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ISOTOXAL TILINGS

BRANKO GRUNBAUM AND G. C. SHEPHARD

A plane tiling 7~ is called isotoxal provided the group
of symmetries of 7~ acts transitively on the arcs (edges)
of 7. A method for classifying isotoxal tilings is described,
and the number of types of normal isotoxal tilings is de-
termined.

1. A plane tiling 9 ={T;]t=1,2, ---} is called isohedral if
its symmetry group S(Z ) is transitive on the tiles T, of 7,
isogonal if S(Z7) is transitive on the nodes (vertices) of .7, and
1sotoxal if S(.77) is transitive on the arcs (edges) of 7. (The word
“ijsotoxal” is derived from the Greek “zofoy” meaning “arc”.) In
recent papers [2], [3] we have enumerated the different types of
isohedral and isogonal tilings of the plane. Here we prove the fol-
lowing theorem.

THEOREM 1. There exist 26 types of mormal isotoxal tilings of
the plane. Of these, 25 are also either tsohedral, or isogonal, or
both.

By a “normal” tiling we mean one which is bounded (that is,
the tiles are uniformly bounded in diameter and their inradii are
uniformly bounded away from zero) and for which the intersection
of any two tiles is either empty, or an edge, or a vertex of each.
We thus exclude vertices of valence two, and digons. (As in [2]
and [3], a vertex is any point common to at least three tiles, and a
tile is called an m-gon if it has n vertices and n sides. Here a side
of a tile is the part of its boundary between consecutive vertices,
and the word m-gon must not be taken to imply that the tile is
convex or even that its sides are straight line segments.)

The proof of Theorem 1 will be given in the next section. It
proceeds in two stages. First we determine the “combinatorial
isotoxal tilings” and establish that there are exactly 30 types of
these. Secondly we show that 26 of these types can be realized by
actual tilings. Thus it will be seen that the procedure is analogous
to that used in enumerating the isohedral and isogonal tilings, though
the detailed analysis is rather different.

The third section will deal with tilings which are not normal.
Here the main result will be the following.

THEOREM 2. There exist 15 types of bounded isotoxal tilings

407
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which contain digons, and a further 15 types which contain vertices
of wvalence 2.

Theorem 2 can be proved in a similar way to Theorem 1, but
it turns out to be simpler to proceed in a different manner. We
shall show how all these additional tilings can be derived from the
30 types of combinatorial normal tilings by two processes, called
edge-bifurcation and edge-division. Details will be given in § 3.

The final section of the paper will be devoted to a brief explana-
tion of the concept of duality as it applies to isotoxal tilings, and
also to explaining some further relationships between isotoxal,
isohedral and isogonal tilings.

Our main results are summarized in Table I. In Figures 4 and
6 we give diagrams of 41 types of isotoxal tilings, and in Figure 3
“marked” tilings that examplify the four types that cannot be realized
using “unmarked” tiles. As will be explained later, the appearance
of the remaining 15 types of tiling (those with vertices of valence
2) can be easily deduced from these.

As far as we are aware, the only previous attempt at enumer-
ating isotoxal tilings is in an early paper of Heesch [5]. He cor-
rectly lists the various nets that occur, and he introduces, without
explanation, a concept of “topologische Gleichwertigkeit” between
vertices. In this way he arrives at a list of 28 isotoxal tilings.
Because of certain obscurities in ithe treatment, direct comparison
with our enumeration is impossible, but on any reasonable interpre-
tation, Heesch’s list is incomplete.

The analogous investigation of isotoxal tilings of the 2-dimen-
sional sphere and the isotoxal convex polyhedra in 3-space has been
carried out and will appear in [4].

2. The net N(.7) of a tiling .7~ is defined as the graph con-
sisting of the wertices and edges (arcs) of . We begin by de-
termining the combinatorial types of net that can arise when .7 is
normal and isotoxal.

Let a be an edge of N(.Z) joining a vertex of valence p to a
vertex of valence q. The edge @ must coincide with the sides of
the two tiles which contain it, and we shall suppose that one of
these is an n-gon and the other is an m-gon. Because .7~ is normal
and isotoxal, the application of Euler’s theorem ([1], [6]) may be
justified. From this it is easy to deduce the relation

1 1 1 1
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We require solutions of this equation in integers with m =n =3
and ¢ = p=38. However, there is a further restriction on the
values, which arises in the following way. As we go round any
tile, the vertices must be alternately p-valent and g-valent. Hence
if m or n is odd, then » and ¢ must be equal. Similarly, if p or
g is odd then m and n must be equal. Integers satisfying these
conditions are readily determined. In fact there are only five pos-
sibilities. If we use the notation {(m.m; p.¢) and employ exponents
to abbreviate where possible, the five solutions are

(8% 6%, (3.6; 4%), (4 3.6), (4, 4*) and (6% 3.

To see that five nets corresponding to these symbols actually exist,
it is only necessary to remark that four are realized by the nets
of uniform tilings and the fifth by a Laves net, see Figure 1. In
fact, these nets are uniquely determined by the symbols.

Now let us suppose that we are given a normal isotoxal tiling
7. Let T, be any tile of .7~ and assign a symbol, say a, to any
directed (oriented) side of T,. Applying the operations of the sym-
metry group S(2°) will yield a corresponding assignment of this
symbol a to certain sides of other tiles of .Z. Not only may two
or more sides of the same tile be assigned the symbol a, but it may
also happen that this same symbol is assigned a second time to the
same side of T, but in a reversed direction. In this case we regard
a as a label for an undirected (unoriented) side of T,.

Each edge a of N(.7") is a side of two tiles, and the fact that
S(.77) is transitive on these edges implies that at least one of the
two sides of tiles that coincide with @ must be labelled a. If both
sides bear the symbol a, then there is nothing further to be done.
If not, we label the other directed side of a tile at a with the
symbol b and apply the operations of S(.Z7) in an exactly similar
manner. In this way, all the sides are labelled.

To define the edge symbol of .7~ we first write down the sym-
bols assigned to the sides of the two tiles at a (either aa or ab)
and then add superscripts *, ~ or neither, to these symbols, as
follows:

(i) If the two sides are oriented in opposite directions, then
the superscripts are *+.

(ii) If the two sides are oriented in the same direction, then
the superscripts are *~.

(iii) If the two sides are unoriented, then no superscripts are
used.

Hence, ignoring trivial changes of notation, there are just five
possible edge symbols, namely a™b", ata™, ata™, ab and aa. It will
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be seen that, in effect, the tile symbol is obtained by reading off
the symbols that occur as we proceed cyclically round an edge and
the superseripts indicate the relative orientations of the sides of the
tiles. In a similar manner the adjacency symbol of 7~ is defined.
Here we proceed cyclically round the two tiles of which a side
coincides with «, reading off the symbols in order. We use super-
seripts +, —, or neither, to indicate whether the symbol relates to
a side which is oriented coherently, or oppositely, or is undirected.
If the two tiles which abut on a have identical symbols, then we
need state only one of them; otherwise both must be given in the
adjacency symbol.

Examples of edge and adjacency symbols appear in Figure 2.
The first of these has net (4% 4*)> which is the net of the regular
tiling by squares. The edge symbol is a*b™ and the adjacency sym-
bol is a™d'b"a~. The second has net (3.6;4*> which is the net of

FIGURE 2.
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the uniform tiling by triangles and hexagons, two of each meeting
at each vertex. Here the edge symbol is ab and the adjacency
symbol is aaa; bbbbbb.

DEFINITION. Two isotoxal tilings are of the same type if they
have the same edge and adjacency symbols.

Of course we do not consider edge or adjacency symbols as
distinct if they differ trivially, that is, by change of notation or by
permutation.

The first stage in the enumeration of the normal isotoxal tilings
is the determination of the number of combinatorial types. To do
this, we take in turn each of the five possible nets, and assign to
it edge and adjacency symbols in all possible ways. The number
of possibilities is extremely limited. There are only five different
edge symbols, and the edges of a triangular tile can be labelled in
only two essentially different ways: ata*a’ or aaa. In the case of
hexagonal tiles there are five possible labellings and for square tiles
there are nine. But many of these can be eliminated immediately
since they are not combinatorially possible. By this we mean that
we cannot label all the edges and all the tiles of the chosen net in
a manner consistent with the edge and adjacency symbols under
consideration.

We finally arrive at a list of 30 labellings, and these are given
in Table I. They do not correspond to isotoxal tilings as originally
defined, but to “combinatorial types” of tilings, since they depend
essentially on the labelling of the edges. A convenient way to
display these types is by means of marked tilings. Examples are
given in Figure 3 of marked tilings of types IT 3, IT 21, IT 22, and
IT 28 of the table. To construct a marked tiling we take a realiza-
tion of the net as in [Figure 1 (with either regular or congruent
tiles), and then assign a mark to one tile of each transitivity class.
The mark may be chosen arbitrarily so long as its symmetry group
is the trivial group. We have selected L in each case. The opera-
tions of S(.77) yield the corresponding markings of all the other
tiles. Each tile will carry more than one mark, which will thus
indicate the group of symmetries of the tile induced by S(.77). In
Figure 8 these induced groups are C, C,, D,, and D,, respectively.

Our final task is to see which of these thirty combinatorial types
of tilings can be represented by actual tilings. That is to say, we
must determine whether the shape of the tiles can be chosen so that
the resulting tiling is of the required type. The technique for doing
so can be described as follows. Firstly we draw the net with either
regular or congruent tiles and straight edges of equal lengths, as
in Figure 1. Secondly, we replace the edges of the net in the
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Note to Table I: Column (1) gives the list number, and column (2) indicates the
net of the tiling in the notation of Figure 1. Column (8) gives the possible edge sym-
bols and edge groups (that is, the restriction of S(77) to the neighborhood of one edge),
and column (4) shows all possible adjacency symbols. The notation for the edge and
adjacency symbols follows that of §2 and the groups are designated as follows: E is
the trivial group, C is the cyclic group of order 2 containing reflection in the midpoint
of the edge, D' and D? are dihedral groups of order 2 containing reflections in lines
along, and perpendicular to, the edge, respectively, and V is the 4-group containing C,
D' and D? as subgroups.

Column (5) shows the crystallographic group of the tiling using the international
crystallographic notation (as in [2] and [3]). Column (6) indicates the transitivity
classes of the vertices in a similar notation to that of [2] and column (7) indicates both
the transitivity classes of tiles and also their aspects in the notation of [3]. In column
(8) we show possible realizations of the tiling with the following abbreviations:

C: Isotoxal tiling by convex polygons exists.

N: Isotoxal tilings exist, but not with convex tiles.

M: A marked isotoxal tiling exists, but the type cannot be realized by an unmarked
isotoxal tiling.

Column (9) indicates the dual type of tiling as defined in §4, column (10) gives the
list number of the tiling in the tables of [2] or [3] if it is isohedral or isogonal, and
column (11) indicates when derived tilings exist in the notation of §3. An entry = in
the column (12) means that the associated tile-centered and edge-centered tilings (as
defined in §4) are of types IH » and IG 7, respectively.

following way:

(i) If the edge symbol is ata™ we replace each edge by a C-
curve, that is, any curve which has the midpoint of the edge as a
center of symmetry.

(ii) If the edge symbol is ab we replace each edge by a D-
curve, that is one for which the perpendicular bisector of the edge
is a line of reflective symmetry.

(iii) If the edge symbol is a™d™ then we replace the edge by
an E-curve, that is, any unsymmetric arc.

In the case of the other edge symbols (aTa™ or aa) the edge
must be left as a straight line segment. Thirdly we distort the
net, but not the individual edges, if possible so that the crystal-
lographic group of the tiling is unchanged. In each operation the
only restriction is that the various curves chosen as edges, and the
distortion of the third stage, must be such that the edges in the
resulting tiling are disjoint except possibly at their endpoints. The
final distortion in required only if we aim to find the most general
tiling of the given type. For example, in the case of tiling IT 14,
the squares of the original net may be distorted into rhombs since
this does not alter the group S(.7 ), which in this case is pmm.

Eventually we find that of the 30 combinatorial types listed in
Table I, exactly 26 types can be realized by normal isotoxal tilings,
thus establishing the first statement of Theorem 1. Diagrams of
the 26 types appear in Figure 4. The four types that cannot be so
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represented are IT 3, IT 21, IT 22, and IT 28. In each case the edge
symbol is a*a~ and so, in the second stage described above, the
edges must be left as straight line segments. But then the tilings
have additional symmetries (the edge symbols become aa) and so
they are automatically of types IT 5, IT 25, IT 25 and IT 30 re-
spectively. The diagrams of Figure 3 show the four types that can
only be represented as marked tilings.

The final statement of the theorem follows by comparing the
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FiGUuRe 4. The 26 types of isotoxal tilings.
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FIGURE 4 (continued).



ISOTOXAL TILINGS 421

IT 29 IT 30
FIGURE 4 (end).

tilings we have found with those in the tables of [2] and [3].
Twenty-five types turn out to be isohedral, isogonal, or both, and
appropriate references are given in column (11) of Table I. In this
way the proof of Theorem 1 is completed.

In particular, we draw attention to tiling IT 14. This is the
only normal isotoxal tiling which is neither isohedral nor isogonal.
On the other hand, in addition to the three regular tilings there
exist eight types (IT 2, IT 17, IT 18, IT 19, IT 20, IT 24, IT 27,
IT 29) which are isohedral, isogonal and isotoxal. Two types (IT 3,
IT 21) of marked tilings also have all three properties.

3. We now consider bounded isotoxal tilings that include tiles
which are digons or have vertices of valence two. To find the cor-
responding nets we proceed as described at the beginning of the
preceding section. As before we find symbols {n.m; p.¢) satisfying
the same conditions except that here we allow the possibility that
one of n, p may have the value 2. In this way we arrive at a list
of fourteen additional nets, namely:

(2.8, 12%5, (2.4; 6.12), (2.4; 8, (2.6; 4.12),
(2.6; 6%, (2.8;4.8), (2.12;4.6),

and

(125 2.3), <6.12; 2.4), (8% 2.4, (4.12; 2.6,
(6% 2.6), (4.8;2.8), (4.6;2.12).

The seven nets of the first group are illustrated by tilings IT 5b,
IT 11b, IT 25b, IT 5db, IT 30b, IT 25db, IT 30db in Figure 6.

It is possible to assign edge and adjacency symbols to these as
previously described, and so determine the combinatorial types of
tilings. This will lead to a proof of Theorem 2, but it is simpler
to proceed as follows.
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We observe that each of the above 14 nets can be derived from
the 5 “normal” nets previously determined by applying one or two
of the following operations:

(a) Edge-bifurcation. By this we mean that each edge is re-
placed by a digon. If the vertices at the ends of the original edge
are A, B, then the vertices of the digon in the new tiling are A and B.

(b) Edge-division. Here an edge is replaced by two edges
meeting at a vertex of valence 2. If the vertices at the ends of
the original edge are A, B, then the ends of the new edges are 4, C
and C, B, where C is the new vertex of valence 2.

Not only may these two operations be applied to the nets of
isotoxal tilings but they may also be applied, under certain circum-
stances, to tilings with labelled edges. The method of doing this is
illustrated in Figure 5. If the edge symbol is a*a™, a*a™ or aa,
then the edge-bifurcation yields a new type with edge symbol a*b*,
ad" or ab respectively. The new adjacency symbol is obtained by
adjoining b*d*, b*b~ or bb to that of the original tiling. If the edge
symbol is a*a®, ab or aa then edge-division may be applied in an
analogous manner. To other types of labelled edges the operations
may not be applied.

Thus, for example, starting with tiling IT 30 we can obtain a

‘ %@L& ﬁ@k

BN ey by
—e 2 °
< o T =
e a; éa
* ’ * ="
a ﬂ; Ea
¢ @ ¢ ="

FIGURE 5. Arc-bifurcation and arc-division of labelled edges.
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FIGURE 6. The fifteen types of isotoxal tilings that include digons.
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FIGURE 6 (continued).
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IT 5db IT 25db

IT 30db
FIGURE 6 (end).

tiling IT 30b with net (2.6; 62> by bifurcating its edges, a tiling
IT 30d with net <{12% 2.3) by dividing its edges, and two further
tilings IT 80bd with net (4.12;2.6) and IT 30db with net (2.12; 4.6)
by applying both operations consecutively. All these new tilings
will be said to be derived from IT 80, and a full list of derived
tilings is given in column (12) of Table I. In fact, as is easily
checked, all these new combinatorial types can be realized by shaped
tiles even if the original tiling had no such realization.

In all we obtain 15 additional tilings with digons, which are
illustrated in Figure 6, and 15 additional tilings with vertices of
valence 2. These are not illustrated since they can be simply ob-
tained by inserting an extra vertex at the midpoint of each edge
of tilings IT 2, IT 4, IT 5, IT 8, IT 19, IT 20, IT 23, IT 24, IT 25,
IT 27, IT 29, IT 30, IT 5b, IT 25b, and IT 30b.

To complete the proof of Theorem 2 we need only remark that
the procedure described above yields all the tilings of the required
types. This is a consequence of the following fact, which may be
easily verified. Starting with any one of the fourteen possible nets,
labelled in the usual manner, we can reduce it to one of the 30
combinatorial types listed in Table I by applying the inverses of
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edge-bifurcation and of edge-division, or of both operations con-
secutively.

4. In [3] we pointed out that each combinatorial type of iso--
gonal tiling is the dual of a combinatorial type of isohedral tiling,
and conversely. This is apparent from the observation that the
“adjacency symbol of any such tiling is identical with the adjacency
symbol of its dual. In a similar way, there exists a theory of
duality for isotoxal tilings—we shall first explain how the dual is
constructed and then relate this construction to a “dual adjacency
symbol”.

Let .77 be any isotoxal tiling. A topological dual 7 * of 7~
may be constructed by taking an interior point of each tile of .7~
as a vertex of .7 *, and joining two such vertices by an edge a*
if and only if the corresponding tiles have an edge @ in common.
The edges @* may be chosen to be any simple curves of finite length
subject only to the condition that they be disjoint except possibly
at their endpoints. A combinatorial dual is obtained by first con-
structing a topological dual .7 * and then assigning symbols to the

a* a*

FIGURE 7. Relations of labelled edges in dual isotoxal tilings.
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edges of the tiling according to the following rule (see Figure 7):
if a is an edge of type a™b*, aTa™, ata”, ab or aa, then a* must
be an edge of type a*b*, ata™, ab, a*a~ or aa, respectively.

This process, applied to the 30 combinatorial types of Table I,
yields the dual types listed in column (10) of the table. There exist
12 dual pairs and the remaining 6 types, marked by an asterisk in
the table, are self dual. It must be noted that, contrary to the
assertions of some authors, this duality applies only to combinatorial
types (and therefore to marked tilings)—it cannot be extended to
tilings which are specified by the shapes of the tiles. For example,
the dual of tiling IT 21 is IT 24. The former can be realized only
as a marked tiling, whereas the latter corresponds to a “genuine”
tiling by shaped tiles.

The justification for the procedure just described (which may,
at first sight, appear somewhat arbitrary) depends on the fact that
to any isotoxal tiling .~ we can assign a dual edge symbol and
dual adjacency symbol in the following manner. Instead of assigning
symbols a, b to the oriented sides of the tiles of .7, we use them
for the sensed ends of the edges of .7~ in precisely the same manner
as described in [3]. Then the edges are of five types, namely a*b*,
a*a®, ata”, ab, and aa, which are the dual edge symbols. Here
atd™ means that the ends of an edge bear the symbol @, b and the
supersecripts *t signify that they are sensed in the same direction
(clockwise or counterclockwise about their respective vertices). The
other four dual edge symbols have the obvious interpretations. To
define the dual adjacency symbols we read off, in cyclic order round
each of the two vertices at the ends of an edge of .7, the symbols
assigned to the ends of the edges meeting at those vertices. We use
superseripts ¥, or neither to show that the ends are sensed coherently,
oppositely, or are not sensed, in the same manner as described in
[3]. It is easily verified that the following is true:

If 9* is the dual combinatorial tiling of the isotoxal tiling
7, constructed in the manner described above, them 7 * is isotoxal
and the edge and adjacency symbols of 7~ are the same as the dual
edge and dual adjacency symbols of 7 *.

Not only does this justify our construction, but it also shows
that we might, if we had so wished, have carried out the enumera-
tion of isotoxal tilings using dual symbols. In fact, such a procedure
would have been completely equivalent to that described in § 2.

From Figures 3, 4, and 6 we see that the tiles of any isotoxal
tiling .7~ have a nontrivial symmetry group induced by the sym-
metry group S(9°) of 7. This observation is relevant to the
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FicURE 8. Centered tilings.



ISOTOXAL TILINGS 429

following desecription of two procedures which relate isotoxal to
isohedral and isogonal tilings (see Figure 8).

Let .27 be a normal isotoxal tiling, which we take in the form
of one of the standard nets of Figure 1, with the sides of the tiles
labelled in some manner. A new marked tiling .7, is then con-
structed as follows. The wertices of 7, are defined to be the
vertices of .7, together with one point in the interior of each tile
of .7. These points must be selected in such a manner that the
marked tiling consisting of .7~ with each tile marked also by the
chosen point has the same combinatorial type as .. Thus we begin
by selecting a point ¢ in the interior of the tile T7¢.7” in such a
way that it is left invariant by those operations of S(7 ) which
map T onto itself. The images of ¢ under the operations of S(.97)
are then also vertices of .7,. The edges of .7, are straight line
segments joining each vertex of .7, in the interior of a tile T to
the vertices of T. Clearly each edge of .~ lies entirely within one
tile of .77, and so we may take these edges, along with their labels,
to be markings of .7,. The marked tiling .7, thus defined is said
to be obtained from .7~ by tile-cemntering and it is immediate from
the isotoxality of .9~ and the method of construction that .7, is
isohedral. (Figure 8a, in which the arrows indicate the oriented
sides labelled @, shows the isotoxal tiling .7~ of type IT 11, and
Figure 8b the corresponding .7, of type IH 32.)

In the second procedure we again construet a marked tiling,
here denoted by .77,, from a given labelled isotoxal tiling .. The
vertices of .7, consist of one point selected on each edge of .7~ in
such a way that the set of all vertices is invariant under S(97).
The edges of .7, are straight line segments joining each vertex V
to the four vertices lying on neighboring sides of the two tiles of
.7 incident with V. Each node of .7, divides an edge of .7~ into
two parts, each of which lies entirely within a tile of .7,. These
half-edges, bearing the labels of the tiling .7, are to be interpreted
as markings on the tiles of .#,. The marked tiling thus defined is
said to be obtained from .7~ by edge-centering. It follows im-
mediately from the isotoxality of .7~ and the method of construe-
tion that .77, is isogonal. (Figure 8c shows .7, of type IG 32 cor-
responding to the isotoxal tiling .7~ of Figure 8a.)

It also follows that .7, and .77, are dual combinatorial types of
tiling. Moreover, if .7, .9 * are dual isotoxal tilings then 7, 7 ¢
are isohedral tilings of the same type, and .7, .9 ¥ are isogonal
tilings of the same type. In column (12) of Table I an entry =
means that 7, is of type IH » and 7, is of type IG n, these
numbers referring to the lists of isohedral and isogonal tilings given
in [2] and [3]. The processes of tile-centering and edge-centering
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can also be applied, with obvious modifications, to derived isotoxal
tilings, that is to say, those bounded isotoxal tilings that contain
digons or vertices of valence 2. In each case it is a simple matter
to identify the isohedral tiling .77, and the isogonal tiling .77,; how-
ever, in this situation the tilings .7, and .7, are not normal since
they contain digons or vertices of valence 2, and therefore have not
been listed in the tables of [2] and [3].

We mention the processes of tile-centering and edge-centering
because, apart from their intrinsic interest, they can also lead to
alternative methods of enumerating isotoxal tilings. It is possible
to formulate conditions which characterize those isohedral and iso-
gonal tilings which can be obtained from isotoxal tilings as described.
However, the details of this are rather complicated and it is simpler
to use the method deseribed in § 2.
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