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1. Introduction

As a natural generalization of random walks on an integer lattice, the theory of
infinite convolutions of probability measures on topological semigroups has been
extensively studied and widely applied to various problems. For this theory,
there are celebrated textbooks Rosenblatt [42], Mukherjea—Tserpes [33] and
Hognds—Mukherjea [16], which include a lot of applications of the theory; see
also Mukherjea’s lecture notes [30] for applications to random matrices, and
Ito-Sera—Yano [17] for applications to the problem of resolution of o-fields.

The aim of this paper is to help the reader to gain the basic knowledge of
this thoery conveniently. We mainly follow [16] and we make some modifications
on the proofs. For a potential application, we develop the theory for topological
semigroups equipped with a Polish topology, while the textbooks [42, 33, 16] deal
with semigroups equipped with a locally compact Hausdorff second countable
topology.

The goal of this paper is the convolution factorization theorem of cluster
points of infinite convolutions, which will be stated as Theorem 4.9. The key to
the proof is the convolution factorization theorem of convolution idempotents,
which will be stated as Theorem 4.6, and the study of probability measures
with convolution invariance, which will be stated as Proposition 4.5. Theorems
4.6 and 4.9 are based on the product decomposition theorem for completely
simple semigroups, which will be called the Rees decomposition and stated as
Theorem 2.10. To show that the algebraic decomposition is compatible with
a Polish topology, we need the Ellis-Zelazko theorem, which will be stated as
Theorem 3.2.

The Ellis theorem [11](1957) asserts that an algebraic group where the prod-
uct mapping is separately continuous is a topological group, where the topology
is locally compact Hausdorff second countable. It was extended to completely
metrizable topologies by Zelazko [52](1960).

The study of infinite convolutions on compact groups was initiated by Kawada—
It6 [19](1940), It was investigated further by Urbanik [50](1957), Kloss [23](1959),
and Stromberg [46](1960), and extended to the context of locally compact
groups by Tortrat [49](1964) and Csiszér [7](1966). The convolution invari-
ance Proposition 4.5 is due to Mukherjea [27](1972), which originates from
the Choquet—Deny equation [2](1960); for later studies, see [51, 39, 9, 8, 38,
24, 48]. Theorem 4.6 for convolution idempotents is due to Mukherjea—Tserpes
[32] (1971); for ealier studies, see Collins [6](1962), Pym [37](1962), Heble—
Rosenblatt [14](1963), Schwarz [45](1964), Choy [3](1970), Duncan [10](1970),
and Sun—Tserpes [47](1970); see also [12]. Theorem 4.9 for cluster points of
infinite convolutions is due to Rosenblatt [40](1960) in the compact case and
to Mukherjea [29](1979) in the locally compact case; for studies earlier than
[29], see Glicksberg [13](1959), Collins [5](1962), Schwarz [44](1964), Rosenblatt
[41](1965), Lin [25](1966), Mukherjea [28](1977), and Mukherjea—Sun [31](1978);
for related papers, see [34, 43, 26, 1].

This paper is organized as follows. In Section 2 we review the theory of
algebraic semigroups. In Section 3 we study the theory of Polish semigroups,
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where the Ellis-Zelazko theorem is proved and utilized. Section 4 is devoted
to the convolution factorization theorems of convolution idempotents and of
cluster points of infinite convolutions. In Section 5, we give two examples for
the theorem of infinite convolutions.
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2. Algebraic semigroup

We say that a non-empty set S is a semigroup if it is endowed with multiplication
SxS>(ab)—abe S (2.1)
which is associative, i.e.,
(ab)e = a(be), a,b,ce S. (2.2)
For two subsets A and B of S, we denote their product by
AB ={ab:a € A, be B}. (2.3)

We write A' = A and A" = A" 'A for n > 2. We sometimes identify an
element a € S with the singleton {a}; for instance, a.S = {a}S = {ab: b € S}.
An element e € S is called identity if

re=exr=u2z, €SI (2.4)

It is obvious that the identity is unique if it exists. For a semigroup S with
identity e, we say that y € S is the inverse of z € S if xy = yr = e. It is
obvious that the inverse of an element x € S is unique if it exists. A group is a
semigroup S with identity such that every element has an inverse.

2.1. Left and right simplicity

Let S be a semigroup. A non-empty subset I is called a left ideal [right ideal)
(of S) if ST C I [IS C I]. If S contains no proper left ideal [right ideal], then
it is called left simple [right simple]. A non-empty subset I is called an ideal if
it is both a left and a right ideal, i.e., STU IS C I. If S contains no proper
ideal, then it is called simple. Note that being left or right simple implies being
simple, but the converse statement is not true. We say that I is a minimal left
tdeal of S if I is a left ideal of S and does not contain a proper left ideal of S.
We also define a minimal right ideal and a minimal ideal similarly.
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Example 2.1. Let V' = {1, 2} and let S denote the set of mappings from V into
itself. We equip S with the semigroup structure with respect to composition:
(fg)(w) = f(g(v)) for f,g € S and v € V. We write ¢1,t2 for the constant
mappings: ¢1(v) = 1 and t2(v) = 2 for all v € V. Then the following claims are
obvious:

(i) The sets {¢1} and {t2} are both minimal right ideals of S, but are not left
ideals.

(ii) The set {¢1,¢2} is a minimal left ideal of S and is a right ideal, but is not
a minimal right ideal.

Lemma 2.2. For a subsemigroup S of a semigroup Sy, the following are equiv-
alent:

(i) S is a minimal left ideal of Sp.
(i) S = Soa for alla € S.

Proof. Suppose S is a minimal left ideal. Since Spa for a € S is a left ideal of
Sp contained in S, we have S = Sya by minimality.

Suppose S = Spa for all a € S. Let I be a left ideal of Sy such that I C S.
For any a € I, we have S = Sga C SoI C I, which shows that S is a minimal
left ideal of Sy. O

Lemma 2.3. For a subsemigroup S of a semigroup Sy, the following are equiv-
alent:

(i) S is a minimal ideal of Sy.

(i) S = SpaSy for alla € S.

The proof of Lemma 2.3 is almost the same as that of Lemma 2.2, and so we
omit it.

Lemma 2.4. For a semigroup S, the following are equivalent:

(i) For any semigroup Sy of which S is a left ideal, S is a minimal left ideal
Of S() .
(ii) S is left simple, or in other words, S is a minimal left ideal of S itself (if
and only if S = Sa for alla € S by Lemma 2.2).
(iii) There exists a semigroup Sy such that S is a minimal left ideal of Sp.
(iv) For any a,b € S, the equation xa = b has at least one solution x € S.

Proof. [(i) = (ii) = (iii)] These are obvious.

[(iii) = (ii)] Suppose that S is a minimal left ideal of Sy and let I be a left
ideal of S. Since SpSI C SI C I C S, we see that ST is a left ideal of Sy with
SI C S. Hence SI = S by minimality. Since I C S = SI C I, we have I = S,
which implies that S is a minimal left ideal of S.

[(i1) = (i)] Suppose that S is a left ideal of a semigroup Sy and let I be a
left iedal of Sy such that I C S. Then SI C SoI C I, and so [ is a left ideal
of S. By the minimality assumption, we have I = S, which shows that S is a
minimal left ideal of Sp.

[(ii) = (iv)] This is obvious by S C Sa.
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[(iv) = (ii)] Let @ € S. Then we have S C Sa by the assumption. Since S is
a semigroup, we have Sa C S. Hence we have S = Sa. o

The next lemma treats simplicity. The proof is similar and is omitted.
Lemma 2.5. For a semigroup S, the following are equivalent:

(i) For any semigroup Sy of which S is an ideal, S is a minimal ideal of Sp.
(ii) S is simple, or in other words, S is a minimal ideal of S itself (if and only
if S =SaS for alla € S by Lemma 2.3).
(iii) There exists a semigroup So such that S is a minimal ideal of Sp.
(iv) For any a,b € S, the equation xay = b has at least one solution (x,y) €
SxS.

Proposition 2.6. A semigroup S which is both left and right simple is a group.

Proof. Let a € S. By Lemma 2.4, we have ea = a for some e € S. For any x € S,
we have x = ay for some y € S, and so we have ex = eay = ay = . Similarly,
there exists ¢/ € S such that ze’ = x for all x € S. Then we obtain ¢’ = ee’ = e,
and thus e is identity of .S.

Let x € S. By Lemma 2.4, we have xy = e and 3’z = e for some y,3’ € S.
Since vy = y'e = y'zy = ey = y, we see that y is the inverse of x. ]

2.2. Left and right groups

Let S be a semigroup. An element e € S is called an idempotent if €2 = e. We
denote the set of all idempotents of .S by

E(S)={ec S:e? =e}. (2.5)

Note that, if e is an idempotent, then any element of Se is invariant under right
multiplication by e, i.e., z € Se implies xe = x. A semigroup S is called a left
group [right group] if S is left simple [right simple] and contains at least one
idempotent.

Example 2.7. Let us keep the notation of Example 2.1. Then {1, 2} is a left
group. In fact, both ¢; and o are idempotents, and {¢1,¢2} is left simple by
Lemma 2.4, because {i1, 2} is a minimal left ideal of S.

A semigroup S is called left cancellative [right cancellative] if, for any a, x,y €
S with ax = ay [ra = yal], we have x = y. An element e € S is called a left
identity [right identity] if ex = x [xre = z] for all x € S.

Lemma 2.8. Let S be a semigroup. If S is either right cancellative or left
simple, then any idempotent of S is a right identity.

Proof. Suppose S is right cancellative and let e € E(S). Then xzee = xe implies
re = x.

Suppose S is left simple and let e € E(S). By Lemma 2.4, we have S = Se,
which yields that ze = z for all x € S. O
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Proposition 2.9. For a semigroup S, the following are equivalent:

(i) S is a left group.
(i) S is left simple and right cancellative.
(iti) For any a,b € S, the equation xa =b has a unique solution x € S.

Proof. [(i) = (ii)] Let e € E(S5) be fixed. By Lemma 2.8, we see that e is a right
identity.

Suppose za = ya. By Lemma 2.4, we have ba = e for some b € S. We then
have abab = aeb = ab, so that ab € E(S) and ab is a right identity. We then
obtain x = zab = yab = y.

[(ii) = (iii)] Existence follows from left simplicity and Lemma 2.4. Uniqueness
follows from right cancellativity.

[(iii) = (i)] By (iii), we have S = Sa for all a € S, which shows by Lemma
2.4 that S is left simple.

Let a € S and take e € S such that ea = a by (iii). Then we have e?a = ea =
a, which leads to e? = e by right cancellativity. O

2.3. Rees decomposition

Let S be a semigroup. An idempotent e € E(S) is called primitive if

er =ze =x € E(S) implies z = e. (2.6)
We say that S is completely simple if S is simple and contains a primitive
idempotent.

Theorem 2.10 (Rees decomposition). Let S be a completely simple semigroup
and let e be a primitive idempotent of S. Set

L:=E(Se), G:=eSe, R:=E(eS). (2.7)

Then the following assertions hold:

(i) LG = Se is a left group and GR = €S is a right group.
(1)) RL C G and eL = Re = {e}.
(i) G = SeNeS is a group where e is its identity.
(iv) S = LGR (This factorization will be called the Rees decomposition of S
at e, and G will be called the group factor at e).
(v) The product mapping

Y:LxGxR>(z,9,y) — (rgy) € LGR (2.8)
18 bijective with its inverse given as
Y LGRS 2+ (ze(eze) ™!, eze, (eze) tez) € L x G x R. (2.9)

Proof. (i) It is obvious that Se is a left ideal of S. Let I be a left ideal of S such
that I C Se. Let a € I. Note that ae = a since a € Se. By simplicity of S and
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Lemma 2.5, we have uav = e for some u,v € S. Set r = eu and s = eve. We
then have

ras = eu(ae)ve = euave = e, er=r, es=se=S§. (2.10)
If we set t = sra, then et = te =t and
t? = s(ras)ra = sera = sra = t, (2.11)

which yields t = e by primitivity. Since e = t = sra € srl C I, we have
Se C SI C I, which shows I = Se and that Se is a minimal left ideal of S. By
Lemma 2.4, we see that Se is left simple. Since Se contains an idempotent e,
we see that Se is a left group. By a similar argument we see that eS' is a right
group.

Let us show LG = Se. It is obvious that LG C Se. Let a € Se. Set g := ea €
eSe =G and set b = ag~! € Se. Since g~ = g~ 'e, we have

L =ag ' (ea)gT = ag™t =b. (2.12)

b = agtag
Hence we have b € E(Se) = L and a = ae = ag~'g = bg € LG. We now have
LG = Se. We also have GR = eS similarly.

(ii) RL C (eS)(Se) C eSe = G.

Let z € L = E(Se). Since (ex)? = e(re)r = exx = ex and e(ex) = (ex)e =
ex, we have ex = e by primitivity. We thus see that eL = {e}. We have Re = {e}
similarly.

(iii) It is obvious that G = eSe = eS N Se, since x € eS N Se implies
r = ex = ze = exe. It is also obvious that e is identity of G. Let g € G. Since
G C eSe, we have g = ea for some a € Se. By the left simplicity of Se and by
Lemma 2.4, we have ba = e for some b € Se. Since (ab)? = a(ba)b = aeb = ab,
we see by Lemma 2.8 that ab is right identity. Hence ab = abe = e, which shows
that b is the inverse of a.

(iv) LGR = LGGR = SeeS = SeS = S by Lemma 2.5.

(v) Let z = xgy with (x,9,y) € L Xx G x R. Since * = za = zex and since
exgye € eSe = G, we have

r = ze = x(exgye)(exgye) ! = ze(eze) L. (2.13)

1

We have y = (eze) ‘ez similarly. Since ex = ye = e by (ii), we obtain

g = ege = (ex)g(ye) = eze. (2.14)
The proof is now complete. O

Corollary 2.11. Under the same assumptions and notation as Theorem 2.10,
it holds that {Sy = LGy : y € R} is the family of all minimal left ideals of S.

Proof. Any minimal left ideal of S is of the form Sz for some z € S. We represent
z = zgy and then we obtain Sz = LG(Rz)gy = LGy, since RL C G.
Conversely, for any z € LGy, we have z = xgy for some (x,g) € L x G, so
that we have LGyz = LG(yx)gy = LGy, which shows by Lemma 2.2 that LGy
is a minimal left ideal. |
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Corollary 2.12. Under the same assumptions and notation as Theorem 2.10,
the following assertions hold:
(i) For z = xgy with (x,g9,y) € L X G X R, z is idempotent if and only if
9= (ya)~".
(i) All idempotents of S are primitive.
(iii) Let e’ be another idempotent of S and represent it as ¢ = a(ba)~'b for
(a,b) € L X R. Let S = L'G'R’ denote the Rees decomposition of S at €.
Then

L'G' = LGb, G'=aGb, G'R =aGR. (2.15)

Proof. (i) Suppose z? = 2. Then zgyrgy = xgy. Since eL = Re = {e}, we have
gyrg = g, which shows g = (yz)~!.

Conversely, suppose g = (yz)~!. Then 22 = z(gyxg)y = zgy = 2.

(ii) Let e1,es € S be two idempotents of S and represent them as e; =
a;(b;a;)~tb; for (a;,b;)) € L x R, i = 1,2. Suppose ejes = eae; = eo. Then
al((b1a1)71(b1a2)(b2a2)71)b2 = 02((52a2)71(bza1)(b1a1)71)b1 = az(bzaz)flbz,
which shows a1 = as and b; = by by the injectivity of the product mapping .
Hence we have e; = ey, which shows that ey is a primitive idempotent.

(iii) We have L'G’ = Se’ = LG(Ra)(ba)~*b = LGb and G’'R’ = aGR simi-
larly. We also have G’ = ¢/Se’ = a(ba)~*(bL)G(Ra)(ba)~1b = aGb. O

Corollary 2.13. A left group S is completely simple. The Rees decomposition
of S at e € E(S) is given as S = LG with R = {e}.

Proof. Suppose ex = ze = x € E(S). By Lemma 2.4, we have yz = e for some
y € S. Hence ¢ = ex = yxax = yr = e, which shows that e is an primitive
idempotent. Hence S is completely simple. Let S = LGR denote the Rees
decomposition of S at e. Since S = Se by Lemma 2.4 and since Re = {e}, we
obtain S = Se = LGRe = LG. O

For later use we prove the following proposition.

Proposition 2.14. Suppose that a semigroup S contains a minimal left ideal
A and a minimal right ideal B as well. Then BA is a group and its identity is
a primitive idempotent of S. If, in addition, S is simple, then S is completely
simple.

Proof. Since (BA)(BA) = (BAB)A C BA, we see that BA is a subsemigroup
of S. To prove right simplicity of BA, let I be a right ideal of BA. Since IB is a
right ideal of S and IB C BAB C B, we see that B = B by minimality. Hence
BA = IBA C I, which shows right simplicity of BA. By a similar argument we
obtain left simplicity of BA. We thus conclude by Proposition 2.6 that BA is a
group.

Let e be the identity of BA and suppose ex = ze = x € E(S). Then z =
zx = exze € (BAS)(SBA) C BA. Since BA is a group and since 22 = z, we
have x = zo~! = e, which shows that e is a primitive idempotent of S. O



Infinite convolutions of probability measures on Polish semigroups 137

2.4. Kernel

A minimal ideal of a semigroup S will be called a kernel of S.
Theorem 2.15. Let S be a semigroup. Then the following assertions hold:

(i) If S contains a minimal left ideal, then S contains a unique kernel K, and
S5z8 =K forall z€ K.
(i) If S contains a minimal left ideal and a minimal right ideal as well, then
the unique kernel of S is completely simple.
(iii) If S contains a completely simple kernel K, then it is the unique kernel of
S. Let K = LGR denote the Rees decomposition at e. Then Sz = Kz =
LGz for all z € K.

Proof. (i) Let A denote the family of all minimal left ideals of S and suppose
A is not empty. We shall prove that K :=|J.A is a unique kernel of S.

Let z € K and take A € A such that z € A. Then Sz = A by Lemma 2.2. For
x € 5, we see that Az € A; in fact, for any left ideal I of S such that I C Ax,
we see that J = {a € A:ax € I} C Ais a left ideal of S, so that J = A by
minimality and thus I = Az. Hence SzS = AS = J, .4 Az C JA = K, which
shows by Lemma 2.3 that K is a kernel of S.

Let K’ be another kernel of S. Since K N K’ contains KK’ which is not
empty, we see that K N K’ is an ideal contained both in K and in K’. Thus
KNK' = K = K’ by minimality.

(ii) By (i) and Lemma 2.3, we see that the unique kernel K of S is both a
minimal left ideal of K and a minimal right ideal of K. By Proposition 2.14, we
see that K is completely simple.

(iii) Suppose K is a completely simple kernel of S with a primitive idempotent
e. By Theorem 2.10, K contains a left group Ke. By Lemma 2.4, we see that
Ke is a minimal left idal of S. Hence by (i) the kernel of S is unique.

For z € K, we represent z = gy € LGR. Then by (i) Sz is a minimal left
ideal of K containing y. By Corollary 2.11, we see that Sz = LGy = LGz = K z.

O

3. Topological semigroup

A semigroup S is called topological if S is endowed with a topology such that the
product mapping S x S 3 (z,y) — xy € S is jointly continuous. A semigroup S
is called Polish if S is a topological semigroup with respect to a Polish topology,
i.e. a separable and completely metrizable topology.

For a topological space, it is well-known (see, e.g. [20, Theorem 1.5.3]) that
being locally compact Polish is equivalent to being locally compact Hausdorff
with a countable base. It is elementary that being compact Polish is equivalent
to being compact metrizable.

For a € S and A C S, we write

atA={reS:arc A}, Aa'={recS:zac Al (3.1)
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If S contains identity e and a € S has its inverse a=! € S, then (a71)A = a1 4;
in fact,

(aMNA={a"'zeS:acAl={ycS:ayc A} =a A (3.2)

Lemma 3.1. Let S be a Polish semigroup. Then the following assertions hold:

(i) For a € S and for a closed [open, Borel] subset A, both a='A and Aa™!
are also closed [open, Borel].
(ii) If A is a subsemigroup of S, then so is its closure A.
(i1i) Let A be a closed subsemigroup of S. Then E(A), eA, Ae and eAe are
closed for all e € E(A).
(iv) For two compact subsets K and K', the product KK’ is also compact.

Proof. (i) If we write 1, : S — S for the translation v, (z) = ax, then a 1A =
¥ 1(A). Since v, is continuous, we obtain the desired results.

(ii) Let a,b € A and take {a,},{b,} C A such that a,, — a and b, — b. Then
we have ab = lim a,,b,, € A.

(iii) Let {e,} C E(A) such that e,, — e € S. Since A is closed, we have e € A.
Since €2 = e, for all n, we have e? = e, which shows e € E(A).

Let {x,} C eA such that z,, — = € S. Since eA C A and since A is closed,
we have x € A. Then ex = limex,, = lim z,, = x, which shows x = ex € eA.

(iv) Let ¢ : S x S — S denote the jointly continuous product mapping:
Y(x,y) = xy. Since KK’ = ¢(K x K') and K x K’ is compact, we see that
KK’ is compact. O

3.1. Topological group

A group S is called topological if G is a topological semigroup and the inverse
mapping G 3 g — ¢~ € G is continuous.

Theorem 3.2 (Ellis [11] and Zelazko [52]). If a group G is a topological semi-
group with respect to a completely metrizable topology, then it is a topological
group.

Proof. We borrow the proof from Pfister [36]. Let e denote the identity of G
and let d be a complete metric of G.

Let Uy be a open neighborhood of e. By the joint continuity of the product
mapping, we can construct a sequence {U,}52 ; of open balls of e such that the
radius of U,, decreases to 0 and U, U,, C U,_1 forn =1,2,..., where U,, stands
for the closure of U,,.

Let {x,,}22; be a subsequence of an arbitrary sequence of G which converges
to e. It then suffices to construct a subsequence {n(k)};2, of {1,2,...} such
that ac;(lk) — e. We write yx 1= Tp1) * Tn(r)-

Set n(0) = 0 and yo = o = e. If we have n(0),n(1),...,n(k — 1), then we
can take n(k) > n(k — 1) such that @, € Uy and d(yk,ye—1) < 27, since
Yk—1Tn — Yk—1 as n — c0. By completeness of d, we see that y; converges to a
limit y € G. Let n be fixed for a while. Since yU, 41 is a neighborhood of y, we
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see that yp_1 € yUp4, for large k. For j > k, we have U; 1 U; C U;U; C Uj_q,
and hence

Ui Wi = To(ka1)  Ta(—1)Tn() € Ukgr -+ Uj C Up, (3.3)
which implies yk_ly € Uj, C Ux_1. We now obtain

x;(lk) = Witwe) " =y k-1 € Yp "WUns1 C Uk—1Ung1 C UpgaUngr C Uy
(3.4)

for large k. Thus we obtain x;(lk) —e. ([

Corollary 3.3. Suppose that a Polish semigroup S contains a completely simple
kernel K. Let K = LGR denote the Rees decomposition of K ate € E(K). Then
it holds that L, G, R and K are closed subsets, and that the product mapping

Y:LxGxR> (z,9,y) — xzgy € LGR (3.5)

18 a homeomorphism.

Proof. By Corollary 2.15, we have Ke = Se, eK = eS and eKe = eSe. By
Lemma 3.1, we see that L = E(Ke), G = eKe and R = E(eK) are all closed.
By Theorem 3.2, we see that G is a Polish group. We now see that the inverse

Y1 LGR 3 2z (ze(eze) ™!, eze, (eze)lez) € Lx G x R (3.6)

is continuous. Consequently, we see that K is closed. O

3.2. Compact semigroup

Theorem 3.4. A compact Polish semigroup S contains a compact completely
stmple kernel.

Proof. Let T denote the family of all closed left ideals of S. The family Z contains
S and is endowed with a partial order by the usual inclusion. For any linearly
ordered subfamily 7 of Z has a lower bound in Z; in fact, the intersection (| J
is not empty by compactness of S and is a closed left ideal of S such that
NJ c J for all J € J. Hence, by Zorn’s lemma, we see that Z contains a
minimal element, say A.

Let us prove that A is a minimal left ideal of S. Let I be a left ideal of S
such that I C A. For a € I, we have Sa € 7 and Sa C SI C I C A, which yields
Sa = I = A by the minimality of A in Z. This shows that A is a minimal left
ideal of S.

Similarly we see that S contains a minimal right ideal. By Theorem 2.15, we
see that S contains a completely simple kernel K. By Corollary 3.3, we see that
K is a closed subset of S, and hence K is compact. O



140 K. Yano

Proposition 3.5. Let S be a Polish semigroup and let a € S. Suppose that
any subsequence of {a™}S2, has a convergent further subsequence. Then the set
C of all cluster points of {a™}52; is a compact abelian group. If we denote the
identity of C by e, then C = {e, ae,ae,...}.

Proof. Let C denote the set of all cluster points of {a™}52 ;. By the assumption,
we see that C is a compact abelian semigroup. By Theorem 3.4, we see that C'
contains a compact completely simple kernel K. Since the Rees decomposition
of K is LGR = GRL = G by commutativity, we see that K is a compact
abelian group. Let e denote the identity of K. Then, for any =z € C, we can
find a subsequence {n(k)} of {1,2,...} such that z = elimy_,o, a™*) € eC C
KC c K C C, which shows K = eC' = C. It is now easy to see that C' =
{e,ae,a?e,...}. O

Remark 3.6. In the settings of Proposition 3.5, suppose that the sequence
{a™}22; has multiple points. Let p and ¢ be the smallest positive integers such
that a?t? = a?. Then we have {a" : n=1,2,...} = {a,a?,...,a9"P~1} and

K ={a%a?™, ... a®P '} = {e ae,...,aP " e} (3.7

with e = a"P, where r is the unique integer such that ¢ < rp <q+p— 1.

4. Convolutions of probability measures on Polish semigroups
4.1. Convolutions

Let S be a Polish semigroup. Let B(S) denote the family of all Borel sets of S
and P(S) the family of all probability measures on (S, B(S)).
For p,v € P(S), we define the convolution v € P(S) of p and v by

jxv(B) = / / 1p(ey)u(de)v(dy), B e B(S). (4.1)

Since 1g(zy) = 1p,-1(x) = 1,-15(y), we have

prvB) = [ By uidy) = [ve B, BeBS). (42

For a € S, we write J, for the Dirac mass at a: 0,(B) = 1p(a). It is obvious
that

jx6.(B) = u(Bx "), Goxu(B)=p(a'B), BeB(S), (43)

which will be called translations of p.
For u € P(S), we denote its topological support by

S(p) ={x €S :u(U) > 0 for all open neighborhood U of z}. (4.4)

It is obvious that S(u) is closed and u(S(w)¢) = 0.
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Lemma 4.1. For p,v € P(S), it holds that
S(uxv) = SIS, (45)

Proof. Let a € S(p) and b € S(v). For any open neighborhood U of ab, the joint
continuity of the product mapping allows us to take open neighborhoods U; of
a and Us of b such that U1Us C U, so that

pru(U) > / / Lovu, (ey)u(de)v(dy) > pU)p(Ta) >0, (46)

which yields ab € S(p * v) and hence S(u)S(v) C S(pu * v).
Let a € S(,u)S(I/)C. Then we can take an open neighborhood U of a such that
U c{S(n)S(v)}, so that

prv(U) < / / L st (@)u(da)r(dy) < u(Sw)°) + rSE)) =0, (47)

which shows a € S(u * v)¢ and hence S(p *v) C S(u)S(v). O

Proposition 4.2. Let S be a completely simple Polish semigroup. Let S = LGR
denote the Rees decomposotion at e € E(S). For the inverse of the product
mapping ¢ : L Xx G X R — LGR, we denote

(25,29, 28) := 71 (2) = (ze(eze) ™!, eze, (eze) tez) € Lx G x R, z¢€ LGR.
(4.8)

For p e P(S), we define
pH(B) = p(z: 2" € B), p9(B)=p(z:29€B), pf(B)=u(z:2"€B)

(4.9)

for B € B(S). Then, for p,v € P(S), it holds that
(wxv)t =pul, (uxv)f =08 (4.10)
Proof. This is obvious by noting that (z122)* = z& and (2122)% = 2£. O

We equip P(S) with the topology of weak convergence: u,, — p if and only if
[ fdpn — [ fdufor all f € Cy(S), the class of all bounded continuous functions
on S. It is well-known (see, e.g. [35, Theorems 6.2 and 6.5 of Chapter 2]) that
P(S) is a Polish space.

Proposition 4.3. Let S be a Polish semigroup. Then the convolution mapping
P(S) x P(S) 3 (u,v) — pxv € P(S) is jointly continuous. Consequently, P(S)
s a Polish semigroup.

Proof. Note that, if we take independent random variables X and Y taking
values in S such that X < @ and Y 4 v, then p * v coincides with the law of
the product XY. The desired result now follows from the Skorokhod coupling
thoerem (see, e.g. [18, Theorem 4.30]), which asserts that p, — p implies that
we can take random variables {X,,}, X taking values in S such that X, 4 T

Xg,uanan—LXa.s. O
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4.2. Translation invariance

Let S be a Polish semigroup. A probability measure pu € P(S) is called £*-
invariant [r*-invariant] if 8, * p = p [p* 6, = p) for all z € S.

Theorem 4.4. Let S be a Polish semigroup and let p € P(S). Suppose that p
is both 0*-invariant and r*-invariant. Then S(u) is a compact Polish group, and
w coincides with the normalized unimodular Haar measure on S(u) (see e.g. [4,
Chapter 9] for the Haar measure).

Proof. Note that

S(u) =80, xp) =2S(u), =x€S, (4.11)

which implies that S(p) is a left ideal of S. Similarly S(u) is a right ideal of S,
and hence S(p) is an ideal of S.

Let us prove that, for any = € S(u), the subsemigroup xS is left-cancellative.
Let y,a,b € S be such that (zy)(za) = (zy)(xb). Since S(p) = S(i * Opys) =

S(p)zyz, we can take {z,} C S(u) such that z,xyx — x, and hence
ra = lim z,zyzra = lim z,xyxb = xb, (4.12)

which shows that xS is left-cancellative. Similarly Sz is right-cancellative.
Let a,b € S(p) be fixed. We shall prove that the subsemigroup D := aS(p)b
contains an idempotent. Note that

p(D) = (00 px 8)(D) = p(a™ Db~ 1) > p(S(w)) = u(S) =1,  (4.13)
which shows u(D) = 1. For € D, we have
w(D) < p(x~ (xD)) = (n* 6:)(zD) = p(xD) < p(D), (4.14)

which shows p(xD) = p(D) = 1. We define two mappings 0,5: S xS — S x S
by

e(mvy) = (l‘,l‘y), ﬁ(xay) = (y,.%‘) (415)

Since (z,y) € (D x D) if and only if x € D and y € D, we have

(1@ u)(Bo0(D x D)) = (ne p)(6(D x D)) = /D p(eD)p(de) = p(D)? = 1.
(4.16)

This shows that 506(D x D)NO(D x D) is not empty, so that (vw,v) = (z,zy)
for some v, w,x,y € D. We now have x(yw) = vwyw = x(yw)?, which implies
yw = (yw)? by left-cancellativity of D.

Let e := yw € E(D) = E(aS(u)b). By the left- and right-cancellativity of
aS(p)b and by Lemma 2.8, we see that e is identity of aS(u)b. By Lemma 3.1,
we see that

S(p) = eaS(p)b = e (aS(u)b) = eS(p) C aS(u)bS(p) C aS(p) C S(u), (4.17)
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which shows aS(u) = S(u). Similarly we have S(u)b = S(u). By Lemma 2.4,
Proposition 2.6 and Theorem 3.2, we see that S(u) is a Polish group.

By the ¢*-invariance, we have p % u = u. We now apply [35, Theorem 3.1 of
Chapter 3] to obtain the desired result. O

4.3. Convolution invariance

Proposition 4.5 (Mukherjea [27]). Let S be a Polish semigroup and let u,v €
P(S). Suppose

V=QkV =1Ux%[. (4.18)
Then, for any x € S(u) and any a € S(v), it holds that
Uk0pq =V %0q, Ogg*xV =04 %U. (4.19)

Proof. Let a € S(v), f € Cp(S) and € > 0 be fixed for a while, and set

g(x) = max{/fd(u *0p) — /fd(u *0q) — 5,0} , x€dl. (4.20)

It is obvious that g € Cy(S), g is non-negative and g(a) = 0. By v = v * u, we
have

/fd(u*éx)—/fd(u*éa)—s (4.21)
= [{ [ a8, [ rawa) - hutan < oo, @2

so that we have
g(z) < /g(yw)u(dy), reSs. (4.23)

In addition, by v = u * v, we have

/{g(x) - /g(yx)u(dy)} v(dz) = /gdv - /gd(u xv) =0, (4.24)

which shows that the equality in (4.23) holds for v-a.e. z € S. Since g is contin-
uous, we see that the equality in (4.23) holds for all z € S(v). Since a € S(v)
and g(a) = 0, we see, again by continuity of g, that

glya) =0, yeS(u). (4.25)

Since € > 0 is arbitrary, we obtain

/fd(u * Oya) < /fd(z/ x0q), a€S8SW), yeS(u). (4.26)
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Since v = v * pu, we have [{[ fd(v*6y.) — [ fd(v=64)} pu(dy) = 0, which
implies

/fd(y*éya) :/fd(u*da), aeSW), yeS), feCy(S).  (427)

Since f € Cy(S) is arbitrary, we obtain v % d,, = v * 4, for all a € S(v) and
y € S(u). We obtain dgy * v = §, * v similarly. O

4.4. Convolution idempotent

n—

We denote the n-fold convolution by u”, i.e. ut = p and p™ = p"=* x pu for

n=23...
Theorem 4.6 (Mukherjea—Tserpes [32]). Let S be a Polish semigroup and
let w € P(S). Suppose that u?> = p. Then S(u) is completely simple and its

group factor is compact. Let S(u) = LGR denote the Rees decomposition at
e € E(S(n)). Then p admits the convolution factorization

p=p"xwe (4.28)

where p* and p have been introduced in (4.9) and wg stands for the normalized
unimodular Haar measure on the compact Polish group G.

Remark 4.7. The convolution factorization (4.28) is equivalent to the following
assertion: If we let Z be a random variable whose law is y, then

zL, 7% and Z% are independent and the law of Z% is wg. (4.29)

Here (25,2, ZR) = ¢~Y(Z) with ¢ : L x G x R — LGR denoting the product
mapping; see Proposition 4.2.

Proof of Theorem 4.6. Since S(u) = S(u)S(u), we see that S(u) is a closed
subsemigroup of S. By Proposition 4.5, we see that, for any a € S(u),

Wk Opq = pu*0q, Ogp*pu=20qxp, x€8S(u). (4.30)
Then, for a € S(u), we have

pkOay = %0 (Y € S(*0q))., Osaxpp=20qa%p (2€Sqxp) (4.31)
In fact, for y € S(u*d,) = S(p)a, we may take {x,,} C S(u) such that z,a — y,
so that p* 04 = b * 0gg,qa — 4% Ogy-

Let a € S(u) be fixed and set v = §, * px J,. Then S(v) = aS(w)a is a closed
subsemigroup of S. For any y € S(v) = aS(u)a, we may take {z,} C S(u) such
that ax,a — y, so that, using (4.30), we have

V="0q% % 0q =00z, a2 % H*0q =0az,a*V —> 0y *U, (4.32)
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which shows that v|s(,) is ¢*-invariant. We see similarly that v|s(, is r*-

invariant. We may now apply Theorem 4.4 to see that S(v) = aS(u)a is a
compact Polish group. Its identity is an idempotent of S(u).

Let e € E(S(p)). By the above argument with a = e, we see that G := eS(u)e
is a compact Polish group (note that eS(u)e is closed by Lemma 3.1). Set
A:=S8(u)e. For y € A, using (4.31), we have

Ay = S(pley = S(pudey) = S(p* 8e) = S(p)e = A. (4.33)

Since AyNeS(u)e is a left ideal of the group eS(u)e, we see that AyNeS(u)e =
eS(u)e, i.e. eS(u)e C Ay, which shows e € Ay. Hence

A= AeC AAy C Ay C Ay = A, (4.34)

which yields Ay = A for all y € A. By Lemma 2.4, we see that A is a left group.
We see similarly that B := eS(u) is a right group. By Theorem 2.15, we see
that S(u) contains a completely simple kernel K, which is closed by Corollary
3.3.

By (4.30), we have

i O pu = /(u * be * 0q)pu(da) = /(u #0a)p(da) = pxpp=p.  (4.35)
By Lemma 2.5, we have K = S(u)eS(u), and hence we obtain
K =K =S(n)eS(u) = S(p* dc * p) = S(p), (4.36)

which shows that S(u) is completely simple.
By (4.31), we see that p * d. is r*-invariant on A = S(u)e = LG, so that
W% e = j % de % we. Hence, for any B € B(S(u)),

H(B) =(p* be * p)(B) = (1 * 0c * wg * p)(B) (4.37)
- / i(dzy) / (dzs) / we(dg)1p(z1egz) (4.38)

- / u(dz) / () / we(dg)1p(=Fg=R) = (u" »we + P)(B), (4.39)

which completes the proof. O
The following proposition is a converse to Theorem 4.6.

Proposition 4.8. Let S be a Polish semigroup and let pq,pus € P(S). Let G
be a compact Polish subgroup of S and suppose that S(us * u1) C G. Then

L= 11 ¥ Wa * W salisfies p? = p.
Proof. For any B € B(S), we have

p2(B) = (11 * we * p2 * i * wa * p2)(B) (4.40)
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Z/Ml(dzl)/wc(dgl)/(w *Ml)(dgz)/wc(d93)/Mz(d22)13(2191929322)

(4.41)

:/Ml(dzl) /wc(dgl) /Mz(dzz)lB(Zlglzz) = (11 *wg * p2)(B) = u(B),
(4.42)
which completes the proof. O

4.5. Infinite convolutions

Theorem 4.9 (Rosenblatt [40] and Mukherjea [29]). Let Sy be a Polish semi-
group and let p € P(Sp). Suppose that the sequence {u™}S2 is tight. Let S

n=1

denote the closure of the semigroup generated by S(p), i.e.

S:=J S (4.43)

n=1
Then the following assertions hold:

(i) There exists v € P(S) such that V> = v, pxv=v*pu=v and
1 f: L (4.44)
Hin n k—llu n—oo '

(ii) The family K of cluster points of {u™ :n =1,2,...} is a compact abelian
group such that

Sw)=[JsM. (4.45)
Ael

111) Letn denote the identity of K. Then §(n) is a completely simple semigroup.
n Y n Y g
Let S(n) = LHR denote the Rees decomposition at e € E(S(n)). Then H
is a compact group and n admits the convolution factorization

n=n"xwpg*n". (4.46)

(iv) S(v) is a completely simple kernel of S containing the idempotent e. The
Rees decomposition of S(v) at e is of the form S(v) = LGR, where G is a
compact group containing H, and v admits the convolution factorization

v =nlsxwe*nk. (4.47)

(v) For g € G, we write wyg := dy * wy. It holds that H is a closed normal
subgroup of G and that there exists a Polish group isomorphism F : IC —
G/H such that

A=n"x WE(A) * n*, (4.48)
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Consequently, there exists v € G such that u* xn admits the convolution
factorization

,u’“*n:nL*w,ka*nR, k=1,2,..., (4.49)
and furthermore, K and G/H may be represented as
K={nuxnpu?*n,...}, G/H={H,vH,v*H,...}. (4.50)

Remark 4.10. Note that the factors L and R in the Rees decompositions at e
of §(n) and S(v) are common. By (i) of Corollary 2.12, we see that

E(S(v)) = {z(yx) 'y 1z € L, y € R} = B(S(n)). (4.51)

Remark 4.11. If the order of the group K or G/H is finite, say p, then

K={npuxn,... .07 «n}t, G/H={Hn~H,.. ~"""H} (4.52)

with v € H. It is now obvious that lim,, ., ¢™ converges if and only if p = 1.

Proof of Theorem 4.9. (i) Let || - || denote the total variation norm. For j =
1,2,..., we have
1 n n J n+j ]
I - kE_ k+j =
i = 7 | < DS =D D D ]
k=1 k=1 k=1 k=n+1
(4.53)

Since {u} is tight, we see that {u,} is also tight. Let 11, v be cluster points
of {un}. For i = 1,2, we see by (4.53) that /LJ*I/Z =vixp) =y for j=1,2,.
so that p, xv; = v; % u, = v; for n = 1,2,..., which implies v; = 11 x5 =
V9 x 11 = v9. Hence we see that {u,} converges to some v € P(Sy) and we have
v?=vand p*v =vx*p=v. We may apply Theorem 4.6 to see that S(v) is a
completely simple semigroup and its group factor is compact.

(ii) Let us prove that S(v) and S(K) := [J,cx S(A) are ideals of S. Let a € S,
r € S(v) and y € S(K). Then we may take {a,} C S(u)™™ c S(u™™) and
{yn} C S(An) such that a, — a and y, — y. Since

ant €S(E™M)S(v) € S(™™ xv) = S(v), (4.54)
antn €S(™™M)S(A,) € S(™™ x \,) € S(K), (4.55)

we obtain ax = lima,z € S(v) and ay = lima,y, € S(K), which shows that
S(v) and S(K) are both left ideals of S. Similarly we see that they are also right
ideals of S.

Let U be an open subset containing S(v). We shall prove that p™(U) — 1. Let
e > 0. By tightness, we may take a compact subset K; such that inf,, u"(K7) >
1 —e. We may take a compact subset K2 C S(v) such that v(Kz2) > 1 —e¢. Since
KKy C SS8(v) € S(v) C U, we have Ky x Ky C U := {(2,y) € So x Sy : a2y €



148 K. Yano

U}. By the Wallace theorem (see, e.g., [21, Theorem 12 of Chapter 5]), we may
take open subsets V; and V5 such that Ky C Vi, Ko C V5 and V} x V5 C (7,
which implies V1V, C U. Since u,, — v, we have liminf,, u,(V2) > v(Va) >
v(K3) > 1 —e. We may then take some ng such that ™ (V) > 1 — . We now
have

prHne (U7) = / / Ly ()" (d)am (dy) > @ (Vi)™ (Va) > (1— €)%, (4.56)

which leads to p"(U) — 1.

By the tightness assumption, we may apply Proposition 3.5 to see that K is
a compact abelian group. Let A € K and let « € S(\). Suppose that « ¢ S(v).
We could then take disjoint open sets U and V such that S(v) C U and z € V.
If we let 6 := AN(V)/2 > 0, then pu™(V) > ¢ for infinitely many n, and then
liminf, p™(U) < liminf,, x*(V°) < 1 -4, which would contradict p"(U) — 1.
Hence we obtain S(K) C S(v). Since S(v) is a minimal ideal of S by Lemma
2.5 and since S(K) is an ideal of S, we see that S(K) = S(v).

(iii) By Theorem 4.6, we see that S(n) is a completely simple semigroup. Let
S(n) = LHR denote the Rees decomposition at e € E(S(n)) (hence RL C H).
Then the group factor H is compact and 7 admits the convolution factorization
(4.46).

(iv) We have already seen in (i) that S(v) is a completely simple kernel of
S. Since §(n) € S(K) = S(v), we have e € E(S(v)). Let S(v) = L'GR’ denote
the Rees decomposition at e. As a consequence of Theorem 4.6, we see that v
admits the convolution factorization v = n~" s wg * % . Since S(n) C S(v) and
L= E(S(n)e)) etc., we see that L C L', H C G and R C R'.

Let us prove that L' = L and R’ = R. Let z = zgy € L'GR'. Since S(v) =
S(K), we may take z, € S(\,) such that z, — z. Since K is abelian, we have
A ¥ At = A1 x A, = n, and by Proposition 4.2 we have )\,LL/ =gt = nt
and \E' = pR" = pR Hence we obtain z, := 2z € S(\L') = S(n%) = L and
Yn 1= sz/ = S()\fl) =8(n®) = R, and thus z = limz, € L and y = limy, € R,
which shows L' = L and R’ = R.

(v) Let A € K. For z = zgy € S(\) C S(v) = LGR, since RL C H, we have

xgy € LgHR C LHRxzgyLHR C S(n)S(A\)S(n) C S(nxA*n) =S(A). (4.57)

Hence we have S(\) = LGAR for Gy :==|J{g9H : z = zgy € S(\)} C G, and we
also have Gy = |J{Hg : z = zgy € S(\)} similarly. Note that Gy\H = HG) =
G. Take gy € G such that Hg;1 C Gy-1. Then we obtain

LHg,'G\R C LG\-1RLGA\R C SA"HS(\) c S(\ ' %)) € S(n) = LHR,
(4.58)

which yields that H gglG,\ C H and hence Gy = g)H. Similarly, we obtain
G)\ = Hg)\.

Forany h € H and g € G C S(v) = S(K), we may take z,, = £,gnyn € S(\p)
such that z, — ¢ and consequently g, — g. In a similar way to (4.58), we have

gnhggl € (gnH)(Hggl) = G)\nG)\;l C S(n) = LHR, (4.59)
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which shows g,hg, ' € eLHRe = H. Letting n — oo, we obtain ghg~! € H,
which shows that H is a normal subgroup of G. Since G and H are both compact,
we see by [15, Theorem 5.22] that the quotient group G/H = {gH : g € G} is
also compact. Let m : G — G/H denote the natural projection.

Since

SO« k) = SHRSNS(E) = REGARL ¢ Ho I = gy, (4.60)

we obtain the convolution factorization

A=n\n=n"sxwgx (M x Xen®) s wpy x 0™ =0k xwy, g+t (4.61)

We now define the mapping F : K — G/H by F(\) := gaH. For A, A2 € K,
then

A x Ay =k« Wy, H * (nf xnl) « Wy, H * n® =l « W(gs, ga, H) * n®, (4.62)

since RL C H, which shows that F' is a group homomorphism. Injectivity of
F is obvious by (4.61). Let g € G. As we have seen it above, we may take
Zn = TngnYn € S(A\n) such that g, — g and g, H = gx, H. Then, by (4.61), we
have

A = nF x Wy, H * 0t = nE xwer x T =\ (4.63)

This shows that A € K and F'(\) = gH, which yields surjectivity of F'. Suppose
K>\, = A€ K. By (4.61), we have

WE(AL) = Oc ¥ Ay ¥ 0o = e ¥ X x 0, = wp(ny  in P(G), (4.64)
which shows by the continuity of the natural projection 7 that
6F()\n) = WF(,) © o WE()) © !l = 5F()\) in P(G/H), (4.65)

which implies F'(A,) — F(\) and we have seen continuity of F. Since K is
compact and G/H is Hausdorff, we see by [21, Theorem 9 of Chapter 5] that
F is a homeomorphism. Since F(u xn) € G/H, we may take v € G such that
F(p*n) =~yH, and then we obtain (4.49) since (u * n)¥ = p* = p¥F xn and F
is a group homomorphism.

Finally, let us prove the representations (4.50). Since any A € K can be
represented as A = \ * 7 = lim u"*) x 7, we see that K = {n, u*n,u2*n,...}.
Since for any g € G we have F(\) = gH for some A\ = limu"® 7 € K,
we obtain gH = F(A\) = lim F(u™* % 7)) = lim~y**® H in G/H, which yields
G/H ={H,vH,v*H,...}. O

5. Two examples
5.1. First example

Let V = {1,2} and B = {-1,0,1}. Let Sy denote the composition semigroup
of mappings from V x B into itself. We define e, f,g,h € Sy as

_J(@L1) (b=0,1), _)(@,1)  (b=0,1),
e((ub))—{(L_I) P f((vyb))—{(z,_l) by 6D
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_J(1,-1) (b=0,1), @, (b=1),
o((0,) = {(1’1) o M) = { 02 oy, 62
Let p,q,r € (0,1) such that p+ ¢+ r < 1. We define u € P(Sy) as
p=pie+qos+1dg+(1—p—q—r7)op. (5.3)

Since Sy is a finite semigroup, we see that P(Sp) is compact, so that {u"}52

is tight. We may now apply Theorem 4.9 to investigate the cluster points of
{":n=1,2,...}
Proposition 5.1. The following assertions hold:

(i) The Rees decomposition at e of S(v) is given as
L= {e,f}, G= {e,g}v R = {6, h} (54)

(ii) 0" = (1 — q)dc + ¢dy.
(iii) n® = (1 —1r)6¢ + 16.
(iv) H=G.

Proof. (i) Note that S(u) = {e, f,g,h}. We set
L={e.f}, G={eg}, R={eh} (5.5)

and we shall prove that e € E(S(n)) and L = L, G = G and R = R. We
have the following multiplication table (the table of ab for a and b varying over

{e, f,g,h}):

a\b | e f g h
e |e e g h
f1r r fg fh (5.6)
9 9 9 e gh
h e e h

It follows from this table that S :=J,, S(u)"” = {e, f, 9, h, fg, fh, gh, fgh}, and
that SeS = LGR = S. Since we have

{ef:e {9226 {he:e (5.7)
fe=f eg=ge=g eh=nh

we have SaS = SeS = S for all a € §. By Lemma 2.3, we see that S is a
kernel of S itself. By Theorem 2.15, the kernel of S is unique, so that we obtain
S(v) = 5. Note that e € E(S(v)) = E(S(n)) = E(S) by Remark 4.10. We thus
obtain

L =E(S(v)e) = E(Se) = B(LG) = L, (5.8)
G =eS(v)e = eSe = G, (5.9)
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R =E(eS(v)) = E(eS) = E(GR) = R. (5.10)
(ii) By L = {e, f} and by the multiplication table, we have
prnt = (1-q—1r)+qds +18,. (5.11)
Since G = {e, g}, we have
pxntxwe = ((1—q)de + qdy) * wa. (5.12)
Since v = n x wg * n?, we have

nrrwexnt =v=pxv=pxnt xwe 0 = (1 - q)de + qdy) * wg *n™.
(5.13)

By the bijectivity of the product mapping, we obtain n’ = (1 — q)d. + qd;.
(iii) The proof is similar to (ii), and so we omit it.
(iv) Since H is a subgroup of G = {e, g}, we have either H = {e} or H = G.
Suppose H = {e}. Then v = g. By (5.11), we have

nL*wvH*nR:u*nL*wH*nR:((1qur)56+q5f+r59)*wH*nR.

(5.14)
By (ii) and by the bijectivity of the product mapping, we have
(1 =q)de +qdf) *wyg = (L —q—1)0c +qdf +1dg) *wp. (5.15)
Since wy = 0. and wyy = &4, we have
(1—¢)0g+qorg =(1—q—1)dc+ qds + 10y, (5.16)
which leads to a contradiction. Therefore we obtain H = G. ([
5.2. Second example
Let V = {1,2,3} and consider the set of sequences of V:
Ve ={v=(v(1),v(2),...):v() eV, i=1,2,...}. (5.17)

For a = 1,2,3, we define ¢, : V° — V> as

Do ((v(1),v(2),...)) = (a,v(1),v(2),...). (5.18)

Note that the set V'™ realizes the Sierpiriski gasket so that {¢, : a = 1,2,3}
can be regarded as the generating system of contraction mappings; see, e.g., [22,
Section 1.2]. Let ¢ : V°° — V> denote the shift mapping:

o((0(1),v(2),..)) = (v(2), 0(3),...). (5.19)
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Let B ={-1,0,1} and C = {e¥ : § € R} and set

W =V>xBxC. (5.20)

We define x+1 : B — B as
b) = _1(b) = 5.21
X+1(b) {1 b=_1. X 1(b) {1 (b=—1.0). (5.21)

Fora =1,2,3 and p € C, we define ¢ : W — W and o : W — W as

¢Z<(U’b7 C)) = ((ba(v)vXJrl(b)vpc)v Up((v7bac)) = (0’(1})7X+1(b),pc) (5'22)
and define 77 : W — W as

7((v,6,¢)) = (v, =x-1(D), pe). (5.23)

Note that V> is a compact Polish space with respect to the product topology
of the discrete space V', and hence W is also a compact Polish space. Let Sy
denote the composition semigroup of mappings from W into itself. Then Sy is
a Polish semigroup with respect to the topology of uniform convergence (see,
e.g., [20, Theorem 4.19]).

Let p,q € (0,1) be such that p+ g < 1. Let pp € C be a fixed element such
that po = e?™" for some irrational real ty. We define p € P(Sy) as

p
p=3 Z dgpo + q0geo + (1 —p — q)0reo. (5.24)

a=1,2,3
We want to investigate the cluster points of {u™ :n=1,2,...}.
Proposition 5.2. Suppose p > q. Then the sequence {p™}5%, is tight.

Proof. Let w = V> x B and let §0 denote the composition semigroup of
mappings from W into itself. We define ¢, 0,7 : W — W as

$a((v,0)) = (¢a(v), x41(0)),  F((v,b)) = (0(v), Xx11(b)) (5.25)
and
7((v,0)) = (v, —x-1(b)). (5.26)

We define fi € P(Sp) as

,LL:

W

65, Tad + (1 —p—q)oz. (5.27)
a=1,2,3

We notice that, if Z is a random variable whose law is 1", then the law of the
random map (v,b,c) — (Z(v,b), pgc) is u™. Since C' is compact, the sequence
{p§} is trivially relatively compact. Consequently, for tightness of the sequence
{p"}22 ,, it suffices to prove tightness of the sequence {f"}52 .
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Let 0 < k < 1, whose value will be specified later, and set
d((v,b), (¢, 1)) =w1Four Uzt vO=O) 41 (5.28)

for (v,b), (v',b') € W, where we understand that sup §) = 0. It is easy to sce that
the metric d is compatible with the topology of W. We write

A(f) —sup{%w:mw' eEW, 0<dw,w) < 1} (f € So).

(5.29)
Note that
d((v,b), (v, b)) < 1if and only if b =¥'. (5.30)
By this fact, we easily see that
~ 1
Alpy) =k, A(o) = e A(T)=1. (5.31)

For0<5<1andf€§0,weset
os(e) = sup{d(f(w), f(w)) : w,w’ € W, d(w,w') < £}. (5.32)
Note that, if d(w,w’) < 1, then
d(f(w), f(w') < 1 and d(f(w), f(w')) < A(f) d(w,w’) for all f € Sy. (5.33)
This yields
[os@mian = [+ [ogr @)+ s, (5.34)
< [ [ Aty A RAR) - FdR)  (53)

—- ( [aw ﬁ(df)> ) (5.36)
By (5.31), we have
[anaan =pm+Le1-p-0 (5.37)

Since p > ¢, we may and do choose 0 < k£ < 1 so that (5.37) is less than 1, say
k= (p+ q)/(2p). Hence we obtain, for any § > 0,

~n 1 . €
B e Sione) >0 <5 [os@man <5, (5.38)
which implies
liigsup pt(feS:op(e) >0d)=0. (5.39)

With a slight modification thanks to compactness of W, we can apply Theorem
VII.2.2 of [35] and obtain the tightness of {f"}22,. O
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We may now apply Theorem 4.9. For vy € V*°, we define ¢,, : W — W as

Lo ((0,,¢)) = (vo, x+41(b), €). (5.40)
We write 1 = (1,1,...) € V*° and define h,r : W — W as
h(v,b,¢) = (1, —x41(b),¢c), r(v,b,c) = (1,x-1(b),c). (5.41)
For p € C, we define k? : W — W as
kP (v,b,¢) = (1, x+1(D), pc). (5.42)

Proposition 5.3. Suppose p > q. Then the following assertions hold:

(i) We may take e = 11. The Rees decomposition at e of S(v) is given as
L={w,:v0eV>}, G={k"k’h:peC}, R={er}. (543)

(it) n™ = (p+ q)de + (1 — p — q)5.

(iii) n* is the law of Lw,,vs,...), where {U1,Us, ...} is a sequence of independent
random variables which are uniformly distributed on V = {1,2, 3}.

(iv) H = {e,h} and we may take v = kP°.

Proof. (i) Note that S(u) = {¢7°, ¢5°, #5°, 070,770 }. Let us prove that

Loy, Ry kP € S =, S(p)™. (5.44)
Note that
()" ((v,b,¢)) = (v, x-1(b), p"),
(770)" 201 (v, b, ¢)) = (v, x41(b), P3"c). (5.45)
Since pp is an irrational rotation of the circle C, we see that for any p € C' we

can find a subsequence {n(k)} of positive integers such that pgn(k) — p. This

shows that the mappings x., : W — W defined as

Xfﬁ:l((vvbv C)) = (va:tl(b)’pC) (5'46)

both belong to S. We now obtain

b = B G001 00 ) B Xi1 €S (5.47)
and
1 i
h = L17‘f’0)(i01 €S, r= L17'p0x'i01 €S, kf= lef‘:)-l cs. (5.48)
We set

L={uy:v0eV>®Y, G={kk’h:pecC}, R={u,r} (5.49)
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We then have Si1S = K := LGR; In fact, we have Si18 C K by checking
S(p)1S(p) € K, and we have K C Si11S by k” = 11x";. Since we have

L1ly, = L1 kP = kP kP =1y h =1 riL =1
Lygll = by, kPuy = 11k = kP hiy =ut1h=h ur=r
(5.50)

we have SfS = S11.5 = K for all f € K. By Lemma 2.3, we see that K is
a kernel of S. By Theorem 2.15, the kernel of S is unique, so that we obtain
K =S8().

We now take e = 11 € E(K) = E(S(v)) = E(S(n)) by Remark 4.10. We thus
obtain

L=ES)e)=E(Ku) =L, (5.51)
G =eS(v)e = 11Ky = G, (5.52)
R=E(eS(v)) = E(uK) = R. (5.53)

(i) Since e@f° = r¢ho = eo? = rof> = kPo and er? = r7P° = kPohr, we
have

% = (p+ q)dkeo + (1= p — q)0koonr. (5.54)

Since G = {k”,kPh : p € C'}, we have
we x0T x p=we *((p+a)de + (1—p—q)d,). (5.55)

Since v = n x wg * ', we have
ntsxwesn®=r=vsp=nFxwgxnf*pu (5.56)
=n" xwe *((p+ )0 + (1 = p—q)d,). (5.57)
By the bijectivity of the product mapping, we obtain n* = (p+q)d.+(1—p—q)d,.
(iii) Note that

= %a_lz’;ga% = Edy (5.58)

for an S-valued random variable U which is uniformly distributed on V. For a
sequence {Uy, Us, ...} of independent random variables which are uniformly dis-
tributed on V' = {1, 2, 3}, we have ¢bl . ~¢%]n = LUy, Us,...) @8 and 5%1_..%” —
a.s., which shows

L(Uy,U2,...)
€ = B0y oy | = Blduuny.): (5.59)
Note that ¢£01,, = @li, ko, that o1, = oli,, k" and that 7P°s,, =

oo kPO hr. We then have

W o* 77L = pf * 17L * §kp0 + q§01 * ')7L * 5kp0 + (]_ —p— q)nL * 5k90hr« (560)
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Since p* v = v and v = n¥ x wg * n and by the bijectivity of the product
mapping, we have

L L
no = &+ 1)*n 5.61
<p+q p+q (5.61)

Let {X,}52, be an asymmetric random walk independent of {U,, }22; such
that

L P(Xy—Xp=-1)=—-L .

p+q p+q
(5.62)

Xo=0, P(X,-X,_1=1)=

Set X,, = max{Xo, X1,...,X,}. Since (J,1 *&)(v,b,c) = (v, x+1(b), c), we have

BV SR R U5 SRR S
(p+£+ﬁ+q%> Ek % (6,1) ]. (5.63)

By the assumption p > ¢, we have X,, — oo a.s. By (5.59), we see that the
right-hand side of (5.63) converges to E[ ]. By (5.61), we obtain

LUy ,Ug,...)

77L:<p+q{f p+a 1) " = B, 0] #0" = Bl oy )
(5.64)

(ivy Leta =p+qgand f =1—p—g¢q,sothat a+ 8 =1and a — f =
2(p+¢q) —1 € (—1,1). Note that

O¢ * 1" % 0o = 6kpg *(ade + ,85h)n . (5.65)

Since h? = e and he = eh = h, we have

(ade +Bon)" = Y () "B 5 + Z () nIBI 6, (5.66)

7=0,....,n
j: even j odd

MCETELEY) PENCET LT )

Let A € K, so that A = lim "™ for some subsequence {n(m)}. Since po is an

irrational rotation, we may find a further subsequence {n’(m)} such that p; (m)
converges to some p € C'. This shows that

Je ¥ A% 0, = lim J, * ,u"/(m) * 0e = Oko * Wen}- (5.68)

This shows that H = {e, h} and we may take v = k*°. O
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