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Compound Poisson (CP) approximation appears naturally in situations where
one deals with a large number of rare events. It has important applications
in insurance, extreme value theory, reliability theory, mathematical biology, etc.
(cf. [10, 13, 101, 127, 144]). The topic is an integral part of Kolmogorov’s problem
concerning infinitely divisible approximation to the distribution of a sum of
independent r.v.s. It has attracted a considerable body of research.

However, existing surveys are surprisingly sketchy and typically present only
results related to Stein’s method, cf. [17, 18, 39]. A number of results obtained
during the last three decades and even some classical results appear missed in
existing surveys.

The paper aims to fill that gap. We present a comprehensive list of results
on the topic of compound Poisson approximation and formulate a number of
open problems. The main attention is given to results that are missed in existing
surveys.

1. Preliminaries
1.1. Notation

Let IN denote the set of natural numbers, and let Z,; :=IN U{0}.
Given r.v.s X1, ..., X, , we will denote

Sp=X1 4+ X,

Let II(\) denote a Poisson distribution with parameter \; we usually denote
by 7 a Poisson II(\) random variable (r.v.).

Random variable Y has a compound Poisson distribution TI(\, X) = II(),
L(X)) if

YL X0+ + X, (1.1)

A
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where Poisson II(A) random variable 7y is independent of {X;}i>1, Xo =0,

random variables X, X1, X, ... are independent, X; 4x (i>1).
The characteristic function (ch.f.) of TI(A, X) is

exp(A(py (£)—1));

where ¢, is a ch.f. of £(X). We call £(X) a compounding or multiplicity
distribution.

If [E|X|<oo, then EY =AEX. If [EX? <00, then varY =\EX?2.

Given a set of non-negative numbers {A;};>1 such that A :=3 "5, \; <oo,
denote

Z =Y jm,, (1.2)
j=1

where {my;} are independent Poisson IT(\;) variables (7, =0 if A;=0). Then
Z is a compound Poisson random variable with characteristic function

Eexp (itZ) = exp <Z )\j(eitj—l)) (1.3)

j=1

In other words, Z < Xo + ...+ X,, , where IP(X =j) = A, /A.

A compound Poisson distribution with a geometric multiplicity distribution
is called sometimes a Pdélya-Aeppli distribution, cf. [113], p. 410.

Random variable S, , has a Negative Binomial NB(r,p) distribution with
parameters p€(0,1) and r>0 if

_ I(r+j)
L'(r) 4!

1-p)»  (520), (1.4)

where -
I'(y) = / ¥ te " d.
0
The characteristic function of NB(r,p) is
(1-p)"/(1—pe")".

Hence
ES, , =rp/(1-p), var S, , = rp/(1—p)?.

It is known that the Negative Binomial distribution is a particular compound
Poisson distribution.

If ne€ N, then S,, 4 &+ ...+ &y, where &, ...,§, are independent r.v.s
with geometric T'y(p) distribution.

Random variables {X,,1,..., Xn.n} are called infinitesimal if

lim max IP(|X, ;|>¢e) =0 (Ve>0). (1.5)

n—oo 1<5<n
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Exponent of a measure. Let I =1, denote the distribution concentrated at

0, i.e.,
1({o}) =1, I(R\{0})=0.

In the multivariate case I denotes the distribution concentrated at 0 = (0, ..., 0).
Similarly, I, is the distribution concentrated at a.
Given a finite measure @, we denote

exp(Q) =Y Q"/j!

Jj=0

Here powers Q* are understood in the convolution sense, Q*° = I, where I
is a degenerate distribution concentrated at zero.
Note that for any a€R

exp(al) = eI, exp(Q—al)=e %exp(Q).
Poisson distribution II(A) can be presented as
() = exp (A(I1 = 1)) = e exp(ALL),

compound Poisson distribution II(A, X) with Py := £(X) can be presented
as
TI(\, X) = exp (\(Px —1I)) = e exp(\Px).

Measure @ is called a unit measure or a signed measure if Q(IR) =1 but
there exists a measurable set A such that Q(A) < 0.

The definition of II(A, X), where A >0, can be extended to the case of a
signed compound Poisson (SCP) measure II(—A, X). Though probabilistic in-
terpretation requires introduction of generalized “random variables”, the struc-
ture of II(—\, X) is the same as that of II(A, X):

TI(—\, X) = exp (—\(Px —1I)) = e exp(—APx).

With some abuse of notation we denote by m_) a signed Poisson “random
variable” meaning we use a signed Poisson measure exp (—=A(I1—1)).
Accompanying distribution. Given a r.v. X, let w1, Xy = 0, X1, Xo,... be

independent r.v.s, where m is a Poisson II(1) r.v., X; Lx (i>1). Set
~ Rl
X=>X;. (1.6)
j=1

Then E(X ) is called an “accompanying distribution”, X is called an accompa-
nying X r.v. (terminology of Gnedenko [92]). The definition is valid for random
elements taking values in a general measurable space as well.

Clearly,

L(X)=1I(1,X) = exp (L(X)—1), IEeitX = exp (IEeitX—l) .
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If IE|X|< oo, then IEX = IEX. If EX2 <00 and IEX =0, then var X = var X.
If
xX<Lrx, (1.7)

where 7 is independent of X', L£(7) = B(p), then (cf. (6.26) in [144])

L(X) = (p, X') = exp(p(L(X")—1)), ]Eeitj(:exp<p(]EeitX,—l)>. (1.8)

Given a sequence {Xi,...,X,} or a triangular array {X1 =X, 1,....,Xn =
Xpntn>1 of random variables, recall that S, = X3 +---+ X,,. By

Sp=X1 4+ X, (1.9)

we denote the sum of independent accompanying random variables. Clearly,

L(Sn) :exp<Z(ﬁ(X,-)—I)>. (1.97)

i=1

This presentation can be combined with (1.7), cf. (3.1).

If X,Xi,...,X, are identically distributed r.v.s, then £(S,) = II(n, X).

A sequence of random variables { X} },>1 is called m-dependent if Xi,..., X,
and Xy, X;q1,...,X, areindependent for arbitrary s,¢ such that 1<s<t<oo,
t—s>m. Observe that by grouping consecutive summands one can present the
sum of m-dependent random variables as a sum of 1-dependent ones.

A sequence of random variables X1, Xo,...X,, is strictly stationary if for ar-
bitrary integer numbers r, k, i1 <is <...<i, the distribution of Xy, ..., Xgy,
does not depend on k. In particular, r.v.s X, Xo,...X,, are identically dis-
tributed.

For any x€IR, k€N,

2™ = g(x—=1) - (z—k+1)

is called the k" factorial of z. We set z(0) = 1.

If X is a random variable, then IEX* is called the k' factorial moment
of X. Factorial moments appear in Taylor’s expansion of the factorial moment
generating function

t2 t3
E(1+t)% =1+tEX + EIEX@) + glEX(‘?) +
The so-called factorial cumulants (factorial semi-invariants) s, come from Tay-
lor’s expansion of the logarithm of the factorial moment generating function
t2 3
InIE(1+¢)% :t%1—|—§%2+ 5%3+--~ , (1.10)
see [113], p. 53-55.
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We denote by
QY (h) = Qfyy(h) = supP(z <Y <w+h)

the concentration function of £(Y'). Sometimes we may use the following variant
of the concentration function:

Qy (h) = Qryvy(h) =supP(x <Y <wx+h).

We may use the same symbol C' to denote different absolute constants (with
or without indexes). Symbols C(F'), Cr, Cx denote constants that depend on
the distribution function (d.f.) F' of L(X).

As usual, a,~b, means that lim, . a,/b, = 1.

We write f(n) = O(g(n)) if f(n)/g(n)<C<oo for all large enough n.

For any z€R let [z] and {z} denote the integer and the fractional parts of
x. Below multiplication is superior to division.

1.2. Metrics

Historically, the accuracy of approximation was first studied in terms of the
uniform distance (sometimes called the Kolmogorov distance).

The uniform distance dx(X;Y) = di(Fx; Fy) between the distributions of
random variables X and Y with distribution functions Fx and Fy is defined
as

dix (Fx; Fy) = sup |Fx (z) — Fy ()

(in the multi-dimensional case Fx , Fy denote multivariate distribution func-
tions). Note that a version of multivariate Kolmogorov’s distance based on com-
paring values of distributions on convex polyhedra has been proposed in [96].

In the case of integer-valued r.v.s it is natural to evaluate the accuracy of
approximation in terms of a stronger total variation distance. Recall that the
total variation distance d,,(X;Y) between the distributions of r.v.s X and Y
is defined as

dTV(X; Y) = dTV(E(X)7 ‘C(Y)) = 22?4 ‘]P(X EA) - ]P(YEA)| )
where A is a Borel o-field. Evidently, dx(X;Y) <d, (X;Y).
According to Dobrushin’s theorem (see [77, 32]),

d, . (X;Y) nf PP(X' #Y"),

=1
Xy’

where the infimum is taken over all random pairs (X',Y”’) such that £(X') =
L(X), LY")=L(Y).
The total variation distance can be expressed as

dTV(X;Y) = Sl}p |IEf(X)_IEf(Y)|
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where the supremum is over the class of measurable functions taking values in
[0; 1] (see, e.g., [68], ch. 1.3, or [144], ch. 14.4).
If X and Y take values in the set Z of integer numbers, then

d(X,Y) = 3 S IP(X =) = (Y =),

The Gini-Kantorovich distance d,(X;Y) = d,(L(X); L(Y)) between the
distributions of r.v.s X and Y with finite first moments (known also as the
Kantorovich—-Wasserstein distance) is given by

do(X3Y) = sup [Eg(X) — Eg(Y)], (1.11)

where £1 = {g: |g(x)—g(y)| < |r—y|} is the set of Lipschitz functions. Note
that
dG(X; Y) = XI,I})f,, ElX/ - Yl')

where the infimum is taken over all random pairs (X’,Y”) such that £(X’) =
L(X), LY')=L(Y) [158,183]. If X and Y take values in Z, then [172, 74]

do(X;Y) =Y [P(X >i) - P(Y >i)|.

i>1

Distance d, was introduced by Gini [89]; Kantorovich [114] has introduced
a class of distances that includes d . A generalization of d is distance

(GY) = d(L(X) L) = inf BYIX =Y (1> 1),

where the infimum is taken over all random pairs (X’,Y”) such that £(X’) =
L(X), LY')=L(Y).

If distributions P; and P, have densities f; and f, with respect to a
measure p, set

(P i=y [(A2=17) du=1- [ViFadu

Then d,, denotes the Hellinger distance. It is known that
4> <dp, <d,\[2-d% .

XQ(Pl;PQ):/ (dPl/dPQ—l)zdPQ

supp P2

Denote

By the Cauchy-Bunyakovski inequality,

2dTV(P1;P2) < X(Pl;P2)~
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Let
& (Pr; P) = / In(dP, /dP,) dP;

supp P2

denote the Kullback—Leibler divergence. According to a Pinsker-type inequality,
dTV < dKL/\/§' (112)

Though d%; is not a metric, it plays a role in statistics (cf. [103]) and in the
theory of large deviations (cf. [144], formula (14.40), and ex. 41 on p. 324).
Given £2>0, the Dudley divergence is defined as

pe(Pr; Py) = ;(ﬁ{,P(IX—YI >e),

where the infimum is taken over all random pairs (X,Y") such that £(X) = Py,
L(Y) = P,. The Dudley divergence is a generalization of the total variation
distance: dTV(Pl; PQ) = pO(Pl; Pg)

Lévy’s metric is defined as

dr(X;Y) =inf{e>0: P(X <z—<)—e <P(Y<z) < P(X<ate)+e (VzeR)}.

It is weaker than Kolmogorov’s distance: dr,(X;Y) < dg(X;Y). Convergence
in dy entails weak convergence of distributions.

Certain other distances can be found in [132, 144, 161, 165]. For the relations
between metrics see, e.g., [88, 179].

2. Compound Poisson limit theorem

Compound Poisson limit theorem plays important role in the theory of sums of
r.v.s. From a theoretical point of view, the interest to the topic arises in con-
nection with Kolmogorov’s problem concerning the accuracy of approximation
of the distribution of a sum of independent r.v.s by infinitely divisible laws (see
[6, 129, 153, 156] and references therein). Recall that the class of infinitely divis-
ible distributions coincides with the class of weak limits of compound Poisson
distributions (Khintchine [117], Theorem 26).

The topic has applications in extreme value theory, insurance, reliability
theory, patterns matching, etc. (cf. [10, 13, 17, 127, 144]). For instance, in
(re)insurance applications the sum S, = Y1 | V;I{Y; > z;} of integer-valued
r.v.s allows to account for the total loss from the claims {Y;} that exceed ex-
cesses {x;}. If the probabilities IP(Y; >z;) are small, £(S,,) can be accurately
approximated by a Poisson or a compound Poisson law.

In extreme value theory one deals with the number of extreme (rare) events
represented by a sum of 01 r.v.s (indicators of rare events). The indicators
can be dependent. A well-known approach consists of grouping observations
into blocks which can be considered almost independent [26]. The number of
r.v.s in a block is an integer-valued r.v., hence the number of rare events is
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a sum of almost independent integer-valued r.v.s that are non-zero with small
probabilities.

In molecular biology long match patterns between DNA sequences may indi-
cate “valuable” fragments. A natural question is if such long patterns appear by
chance. Information on the distribution of the number of long match patterns
(NLMP) between sequences of independent r.v.s can help answering that ques-
tion. The distribution of NLMP can often be approximated by a Poisson or a
compound Poisson law.

More information concerning applications can be found in [10, 13, 85, 127].

2.1. Basic properties of a compound Poisson distribution

Recall that compound Poisson (CP) distribution II(A,() = II(A, L£(¢)) is the
distribution of a random variable

DG (1.17)
=0

where (=0, 7y, (, (1, (s, ... are independent r.v.s, (; 4 ¢ (i=1), L(my) =TI(N).

Typically (#0 w.p. 1. The requirement (#0 w.p.1 may be omitted. Indeed,
denote p = IP(¢ # 0). By Khintchine’s formula ([115], ch. 2), any random

variable ¢ obeys
d

¢ =1, (2.1)
where 7, and ¢’ are independent r.v.s, £(¢") = L(¢|¢#0), L(7,) = B(p).
Note that
(A, 7,¢") = I(Ap, ¢'), (2.2)

ie., (1.17) can be rewritten as

TAp

Saty ¢ (1.1%)
=0 =0

(cf. (1.8)). Therefore, one usually deals with II(¢,(), where IP((#0) = 1.
Denote Px = L(X). Recall that TI(A, X) = II(\, Px) can be presented as

exp (A(Px—1I)) = e exp (APx) = e Y M PE/k! (2.3)
k=0

If Y is a compound Poisson r.v. and ¢ is a constant, then cY is obviously
a compound Poisson r.v..

A sum of two independent compound Poisson random variables is a com-
pound Poisson random variable.

Note that compound Poisson distribution is infinitely divisible. A random
variable X with support on [0;00] and IP(X =0) >0 is infinitely divisible if
and only if it is compound Poisson [102]. II(A, () is not absolutely continuous
since there is an atom at zero.
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2.2. Compound Poisson limit theorem for independent summands

In this section we present compound Poisson limit theorems for a sum S,, =
X1+ ...+ X, of independent random variables.

Let {Xp1,...,. Xsn}n>1 be atriangle array of independent random variables.
In the sequel we often write Xi,..., X, instead of X, 1,..., Xp -

The topic of compound Poisson approximation to the distribution of a sum
Sy of random variables representing “rare” events plays important role in insur-
ance, extreme value theory, reliability theory, mathematical biology, etc. (see,
e.g., [85, 147] and references therein); it is an integral part of the topic of in-
finitely divisible approximation within the framework of Kolmogorov’s problem.

For instance, in extreme value theory one is interested in the distribution of
the k-th largest sample element X, i .

Given z€IR, let N, (z) = > 1", I{X; >z} denote the number of exceedances
of x. Then

{Xnk <z} ={N,(x) < k}.

In particular,
{1I£ia§Xn X; Sx} = {N,(z)=0},

{Xn2 <z} = {N,(x) <1}, etc. Thus, results concerning the distribution of sam-
ple extremes can be derived from the corresponding results concerning N, (z).

The distribution of N,,(x) can often be approximated by a compound Poisson
law.

Random variables that are zero with large probabilities.

Khintchine ([115], ch. 2.3) was probably the first to prove a compound Poisson
limit theorem. Below we present Khintchine’s result.

Suppose that r.v.s X, Xy, ..., X, are independent and identically distributed
(ii.d.) in each row (£(X) may depend on n). Denote

p=p(n)=IP(X #0).

Theorem 2.1. [115] Suppose that there exists A>0 and a random variable X'
such that p~X/n and
L(X|X#0) = L(X") (2.4)

as n—o00. Then

L(S,) = (A X)) (n—00). (2.5)

To be precise, Khintchine [115] assumed L£(X|X #0) = £(X’) but the argu-
ment holds in the situation presented above.
The proof of (2.5) is based on Khintchine’s formula (2.1). As a consequence,

g 4

X+ .+ X, (2.6)
where 7y, X1, ..., T, X,, are independent r.v.s,

L(X]) = L(X|X #0), L(r;)=B() (V).
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Since {X/} are ii.d.r.v.s,

5, 45" X, (27)
i=1
where Binomial B(n,p) r.v.
Vp =T1+ ... +7p, (2.8)

is independent of {X7,..., X/ }.

Estimates of the accuracy of compound Poisson approximation follow from
the estimates of the accuracy of pure Poisson approximation thanks to the fol-
lowing observation ([119], formula (30)): since {X!} are identically distributed

I.vV.S,
Un

X
dTV(ZXl{;ZXZ{) < dpy(Vn;mr). (2.9)
=1 i=1

A similar result is valid in terms of d_, , cf. [144], Lemma 5.4. A (2.9)-type bound
is valid for unit measure approximations, cf. [68], Section 2.3.

Note that weak convergence v, = m) is equivalent to the convergence
dyy(Vn;y) = 0 as n — oo. Thus, Khintchine’s compound Poisson limit the-
orem is a consequence of the Poisson limit theorem: if p ~ A/n, where A >0,
then weak convergence v, =7y together with (2.4) entails (2.5).

The following proposition states that (2.4) is necessary for (2.5) assuming
p~A/n. Proposition 2.2 is a consequence of Theorem 2.3 below.

Proposition 2.2. Suppose that Ilim,_, o np := A. If there exist a r.v. S such
that S, = S as n— o0, then there exist a r.v. X' such that £(S) = II(\, X’).
If A>0, then (2.4) holds.

Example 2.1. Let {X, X1,..., X, },>1 be a triangular array of i.i.d.r.v.s,
P(X=0)=1-X/n, P(X=1)=)/2n, P(X=2)=)/2n.
Set S, = Xi + ...+ X,,. Then X’ < 145 and
L(Sy) = II(A\ 141n) (n—o00),

where 7 is a Bernoulli B(1/2) r.v.. O

Non-i.i.d. r.v.s that are zero with large probabilities.
We consider now a special case where {X;} are non-i.d. r.v.s but {X/} are.
Denote

pi = P(X;#0), 7 = {X; #0} (i>1), A=p1+ ... +pu.
According to Khintchine’s formula (2.1),
Xi i TZ‘XZ(,

where X/ are independent r.v.s, £(X]) = L(X;|X;#0), L(7;) = B(p;).
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We consider the case where {X/} are ii.d.r.v.s. Clearly, (2.7) still holds,
where v, = 7 + ... + 7, is independent of {X7,...,X)}. If v, = II(\) as
n— o0, then (cf. (2.9))

S, = II(\, X') (n—00).

Thus, a compound Poisson limit theorem is a consequence of a Poisson limit
theorem.
If {X/} are non-i.d. r.v.s, then

S, 4 nX]+ ..+ 71X,
can be approximated by a compound Poisson random variable
Sp=X1 4+ X, (1.9%)

where {X;} are independent compound Poisson TI(p;, X}) r.v.s, cf. (3.6), (3.8).

In the assumption that {X, 1,..., Xnn}n>1 is a triangular array of indepen-
dent integer-valued random variables satisfying the infinitesimality assumption
(1.5), Grigelionis [100] presents the following sufficient condition for the weak
convergence (2.5). Denote p; = p;(n) = IP(X,, ; # 0). If there exists A>0 and

a random variable X’ such that
n n
lim_ > pi=A nli_)rréoZIP(ij:k) = \P(X'=Fk) (Vk#0),
j=1 j=1

then £(S,) = II(A\, X') as n—oo.

Wang [189] presents sufficient conditions for convergence of an unbounded
function of a sum S, of non-negative integer-valued r.v.s to a corresponding
function of a compound Poisson random variable, see also Chen & Roos [38].

2.3. Compound Poisson limit theorem for dependent r.v.s

Let {X,X1,..., Xn}n>1 be a triangle array of dependent r.v.s, strictly stationary
in each row (£(X) may depend on n).
Recall the definitions of mixing (weak dependence) coefficients:

an(l) = sup|IP(AB)=IP(A)P(B)|, ¢n(l) = sup[IP(B|A) —P(B)],
Bu(l) = supIEst;pllP(B\fLm)—IP(B)l,

where the supremum is taken over m>1, A€ Fi 1, B € Fiqi+1,n such that
IP(A)>0, Fim denotes the o—field generated by {X;}i<i<m -
Condition A is said to hold if «ay(l,) — 0 for some sequence {l=1,} of
natural numbers such that 0<I[, <n.
If condition A holds, then there exists a sequence {r=r,} of natural num-
bers such that
n>ry >, nrta?3(1,) =0 (2.10)
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as n— oo — for instance, one can take r,, = [max{v/nl, ;n\/a,(l,);1}]. We
denote by R the class of all such sequences {r,}. In Theorem 2.3 below we
assume condition A.

In applications {X;} are typically non-negative r.v.s; they usually represent
“rare” events. Therefore, in this section we assume that X; >0 (Vi).

Denote

p = p(n) = P(XA£0).

A common approach is to assume that there exists the limit

lim P(S,=0)=e*  (IA>0). (2.11)

n—oo

Condition (2.11) means that r.v.s are “properly” normalised. If {X;} are inde-
pendent, then (2.11) is equivalent to

np ~ A (n—00). (2.12)

The same is true if {X;} are dependent but condition (D’) holds (see, e.g.,
[147]).
Note that (2.11) and A yield

Jim pln) =0

(cf. ex. 15 in [144], p. 11).
Weaker than (2.12) is assumption

lim sup np < oo. (2.13)

n—oo

Note that (2.11) does not imply (2.13) — Denzel & O’Brien [75] present an
example of an o-mixing sequence such that (2.11) holds though (2.13) does
not. On the other hand, (2.13) follows from (2.11) if the sequence {Xj,..., X,,}
is p—mixing (cf. ex. 16 in [144], p. 11).

Theorem 2.3. Assume conditions A, (2.11) and (2.13). If there exists a se-
quence {r=r,}€R such that

L(S:[S,#0) = L(G)  (n—00), (2.14)

then
L(Sn) = II(A, Q). (2.15)

The limit in (2.15) does not depend on the choice of a sequence {rn,}€R.

If S, converges weakly to a random variable S, then there exists A\>0 and
a random variable ¢ such that L£(S) = II(\, (), where A\ = —InIP(S=0). If
A>0, then (2.11) holds, and there exist a sequence {r,}€R such that (2.14)
holds true.
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Theorem 2.3 is essentially Theorem 5.1 from [144]. It states that conditions
(2.11), (2.14) are necessary and sufficient for the weak convergence of L (S,,)
to a compound Poisson law.

A random variable ¢ taking values in IN is called the limiting cluster size
if (2.14) holds. The notion of the limiting cluster size plays important role in
extreme value theory (see, e.g., [144], ch. 5, 6). If {X;} are 0-1 random variables,
then the class of limiting cluster size distributions coincides with the family of
all integer-valued distributions [34].

Condition (2.14) suggests the following estimator of L(():

[n/r] [n/r]
Pa¢=) = 3" M{Spi=1/ > WS #0},
=0 =0
where S, ; = Zg:?fﬁln X , see Hsing [108]. Results concerning consistent

estimation of £(¢) can be found, e.g., in [108, 109, 163].
Example 2.2. Let {{} be a sequence of i.i.d.r.v.s. Suppose that {u,} is a

sequence of threshold levels such that lim,_ ]P( max & <u,)=e* (I\>

1<i<n
0). Set

X; = {max{&; &1} >unt- (2.16)
Then (2.14) holds with ¢ =2, {r} € R. Hence S, = 2n(}\), i.e., L(S,) =
II(),2). O

3. Accuracy of CP approximation: rare events

Compound Poisson approximation appears naturally in situations where rare
events form clusters and the number of clusters is asymptoticaly Poisson (which
is typically the case).

This section presents results on the accuracy of compound Poisson to the
distribution of a sum of r.v.s representing rare events.

3.1. Independent random variables

The task of evaluating the accuracy of compound Poisson approximation to the
distribution of a sum of r.v.s that are non-zero with small probabilities (i.e., are
rare) have been approached by many authors, cf. [129, 136, 144, 154, 195], etc.

Let {X;} be independent r.v.s that are non-zero with small probabilities,
ie., {X;} represent rare events. Set S, = X1 + ... + X, ,

According to Khintchine’s formula (2.1),
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where 7; and X/ are independent r.v.s, £(X]) = L(X;|X;#0), L(7;) = B(p;).
Relation (2.1*) can be rewritten as

L(X;) = 1—p)I + p: L(X]).

Hence (2.6) holds:
s, < X+ ..+ X

Some authors call £(S,) a “compound Binomial distribution,” cf. [63].

Concerning the sum S,, of independent accompanying random variables (cf.
(1.8), (1.9)), note that

L(S,) = exp (Zm(ﬂ&‘)—ﬂ) =TI(\ L(X})), (3.1)
i=1

where A = p; + ... + p,, r.v. n is independent of X7,.., X/, P(n=j) =
pi/A (1<j<n).
The i.i.d. case.
Consider the situation where X; < X (Vi). Denote
Up =T1+...+Th.
Then
Vn, PN
D P D ¢ (3.2)
i=1 i=1

where Poisson II(A) r.v. 7y is independent of {X/}.
Estimates of the accuracy of compound Poisson approximation follow from
the estimates of the accuracy of pure Poisson approximation thanks to (2.9):

PN Un UPN
dpy (Sn; ZX{) = dTV(ZXZ{; ZXZ’) < dp(Vn; ). (2.9%)
i=1 i=1 i=1
Inequality (2.9*) and Theorem 4.12 in [144] yield
Ay (Sn; Sp) < 30/4e + 457, (3.3)

where 0 =31 pZ/X, 6* = (1—e ) >0 p2/A.
According to [144], Lemma 5.4,

dy,(Sn; Sn) < dg (vp; m0)IE|X|. (3.4)

A combination of (3.4) and formula (4.53) in [144] entails

d,(Sn: 8,) < (A A %x/Z)\/e>GIE|X’|. (3.5)

Other estimates of the accuracy of pure Poisson approximation can be applied
too, cf. [147].
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The case of i.i.d. {X/}.
We now consider the situation where

X/ Lx (Vi)

while {7;} are not required to be i.i.d.. In such a situation (3.2) still holds,
and estimates of the accuracy of compound Poisson approximation to £(S,)
follows from the estimates of the accuracy of pure Poisson approximation thanks
to (2.9%), see [154, 136, 24, 147]. In particular, (3.3) and (3.5) hold.

The task of deriving estimates of the accuracy of compound Poisson approxi-
mation to £(S,,) appears demanding if r.v.s { X/} are not identically distributed.

The non-i.i.d. case.

Ifrv.s {X]} are independent but not identically distributed, it appears nat-
ural to approximate each X; by an “accompanying” r.v. Xj, and the sum
71 X{ + ... + T X, by a compound Poisson random variable

Sp=X14 ..+ X,,

where {X;} are independent compound Poisson TI(1, X;) = II(p;, X}) random
variables, cf. (1.8). Recall that S, is a compound Poisson random variable.

A simple estimate of the accuracy of compound Poisson approximation to
L(Sy,) follows from the property of d.... and a well-known fact that d,. (B(p);

I(p)) < p*:
dTV(Sn;§n> < ZdTv(XﬂXl) < ZdTV(Ti;TrPi) < pr . (36)
i=1 i=1 i=1

Similar estimates can be derived in terms of some other distances.

The explicit proof of estimate (3.6) has been given by Le Cam [128], who
attributed the idea of the proof to Khintchine [115].

Let Xi,...,X,, be independent non-negative r.v.s, and let

P, = em(% Zm(lpi)(ViI)> :

If all p; <1, then

(S8 < Zn: r? o (EXD (3.7)
K\Pn;POn) > 3 v 1_pi P, i .
[168], where ¢; =1 if V; =1, ¢; =2 otherwise. A numerical example in [105]
shows that inclusion of concentration function in the estimate can significantly
improve the estimate.
Zaitsev [195] has derived an estimate of the accuracy of compound Poisson
approximation that can be sharper than (3.6) if A is “large”. Denote

* P—
by, -= maxp; .
i<n
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Theorem 3.1. [195] There exists an absolute constant C such that

dg (Sn; Sy) < Cpl . (3.8)

Inequality (3.8) is instrumental in the work on the so-called second Kol-
mogorov’s problem, see [6, 94, 197, 200, 204].
The following estimate is due to Roos [169]. Denote

PO) =5 Yo p(xe),

Assume that £(X]) is absolutely continuous with respect to P for every i. Let

/i denote the density of £(X]) with respect to P, and set p; = [ f2dP. Then

oy (Sn; Sn) < 8.8 p? min {1; p;/A}. (3.9)

i=1

By Khintchine’s formula (see [115] or formula (14.5) in [144]), any distribution
can be presented as
L(X) = (1-p)U +pV, (3.10)

where 0<p<1, U and V are two distributions. One can choose U = L(X|a <
X <b), where [a;b] is a finite interval. By shifting U, one can ensure that
the mean of the shifted distribution is zero. The derivation of estimates of the

accuracy of compound Poisson and infinitely divisible approximations in [119,
129, 157] is based on (3.10).
Let {X;} be independent r.v.s with distributions {P;} obeying

In other words,
X; L (1-7)X? + X!, (3.10%)

where L£(1;) = B(p;), L(X?) = U;, L(X]) = V;, random variables {7; , X?, X/}
are independent. Note that £(S,,) =[], P;. Set

G= H((l_pi)1+pi‘/i)a G* =exp (Zpi(Vi—I))

i=1 i=1

Then G = L(Y;, 7 X]), while G* = [[;"', II(p;, Vi) is the accompanying
distribution.
Recall that

£(8n) = exp (D (A1)
i=1
is the distribution of a sum of accompanying {X;} r.v.s; Qx(-) denotes the
concentration function of £(X).
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Let g(x) be a non-negative even function that is positive for £#0 and does
not decrease for x>0. Assume that function z/g(x) is non-decreasing for x>0,
and suppose that

EX? =0, 0® =) (1-p)EX? B=>) (1-p)EX?g(X?) < 0.
i=1 i=1
Theorem 3.2. [200] Assume that o>0. There exists an absolute constant C
such that

A (Sni 5n) < c(p;z + amin{Qe(o): Qo (a)}), (3.11)

where o = min {1;3/0%g(0)}.

Estimate (3.11) generalizes (3.8).
Integer-valued random variables.
Let {X;} be non-negative integer-valued random variables. Then

X =Y jH{X=j5}, S,=>_j> I{X;=j}.
j=1 j=1 i=1
Denote
)\j:zn:IP(Xi:j) (G=1), A=) _ZIPX >1).
i=1 j>1
Set

oo
Z:Zj’ﬁ)\j.
j=1

Erhardsson ([81], Example 3.7), has shown that
Ay (Sn; Z) < M(A ZW (3.12)

if EX?<oo (Vi), where
M) <min {171} et (3.13)

M(}) < min {1; Al_leg (4()\1i2)\2) " hﬁ(wl%))) } @14

where Int denotes a positive part of the natural logarithm.
Denote 0 =3 5, i(i—1)A;/ > ;5 A If 0" < 1/2, then [16]

M) < 1/(1-29’)2%. (3.15)

i>1
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Results similar to (3.6), (3.12) have been presented in [15, 36]. In particular,
Boutsikas & Vaggelatou [36] show that

dp(Sn; Z) = O(p + n*p?)
if X,Xy,... areiidr.v.s, EX%2<oo, p<In2 and

> [M(np, X'){k} — 2TL(np, X") {k—1} + IL(np, X") {k=2}| = O(1/np),

kEZ
where p = IP(X £0), £(X') = L(X|X #£0).
Assume now that r.v.s Xq,..., X, take values in a finite set {0,1,..., N}

of natural numbers. A lower bound to d,.(S,;S,) has been established by
Barbour et al. [14]:

N 1 ) <
Ay (Sn3 S) > ooy min (1; (ES,) ™) ZIE2XJ

Concerning lower bounds to the accuracy of Poisson approximation to the Bi-
nomial distribution, see Sason [173] and references therein.

Open problem.

3.1. Evaluate absolute constant C' in Zaitsev’s inequality (3.8).

3.2. Asymptotic expansions

Construction of asymptotic expansions is based on the following considerations.
Recall (2.1%). Let f; denote the characteristic functions of X/. The charac-
teristic function of S,, can be formally written as

Eexp(itS,) = H<1+pz-<fi—1>>:exp<21n<1+pi<fi—1>>)

i=1 =1

exp(ZZ 177 (f, —1)]’/;'). (3.16)

i=1 j=1

This leads to the asymptotic expansion

exp(mei - 1>> (1—§ S B i1+ ) (3.17)
i=1 =1

If we leave more terms in the exponent (3.16), then we arrive at the asymp-
totic expansion involving a signed compound Poisson measure:

e [ S D)

i=1 j=k+1
(3.18)
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This is not the only possible asymptotic expansion. Assume that 0<p; <1.
Then (3.16) can be written as

exp (Z(ln(lm) + ln(1+p¢f¢/(1pz‘)))>

i=1

— exp (Z :<—1>j+1 <1p—;i>j(ff —1>/j>.

i=1j

Leaving a finite number of summands in the exponent, we get yet another pos-
sible SCP approximation.

Asymptotic expansions can be traced back to Uspensky [182], see also Her-
rmann [104]. Herrmann’s paper went largely unnoticed; SCP approximations
have been rediscovered in 1983 by Kornya [122] and Presman [153].

The following first-order asymptotic expansion in (3.8) is due to Cekanavicius
[50]:

A (L(Sn); G1) < Cp°, (3.19)
where
& 1 = 2 / *2
G = L) * (1-5 D piex) - D7) (3.20)

>t (LSatXi+X0) = 2L(S0+-X]) + £(Sn)

i=1

Il
5
[}
2

|

|

X/ 4 X/, all r.v.s are independent.
An asymptotic expansion in (3.6) has been given by Cekanavi¢ius [54]:

des6n < () 2 (3n) 321)
i=1 =

Some other expansions have been presented in [54]. In particular, it was shown
that

dr(L(5): ) <2(3 ) (3.22)

where

Gh = L(Sn) + D (L(X;)—L(X)) * L(Sn—X;),

X ; denotes an accompanying X, random variable, see (1.9). The rate of ap-
proximation in (3.22) is better than that in (3.21).

Note that the first-order Poisson asymptotic expansion ensures the accuracy
of approximation of order O(p?) in terms of the total variation distance [11, 146
and of order O(p?/np) in terms of the Gini-Kantorovich distance [148].
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Next we consider SCP approximations. Given a fixed natural number s,
denote

H. - exp<zzpz‘<1>j+l<ﬁ<xg>f>*j/j>, 529
i=1 j=1
- N it P ’ <G TY /s
Kns = eXp<;;( 1)+ (1_pi) (£(X]) I)/J>, (3.24)
m(i,s) = (2p)"T/(s+1)(1-2p;).

Recall that p% = maxp;. If p¥ <1/2, then (Hipp [106])

Ay (L(Sy); Hns) < exp(ZT(i,s)) —1, (3.25)
=1
—~ 2 pi " 1-p

dry(L(Sn); Kns) < eXp(Z s+1(1— ) oy ) 1 (326)
i=1 pi Di

Estimates (3.25) and (3.26) are of order O(3_1_, pi™") whenever > | pit! =
O(1). Therefore, (3.25), (3.26) improve (3.21) even if s = 2. For instance, if
p; = n~ /2 for all i, then the right-hand side (RHS) of (3.21) is O(1), while the
RHS of (3.25), (3.26) are O(n~1/2).

Roos [168] has obtained an estimate involving a concentration function.

Let 7(i,s) be defined as above,

n

§ = Z(er(i,s)fl _ 1)7

i=1
and let Py, ¢; be defined as in (3.7).
Theorem 3.3. [168] If all {X;} are nonnegative, p;<1/2 and d<1, then

n
T 2

di(L(Sn); Hns) < = 3 ci(e™"*) —1)Qp, (IEX)). 3.27
K( ( )a , )— 4(176)26(6 )on( ’L) ( )
Estimate (3.27) has been generalized to the case of distributions that are

absolutely continuous with respect to a particular probability measure by Roos
[169].

3.3. Dependent random variables

Approximation under mixing conditions.

Let {X, X1,...,X,,} be a stationary sequence of r.v.s that are non-zero with
small probabilities, and let S, = X7 + ... + X, .

Given 1<r<mn, set k= [n/r], and let p =IP(X #0), ¢ = IP(S,#0).
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Let m,r,¢1,C2,... be independent random variables, (o = 0, L(m,,) =
II(kq),

L(G) = L(S:[5-#0) (i=1).

Recall that «,, 3, denote mixing coefficients defined in Section 2.3. Set

Tn,r

=0

The distribution of S,, can be approximated by a compound Poisson distribu-
tion L(Y;).

Theorem 3.4. If n>r>1>0, then

dp(Sn; V) < Kporp+ (2kl4+7)p 4+ nrty, (1), (3.28)
d,(Sn;Yn) < rpmin{np; %s/2np/e} + (2kl+7")p + nyn(l,  (3.29)

where ' =n—rk, Ky, = min{l—e " ";3/4de + (1—e "P)rp} and v,(I) =

mln{4an(l)\/7_“ ) 6n(l)}

Theorem 3.4 is effectively Theorem 5.2 from [144]. The proof involves Bern-
stein’s blocks method and an application of (2.9).

If {X,;} are independent Bernoulli B(p) r.v.s, then (3.28), (3.29) with r=1,
=0 yield sharp estimates of the accuracy of pure Poisson approximation.

If random variables {X;} are m—dependent, then one can choose [ = m,
r = [y/mn] (the smallest integer greater than or equal to /mn) to get

dpy(Sns V) < dp[vmn ). (3.287)

An estimate of the accuracy of Negative Binomial approximation to the dis-
tribution of a sum of stationary dependent Bernoullu r.v.s can be found, e.g.,
in [145].

Locally dependent random variables.

The notion of m-dependent random variables can be generalized to the case
of a family {X,}ees of r.v.s, where J is an arbitrary index set.

Suppose that for every a€J there exists “neighborhoods” {A4,}, {B.} such
that A, CB,CJ, X, is independent of {Xp}y¢a, , and the family {Xp}rea,
is independent of {X.}.¢p, . Then random variables {X,}qcs are called locally
dependent.

Let S = > ,c; X4, where r.v.s {X,} take values in Z,. The following
estimate of the accuracy of compound Poisson approximation to £(S) has been
given in [14], Theorem 7:

dpy(Sniv) < 2e™ IP(XG;AO)IP< > Xb;zé0> , (3.30)

acJ beB,
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where A = 3 IBX,(Ya)™", Yo = Y c 4, Xb, compound Poisson r.v. v is
defined using measure p(-) =, o, BX,(Y,) ' I{Y,€-}, 0/0:=0.

Ifrvs {X;} areindependent and J={1,...,n}, then it is natural to choose
A; =B;={i}. In that case Y; =X, (Vi), A =n, u() = > ,-,P(X;€-), and
(3.30) entails a

dyy(Sn; Sn) < 2% Y PP (X;#0),
i<n
where S, is the sum of accompanying r.v.s.

Let J ={1,2,...,n}. Suppose that there exist subsets 7, , Zo; of J\{j} =
Z,;UTZy; suchthat X; and {X;,i€Z,;} are independent. According to Barbour
et al. [13], Cor. 10.L.1,

dp(Sn; Sn) < i(IPQ(Xﬁéo)

J=1

£ % (POGA02X) 4 PG 2OIP(; £0) ). (331)

i€211;

where S, is the sum of accompanying random variables defined in (1.9).

If rvs X,Xy,...,X, are identically distributed and Z;; = (), then (3.31)
becomes (3.6). Similar estimates have been proved in [35, 36].

Associated random variables.

Let Xi,...,X, be non-negative integer-valued random variables. Random
variables are called associated if

cov(f(X1,..., Xn);9(X1,..., X)) >0

for every pair of non-decreasing functions f and g.
Random variables Xi,..., X, are called negatively associated if

cov(f(Xi,i€Ar);9(Xi,i€A3)) <0

for every pair of disjoint subsets Aj, A2 of {1,2,...,n} and non-decreasing
functions f,g.

Let Z(i) be a subset of {1,2,...,n} \ {i}. The choice of Z(i) is arbitrary,
though Z(4) is supposed to represent the area of “strong dependence” on Xj.
Set

Xi: Z Xj, )\]:ZIEXZ]I(XZ—l-Xl:])/j (]21)
JEL(D) i=1

Denote A =35, A;,
Z = Zjﬂ—kj )

Jj=1

where {7y} are independent Poisson variables.
Factor M(A) in Theorem 3.5 obeys (3.13)—(3.15).
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Theorem 3.5. [73] If X;,...,X,, are negatively associated r.v.s, then

dTV(Sn;Z)gM()\)<Zn: > IE)Xin—varSn)

i=1jeT(i)u{i}

If Xq,X,5,...,X,, are associated r.v.s, then
dp(Sn; Z) < M(N) <var Sn=Y_ Y EBXX+2) > IE)XZ»IEX]) .
i=1 jeZ(i)u{i} i=1 jeI(i)

If {X;} are independent r.v.s, then one can take Z(i) = () and arrive at
(3.12).

Similar results for locally dependent r.v.s. have been proved in [78]. Applica-
tions of Theorem 3.5 to the urn model with overflow, extremes and k-runs can
be found in [73].

Locally dependent Bernoulli random variables.

Let {X;}ier be locally dependent Bernoulli B(p;) random variables, where
I' is a set of indexes. The following result is due to M.Roos [164].

Suppose that for every i €I set I' is split into 4 subsets: {i}, T'V® (“very
strongly” dependent on X;), I'}* (“very weakly” dependent on {Xj}jevs),
and T? (the rest). Denote

S = ZXL‘, Si=S5-X;, X; = Z X;, Zi = X;+Xi,
= jerys
X = Y X, Yi= > X;, Siv="58-Xi,
jert jerye
— vs — . . R vs
D = max|7*|, ¢ Ezr(wz,1+---+<m,zi)7 L =1+T77,

Let compound Poisson r.v. Z be defined by (1.2), where A = A\ +...4+Ap41,

A=Y EBXiI{Zi=j}/j (1<j<D+1), ;=0 (j>D+1).
el
Theorem 3.6. [164] There holds
4, (S:Z) < exp + NS (IE2XZ- FEXEX+Xb) + IEXZ-Xf) . (3.32)
el
where max{cy;C\} < e*.

m~dependent random variables.
Let {X,X;,...,X,} be a stationary sequence of 1-dependent non-negative
integer-valued bounded random variables; £(X) may depend on n.
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Theorem 3.5 and (3.31) can be applied to sums of m-dependent r.v.s. Note
that by grouping consequent random variables the sum of m-dependent r.v.s
can be presented as a sum of 1-dependent r.v.s.

Assume that

EX=0(1), EX(X-1)=0(EX), IEX; X>=0(IEX), nEX — 00 (3.33)
as n—o00. Set

G = exp(MEX(L—I)+c,(Ii—1)*),
R = EX(X-1)(X-2)+EXEX(X-1)+EX
+ EX;(X;-1)X; + EX; X5(Xo—1) + EXIEX; X5 + EX; X5 X3,

where ¢, = Z(EX (X —1)-E’X) + (n—1)(IEX; Xo—IE*X). Then [150]
d, (L(8,):G) = o(f% / IEX\/ﬂIEX). (3.34)

A generalization of (3.34) to the case of non-identically distributed 1-depen-
dent random variables has been given by Cekanavicius & Vellaisamy [67, 71].

Markov Binomial distribution.

Let &o,&1,...,&, be a Markov chain with the initial distribution

IP(§o=1) =po, P({=0)=1-po, (po € [0,1])

and transition probabilities

P(&=1]&-1=1) =5, P(&=0]&-1=1)=1-5,
P(&=1]§-1=0) =aq, P(&=0|&-1=0) =1—aq,

where «a,5€(0,1) (i€N). If py = a/(1—F+a), then the chain is stationary.
The distribution of

Su=E+-+bn

is sometimes called the Markov Binomial (MB) distribution.

MB is a generalization of the Binomial distribution to the case of dependent
0-1 r.v.s. Indeed, if pp=0 and a=pF=p, then L(S,) is the Binomial B(n,p)
distribution.

One can check that ES,, = na/(1—F+a),

na(1-p) | 2ne(1-F)(-a) k 2a(A-F)(B-0)(B-a)" 1)

VS = U praR T (1 Bta)P (1=B+a)t

It is known that a centered normalised Binomial distribution can have either
normal, Poisson or degenerate weak limit [123], while in the case of Markov
Binomial distribution the class of limit laws for a centered normalised sum has
seven different elements (see Dobrushin [76]).
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A compound Poisson limit theorem for £(S,,) can be found in [121, 188, 83].
Hsiau [110] has extended the compound Poisson limit theorem to the case of a
stationary Markov chains with more than two states.

Assume that var.S,, > IES, . Let Y be a Negative Binomial r.v. defined by
(1.4), where

(IES,,)? B ES,

- var S, —1IES,,’ p= var S,
Below pg, a, 8 may depend on n.

Theorem 3.7. [192] If var S,, >IES,, , then

) |B—a|(5+43 max(a, B)) [ 2v5 . V1-B+a
dTV(Sn7 Y) S (1—maX(,6’, Ot))Q ( \/ﬁ \/Oé(l—ﬁ) min(l—a, 67 1/2)
360 (1—a)(1-B)*+a*B [n/4]
- o= B)(1-F+a) +4 ) (3.35)

If a=a(n)=0(1),3=F(n)=0(1), then the RHS of (3.35) is O(n~1/2). The
same rate of shifted Poisson approximation without assumption var S, >IES,
has been achieved by Barbour & Lindvall [21].

The case of a non-stationary Markov chain has been investigated in [64, 65].
Denote by G geometric I'(8) distribution (i.e., G = (1-5) 3272, 87 I;41). Let

_ (=P _ (1-p)? 1-5 "
no= 1-8+a’ 72(1—,8+a)2<ﬂ 1—5—1—04)2’

_ % 7 2, BU=B)(2a—1+8)  20(1-p)?
BT +(1—ﬂ)(1—6+a){ﬁa+ 1—f+a +(1—ﬁ+a)2}

o 1-3 - B
+1—ﬂ+a<ﬂ+1—ﬁ+a>’ H—I+%2(G I),

(a8 N 51-p)
1= N 1—B+a po |, 2—p01_5+a,

Dy = exp((n—po)n(G-1)), Djnzexp<nZ%(G—f)”> (1<5<3).

i=1
Set b:n(71+472+373)7 Wz[b]v w= {b}a
A= n(n+4e+3) -0, A =0/6, A= -—n(272+373) +@/3,
= G xexp (M(G—I)+ M (G?=1)+ A_1(I_1—-1)/(1-15)),
Ay = HxDy, Ay=HxDgyx(I+ny(G-I)2),
Ay = Hxexp(a(G=I)) %D, Ay =H xexp (s(G—1I)) % Do, ,
As = Hxexp(5a(G—1I))* D3, .
Assume that 0<© <1, $<1/2. According to Cekanavicius & Vellaisamy [65],

dp (L(Sn); Ag) < C(aa+B)(1A1/v/na) + min{a; na®} +,), (3.36)
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dTV(L(Sn);AO) < C(O‘Z + 055(1/\1/\/@) + ’Yn) ) (3.37)

where ¢, C are absolute constants, v, =(a+8)e " . If a>1/n, then the RHS
of (3.36) and (3.37) are respectively O(a) and O(a?). If po=0, then Ay is an
analogue of the accompanying distribution.

Theorem 3.8. [176] If 5<1/4, a<1/30 and na>3, then
d (L£(Sn); A1) < Cmax(n™t; (na)~2).

The accuracy of approximation in (3.36) can be improved if one uses a SCP
approximation.

Theorem 3.9. [65] If 8 <1/2, a <1/30, na> 1, then there exist absolute
constants c¢,C such that

dr(L(Sn); A2) < C(B+a) (min{a§ nil} + eicn) )
d (L(Sy); As) < C(B+a) (min{a;n™ '} +e7 "),
dG(£(S)iAs) < C(B+a) (minfas/a/n} +e") .

For example, if §<1/2, a = a(n)—0, na— oo, then for all large enough n
Csa < d,(L(Sn); HxDg) < Cear, Csav/na < dg(L(Sy); HxDy) < Cgan/na.
If, in addition, 8 = S(n)=o0(1), then

Ay (L(S,); H * Do) ~ 60,/v/2rc.
If 8 is “small”, then the compound Poisson approximation can be simplified.

Let
a _a(1-8)(B—a) w?

w

1 8+a’ YT TA-Brar 2
We define SCP Gg as L(my—2u + 2m,). If 5<1/20 and a<1/30, then [56]

dp(L(Sn); Gs) < Cla+p)?min{na; (na)~/?}
+ Cla—pB|min{1, (na)~/2}. (3.38)

If 8 = o(a), then the RHS of (3.38) is O(an~'/2). Further results can be
found in [59, 64].

The case of a symmetric three-state Markov chain has been investigated
by Sliogeré & Cekanavicius [177]. Further extensions of the Markov Binomial
model were considered in [140, 190, 206]. Large deviations for Markov binomial
distribution have been studied by Jensen [112].

Open problems.

3.2. Can the assumptions on «, 8 in Theorem 3.9 be weakened?

3.3. Generalize Theorem 3.7 and Theorem 3.9 to the case of a Markov chain
with more than 3 states.
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3.4. Applications

2-run statistic.
Let &;1,...,&, be independent and identically distributed Bernoulli B(p)
random variables, where 0 <p<1. Denote

X = min(&;&i41) = & (1<i<n),

where we assume that &,4; =&;. Then S, 2 := X; + ...+ X, is the number of
head runs of length 2, i.e., the 2-run statistic.

Barbour & Xia [16] have suggested a two-parameter compound Poisson ap-
proximation to the distribution of S, » with the accuracy O(pn~1/2).

Let Y be a Negative Binomial NB(a/b,b) r.v., where

2p—3p?
={1-bnp*, b=-—""T .
a=(1=bmp", 14+2p—3p?
Negative Binomial approximation to L£(S,) has been suggested by Gan &
Xia [82]:

32.2p alP(Y >1|Y >1)

A (L(Sn]Sn > 1); LYY >1)) < n—1(1—p)? (a+b)P(S,>1)"

(3.39)

If p is “small”, then the RHS of (3.39) is asymptotically 16.1p/+/n(1—p)3.

Sharp estimates of the accuracy of compound Poisson approximation to
L(Sy %) has been established by Petrauskien¢ & Cekanavicius [149], see (4.56),
and by Vellaisamy & Cekanavicius [187], see (4.57).

k-run statistic.

Let &1,&,... be independent Bernoulli B(p;) random variables, where 0<
p; <1. Denote

Xi=&& 1 Cith—1, Snp=X1++Xp_pt1.

where k € IN. Then S, is the number of head runs of length k among
X1,..., Xy, ie,, Sy is the k-run statistic. For instance, if k=1, then X, =
& (Vi),and S,1 = X1 +---+ X, . If k=2, then S, = Y77 €41 is a 2-run
statistic.

For the sake of simplicity we will assume that &4, =& (1<i<n).

The accuracy of Negative Binomial approximation to S, , has been evalu-
ated by Wang & Xia [191] in the assumption that o2 >\, where

A= IESn’k s 0’2 — var Sn,k .
Let Y,, be a Negative Binomial NB(r,p) r.v. defined by (1.4), where

r=M(0?=X), p=1-\/o>.
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Let 19[ be the Ith largest number among (l_pi—1)2(1_pi)pipi+1 o Pitk—1
(1<i<n). Set

n —-1/2
¢:min{2; 4.6( > ﬁi> } qi = max{p;: |j—i| < 2k—2}.

i=4k—1

Theorem 3.10. [191] If 62>\ and n >4k, then

4.5(4k—3)(2k—1)¢ —
QoS Vo) < 22 A)( )¢ZqiEXi. (3.40)

i=1
If k=1, then Sp1 =&+ ...+ &, A= Z?:l pi, 0 = Z?:l pi(l=pi) <A
meaning Theorem 3.10 is not applicable.

Let p;=p<1/5, k>2, D =exp (Z?i}l)\j(ljf]))where

np*ti=1(1—p)?, j=1,... k-1,
A= nprtiThiTA—p) 24+ (2k—5—2)(1-p)], j=k,...,2k=2,
j=2k—1.

np3’“_2(2k—1)_1

Then (Daly [73])
Ay (L(Snk); D) < M(N)(2k—1)np*,

where M(\) is defined by (3.13) — (3.15).

Match patterns of length k.
Let X, X4,..., and Y, Y7,..., be two independent sequences of independent

random variables taking values in IN, X; 4x (V4), Y; Ly (V4). Then

Sk = > > W(Xir. o, Xigp1) = (Voo Yjpuo1)}

i=1 j=1
is the number of match patterns (NMP) of length k. In particular, if X =1,

then
n

Stk =Y HYj=- =Y =1}

j=1

is the number of head runs of length & among Yi,...,Y,.

Set R=IP(X =Y), and suppose that R<1/2. Let
pe=P(X=Y), ¢ =P(Y =) (VeN),
"= max pege, S(R) = (1-R)(1-2R),

p= m?ng]I{qg>O}, q= mlgxqgll{pg>0}, A =mn(1-R)RF.

Clearly, IES,, n.r = mnRF .
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Information on the distribution of NMP can help recognising “valuable” frag-
ments of DNA sequences (see [138, 147, 174]) and references therein).
Smon,k can be approximate by a compound Poisson random variable

o0
Y = E Z'7T91.,
i=1

where 0; = A(1-R)R"™', {my,};>1 are independent Poisson II(6;) r.v.s. Note
that R
EY = mnR".

A compound Poisson limit theorem has been given by Mikhailov [138]. The
following estimate of the accuracy of compound Poisson approximation to
L(Smn.k) is due to Mikhailov [137].

Theorem 3.11. [137] If 2<k<min(n,m) and 0< R<1, then

dp(Smmi;Y) < M) <2k)\(1—R)‘1 (Qk(r/R)k + mp" + nqk)
L 2k=3N (1 + i) P (3.41)
(1-R)2 \n m nmR(1-R)’ '
where M(\) < (1A 1/A(1—R))e* . If 0<R<1/2, then
M(A) <TA(1/4AAS(R) +1Iny (2AS(R))) /AS(R).
In the “central zone” where k = k(m,n) obeys mnRF < const as m —
00, n— 00, mxxn, the RHS of (3.41) is O(In(mn)(1/m+1/n)).
Mikhailov [137] gives also an estimate of the accuracy of Poisson approxima-
tion in the case k=1. Note that the distribution of the number of match patterns
of length >k can be well approximated by the Poisson law (see [144, 147]).

Non-decreasing runs of fixed length.
Let X, Xq,...,X, beii.d. random variables with uniform distribution

P(X=k) =1/N (k=0,1,...,N—1),

where N >3 is a fixed natural number.
Given s€NN, denote 7;(s) = T{X; < X;11 <--- < X,y 1}. Let

Sn(s) = Zm(SL

and let Z be defined by (1.2):

o0
Z =Y jm,,
=
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where {7} are independent Poisson II()\;) variables,

N_S_j_ln%1,8+j717 ]: 17"'78_11
M = j—lN—S—]—ln(ZN%2’5+j71 + (28—2_j)%1,8+j*1) ] =38,...,28=2,
J (25—1) "IN 35125055 4 j=2s5—1,
0 j=2s2s+1,...
Here

_ (k+N-1\ N(k*+k—1)—k*—k _ (k+N\k(N-1)
f+2 N-2 v 2R T\ k1) Ntk

(k—l—N—l)
A3k = L .

Then Z is a compound Poisson II(A, () r.v. with A = Z?i;l A; and multiplic-
ity distribution £(¢) such that the ch.f. pc(t) = 3272, Nje™ /A
Minakov [139], using Theorem 3.6, has shown that

2
.y (Sn(s); Z) < ekﬁ% (SEN) . (3.42)

If n—o0, s—00, s/n—0 and
n(s+N)YNTINTS7L/(N=2)l ~ ),

then L£(S,(s)) converges to the compound Poisson distribution exp(A(N —
1) 3252 NI =1)).

4. Accuracy of CP approximation: general case

In this section the random variables are no longer assumed to take value 0 with
“large” probability. We present estimates of the accuracy of compound Poisson
approximation.

4.1. Independent Bernoulli random variables

Though Poisson distribution is a natural proxy to the Binomial one, there exist
a compound Poisson approximation that is more accurate.
Let X, X1,...,X, be independent Bernoulli B(p) r.v.s. Presman [153] has
shown that
sup dy (B(n, p)i Payy) = O(n=2/%), (4.1)
P

where P, , is a shifted compound Poisson distribution (a similar result in terms
of dk is due to Meshalkin [135]).

The Meshalkin—Presman result is related to the first uniform Kolmogorov’s
problem, see (7.3). Unlike (7.3), the approximating distribution in (4.1) is given
explicitly.
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We present Presman’s result in Theorem 4.1 below.
Denote by [z] the integer number that is the nearest to x from above, and
let

v = [3np® —2np°], B=~—3np>+2np*, q=1-p.
Note that S€[0;1).
Let 11,712,713 be independent r.v.s with distributions

L(m) = (pg®—B/n), L(nz2) =(p*q+5/3n), L(ns) = TL(B/6n).

Set,
Y =v/n+n—n2+2ns.

Note that Y—v/n is a compound Poisson random variable. One can check that

EY =p, E(Y-p)* =pq, EY -p)* = pg(q—p),

matching the first three moments of X —p.
Let P, , = L(Y1 +...+Y,), where {Y;} are independent copies of Y.

Theorem 4.1. [153] There exists an absolute constant C such that
dpy(B(n, p); (np)) Adp (B(n,p); Prp) < Cenyp (0<p=<1/2), (4.2)
where &, , = min {np?; p;max{1/(np)%1/n}}.
Bound (4.1) follows after noticing that

SUp  Epp = O(n72/3),
0<p<1/2

cf. [153] or [6], ch.8. Clearly, it suffices considering only p€[0;1/2]: if £(S,) =
B(n,p), then L(n—S,) =B(n,1—p).
Theorem 4.1 has been derive by the method of characteristic functions.
Presman [153] has shown also that it is impossible to construct a compound
Poisson or infinitely divisible distribution approximating B(n,p) with the ac-
curacy better than e, ,. Namely, there exists an absolute constant ¢>0 such
that for an arbitrary infinitely divisible distribution P

dTV(B(TL?p);P) Z CEn’p (nggl/n), (43)
dp(B(n,p); P) > cmin{p;(np)*}  (1/n<p<1/vn).

Notice that e,, = O(n™1) if p>1/\/n.

Cekanavicius [55] has extended Presman’s result to the case of non-identically
distributed 0-1 r.v.s.

Symmetrised Bernoulli random variables.

Consider independent Bernoulli B(p;) random variables {X;}, where p; €
[Oa 1]7 q; = 17pj (]:17 s 7”)'

Let X J/ denote an independent copy of X, and set

So=(X1—X1) 4+ + (X, — X))
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The characteristic function of 5S¢ is equal to
n n
Ee*Sn =[] la; +pil” = [[ (¢ + 2p;q; cost + p3).
j=1 j=1
It is natural to approximate £(S2) by a symmetrised Poisson distribution.
Let 7,2 and 7/, be two independent Poisson random variables with param-
eter 02 = > =1 Djg; - Set
Y =72 — 7.
Clearly, Y is a compound Poisson r.v. with the characteristic function
Ee'" = exp (20%(cost—1)).

Presman [154] has proved that

dp,(S5;Y) < min <0-7225 > 03 /(0% —pig;)*;4 Z(ijj)2> : (4.4)
j=1 j=1
If all {p;} are uniformly bounded away from 0 and 1, then the RHS of (4.4) is
O(1/n).
Assume now that p; = p < 1/2. Presman [153] has proved that

Crel, < dp(SY) < Cocl (4.5)
where £}, , = min{np?;n=1}, cf. (4.2). Thus, in the case of symmetrised r.v.s one
can expect the correct rate of the accuracy of compound Poisson approximation
be O(n~1).

An extension of (4.4) to the case of discrete distributions with non-negative
characteristic functions has been given by Cekanavi¢ius [43]. A multivariate
version of (4.4) is given in [126].

SCP approximations.

o =var S, = pi(l-p;), Me = 05 (k=1), X=X\, =X/
j=1 j=1

Denote (with some abuse of notation)
Gy = L‘(7T)\+)\2+27T,)\2/2), (4.6)

where myyx, and 7_y, 2 are independent “r.v.s”, i.e., Gz is a convolution of
II(A+)\2) and a compound Poisson unit measure II(—X2/2,2).

Observe that Go = H,, 2 from (3.23), where £(X]) =1;.

Presman [153] approximated the Binomial distribution by G . Kruopis [124]
has extended Presman’s result to the case of non-identically distributed Bernoulli
r.v.s:

dp(B(n,p); Go) < 5v/e A3 min{1.207% + 4.2)0007 % 2407 +3.40,}.  (4.7)

Constants in (4.7) have been improved by Barbour & Xia [16] under the
additional assumption that 6 <1/2, see also Zacharovas & Hwang [193].
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Theorem 4.2. [193] If §<1, then for any meIN

Ay (L(50); Ga) < Qj§/2<f§§2+2 ﬁ(\l/?’_‘)g)g,m), (4.8)
A6 (L(Sn);Ga) < Aj<(£f§/2 + 7 ﬁ{f’? 9)2> (4.9)

i (L(Sn); Ga)

IN

A3 [ V60, N V30
A2\ (1-0)2  2/2(1-6)5/2

A3 260 V156
A2\ (1-0)5/2 " 2/2(1-6)6

where Cy = 0.3706, gy(m) = e~ (m—2)*/4m+))

)gx(m), (4.10)

(S =m)—Ga({m})|

IN

)g)\(m)v (411)

In particular,

Csmin(py/p/vn;np®) < di(B(n,p); Ga)
< d,o(B(n, p); Go) < Camin(py/p/v/n;np®) . (4.12)

The upper bound follows from (4.7), the lower bound follows from Theorem
7 in [124]. In some cases (4.12) is sharper than (4.2) — consider, for example,
p=n"2/3_On the other hand, in some cases (e.g., if p=1/2), Presman’s bound
(4.2) is more accurate.

Does there exist a SCP approximation, which is always better than the best
compound Poisson approximation? The answer is affirmative, at least if {p;}
are “small”. Denote

s = exp ZZ ]HJI D"/,

=1 j=1

cf. (3.23). Assume that p; <1/4 (Vi), and let s>2 be a fixed integer. According
to Theorem 1 in [166],

A (L(Sp); Hyy ,) < C(8)Agq1 min(1; A~ 6F1/2), (4.13)

In particular,

Ay (B(n,p); H;, ) < C(s) min (np** 15 ple /2= (=012, (4.14)

TV(
Thus, if p < 1/4, then there exists a SCP measure, which approximates the Bi-
nomial distribution with the accuracy O(n~(*=1/2) For example, Hy 5 guar-
antees the accuracy of approximation as good as in (4.2) if p = O(1): for any
p < 1/4 the accuracy of approximation by H;: 3 is O(n™!'). Moreover, H 5 is
structurally comparable to Presman’s approximation, since both involve three
Poisson random variables.
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It is easy to check that H} , can be expressed through Hermite polynomials
{Hp}:

AT/ A+ A
H;p{m) = o222y (2022 (4.15)
m! oy

where H,,(z) = (—1)me®" /24" ¢=2/2  Begides,

d‘/r'ln
mH, o{m} = (A1+A2)Hy, o{m—1} — Ao H}, ,{m—2} (m>2) (4.16)

[52]. No such simple formulas exist for P, , and H, ; if s>3. The approach
proposed by Kruopis [125] is to construct asymptotic expansion to H, n,2 Tather
than to apply a SCP with a longer expansion in the exponent.
Let
Gg = H;:,Q * (I+)\3(Il—1)*3/3).
Observe that G5 can be expressed through the first, second or third backward
differences of Hy; 5. According to Kruopis [124]

di(L£(S,); G3) < min(2.3vedo ™t + 7102075 3v/edy +3.3e)2).  (4.17)
If p; <C <1 (¥i), then
dr(L£(S,); G%) < CAgmin(1;A72), (4.18)

that is, the accuracy is the same as in (4.13).

A similar to (4.18) bound in terms of the total variation distance follows from
[67], Theorem 3.2, if all p; < 1/100.

SCP measure Hy, ¢ is not the only possible SCP approximation. For instance,
SCP

L( TA=X2/2 — 7T—A2/2)

was used in [58], though the rate of the accuracy of approximation was worse
than that provided by H} ,.

A large deviations result concerning SCP approximation to the Binomial
distribution B(n,p) has been suggested in [52].

Assume that n=1<p<1/3, n>4, x€[np;n(1+p)?/5]. Then

P(S,=x) — MA@ 0. A(x)
H o ({z}) {1 176, A() } (4.19)

where |0,|<1,
Alz) = 144e’y(y—p+\y/n), y=uz/n,
oo k k—2 .
y—p 1 1+k—2 —j

k=3 7=0

As shown in [52], the “equivalence zone” for H, o is larger than that for Poisson
approximation if np?— oo, p—0.

Open problems.

4.1. Evaluate constant C in Presman’s inequality (4.2).
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4.2. Independent discrete random variables

A lattice random variable is a linear transform of an integer-valued random
variable. In this section we deal with integer-valued r.v.s.
Integer-valued random variables with finite 3rd moments.

Let X be an integer-valued r.v. with a finite 3rd moment, and let X; 4
X (Vi). Set
p=EX, u=var X/IEX?.

Denote by vau a compound Poisson r.v. with the distribution £(Y;,,) =
II(nu, X). Cekanavicius [57] has proved that there exists constant Cx (that
depends on £(X)) such that

Ay (S [np® JIEX 4 Y,,0,) < Cxn~ V2, (4.20)

Let {X;} be r.v.s taking values in the set Z of integer numbers. Denote

Sni = Su—Xi, en=P{S, <0}, d\) =d; (Sni Snit1),
a = 2IES, —var S,, b= (var S,,—IES,,)/2, 0= [ES,, —var S, |/IES,, ,
Ui = B X; (X, —1)(X; —2)| + |EX; |[IB|X; (X; —1)| 4 2E| X| [var X; —IEX;].
Theorem 4.3. [16] If gvar S, <IES,, <2var S, , then
1 S

Ay (S Ta+2mp) < m{ ;%’d&) + en}. (4.21)

Quantity d,(Sn,i; Sn,i+1) appears becaused of the method.
According to Barbour & Xia [16], Proposition 4.6,

dpo(Sn; Sp+1) <2V~ Y2 (4.22)
where

V=Y min{1/2v;}, v =1-d,(X;; X;+1).
i=1

Estimate (4.22) has been improved by Mattner & Roos [134]:

~1
dy (S Snt1) < \/g(i +> ) v (4.23)

j=1

2
Set 5i7n - \/2/7T/(1/4+V—Ui)1/ . Then
dTV(Sn,i§ Sn,i+1) <E€in-

According to Lemma 5 in [146], if one approximates S, by an integer-valued
r.v. Y, then

Ay (Sn; Sn+1) < d, (Y;Y4+1) +2d,,(S,;Y). (4.24)
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Bound (4.24) allows for replacing ¢;, with &;,A(e*+2e"), where €* is an
estimate of d,(Y;Y +1) and " is an estimate of d, (Sn;Y), cf. [146, 148].

If >0, then L(m,+2m) is a compound Poisson distribution, otherwise we
have a SCP approximation.

If {X;} are Bernoulli B(p) r.v.s and 2/n <p<1/3, then the assumptions
of the theorem are satisfied, a = np + np?, b = —np?/2, and SCP measure
L(mq+2m,) coincides with Gy from (4.6), V =np, 0 =p, ¢; =2p®, and the
RHS of (4.21) is bounded by 12v2p/p/v/n, cf. (4.12).

On the other hand, if X 4 71, then a=n, b=0=0, ¢); = 2, and d@ <
1/4/2e(n—1), cf. (2.10) in Cekanavicius [68]. The left-hand side of (4.21) equals
zero, while the RHS is not.

Similar approximations involving ~v+m,+2m, or y+m, —m (with possibly
negative b) have been suggested in [19].

Integer-valued random variables with finite 4'" moments.

Barbour & Cekanavicius [19] have generalized Presman’s estimate (4.2) to
the case of non-identically distributed integer-valued r.v.s {X;} with finite 4th
moments.

Denote (i>1)

wi =EX;, p=1ES,,0? =var X;, 0% =var S, f3; = IB(X; — u;)°,
B3 = IB(S, — ).
Let
A= 0% = (B30 +2md)/(m—1), §=7—pto’—(B3—0%)/m
Ao = md/2(m—2), A = (Bz—0*=26m/(m—2))/m?*(m—1),
where meZ\{0,1,2} and v are chosen according to the following rules:

a) If B3<o?, then v = [p—o?+m~1(Bs—0?)], m=—max{l;[8(1-B3/0?)]};
b) If 02 < B3 < 0243, then v = [u—0o?+m~(Bz—0?)]+3, m=-2;
&) Tf iy > o743, then = [p—o"+m = (Bs—0%)], m=max{6; [8(s/o’~1)]}.

Set
Ym:'y+7r>\1+27r)\2+m7r>\m.

The characteristic function of Y,,, is
IE exp (itY,,) = exp (ity + A1(e —1) + Aa(e® —1) + A (e —1)) .

The choice of parameters A, A2, A, ensures matching the first three moments
of L(Sy):
EY,, = u, varY,, = o2, IB(Y,,—EY,,)® = f3s.

If £(S,) is Binomial B(n,p), where p<1/16, then
o?=npq, Bz=npg(1-2p), m=—1, M=npg’=6, A\2=6/6, A_1=np’q+6/3,

and L(Y,,) coincides with Presman’s P, , from Theorem 4.1.
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Denote S, ; = S,—X;,
d = max 1£(Sn,i) * (L —=1)**||, & =max{8; [8]1—ps/0[1},
Vi = |pi—o; +(Bsi—0})/m[B|(X;—1)(X; —2)(X;—3)|
+lo7 —(Bsi — 07)/ (m—1)[IB| X;(X; —1)(X;—2)|
+[(Bsi—07)/ (m(m—1))|[E|(X;+m—1)(X;+m—2)(X;+m—3)|
HIE[X; (X3 — 1) (X —2)(X; =3)].

The following result is Theorem 4.3 from [19].
Theorem 4.4. If 0%>24, then

n

10 502
{ ;wi + 2/@} + 3 exp<—48—n>

+4207 + 14078 Y I, — ). (4.25)
i=1

It has been stated in [19] that d’ < 16/V (this can be improved using (4.23)).

If X, £ X (Vi) and L£(X) does not depend on n, then the RHS of (4.25) is
O(n™1).

For the Binomial B(n,p) distribution we have o2 = npq, B3 = npq(q—p). If
npq>24 and p<11/16, then 1; =30p?¢?, v = np; d’' <16/np; k=38, and the
RHS in Theorem 4.4 is bounded by C min(n~1; (np)~2), cf. (4.2).

Cekanavicius [49, 53] has suggested a SCP measure Dj, that matches first k
moments of £(S,), where k> 2. In the case of i.i.d. lattice r.v.s that approxi-
mation ensures d,.(L(S,); Di) = O(n~(F=2)/2),

Integer-valued r.v.s with a non-negative characteristic function.

Let X, X', X", Xy,..., X, be independent and identically distributed sym-
metric integer-valued r.v.s with a non-negative characteristic function F(t) =
[Ee'*X . Assume that IE|X|? < oo, and denote

d

/
302

dTv(S’I’L; Ym) S

B =E|X|, ¢*=EX?, B3=EX]*, g = P(X#0).

The distribution of S,, can be approximated by the accompanying compound
Poisson law II(n,X) or by a SCP

Gn=TI(2n, X) x II(-n/2, X' - X").
The Fourier transform of G,, is
exp (Qn(ﬁ(t)—l)) % exp (fn(ﬁ(t)fl)z /2) .

More generally, let

k
ﬁn,k = exp nZ(_l)jJrl (F_I)*j/] )
j=1
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where k€IN. Then

I:In,l = E(Sn) = H(naX); ﬁn,2 =Gy .
The following theorem from [43] shows that Hipp’s result (3.25) can be improved
if 02 < cc.

Theorem 4.5. [43] There exist absolute constants C,Cy,C2 such that
dp (L(S,); Hy ) < Cmin (q01/4(n_1/2+0)1/2n_k; naz(k+1)(1+n02)). (4.26)

In particular,

Ao (£(S0); T (n, X)) < Crgy n~Ho+n VY2, (4.27)
dp (L£(S0); Gn) < Cagy /02 (040~ 1212, (4.28)

If B3/(03\/n) < C for all n, where C is an absolute constant, then there exist
absolute constants Cs3,Cy such that

di(L£(Sp);TI(n, X)) > Csn™ ', dg(L(Sn);Gp) > Cyn™2.

Non-uniform estimates have been established in [46].
Bound (4.27) can be compared with (4.35).
It was proved in [43] that for any fixed meIN

dic(L(Sn); Hum) < Coun™2(1 + Bin™™) (4.29)

if s>1 and (1 < 0.
Negative Binomial approximation.
Recall that Negative Binomial distribution is a particular compound Poisson
distribution. Negative Binomial distribution is a natural choice if IES,, <var S, .
Let S, = X1+ ...+ X, , where {X;} are independent non-negative integer-
valued random variables with finite third moments. Assume that IES,, <var.S,, .
Let Y be a Negative Binomial NB(r,¢) r.v. with parameters 7, ¢, where
2
po (@S2 S, (4.30)
var S, —IES, var S,
Then IEY =IES,,=7rq/p, varY =var S,, =rq/p?, where p=1—¢.
The following estimate has been obtained by Vellaisamy et al. [186]:

n

2T 3+p
d (Sn;Y) < o ;:1 (( 5 EX; +p)IEXZ(Xl 1)

+]%1IEXi(Xi_1)(Xi_2) +q(EX;)> + p(IEXi)2> , (4.31)

where 7 = maxj<;<n dTv(S'fL{i; Smi"‘l), Sn,i =5,—X;.
Note that (4.31) is not applicable if {X;} are Poisson r.v.s, nor if {X;} are
Bernoulli r.v.s.
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Example 4.1. Let r.v.s {X;} have geometric distributions
P(X;=k) = qp; (k>0),
where ¢;=1—p;. Assume that ¢;>1/2 (Vi>1). Then

n n
ES, =Y pe/ax, varSn=> pr/ai,
k=1 k=1

and (4.23), (4.31) yield an explicit estimate of d,(Sn;Y).
In particular, if p; = p,/3 when i is odd, p; = 2p,/3 when i is even, where

€(0;1), then d, (Sn;Y) = o(\/m). O

Open problems.
4.2. Can an analogue of (4.26) hold under weaker moment assumption?
4.3. Can moment conditions in (4.27) be weakened?

4.3. Discrete non-lattice distributions

Any discrete distribution can include zero in its support after a proper shift.
W.lo.g., we will assume that in this section.
The following result is due to Cekanavicius & Wang [62].
Assume that X1, ..., X, areindependent r.v.s taking on values z¢g = 0, x1, x2,
..,xn, where {z;} and N are fixed numbers.
Denote pg; =IP(Xp=x;) (k=1,...,n, i=0,1,...N). Set

G4 = exp (Z(E(Xk)f) — % Z(L(Xk)[)*2>_
k=1

k=1

Theorem 4.6. [62] Suppose that there exists an absolute constant Ce(0;1)
such that pro > C>0 (k=1,...,n). Then there exists constant Cy depending
only on N such that

. . n -1/2
di(L£(S,);Gy) < CNIW((Z“MO)) lnn+1>

ming <j<n ;] \\ £

N n n —-3/2
X Z <Zpij) < Z pmj) +e . (4.32)
j=1 Nk=1 m=1

If N is fixed, max; |z;|/ min; |z;|<C, 0<Cy<py; <Cip<1, then the RHS
of (4.32) is O(n~'/?). Similar results have been given in [60, 66].

4.4. Special classes of distributions

In this section we present estimates of the accuracy of compound Poisson ap-
proximation to the distribution of the sum S,, of i.i.d.r.v.s when £(X) belongs
to a particular class of distributions. Denote
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F the set of all distributions
Fs the set of symmetric distributions
Fy CFs the set of distributions with non-negative characteristic functions
Fa CFs | the set of distributions such that the ch.f. ¢ obeys p(t)>—1+a (Vi)
Fo,8 the set of zero-mean distributions such that IE[X|? < oo

Symmetric random variables.

If X,Xy,...,X, areiid. symmetric random variables, then estimate (4.48)
can be improved. Zaitsev [194] (upper bound) and Studnev [178] (lower bound)
have shown that there exist absolute constants 0<c<C <oo such that

en 2 < sup  dg(Sn;S,) < Cn~Y2, (4.33)
L(X)eFs

where S, = X1 + ... + X,, is the sum of accompanying independent random
variables.
Denote P = L(X). In terms of convolutions of distributions (4.33) states
that
en™V? < sup dg (P*";exp(n(P—I))) <Cn~VZ,
PEF.

Moreover [194],

sup dg (P*”;exp(g(P”fI))) <Cn~Y2,
PeFs
The derivation of (4.33) relies on a result of Arak [3] for r.v.s with a non-

negative ch.f.. Note that no moment assumption is needed.
According to Prokhorov [159],

en™! <dg(B(n,1/2);D) < Cn~t, (4.34)

where D denotes the set of infinitely divisible distributions, ¢, C' are absolute
constants.

A similar result holds for a sum S} of i.i.d. symmetrised Bernoulli random
variables X* = X; — X, , where £(X;)=L(X;)=B(p) (Vi), X, is an indepen-
dent copy of Xj:

Cymin{np*;n~'} < d, (S} Y) < Comin{np*;n~"'}, (4.5%)

(Presman [153]), where Cq, Cy are absolute constants, ¥ = mypq — Tnpg » Tnpg
is and independent copy of a Poisson II(npq) r.v. m,,, (see also Theorem 4.2.1
in [6]).

Zaitsev [204] has conjectured that for any distribution L£(X) there exist a
constant Cx such that

dK(ﬁ(Sn),D) § an_l .

Random variables with a non-negative characteristic function



312 V. Cekanavicius and S. Y. Novak

Let X, Xy,...,X, beiidr.v.s. Denote P=L(X).

Arak [2, 3] has obtained a sharper estimate in the case of r.v.s with a non-
negative characteristic function: if £(X) € F,, then there exist absolute con-
stants 0<c<C <oo such that

en ' < sup  dg(Sn;Sn) < Cnh (4.35)

Cekanavicius [42] has suggested the following asymptotic expansion in (4.35):

Psg}[_) dg (P exp (n(P—1)) * (I-n(P—-1)*?/2)) < Cn~2. (4.36)

Zaitsev [199] (see also [6], Theorem 5.1) has shown that the upper bound in
(4.35) holds for a more general class of distributions: if £(X)eF, (3a€(0;2)),
then there exist an absolute constant C'<oo such that

drc(Sn; Sp) < C (' +exp (—na+Clhnn)) =0(n™1). (4.37)

A non-uniform analogue of (4.37) has been proved by Zaitsev [201].
Similar estimates hold for distributions with a symmetric component. Recall
that any distribution P := £(X) admits representation

X< 1-r)¢+m, (3.10%)

where L£(7) = B(p), p€]0;1], random variables 7, ¢,n are independent. Equiv-
alently,
L(X)=1-p)U +pV, (3.10%)

where U=L(£), V=L(n).
Let
Gs = L(S,) —nL(Sn_1) * (L(X)—1)*2/2.

Cekanavicius [42] presents asymptotic expansions for £(S,) in the assumption
that UeFy, VeF:

sup sup d (Sn; Sn) < C(n~'+p), sup sup di(L£(S,);G5) < C(n~'+p)*.
UeF . VeF UeF, VeF

(4.38)
The RHSs of estimates (4.38) are small if p is small.
If p=0, then the upper bound in (4.35) follows from the first estimate in
(4.38); the second estimate in (4.38) becomes O(n~2).
Let p=0, so that £L(X)=U, L(S,) =U*". Set

Ge = exp (n(U—~1)) * (I —n(U—-1)**/2 +n(U—~1)*3/3 + n*>(U—~1)*1/8).
Then [42]

sup dg(L£(S,); Gg) < Cn~3. (4.39)
UeFy
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Let X, Xi,..., X, beiid.r.v.s. The following SCP approximations to L(Sy)
has been suggested by Cekanavicius [51]. Set

Gr = exp((1-p)(U~1) +p(V-I) - p*(V-1)"?/2),
Ay = —n(1—p)p(U—I)*(V—I)+np*(V—-1)*3/3.
Note that G7 = exp(P—1—p?(V —1)*?/2).

Theorem 4.7. [51] If 0<p<Cy<1, then there exists an absolute constant C
such that

sup sup dg(L(S);G3") < C’(l/n+ \/p/n>, (4.40)
PEFL VEF
sup sup dg(L£(Sp); G3" * (I+A43)) < C/n. (4.41)
PeF L VeF

Inequality (4.40) is a generalization of the upper bound in (4.35). Esti-
mates (4.40) and (4.41) demonstrate that approximations of order O(n~'/?)
and O(n~!) can be achieved if ( 3.10*) holds for a particular U € F, and
p<Cy<1.

Proofs of a number of results concerning compound Poisson approximations
to the distribution of a sum of symmetric r.v.s. can be found in [6] and [68], Sec.
2.7.

Distributions obeying certain moment assumptions.

Let X,Xy,...,X, beiidr.v.ssuchthat £(X)eFyp (I8€(1;2]). Zaitsev
[204] has proved that there exists a constant C'y such that

dK(ﬂ(Sn), H(n, X)) <Cxn™“, (442)
where a = min{1/2; 3—1}. If B€(3/2;2) and IEX? =00, then
dic(£(S,); (n, X)) = o(n™"/?),

where S, is the sum of accompanying r.v.s. defined by (1.9).
Zaitsev’s estimate (4.42) can be improved if IEX =0, IE|X['*/ <00 (I8€
(0;1]), and L(X) satisfies Cramér’s condition

limsup |F (t)] < 1. (4.43)

[t] =00
Namely, in such case there exists C'x such that
dg(L(Sn);I(n, X)) < Cxn™?, dg(L(S,);Gs) < Cxn~ 2P, (4.44)

where
Gg =TI(n, X) * (I-n(L(X)—1)*?/2)

[57]. In particular,
dg (£(S,);(n, X)) < Cxn~! (4.45)
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if EX=0, [EX?<oco (Studnev [178]).
Under the additional assumption that IEX* < oo Studnev [178] has shown
that

Slzlp [IP(S, /ov/n <x) — F,(x) — x(3—2*)¢(x)/8n| = o(n™1), (4.46)

where 02 = EX?, F, is the d.f. of II(n, X/o/n) and ¢ is the density of the

standard normal distribution. If ITEX =0, IEX? < oo, but instead of (4.43) one

assumes that £(X) is non-lattice, then the RHS of (4.45) is o(n~'/2).
Further results on the topic can be found in [205, 94].

Open problem.

4.4. Recall (3.10%). Let £(X) be the accompanying £(X) distribution defined

by (1.6). For any meIN we set

Bu(U.V) =3 (1) )0 (£03) - L)

=0

For instance, Bo(U,V) = L(S,,),

Bi(U,V) = L(S,) +nL(Sp-1) * (L(X) = L(X)).
It is known [42] that

sup sup di (L(Sn); B (U, V)) < Cp(n™ 4 p)™ 1. (4.47)
UeF, VeF

Will (4.47) hold if assumption U € F, is replaced with U e Fy?

4.5. Shifted compound Poisson approrimation

Let X, Xj,..., X, be independent and identically distributed r.v.s. Denote by
X1, Xn,o accompanying X;+a, ..., X,+a random variables, and let

Spa=X1a+ o+ Xna-
Clearly, gn,a is a compound Poisson II(n, X +a) random variable.
Le Cam [129] has shown that

sup inf dg (Sp4na; Sp.q) < 1320713, (4.48)
L(X) a€R

A detailed procedure of finding a suitable shift has been described in [111].
According to Ibragimov & Presman [111], constant 132 in (4.48) can be replaced
with 8.

Presman ([6], ch. VIII.4) has shown that

sup inf dg (Sp,+na; Sna) > en~3 (4.49)
£(X) a€R
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where ¢>0 is an absolute constant; the bound holds if the class of distributions
is reduced to the family of Bernoulli random variables.

Note that the rate of the accuracy of shifted Poisson approximation to the
Binomial distribution is n~!/2 (see Theorem 6 in [147]); according to (4.1), the
rate of the accuracy of shifted compound Poisson approximation to the Binomial
distribution is n~=2/3 .

Zaitsev [204] has conjectured that for every L£(X) there exist a constant Cx
such that ~

inf dic(£(Sn+na); Spa) < COxn~ Y2, (4.50)

A first-order asymptotic expansion.
Let X, Xq,..., X, beiid.r.v.s. Set

Bua(X) = £(Sna) * (1 - 3(L(X +a)-1)"2). (4.51)
Then [47]
sup inf dg (L(S,+na); Byo(X)) < Csn~2/%. (4.52)
£(Xx)eF aER

Cekanavicius [42] has proved that

sup  d(L(Sn); Bno(X)) < Cn™2. (4.53)
L(X)eF+

If 0<p<Cp<1, then [51]

di (L(S,); H™) < C(l/n + \/p/—n). (4.54)

Open problem.
4.5. Improve the accuracy of approximation in (4.52).

4.6. Other results

Arak’s method has been applied in order to derive an asymptotic expansion
with the accuracy O(n~'%¢) for any fixed 0 <e <1/3, see Cekanavicius [60].
However, only the existence of such asymptotic expansion has been established.
Chen & Roos [38] have evaluated the accuracy of compound Poisson approx-
imation to IEf(Sy,), where f is an unbounded function. Borisov [31] has proved
that ~
Ef(S,) < Bf(5,)

for a class of functions f, where S, is a sum of accompanying X, X1,... I.v.s.
Besides, he showed that

Ef(S,) < Ef(S,)/P(X=0)

for a non-negative measurable function f if X, Xy, ... are i.i.r.v.s, see also [30],

§5.
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Let X,X1,...,X, beiidr.v.ssuch that EX =0<IEX?< oo, IE|X|¥ <00
(3k > 3). Assume that L£(X) does not depend on n and satisfies Cramér’s
condition (4.43).

Let n,mq,,..., 7o, be independent random variables, where 7 is a standard
normal random variable, 7, is a Poisson r.v. with parameter c; (j>1). There
exist a3 >0,...,ar>0,81€R,... B €R such that

dg (Sn/VNIEX2:n+B17a, +. . .+ BrTa, ) = O(n~F=1/2) (4.55)

as nm — 00. An explicit algorithm for choosing {«;,8;} has been described in
Cekanavicius [49].

Open problem.

4.6. Let X, Xy, ...,X,, beiid.r.v.s. Denote Px=/L(X). Will SCP measure

Go = exp (n(PXfI) - g(PXfI)*Q)

approximate £(S,) with the rate o(n=1)?

4.7. Applications

2-run statistic.
Let &1,&2,... be independent Bernoulli B(p) random variables, where 0 <

p<1. Denote S, 2= Z?;ll §ikit1,

G4+ =exp (an(Il—I) + 72(1171)*2 + 73([171)*3) ,

3 0
v2 =np*(1-3p) — p*(1-p), 73 = np*(1—4p+5p?) — 2p* (1—p)(1-2p) .

Then S, o is a 2-run statistic, Gy is the distribution of my, +2my, +3m),,
where my,, mx,, T, are independent Poisson random variables with parameters
AL =np®—=272+373, Ao ="72-373, A3 =13

A sharp estimate of the accuracy of compound Poisson approximation to
L(S,.2) has been established by Petrauskiené & Cekanavicius [149].

Theorem 4.8. [149] Assume that p <1/5. There exists an absolute constant
C such that

Ay (L(Sn2); G4) < Cmin (np®;p/n) (n>3). (4.56)

Further reading on the topic includes [40, 41, 67, 187, 70, 71].

(k1, k2)-run statistic.

k-run statistic is not the only one explicitly related to a sequence of inde-
pendent Bernoulli random variables.

Given two natural numbers ki, ks, a (k1,ke)-run is a pattern consisting of
at least ky consecutive failures followed by at least ko consecutive successes.
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Let {&} be independent Bernoulli B(p;) random variables (0<p; <1). Set
m= kl + k? )

Xj=(1=E&ms1) (1=&—ks)§j—kot1 & (j=m).

Denote
Sn(k1, ko) =X + X1 +... + X

If ky =1, then S,(1,k) is the number of head runs of length > k among
517 s agn .

Approximations to L£(Sn(k1,k2)) have been suggested in [67, 180, 184, 187].
We present below an analogue of (4.1) established by Vellaisamy & Cekanavicius
187].

Let S = {p: m(1—p)k1p*2 < 0.01}. Assume that p€ S. Then there exist a
compound Poisson distribution Y and a constant C,, such that

A (L(Sn(k1,k2));Y) < Cpon™2/3 (n>C). (4.57)

An urn model with overflow.

Suppose that n balls are distributed into m urns, and each ball is equally
likely to be assigned to any urn. Each urn can hold at most k balls, where k> 2
is a fixed number. If a ball is assigned to an urn that is already full, that ball is
placed in an additional “overflow urn” of unlimited capacity.

Let W be the number of balls allocated to the overflow urn. A compound
Poisson approximation to W has been suggested in [35, 73]. Set

COE DT s

n—=k
A= M4+ Ak, Zn:Ziﬁ)\i.
=1

Ai

Daly [73] has shown that

dr(W; Z,) < M(A){m2< Y (z—@(?)(%)(l_%)_)
i=k

— m(m-1) S M(l)iﬂ(l_i)"‘“j}’

Nilln—i—1)!
Rt tjln—i—7)! \m m

where factor M(A) obeys (3.13)—(3.15).

Other applications.

An overview of compound Poisson approximation results obtained via Stein’s
method can be found in [17, 18].

Compound Poisson approximation to the distribution of the number of k-
out-of-n isolated vertices of a rectangular lattice on a torus has been presented
in [164].
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Compound Poisson approximation to the number of overlapping and non-
overlapping occurrences of word patterns has been suggested in [87]. Compound
Poisson approximation to the number of overlapping sequences has been studied
in [40].

A Negative Binomial approximation to the number of parasites has been
suggested in [23].

A review of compound Poisson approximations to the number of dependent
claims has been given by Genest et al. [84].

5. Multivariate compound Poisson approximation

A compound Poisson random vector is defined by (1.1), where {¢;} are inde-
pendent random vectors. We denote by II(\,¢) = II(A, £({)) the multivariate
compound Poisson distribution with intensity A and compounding (multiplic-
ity) distribution £(¢):

Q=237 ¢

where m(\),(,(q, ... are independent, L£(my) =TII(\), ¢; =¢ (i>1), (o =0.

5.1. Multivariate compound Poisson limit theorem

This section presents a multivariate compound Poisson limit theorem.
Let {X,Xy,...,X,}, where X;= (Xi(l), ...,Xi(k)), be a sequence of k-dimen-
sional random vectors that are non-zero with “small” probabilities. Set

Sy =X+t X, .

Example 5.1. Let {{;} be a sequence of random variables. Denote

n n

No(z) =Y M{&>a}, Nula,b) =) Ma>&>b)  (a>h).

i=1 i=1
Given a set x1>...>x;, of numbers (“levels”), set
Sn = (Nn(xl)v Nn[xl;xQ)a 8] Nn[xkfl;l'k)) . (51)

Then S, = X1+...4+X,,, where X; = (I{¢&; > z1}, I{z1 > & > a2}, ..., Hag—1 >
& > xi}).

Random vector (5.1) plays a role in extreme value theory when one deals
with a joint distribution of exceedances of several level (cf. [144], ch. 6). O

Random vector S,, can be approximated by a compound Poisson random
vector. Indeed, Theorem 2.1 clearly holds if {X;} are i.i.d. random vectors.

Let {X,X;,...,X,} be a stationary sequence of random vectors. The argu-
ment of the proof of Theorem 2.3 remains valid. Hence Theorem 2.3 holds if
{X;} are random vectors.
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Theorem 2.3* Assume that

lim sup nIP(X #0) < oo, (5.2)
n—oo
and there exists the limit
lim IP(S,=0):=e¢*  (3A>0). (5.3)

n—oo

If L£(S.|S.#0) = L() as n — oo for a random vector ¢ and a sequence
{r=rn} €R, then
L(S,) = II(\, Q). (2.15%)

The limiting distribution TI(X,C) in (2.15%) does not depend on the choice of a
sequence {r,}.

If L(S,) converges weakly to a random vector S, then there exists A>0 and
a random vector ¢ such that L£(S) = II(\, (), where A = —InIP(S =0), and
(5.8) holds. If A>0, then there exist a sequence {r=r,}€R such that (2.14)
holds.

Theorem 2.3* is essentially Theorem 6.6 from [144].

Random vector ¢ in Theorem 2.3* may have dependent components. The
following theorem presents a necessary and sufficient condition for a weak con-
vergence of S, to a vector with independent compound Poisson components.

Given tg=0<t; < ... <tp<oo, denote t = (t1,...,tx). Set

SO =X 4+ XP, py=t—t; )/t (1<5<k).
Condition (Cf).
We say that condition (C7) holds if there exists a random variable ¢ taking

values in IN and a sequence {r=r,} such that n>r>1,
(a) for every 1<i<k, £>1,

P(SO=0) ~ZIP((=0)(ti—ti1) (0 o),

(b) for every 1<i<j<k
P(S%) >0,59) >0) = o(r/n) (n — o).

Condition (C7) is necessary and sufficient for the weak convergence of £(S,,)
to a vector with independent compound Poisson components.
Note that conditions (a) and (5.2) yield

(S >0) ~ (ti—tio1)r/n (0 — o0) (5.4)
(1<i<m, £>1). Hence (a) means

P(SH =SV >0)~P((=) (1<i<k, £>1) (a*)
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as n—o0. If condition A holds, then (5.4) is equivalent to

lim P(S) =0) = e titi-1

n—oo

Thus, instead of assuming (5.3), one could have added (5.4) as item (¢) of
condition (Cz) (cf. [143]).

Condition (b) means components of a random vector ¢, with the distribution
L(¢r) = L(Sr|Sy # 0) are asymptotically independent.

Let {m(s),s>0} be a Poisson process with intensity rate 1, and let n, 71,72, ...
be a sequence of i.i.d.r.v.s taking values in IN. Denote

7(t)

QW) = n;-
j=1
Then {Q(t),t>0} is a compound Poisson jump process. Equivalently,

O(B) = /B Q1)

is a compound Poisson point process with the Lebesgue intensity measure and
multiplicity distribution £(n).
Denote

Sp ={Q(t1),Q(t2) —Q(t1), .-, Q(tr) — Qtr—1)}-

Clearly, S; is a random vector with independent compound Poisson compo-

nents.
The ch.f. of S7 is

Eexp(i85;) = exp(tk<zk:pjg0,7(sj) - 1)) (V5 = (s1, .., s5) €RY),

where ¢, is a ch.f. of £(n).

Theorem 5.1. Assume conditions A and (5.2), and suppose that for a vector
t = (t1,....t), where tgo=0<t1 < ... <ty <oo, there exist the limits

lim P(SY)=0)=e b+t (vje{l,.. k}). (5.5)

n— oo

Weak convergence
Sp = St (5.6)

holds if and only if condition (Cz) holds.
Theorem 5.1 is essentially Theorem 6.3 from [144].

Example 5.2. deals with sample extremes. We rewrite the sample Xi,..., X,
in the non-increasing order:

Xl:n Z Z Xn:n .
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Then Xi.,,..., Xpn.n are called the “order statistics”. In particular, M, = X;.,
is the sample maximum, Xj.,, is the [** sample maximum.

Denote by N, (z) = > I{X; >z} the number of exceedances over the
threshold x. It is easy to see that

(Xpn<a} = {No(x)<l}  (1<I<n). (5.7)

Let {u,(-)} be a non-decreasing normalising sequence such that

lim sup nIP(X >u,(t)) < oo, ILm IP(M,, <u,(t)) =e " (Vt>0). (5.8)

n—roo

Assume condition A. The following result can be deduced from Theorem 5.1
for the joint limiting distribution of Xi., and Xj.,: if 0<s<t, then

lim P( X1, <un(s), Xin<un(t)) (5.9)

-1 J
- e—t{1 n Z(t—s)j]P<ZCi<k> /j!} (1>2).
j=1 i=1

In particular,

lim IP(X1., < up(s), Xog <un(t)) =e P (1+(t—s)P((=1)).

n—oo

Similarly, if 0<g<s<t, then Theorem 5.1 yields
lim (X1, <un(q), Xomn <tn(s), Xz <un(t)) (5.10)
n—oo

=e {1+(t—q)P((=1) + (t—s5)*P*(¢(=1)/2
+ =) (s—P*(¢=1) + (t—s)P((=2)}.

Formulas (5.9), (5.10) demonstrate the impact of the asymptotic clustering
of extremes on the limiting distribution of upper order statistics. O

Remark. Condition (C7) stipulates the “regular” way of asymptotic clustering
of extremes. Waiving it makes the situation more complicated (cf. formula (6.10)
in [144]).

Example 5.3. Let {X;,i > 1} be a strictly stationary a—mixing sequence.
Hsing [107] has shown that lim,, .o P(X71., < un(s), Xin <up(t)), if exists, is
necessarily expressed via a compound Poisson distribution, cf. (5.11).

Necessary and sufficient conditions for the convergence of IP(Xy., < uy(s),
Xin < up(t)): if (5.8) holds, then the probability

P(X 1. <un(s), Xim <un(t)) = P(Np(un(s)) =0, Ny (un(t)) <)

converges for every t > s >0 if and only if there exist functions f;(-) and a
sequence {r=r,} such that n>>r>1 and

lim TP (N, (un(s5)) =0, Np(un(t)) =i| Nr(un(t))>0) = fi(s/t)

n—oo
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for each t>s>0 and i€{l,...,l—1}. The limit is expressed via a compound
Poisson distribution:

(t)
Tim TP (N (un (5)) =0, Na(un (1)) <1) = P ( Z; ¢ <z> : (5.11)
where {(} areiid.r.v.s, IP(¢*=14) = f;(s/t) (Novak [143]). In particular, the
limiting cluster size distribution depends on the ratio s/t.
Sufficient conditions for the weak convergence of the random vector { N, (u,(s)),
Ny (un(t))} can be found in Novak [143], Proposition 6 (see also [144], p. 107).
g

5.2. Accuracy of multivariate CP approximation: rare events

Estimates of the accuracy of univariate compound Poisson approximation to
L(S,,) have been given in section 3. Definitions of metrics, accompanying r.v.s,
an exponent of a measure, etc., remain valid in the multivariate case.

We present below results concerning the accuracy of multivariate compound
Poisson approximation to the distribution of the sum S, = X; +... + X, of
random vectors Xq,..., X,,.

Let {X;} be independent random vectors that are non-zero with small prob-
abilities. Recall that S,, denote the sum of accompanying random vectors, see
(1.9). Set

pZ:]P(XZ%O), A=p1+..+Dn (ZZ]-)

Khintchine’s formula (2.1*) holds for random vectors:
X; L rxl,
where 7, and X/ are independent r.v.s,
L(X}) = L(X;]X; #0), L(7;) = B(pi).

Therefore, (2.9) remains valid: if {X/} are identically distributed, then

Vn X
dTV(Sn; Y) = dTV( Z Xll; Z Xll) S dTV(Vn; 7TA)
i=1

i=1

Besides, (3.6) entails
dp(Sn; Sn) <D 07
i=1

A number of univariate results have been generalized to the multi-dimensional
case. In particular, inequality (3.8) has been generalized by Zaitsev [199] to the
case of independent random vectors taking values in R¥ that are zero with large
probabilities: there exists constant C'(k) such that

dr (Sp; Sn) < C(k) max p; . (5.12)

1<i<n
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Related results can be found in [95, 96].

Bound (3.9) holds in the multivariate case as well. Estimates (3.25) and (3.26)
hold in the multivariate case (cf. [68], p. 28). Multivariate versions of (4.7) for
independent random vectors have been given by Roos [166, 167].

Independent 0-1 random vectors.

Let {X;} be independent k-dimensional random vectors. Set 0=(0,...,0),

ij:IP(Xj :ér)7 b = X 7é0 ijm Ar —szr >0,

Tecall that I denotes the distribution concentrated at 0, Iz, is the distribution
concentrated at &;. Denote

*N k k
Fn = lill <(1 pj)IWLij,r(IeTI)), G, = exp(Z;)\r([eT])>.

r=1

If {X;} areiid., then F,, = £(S,) is a multinomial distribution. Results on
the accuracy of Poisson approximation to the multinomial distribution can be
found, e.g., in [144]. Set

S

k m+1 n
Aj = ijﬂ’(]ér_[); Hn,s = exp Z ZA*m (SE]N)
r=1

m=1

If po<1/4, then (Roos [166]) there exists constant C, such that

n ko2 (s+1)/2
dTV(£<Sn n,s S Z (mln{ I p?}) . (513)

=1

If k, s are fixed and p; ;< C, then the rate of accuracy in (5.13) is O(n=(=1)/2).
Further SCP approximations to the sum of 0-1 random vectors can be found
n [167]. A one dimensional version of (5.13) is (4.13).
The next theorem estimates the accuracy of approximation F, ~ G, .

Denote gir =pir/pi (t€{1,...,n}, € {l,...,k}). Clearly, Zle Qi =
1 (Vi). Set

n k
A= pi=D M,
j=1 r=1

n k
a=Y"g(2p)p? Y qjr min{272g;, /A5 2},
j=1 r=1



324 V. Cekanavicius and S. Y. Novak
n k
2 .
5:ij Z qj,r mln{%’,r/)\r; 1}7
j=1 r=1

where g(z)=2e*(e™*—1-2)/2% (2>0).
Theorem 5.2. [170] The following estimate holds:

If a <273/2 then
dp(Fp; Gy < af(1-2V2a). (5.15)

If k=1 and ¢;1=1 (Vj), then (5.14) becomes an estimate of the accuracy of
univariate Poisson approximation to the distribution of a sum of independent
Bernoulli r.v.s.

Dependent 0-1 random vectors.

We now consider the case of weakly dependent 0-1 random vectors.

Let X, X4,...,X,, be a strictly stationary sequence of k-dimensional 0-1
random vectors such that not more than one coordinate of a vector may equal
1. Set X; = (xM, .., x™),

Sy =X+t X,,.

Denote €; = (0,...,1,...,0), i.e., vector €; has the 4t coordinate equal 1, the
other coordinates equal zero. Assume that

P(X=0)=1-p, P(X=¢;) =p; (1<j<k), (5.16)

where 0=(0,...,0), p =P(X #0).

If {X;} are independent, then £(S,) is multinomial B(n,pi,...,pr). An
estimate of the accuracy of Poisson approximation to B(n,pi,...,pr) can be
found in [147].

Given r € {1,...,n}, let (,(1, (s, ... be independent random vectors with the
common distribution

L(C) = L(Sr|S, #0).

Denote
q =T (S,.#0), k= [n/r], ' =n—rk, X\ =kq.

We approximate L£(S,) by the multivariate compound Poisson distribution
II(kq, Q).

Theorem 5.3. If n>r>1>0 and L(Y) = II(kq,(), then
dp(Sn; Y) < Cpprp + (r' 4200 H)p + nr~t min{ B(1); 5(1) }, (5.17)

where C,,, = min{3/de+(1-e~"?)rp; 1-e~"} and k(l) = 1 if m2(m=D/2q(l) >
1, w(1) = 2(14+2/m) (27 Im2a2(1)) /™ if matm=D/20(1) < 1.
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Theorem 5.3 is effectively Theorem 6.8 from [144].

If {&} are iid. B(p) random variables, then (5.17) with {=0 and r=1
becomes an estimate of the accuracy of Poisson approximation to £(.S,) with
a correct constant 3/4e at the leading term:

d(B(n,p); (np)) < 3p/de + (1—c ")p°.

The next corollary applies (5.17) to the case of m-dependent random vectors.

Corollary 5.4. If vectors {&;} are m-dependent and m<r<n, then
dr(Sn;Y) < Cpprp + (' +20nm/7)p. (5.18)

If we choose r < /n, then the right-hand side of (5.18) is O(py/n).
Open problem.
5.1. The term (2nr~1l+")p appears in (5.17) because of the method (Bernstein’s
blocks approach). An open question is if it can be removed.

5.3. Accuracy of multivariate CP approximation: general case

Let X, Xy,..., X, be independent and identically distributed random vectors
taking values in R¥ . Denote by X,, X1 4, ..., Xn.o accompanying Xi+a, ..., X+
a independent random vectors, and let

Spa=X1a+ o+ Xna-

Recall that §n7a is a compound Poisson random vector.

Estimate (4.48) of the accuracy of compound Poisson approximation has been
generalized to the multivariate case by Presman [152]: there exists an absolute
constants C' such that

sup inf d (Sp; Sp.o —na) < Cn~1/3 . (5.19)
L(X) @

At a moment (5.19) is the best available estimate of the accuracy of multivariate
compound Poisson approximation without extra assumptions on L£(X).
Bentkus et al. [25] state that the rate of approximation to £(S,) by £(S,) is
O(n™1) if E|| X%/ <oco. Here norm is understood as a square root of a scalar
product of X with itself. Namely, assume that £(X) is not concentrated on a

hyperspace in RF, IEX =0, IE||X %3 <oo. Then for any a€R¥, as n— oo,

sup [IP(|[S, —al|* < 2) = P(|Sn—al* < 2)| = O((1+]a|)n ™). (5.20)
x
Asymptotic expansions.
The next result presents a SCP approximation in (5.19).
Recall Khintchine’s formula (3.10):

X éTXA—i—(l—T)XAc,
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where X4, X4°, 7 are independent r.v.s, £(7)=B(p), p=IP(X € A),
L(Xa)=L(X|X€A), L(Xa:)=L(X|X €A

([115], ch. 2). One may choose a bounded set A and take a=1EX, in (5.21).
Denote

P=L(X), P,=L(X+4a), V=L(X4).
Theorem 5.5. [48] For any n€IN and any k-dimensional distribution P there
exists constant Cy(P,) such that

inf dic (£(Sn+na); exp (n(Py—1) —n?(V—1)*%/2)) < Cr(P)n" 2. (5.21)

Further results concerning asymptotic expansions can be found in [152, 48].

Symmetric random vectors.

Let {X;} be i.i.d. symmetric random vectors taking values in R¥.

Multivariate analogues of (4.33) and (4.37) for independent random vectors
have been established by Zaitsev [198, 200]:

dg (Sn,Sp) < Cen™Y2. (5.22)
If £(X) has a non-negative characteristic function, then
dg (Sn,Sn) < Cpn~t. (5.23)

Infinite-dimensional versions of (5.12), (5.22), (5.23) can be found in Gotze &
Zaitsev [97].

Cekanavicius [44] investigated the case of mixtures of distributions with a
dominant symmetric part.

Let P be a symmetric distribution, and let V' be the distribution of an
arbitrary k-dimensional random vector. Consider the situation where

LX) =(1=-p) > ¢;P7 +pV
j=1

for some p, ¢;,s€IN such that 0<p<1/2, ¢;€[0,1] (i>1), 1+ +¢s = 1.
Denote

H, = ((1 —p) > gPV +pV> ;

j=1
D,=¢e ni i(P—1I)+n (V—I)—n—pQ(V—I)*2
n = €Xp jZIQJ p D) )

Cekanavicius [44] has shown that for any s€IN there exists an absolute constant
C(s, k) such that

i —1/2
dic (Hos Dy) < C(s, k) <p1/2n1/4 + 02 (Y jay) ) (5.24)

=1
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If s=1, then the RHS of (5.24) is O(p'/?n=1/* 4 n=1/2),
Suppose now that

3
XLy,
j=0

where r.v. ¢ takes values in IN, 0<¢<se N, =0, n,91,m2 ... are i.i.d.
random vectors with a non-negative characteristic function, {n;} and £>0 are
independent. Set p = IEE. It is shown in [44] that

di (L(Sn); T (npr,m)) < Cps®(np) " (5.25)

Estimate (5.25) demonstrates that additional information about £(X) helps
improvinging the accuracy of compound Poisson approximation. For example,
let £(X) = 0.2 +0.3P + 0.5P*5. Then pu = IE¢ = 2.8. It follows from (5.25)
that

sup  dg (L(S,);exp (2.8n(P—1))) < Cpn™t.
PEFy (k)
Here F, (k) denotes the class of k-dimensional distributions with non-negative
characteristic functions.
Symmetric integer-valued random vectors.
Similarly to (5.16) we denote

jen]]

= (0,...,0), & = (0,...,1,...,0) (1<j<k),

where vector €; has the 4t coordinate equal to 1 and the other coordinates
equal to 0.

Let {X;} be independent integer-valued random vectors with distributions
concentrated on coordinate axes of R¥:

Set (r=1,....k, j=1,...,n)

pjr =P(X;€6,Z\{0}), p;= ij,m Pj0 =1-p;.

r=1

Denote
F{me,} = P(X;=mé,)/pj,  (meZ\{0}).

We assume that F,. does not depend on j. Such distribution F, always exist in
the case of identically distributed random vectors (but not in the general case).
Then

*n k n k
C(Sn) = H ((1_pj)I + ij,rFr >7 »C(Sn) = exp <Z ij,r(Fr—I)>.

j=1 r=1 j=1r=1
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Let 02 denote the variance of F,., and let

n
g(Z) = 262(672_1_'3)/'32 , /\n,T = ij,r7
j=1

n k
ag = Z 9(2(1—p;0)) min {2_3/2 ZP%’T/)\n,r;p?}‘
i=1 r=1

Theorem 5.6. [126] Suppose that F,. is a symmetric distribution, o2 < 0o
(r=1,...,k), 2ape<1. Then

k k n
. Q 8 -2 2
Ay (Sn; Sn) < W E (14+0;) E )\077. E Djr - (5.26)
i=1 r=1 j=1

If {o,,p;r} are bounded away from 0, then the RHS of (5.26) is O(n™1),
i.e., the accuracy is comparable with that of (4.37).

If k=1, o? is fixed and p;1=p (Vj), then (5.26) is comparable to (4.27).

Infinite-dimensional spaces.

Very few results are known for a sum 5, = X7 +...4+ X,, of random elements
X1, ..., X, taking values in a general measurable space.

Bakstys & Paulauskas [7, 8] dealt with random elements Xj, ..., X,, taking
values in a separable Banach space B.

Denote by XG,XLM...,XMQ accompanying X+a, X1+a, ..., X,+a indepen-
dent random elements, and let

Spa=Xia+ o+ Xna, Sn=X10+..+Xno.

Let U be the set of all convex Borel sets. Suppose that for any €>0 there
exists a finite-dimensional subspace V. such that IP(X €V,)<e. Then [§]

lim inf sup [IP(S,€A) —IP(S,,o—nacA)| =0. (5.27)

n—,oo a AEZ/{
If X is symmetric random element taking values in a Hilbert space, then

lim inf sup |[IP(S, € A) — P(S,.o—nacA)| =0, (5.28)
n—,oo a AEV
where V is a set of all open balls in that Hilbert space (Bakstys [9]).

Let X, X' X4,..., X, be asequence of i.i.d. random elements taking values
in a real separable Hilbert space H with scalar product (-,-) and norm |||z -
Nagaev [142] has derived estimates of the accuracy of approximation L£(S,,) ~
L(Sy).

Namely, for any x€ H and constant C'>0 set

B(z;C) = EY*(X X', 2)*I{||X | AIX'|ir < O}, Blx) = B(x,00).

Let 02(C) > 02(C) > ... be the eigenvalues of the quadratic form {B(-;C) x
B(;C)}.
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Denote V(a;r) ={z€H: ||z—allg <r}, and let

oo l
() = [[ 2(C), M(C) = [[3(C), o* = BIX3 .
j=1

j=1
Theorem 5.7. [142] If EX =0 and 02 < oo, then for any a€ H and C € (0;00)

su a TP (S wr oc*+B%*a)/n ~ Co(C)
1p || (S €V (a; 7)) ~TP(Sn €V (a; )| < SN RANETN

If 0<0o(C)<oo, then the RHS of (5.29) is O(n~1/?).
Open problem.
5.2. Evaluate constant Cj in (5.21).

. (5.29)

6. Compound Poisson process approximation

Let r.v.s X7, Xo, ... represent rare events (i.e., {X;} are non-zero with “small”
probability). Poisson process approximation to corresponding empirical point
processes of exceedances has been studied by many authors (see, e.g., [31, 144]
and references therein). However, Poisson process approximation is applicable
only if the limiting cluster size distribution is degenerate.

If the limiting cluster size distribution is not degenerate, then the limiting
distribution of the number of exceedances is typically compound Poisson; the
limiting distribution of an empirical point processes of exceedances can be more
complex than compound Poisson (cf. [144], ch. 8).

This section presents results concerning compound Poisson process approxi-
mation.

Compound Poisson process is a process with independent compound Pois-
son increments. Namely, a point process S(:) is called a compound Poisson
process with intensity measure @ and multiplicity distribution £(¢) if it has
independent increments (i.e., for arbitrary disjoint measurable sets Ay, ..., Ag
rv.s S(A1),...,S(Ax) are independent) and for any measurable set A random
variable S(A) is compound Poisson II(Q(A), L(()).

If @ = Am, where m is the Lebesgue measure, then we say that S(-) is a
compound Poisson process with intensity rate A and compounding (multiplic-
ity) distribution £(¢).

6.1. Empirical processes

Let r.v.s X, X1, Xs, ..., X,, represent rare events (i.e., they are non-zero with
“small” probability). Define the point process

Sn() = ZXiII{i/nE-}. (6.1)
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A particular case is the jump process

[nt]

Spa=>_Xi (0<t<1)
=1

known also as a random broken line. Note that S, = S,((0;%]),
Sp=X1 4+ ...+ X, = Sn((0;1]).
If {X;} are Bernoulli r.v.s, then point process (6.1) counts locations of rare
events.

Example 6.1. A typical example is a process of exceedances of a “high” thresh-
old. Let {&;,i>1} be a stationary sequence of random variables, and let {u,,}
be a sequence of levels. Set X, = T{{; >u,}. Process S,(-) = Ny (-, uy), where

n
Nu(B,u,) =Y X;I{i/neB}  (BC(0;1]), (6.2)
i=1
counts locations of exceedances of level wu,,. O

A natural approximation to S, (-) is a compound Poisson process.

Let {X,X1,... X} = {Xn0,Xn1,.» Xnn}, n>1, be a triangle array of
dependent r.v.s, strictly stationary in each row. In applications r.v.s {X;} are
typically non-negative; they usually represent rare events. Therefore, we assume
that Xi ZO (VZ)

If a sequence {r=r,} of natural numbers obeys n>>r, > 1, we denote by
¢r = Grn ar.v. with the distribution

L(Crn) = L(Sr]S->0). (6.3)

The next theorem presents necessary and sufficient conditions for the weak
convergence of S,(-) to a compound Poisson point process. It is essentially
Theorem 7.1 from [144].

Theorem 6.1. Assume mizing condition A, and suppose that (2.13) holds. If,
as n— oo,
P(S,=0) e  (3A>0), 2.11%)

LS55 #0) = L(C) 2.147)
for a sequence {r=r,} obeying (2.10), then

—~

Sn(-) = S(), (6.4)

where S(-) is a compound Poisson point process with intensity rate A and
multiplicity distribution L£().

If S.(-) converges weakly to a point process S(-), then S(-) is a compound
Poisson process on (0;1] with intensity rate A given by (2.11%). If A>0, then
(2.14*) is valid for some r.v. ¢ and sequence {ry,} that obeys (2.10).
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Condition (2.13) can be relaxed to allow for np— oo at a certain “slow” rate.

Example 6.2. Let {X;,i>0} be a regenerative process, i.e., there exist integer-
valued r.v.s 0<§y <& < ... such that the “cycles”

{Xi, 0<i<&o}, {Xi, §o<i<&i}, .o
are i.i.d.. We define r.v.s Y,Y7,Y5, ... as follows:

Y= max X;, Y1 = max X,,...

0<i<&o Eo<i<ér
Denote
§i—1
= Y LX;>u,} (jeN),
1=§j1

where {u,} is a sequence of levels. Suppose that &y is aperiodic, p:=IE < oo
and IP(Y >maxi<j<x Y;) = 0 as k—o0.

Process N, (-, u,) converges weakly to a non-degenerate point process N if
and only if there exist A>0 and a distribution P such that

nlP(Y >u,)/pw — X and L(T1|T1>0) = P

as m — o0; necessarily N a compound Poisson point process with intensity rate
A and multiplicity distribution P (Rootzén [171]). O

Concerning random broken line {S,;,0 <t <1}, Borisov & Borovkov [27]
use a Poisson component in order to improve the rate of approximation in the
Donsker-Prokhorov invariance principle.

6.2. FExcess process

Let X, X4, Xo, ..., X,, be astationary sequence of r.v.s. When one is interested in
the joint distribution of exceedances of several levels among X1, ..., X,,, a natural
tool is the excess process NE(-). This section presents necessary and sufficient
conditions for the weak convergence of the excess process to a compound Poisson
process.

Given a sequence {u,(-),n>1} of monotone functions on [0;c0), denote

N(t) = W{X;>un(t)}  (t>0).
i=1
Let T'>0. We call {N:(t),t€[0;T]} the excess process.
Process NEZ(-) describes variability in the heights of observations X7, X, ...,
Xn.
Note that NZ(-) is the “tail empirical process” for Y, 1, ..., Y5, where Y,, ;=
U_l(Xi)Z

n

NE(t) = znj 1{Y,,; <t}. (6.5)
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There is a considerable amount of research on the topic of tail empirical processes
(see, e.g., [72, 133] and references therein).
We present necessary and sufficient conditions for the weak convergence of
the excess process to a compound Poisson process in Theorem 6.2 below.
Suppose that function wu,(-) is strictly decreasing for all large enough n,
U, (0) = o0,

lim sup nIP (X >wuy(t)) < oo (0<t<o0), (6.6)
Jim IP(Ny, (un (t) =0) = e ! (t>0). (6.7)

Condition (6.7) means wu,(-) is a “proper” normalising sequence.

Given tp=0<1t1 < ... <t} <00, denote ¢ =(t1,...,tx). Recall condition Cf.

Definition. Condition (C') holds if condition Cj is valid for every 0<t; <
e <t <00, keN.

Let {ms,s>0} be a Poisson process with intensity rate 1, and let (1, (o, ...
be a sequence of i.i.d. copies of (. Denote

Q) =3¢ (6.8)
j=1

Then {Q(t),t>0} is a compound Poisson jump process. Equivalently,

Qc(B) = /B Qcldt)

is a compound Poisson point process with the Lebesgue intensity measure and
multiplicity distribution £(¢). We do not distinguish between ¢ and Q¢ in
the sequel.

Theorem 6.2. Assume mizing condition condition A, (6.6), (6.7), and let
mc(-) denote a compound Poisson process with intensity rate 1 and multiplicity
distribution L(C). Then

Ny() = Qc¢(r) (6.9)
as n — oo if and only if condition (C) holds.
Theorem 6.2 is Theorem 7.2 from [144].
General situation.

Excess process {NZ(-)} may converge weakly to a process of a more complex
structure:

T

{NE(t), t<T} = {Z%—(t/nt@} (6.10)
j=1

as n — 0o, where mp is a Poissonr.v., {7;(-)} are independent jump processes.

Process {Z;Zl 'yj(-)} can be called Poisson cluster process or compound

Poisson process of the second order (regarding the standard compound Poisson
process a “compound Poisson process of the first order”).
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Results concerning approximation (6.10) can be found in [144], ch. 8. The
accuracy of approximation to the distribution of an excess process can be eval-
uated in terms of the total variation distance (cf. [144], Theorem 8.3).

6.3. General point processes of exceedances

Both (6.2) and (6.5) are one-dimensional processes of exceedances. Below we
deal with a general point process of exceedances NN, which counts locations of
extremes (rare events) as well as their heights.

For any Borel set AC (0;1]x[0;00) denote

NZ(A) = Z I{ (i/n,u, ' (X;)) € A} (6.11)

If {X;} areiid.r.ves, orif {X;,i>1} is a strictly stationary sequence obey-
ing certain mixing conditions, then N(-) converges weakly to a pure Poisson
point process (Adler [1], see also [147]).

The following theorem presents necessary and sufficient conditions for the
weak convergence of point process N/ (-) to a compound Poisson point process.

Denote by N*(-) a compound Poisson point process on (0;1] x [0; 00) with
the Lebesgue intensity measure and multiplicity distribution L£((). Note that

4

Qc(t) = N*((0;1] x [0;2)).

Theorem 6.3. Assume conditions A, (6.6), (6.7). Then
N} = N* (n—00) (6.12)
if and only if condition (C) holds.

Theorem 6.3 is Theorem 7.4 from [144].

Example 6.3. Let {&},{a;} be independent sequences of i.i.d. r.v.s, IP(¢; <
z) = F(z) and o; € B(0), where 6€(0;1). Put X; =&, and let

Then {X;,i>1} is a stationary sequence of r.v.s with the marginal d.f. F, the
cluster sizes have the geometric distribution with mean 1/6, and the extremal
index equals 6.

Notice that sequence {X;,i>1} is p—mixing and

p(k) < (1-0)* (k>1).
Furthermore,

IP(max X; < u) = F@B(L - p)” = F(u)(L - 6p)" ",
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where v =3"" , «; is a Binomial B(n—1,6) r.v..
Denote K* = sup{z: F(x)<1}, and assume that

P(X>2)/P(X>z) — 1 (6.14)

as ¢ — K* (Gnedenko’s condition [90]). Then there exists a sequence {uy}
such that nIP(X >u,) — 1 (cf. Theorem 1.7.13 in [127]). Put

un(t) = U[gn/t] (t>0).

Then
P(X >up,(t)) ~t/nd, IP(N,(u,(t))>0) ~ tr/n, (6.15)

and {un(-)} obeys (6.7).
In order to check condition (C'), we need to check items (a), (b) of condition
(Cs). Let 0<s<t<wv<oo. Condition (b) follows from (6.15) and estimate

P(Ny- [, (t); un(v)) >0, Ny [un(8); un(t)) >0)
< 7PIP (up (v) <€ S ()P (un (£) <€ Sun(s)) = O((r/n)?).

Random variables {X;,..., X;1,,} form a cluster of size m if a; = 1,41 =
o = Qitm—1 = 0, @iy = 1. Denote

W = ]]:1 +i0¢i]1i,
=2

where T; = T{& € (un(t);un(s)]}. Asymptotically, only one cluster among
X1, ..., X may hit (u,(t);un,(s)]. Therefore,

P (N [un (); un(t)) =J’) ~ P (Ny[un (8); un(t)) = j, Ny (un(s)) =0)
= IP(Np[un(s); un(t)) =3, Nr(un(s)) =0, W = )+0((7“/n))
~ 0 (1=0) 1P (up (t )<£<un( ) ~ (t=s)IP(C=5)r0/n, (6.16)

where £(¢) =TI'(1—0). Thus, condition (a) holds, and Theorem 6.3 entails
N = N~

as n— 00, where N* is a compound Poisson point process with the Lebesgue
intensity measure and multiplicity distribution I'(1—6). O

Results concerning weak convergence of point process N;(-) to a Poisson
cluster process can be found in [144], ch. 8. An estimate of the accuracy of
approximation to L£(N;(-)) in terms of a d-type distance has been established
in [20].

Open problem.
6.1. Improve the estimate of the accuracy of approximation N ~ N* presented
in [20].
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7. Kolmogorov’s problem

Let {X1,...,X,}n>1 be independent infinitesimal random variables, S, =
X1+ ...+ X, . It is well-known [116] that if the limiting distribution of S,
exists, then it is infinitely divisible.

The notion of the infinitely divisible distribution was introduced by de Finetti
in 1925. A well-known result due to Khintchine [117] states that the class D
of infinitely divisible distributions coincides with the class of weak limits of
compound Poisson distributions. Thus, the topics of compound Poisson and
infinitely divisible approximations are closely related.

This section is devoted to Kolmogorov’s problem.

7.1. Kolmogorov’s first problem

In early 1950s Kolmogorov has raised the problem of evaluating the accuracy of
infinitely divisible approximation to £(S,,).

Kolmogorov’s first problem is concerned with i.i.d.r.v.s, while Kolmogorov’s
second problem deals with independent but not necessarily identically distributed
random variables. The problem is called “uniform” since the estimate of the ac-
curacy of approximation established by Kolmogorov is uniform over the class
F of all probability distributions.

Prokhorov [155, 157] (see also [160]) has proved that for any distribution
L(X) there exists a sequence of infinitely divisible distributions that are “close”
to L(S,), hence

dx(L(Sy); D) = };161% dr (L(S,); P) — 0 (n—00). (7.1)
If £(X) has an absolute continuous component or is a discrete distribution,
then dg in (7.1) can be replaced with d,.,, .
Kolmogorov [120] has derived an estimate of the accuracy of approximation
that is uniform over F (the so-called first Kolmogorov’s theorem): there exists
an absolute constant C such that

sup dg(L(S,);D) < Cn~ /3, (7.2)
L(X)EF
Observe the extreme generality of estimate (7.2) — there are no moment or

structural assumptions.

Many authors worked on deriving upper and lower bounds to d (L(S,,); D)
(see, e.g., [6, 135, 205] and references therein). It took over 25 years of research by
various mathematicians before the correct rate of the accuracy of approximation
in (7.2) has been established by Arak [4, 5] (a comprehensive history of the
problem can be found in the monograph by Arak & Zaitsev [6]).

Arak’s [4, 5] theorem states that there exist absolute constants 0<Cy <Ca <
oo such that

Cin~2/3 < sup dg (L(Sp); D) < Con™2/3 (7.3)
FeF
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The lower bound in (7.3) sets a limit to the rate of the accuracy of compound
Poisson approximation (as well as a limit to the rate of the accuracy of approx-
imation by any other infinitely divisible distribution).

There is no multidimensional analogue of Arak’s result (7.3).

Arak has proved that the rate n~2/3 in (7.3) can be achieved using shifted
compound Poisson approximation. Therefore, (7.3) demonstrates universality of
compound Poisson approximation.

The main drawback of (7.3) is that only existence of an approximating com-
pound Poisson distribution has been established.

Relations (4.2), (4.25), (4.33), (4.37) can be viewed as solutions of Kol-
mogorov’s first problem for special classes of distributions.

Zaitsev [202] has shown that dx in (7.3) cannot in general be replaced by
the total variation distance.

Let X,Xy,...,X, be iid. integer-valued r.v.s. Studnev [178] reports that
Gusak has shown that

dx (L£(S,); D) = O(n™1). (7.4)

We are not aware if Gusak’s result (7.4) has been published.
Zaitsev [204] has conjectured that for any distribution £(X) there exist a
constant C'x such that

irelﬂfde(E(Sn—i—na); II(n, X +a)) < Cxn /2. (7.5)

It is shown in [6] that

Cn~'<  sup di(L(S,); D) < sup dK(E(Sn);E(S'n)).
L(X)eF, L(X)eFy

If (7.5) is true, then the accompanying compound Poisson distribution ensures
the best possible rate of infinitely divisible approximation in the class F; of
distributions with non-negative characteristic functions.
Open problems.
7.1 Derive a multidimensional analogue of Arak’s inequality (7.3).
7.2. Is it true that

sup  dg(L(S,);D) < Cn~t, (7.6)

L(X)EFs

where C' is an absolute constant?

7.2. Kolmogorov’s second problem

Kolmogorov’s second problem deals with independent but not necessarily iden-
tically distributed random variables. In general, the problem has no solution.
Let Xi,...,X, be independent random variables. Denote by dy the Lévy
distance, and let
P;D) = inf P; D).
dr(P;D) = jinf dp(P;D)
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Recall that by (3.10)
L(X;) = (1=pi)U; + piV; (0<p; <1),
where distribution U; may be chosen concentrated on a finite interval of length

say 1. Set
a; :/,’I,‘U»L(dx), p;’—l :maX{pla---7pn}'
R

Denote by )~(17a1, vy Xnoa

., accompanying Xi+ai, ..., X,,+a, independent ran-
dom variables. Let

S=Xi 4+ +Xpa, -

If a;=0 (i), then S =S, , cf. (1.9).
According to Zaitsev & Arak [196] (see also [6]), there exists an absolute
constant C' such that

dr(L£(S,); D) < dr(Sn;S) < C(pk + Tn(1/T)). (7.7)

Zaitsev & Arak [196] have proved that estimate (7.7) is of correct order. A
multivariate version of this result has been derived by Zaitsev [199].
The following result is Theorem 4 from Arak & Zaitsev [6], p. 5.

Theorem 7.1. If ¢ >0 and dp(L(X;);1p,) < € for some B; (i =1,...,n),
then there exist ay,as,...,a, and an absolute constant 0 <<C <oo such that

dp(Sy;8) < Ce(|lnel + 1).

For any §€(0,1] there exist i.i.d. random variables X, X1,...,X,, and n€IN
such that dp(L(X);1)<d and

dr(Sn; D) > c6(|Ind| + 1),

where ¢>0 is an absolute constant.

An infinite-dimensional version of (7.7) has been established by Gotze &
Zaitsev [98], see also [96].
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