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98. Connections in the Manifold Admitting
Generalized Transformations.

By Toyomon HOSOKAWA.
Mathematical Institute, Hokkaido Imperial University, Sapporo.
(Comm. by M. FUIIWARA, M.LA., Oct. 12, 1932))

In the present paper a general manifold is defined in which to

every point of a manifold X, is associated a system of the quantities,
a (@

(»)

P! P ...... P). We shall develop the notions of the point trans-
formation for this general manifold, and then by an analogous method
as in a previous paper” the connections will be established in it.

1. The local geometry. Consider an n dimensional space X, of
coordinates x* (v=a,, ...... @,), and to each point in X, corresponds a

[¢)) (h)
system of h mutual independent quantities P, ...... P, whose direc-
[¢))

tions are indeterminate, and a=1,2,...... K. We consider P; as the
elements of K-spread,” depending analytically on a system of parameters

u*; a=1,2,...... K). This new manifold is called the general manifold.
(h)
We shall now assume for the quantities f’l“, ...... Py

@ @ =1, 2, ...... h
1.1 aPr=tnde (L% )
( )( 1o (a,=1, 2, ... K
O)
where 7, are arbitrary functions.
Let us consider the transformations

) )

1.2) ‘r="x" (2", Py, ...... PY), v=ay, ...... @ s
in the general manifold. By differentiation of (1.2), we get
7/ / (i)

) R LR
T apr

We make use the usual convention for indices about every one of the
letters 4, 7 and a.

[¢}) a)
Any set of 7 quantities V(" P, ...... PY), (v=ay...... a.),
transformed by the transformations (1.2) into new = quantities
1) (h)
vy (av, Py, ...... ‘PY) in such a way that

1) T. Hosokawa: Science Reports, Tohoku Imp. University, 19 (1930), p. 37-51.
2) J. Douglas: Math. Annalen, 105 (1931), p. 707.
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a/ v a/ v (7)
(1. 4) V= (S8 2 )V,
oPy

(4)
will be called a contravariant vector, where ‘P, are the quantities at
the point “z*. A covariant vector is a set of n quantities W, which
are transformed by (1.2) into

A l )
(L.5) Wyt 2 )W

Let us now assume that the following relations are satisfied :

/ Py
ot ot 2, D 0.
@ @ alwTuAT

oPp Py
A tensor of the higher order is defined by the following :

217 Y 171 %m m a’w”k a’ vz () axﬁh 3:1;"» /(‘i?w
VA; A =V II( o T Ll ” + Vi) -

By By k=1 tn @

O opr - Py

(1.6)

2. Linear connections. We will define the connections of the
contravariant and covariant vectors by the following.equations :

@ 1) P vr=V" OV G | ruy
ax!" (%)
op>
and
@.2) W= OWaips _riew,.
aw P)‘

The covariant derivatives P, V" are the components of a mixed
tensor of the second order. Hence from the transformation (1.2), it

is evident that if 73, are functions of z* as well as P,}‘, and "1} of "x”

as well as ’P;‘, then they must satisfy the equations

az’xv azlxv (‘@)'” + azzwv @) a/ v aW- e az,x,, (1'1"])'0 g”?p
(Y ratol vt (%) ajp @ a/w @ ou* @D @ a/nt bjw
OP*og® oxre P’ oP? dPOPs

, v 8 708 (D V-3 /e (D
N am a%;h” Po +,[‘.;;(3x +_2_3_w_y/‘:/w) ﬂ_+_3”_yf;,,)
am @) axp, (€}
opy oFs oF; ok

/v ‘¥ ()
_ m,,( gﬂi + _a(g—qrg,k) ,
L) 54
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In the same manner as that of the general linear displacements,”
we get
2.3) =+ Ter+ 3, =0+ T+ Y
where

— 1 o a © (‘)'v a N “)1 a (‘)1
(2° 4) {)‘Vp‘ =Egv —%_¢GIH+ g‘)ﬂ Walk_ g:;p walw)
oP; oP; oP;
3. Curvature tensors. From (2.1) and (2.2) we have
VA___l_R...AVP _1_“) ..1aVA S/..a VA
V[qu] - vpp + a/vpe (%) + wv (2 ’
2 2 .
oP;
where
aI"} al"A aI"l ) a]"l (‘)w
R\'qlf}:_a% 2 'T + 00— T+ TZLT:;:L "(—:;"‘Wa/v ’
1) a‘g?-: a%)t 3%)1 [€)) BGW)T )
and Kpl=—ov - “alw 4 ““alvie  “Talt
ox* ox® @ I
opPy opPy

Similarly, we obtain

ol OLR | pra

P +l—'/ a[‘l ) _ aI"l (€3]

I"’(:)_I"/ll"/w_l_ B Puw 33 W«!

e T ® wy £ pp @) a/p ) alvs
) 0af Py oPy
ut
) ) ,
.1) Pl yWo=— ’]2; i’ W +% al\'ﬂl’c_uu)ﬁ’"'_ Su W, .
oP;

We will call B;;;* and R%;;* the curvature tensors.
From the formula: PP (¥@)=0Prl @+ PP P, ¥, We have
8.2

@)
27 PV Wa= — Rigi*Va Wi — RGi°7, W + Ka,;e‘f(—p':—‘@ +28%.77.7, Wi

oP;
From (8.1) it follows that

)
(3.3)  2Ppbu W,=V§(—R;-.;;“W¢+Ka,;..:,‘9,vf’—,* +285:°7. W)) .
oP;

From (8.2) and (8.3) we have the following identities :
@
(3.4) Poel = Reioi® Wt Kogiii SV 4 9800050, W) + RbuciPu W

3)

oP:
@) ;)
+ R‘E‘;'EIXIGVP-] WG - Ka[[c;)é"M - ZS& " TV]'tIVy,] WA= O .

1)

oP;

1) T. Hosokawa: loc. cit., p. 40.
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In consequence of these identities we have

[¢3 4
(B.5)  — PRy + oo Bl + 2R Sticf — Kopss™ =1 =0,
oOP;
(3. 6)
) %) @) @) ag‘)‘e %)
Pee K] = Cotir Ko + 1 6 Ko’ + 2Kt it — — 3 Kiniaf =0

)
opr}
and
BT Brgif +485 Sin” +2PnSGis — 2564 Ci=0..
The relations (8.5) correspend to the identities of Bianchs.

In the equations (1.1) and (1.2) put respectively
(k+13 &) (%) (%) %) &)

Py=8 Py=dP;+ I, P}dx*
and ‘¥ ="2"(x) (v=ay, ...... a,),
moreover put K=1, then we obtain the case, studied by A. Kawaguchi.®

1) A. Kawaguchi: Proc. 7 (1931), 211-214.



