Note that relations r = rank S(o), 11 +
2r3 = rank S(0%) = 6, 7 + 4r; = rank S(0°) and 1 +
2r3 + 4rs + 8r;5 =22 hold by [11, Theorem 3.1].
We remark that r; > 0 because there is an invar-
iant ample divisor. Thus we have (ry,rs,r5,r15) =

(6,0,4,0),  (6,0,2,1),  (6,0,0,2), (4,2,4,0),
(4,2,2,1), (4,2,0,2), (2,2,4,0), (2,2,2,1) or
(2,2,0,2).

By Proposition 3.1 and Proposition 3.2, we
have (ry,73,75,715) = (6,0,4,0) or (2,2,0,2). Since
if (ry,73,75,715) = (6,0,4,0) then o is a purely non-
symplectic automorphism of order 5, we have
rank S(0°) = 2. Thus the assertion holds by
[2, Table 2] and [14, Theorem 1.1]. O

Example 3.4. Let X be the complete inter-
section of the following quadric and the cubic in P°:
S X =3, X2 =357 X3 =0 and ¢ the auto-
morphism on X satisfying o([Xo: X1 : Xo: X3 : Xy :
X5]) = [Xl : XQ : X3 : X4 : XO : C3X5]. It is easy to
see the following

X7 =XnN(X;=0)

and X7 =X ={[1:¢G:CG:C:¢:0,[1:¢:¢:
G0, [1:G:¢G:¢:G:0,[1:¢:¢G:¢:¢:
0]}.

3.2. The case of oc*wx = (swx. Let o be
an automorphism on X of order 15 which satisfies
o*wx = (swx. Hence the fixed locus of ¢® consists of
exactly six points, and the fixed locus of ¢ may
have some non-singular curves and some isolated
points.
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Lemma 3.5. The fized locus of o consists of
one point or six points.

Proof. Note that relations r; = rank S(o),r +
2r3 = rank S(0%),r) + 4r; = rank S(6°) =10  and
r1+ 2r3 +4r5 + 8r15 =22 hold by [11, Theorem
3.1]. We remark that 71 > 0 because there is an
invariant ample divisor. Thus we have (7,73,
rs,m15) = (2,2,2,1), (2,6,2,0), (6,2,1,1), (6,6,1,0)
or (10,2,0,1), hence x(X?)=1, —4, 6, 1 or 11,
respectively by Proposition 3.1. Since X? does not
contain a curve and consists of no more than six
isolated fixed points, X7 consists of one or six
points. O

Remark 3.6. The case (r,73,75,715) =
(6,6,1,0) does not occur.

Note that if (ry,r3,r5,7r15) = (6,6,1,0) then
rank S(03) = 18. By [3, Theorem 5.3] and [12, Main
Theorem 4], a pair (X, (0%)) is isomorphic to
Kondo’s example [10, (7.6)] hence

X y2 = m3 +t3f£ +t77 03 : (5071/’ t) = (C§x7<§y7 Cgt)

Since the elliptic fibration X — P! has one singular
fiber of type IT*, one singular fiber of type IIT* and
five singular fibers of type I, ¢ acts on the base P!
as an automorphism of order 5. Thus o is given by
(z,y,t) — (Qsz, oy, ¢5:1). But it is of order 5.

Proposition 3.7. There exist two types of
fized loci of o

o _ { {Pua},
{P12, Py14, Py, P53, Prav, Psao}-

Proof. We see the action of o on a fixed point
P, ;. Since o satisfies o*'wx = ngwx = (Gwy, we
have i +j7=3 mod 15. Note that a fixed point of
type P 3 lies on a fixed curve of 0. Thus X consists
of at most 6 isolated points of type P12, P14, Ps13,
P12, Pra1, Byio or Pyg.

We apply the holomorphic Lefschetz formula:

2
> (=0 (o |HY (X, 0x)) =)

k=0 i

mi,;
(1 =G5 —dis)
where m; ; is the number of isolated fixed points of

type P;;. Using the Serre duality, we can calculate
the left-hand side as 1 + ¢;' = 1 + (2. This implies

me,13 = 3+ 4my 2 — 3myg 14 — M5 13,
mr711 = M2,
mg 10 = Ms,13,

mgg = 1+ 3myia — myy — 2ms5 3.



46 S. TAKI

Since > m; j < 6, we have m; 2 = 0 or 1. It is easy to
see if mio = 0 then (m4714,m5,13) = (1, O) or (0, 0),
and if mio =1 then (muy14,ms513) = (2,1). But the
case (miyz2,ma14,ms513) = (0,0,0) contradicts Lem-
ma 3.5. Hence the assertion holds. (]

Corollary 3.8. If X? consists of one point
then X7 is of the form CM 11 {Psa, Py4, Poy, P33} or
{Py4, Pr4, Pr4, P33}. ‘

If X7 consists of siz points then X7 s of the
form COTIIP'TI{Psy, Poy, Pos, Pos, Poa, Py3, Py3}
or P I {Pys, Py, Poy, Pos, Poa, Pz, P33}

Proof. If X7 consists of one point (or six
points) then rank S(c®) =6 (or 10, respectively)
by Lemma 3.5 and Remark 3.6. Thus the assertion
holds by [3, Theorem 5.3]. O

Example 3.9. Let X' be the weighted hy-
persurface X X; + XV + X5 + X3 =0in P(1,1,2,2)
and & the automorphism on X' given by [Xj:
Xl : XQ : X3] = [<5X0 : Xl : C3X2 : C??Xg] We re-
mark that X' is a K3 surface with three singu-
larities of type Ay at [0:0:1:¢],[0:0:1:—1] and
[0:0:1:¢]] (See also [7,§10 and §13]) which are
replaced by o.

Let X be the minimal resolution of X’ and o the
automorphism of X induced by &. The automor-
phism o3 fixes the non-singular curve of genus 1,
[1:0:0:0] and three points on the resolutions of
the singularities. It is easy to see that ¢’ fixes six
points: [1:0:0:0],[1:¢,:0:0](i=1,3,5,7,9).

Thus o is an automorphism on X of order 15
which satisfies o*wyxy = (swy, and its fixed locus
consists of exactly one point.

Example 3.10. Let X' be the weighted hy-
persurface X}° + X1 + X3 + X2 = 0in P(2, 3,5, 15)
and & the automorphism on X' given by [Xj:
X] : XQ : Xg] = [C15X0 : X] : Cng : Xg] We remark
that X is a K3 surface with three singularities
of type A; at [1:0:(:0],[1:0:—-1:0] and
[1:0:¢2:0], two singularities of type A at
0:1:0:¢]and [0:1:0:—¢), and one singularity
of type Ay at [0:0:1:¢y] (See also [7,§10 and
§13)).

Let X be the minimal resolution of X’ and o
the automorphism of X induced by &. The auto-
morphism o fixes four points on the resolutions of
two singularities of type As, three points on the
resolutions of the singularity of type A4, a non-
singular rational curve which intersects components
of the resolutions of two singularities of type As and
the resolutions of the singularity of type A4, and a
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non-singular curve of genus 1 which meets a com-
ponent of the resolutions of the singularity of type
Ay (See also [3, Theorem 5.3]). Automorphisms o
and ¢° fix six points on the resolutions of two
singularities of type As.

Thus o is an automorphism on X of order 15
which satisfies oc*wy = (swy, and its fixed locus
consists of exactly six points.

4. Order 21. Let o be a non-purely non-
symplectic automorphism of order 21. Then o
satisfies oc'wy = (swx or oc'wy = Grwy. See also
[6, Section 7.2] for details.

Proposition 4.1. There does not exist an
automorphism o on X of order 21 which satisfies
cfwx = (wx.

Proof. Tt follows from [6, Proposition 7.11]. O

Let o be an automorphism on X of order 21
which satisfies c*wy = (;wy. Hence the fixed locus
of o7 consists of exactly 6 points, and the fixed locus
of 03 may have some non-singular curves and some
isolated points.

Proposition 4.2.
the fized locus of o:

X7 ={Pi 5, Py, P12, Pri7, Praz, Praz}.

There exists one type of

Proof. We see the action of o on a fixed point
P;. Since o satisfies o*wy = ¢ wy = Gy, we
have i+ j =3 mod 21. Note that a fixed point of
type Py 7 lies on a fixed curve of 0. Thus X consists
of at most 3 isolated points of type P12, P20, P19,
Psqs, Prar, Pris, Poas, Progsas P13 or Prajo.

We apply the holomorphic Lefschetz formula:

S () (oA (X,0x)) = 3

k=0 ,j

mi
(1=G)=G)
where m;; is the number of isolated fixed points of

type P, ;. Using the Serre duality, we can calculate
the left-hand side as 1+ (' = 1 + ¢}. This implies

my 17 = —3miz + 3Mma20 + M5 19,

1
mgis = 1+ 4myo — 3 (520 + M5 19 + Mg 18),
1
mo1s = Miz1s 5 (Tma20 + Tms 19 — Mg 13),
Mio14 = Mag1s — = (IMa g0 + Mp 19 + 3Me 1s),

mi113 = Mag1s — = (4Ma g0 + Ms 19 + M 18),

N~ N~

myg 12 = 0.
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Since the fixed locus of o consists of exactly six
points by [6, Proposition 7.12], we have mjs =1,
Myo0 =2, My =3 and mgzy = mg19g = Mig,18 =
mi216 = M1315 = Mig,14 = 0. O

Remark 4.3. We denote by r1, 3, r7 and 791
the rank of the eigenspace of o* in H?(X, C) relative
to the eigenvalues 1, (3, ¢(; and (1 respectively.
Then we have (r1,73,77,721) = (4,1,0,1) and X7 is
of the form O(l) il {P375, P335, P3’5}.
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