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Abstract

The concept of a modul® being almostN-injective, whereN is some module,
was introduced by Baba (1989). For a given modMiethe class of moduledl, for
which M is almostN-injective, is not closed under direct sums. Baba gave asaece
sary and sufficient condition under which a uniform, finitadéh moduleU is almost
V-injective, whereV is a finite direct sum of uniform, finite length modules, innter
of extending properties of simple submodulesvofLet M be a uniform module and
V be a finite direct sum of indecomposable modules. Some donsliinder whichM
is almostV-injective are determined, thereby Baba’s result is gdizea A module
M that is almostM-injective is called an almost self-injective module. Coutative
indecomposable rings and von Neumann regular rings thatlanest self-injective
are studied. It is proved that any minimal right ideal of a \W@umann regular, al-
most right self-injective ring, is injective. This resuft ised to give an example of a
von Neumann regular ring that is not almost right self-itijexc

Introduction

Let Mg, Nr be two modules. As defined by Baba [4]l is said to bealmost N-
injective if for any homomorphismf: A — M, A < N, either f extends to a homo-
morphismg: N — M or there exist a decompositidd = N1 & N, with N; £ 0 and a
homomorphismh: M — N; such thathf(x) = =z (x) for any x € A, wherex: N — N;
is a projection with kerneN,. A module M that is almostM-injective, is called an
almost self-injective moduld-or a moduleM, the class of those modulé$ for which
M is almost N-injective, is not closed under direct sums. Lét: 0 <k <n} be a
finite family of uniform modules of finite composition lengthandU = & >p_; Uk.
Baba [4] has given a characterization 1dg to be almostU-injective in terms of the
property of simple submodules &f being contained in uniform summands 0f Let
M be a uniform module an¥ be a finite direct sum of indecomposable modules. In
Section 1, we investigate conditions under whighis almostV-injective. The main
result is given in Theorem 1.12 and it generalizes the rdsulBaba. An alternative
short proof of a result by Harada [10] is given in Theorem 1.t6s well known that
a (commutative) integral domaiR is almost self-injective if and only if it is a valu-
ation domain. LetR be a commutative ring having no non-trivial idempotent a@d
be its classical quotient ring. In Section 2, it is provedttRy is almost self-injective
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if and only if for any elements, b € R with ann(a) € ann(b), eitherbR € aR or
aR < bR with a = bc for some regular elememt and Qg is injective and uniform. It
follows that any commutative, indecomposable riRgthat is almost self-injective but
not self-injective, is local. In Section 3, von Neumann faguings R with Rg almost
self-injective are studied. A characterization of suclgsins given in Theorem 3.1. It
is proved that any von Neumann regular riRgthat is either commutative or riglt S
is almost right self-injective. In Theorem 3.4, it is provitht any minimal right ideal
of a von Neumann regular ring that is almost right self-injective, is injective. This
result is used to give an example of a von Neumann regular thiag is not almost
right self-injective.

Preliminaries

All rings considered here are with unity and all modules améal right modules
unless otherwise stated. L& a module. TherE(M), J(M) denote its injective hull,
radical respectively. The symboN < M, N < M, N C¢ M denote thatN is a sub-
module of M, N is a submodule different fronM, N is an essential submodule of
M respectively. A moduléeM whose ring of endomorphisntend(M) is local, is called
an LE module A module M such that its complement submodules are summands of
M, is called aCS module (or a module satisfying conditio€4)). If a module M is
such that for any two summands B of M with AnB =0, A+ B is a summand of
M, then it is said to satisfy conditionC§). A module M satisfying conditions @),
(Cg) is called aquasi-continuous moduleThe terminology used here is available in
standard text books like [3], [6].

1. Direct sums of uniform modules

DEFINITION 1.1. Let Mg and Ng be any two modules. TheM is said to be
almost Ninjective if given any R-homomorphismf: A— M, A< N either f extends
to an R-homomorphism fromN to M or there exist a decompositioN = N; & N,
with N; # 0, and anR-homomorphismh: M — N; such thathf(x) = =(x) for any
x € A, wherer: N — N is a projection with kerneN,.

One can easily prove the following two results. (See [2])

Proposition 1.2. (i) A module M is almost N-injective if and only if for any
R-homomorphism fL — M, L < N which is maximal with respect to the property
that it cannot be extended from N to,Nhere exist a decomposition B N; & N,
with N; # 0, and an R-homomorphism:HM — N; such that h{x) = 7(x) for any
x € L, wherewr: N — N; is a projection with kernel N
(i) If a module M is almost N-injective and N is indecomposaleen any R-
homomorphism fL — M, L Ce N with ker f # 0 extends to an R-homomorphism
from N to M.
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Proposition 1.3. Let Az, Br any two modules and :fL — B, L < A be an R-
homomorphism that is maximal with respect to the properat thcannot be extended
from A to B. If C is a summand of A andm.C < C, then = f | L N C from
L N C to B is a maximal homomorphism that cannot be extended frota B.

The following is well known. (See [12])

Proposition 1.4. Let Mg, Ng be any two modules such that M is almost N-
injective.
(i) Any summand K of M is almost N-injective.
(i) If W is a summand of Nthen M is almost W -injective.
(i) If N = N1 & Ny and M is not N-injectivethen M is either not hinjective or
not Ny-injective.

Lemma 1.5. Let Mg and Ng be any two modules such that M is almost N-
injective and f: L —- M, L < N be a maximal homomorphism which cannot be ex-
tended from N to M. Let N= N; & N, with N; 2 0 and h: M — N; be a homo-
morphisms such that {X) = 7(x) for x € L, wherewr: N — N is a projection with
kernel N. Then the following hold.

(i) f is monic on LN N; and f(L N Nj) is a closed submodule of M.
(ii) kerh is a complement of (N, N L).

(i) f(N2N L) C kerh.

(iv) If M is a CS modulethen f(N; N L) and kerh are summands of M.

Proof. (i) Nowhf(x) = x for any x € L N Nz, which gives f (L N N;) N kerh
= 0. We get a complementi of kerh containing f(L N N;). Thenh | H is monic
andN; N L € h(H) € N;. Definei: h(H) - H, A(h(y)) =y for anyy € H. Thenai
extendsf | (L N N;). By Proposition 1.3h(H) = L N N;. Which proves thatf (N; N
L) = H. Hencef(L N N;) is a closed submodule dfl and is a complement of kér

(i) Let K be a complement of (N;NL) containing keh. Then keh C¢ K. Let
x € K. Supposeh(x) # 0. As h(x) € N1, there exists am € R such that G# h(xr)
L N N;. Thush(xr) = h(y) for somey € f(L N N;), xr —y € kerh € K. Which gives
y € KN f(LNN;) =0. Thereforeh(xr) = h(y) = 0, which is a contradiction. Hence
K = kerh.

The last two parts are obvious. ]

Theorem 1.6. Let Mg be a quasi-continuous module and; Mny module. Then
M is almost N-injective if and only if for any homomorphism If — M, L < N
which is maximal such that it cannot be extended to a homomsrpfrom N to M
the following hold.
(i) There exist decompositions N N; & N, M = My & M, with Ny # 0.
(i) f is monic on LN N; and f(N;NL) = M.
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(iiiy f(N2N L)< M.
(iv) L= (LN Ny)® (LN Ny).

Proof. (i) Let M be almostN-injective. By Lemma 1.5, there exist a decom-
position N = N; & N, and a homomorphisth: M — N; such thatN; # 0, f is monic
on N;NL, M; = f(N;NL) and M, = kerh are summands dfl, andhf(x) = = (x) for
x € L, wherer: N — N; is a projection with kerneN,. As M1, M, are complements
of each other andM satisfies C3), we getM = M; & M,. Thush(M) = h(M,).

(i) Itis proved in Lemma 1.5.

(i) Let ze L. Thenz = x; + X, for somex; € N1, X € No. Thenx; = hf(2) €
h(My) = hf(N; N L) = Ny N L, which also givesx; € N, N L. HencelL = (L NNy &
(L N Np).

Conversely, let the above conditions hold. DefmeM — N; as follows. Lety €
M. Theny = y; + y, for somey; € My, >, € Mao. Now y; = f(x;) for somex; €
N; N L. Seth(y) = x;. O

Corollary 1.7. Let Mg be a uniform module and Nany module.
(i) M is almost N-injective if and only if for any homomorphism Lf -~ M, L < N
which is maximal such that it cannot be extended from N tothMdre exists a decom-
position N= N; & N, such that {N;NL) =M, N, =kerf and L= (L N N;) & N,.
(i) M is almost N-injective if and only if for any homomorphism Lf - M, L < N
which is maximal such that it cannot be extended from N tptivre exists a de-
composition N= N; @& N, such that f is monic on N0 L, f(N;nL)=M and
L=(LNNy)&® N,.
(iii) Let D be an(commutativg integral domain and F be its quotient field. Then D
is almost k-injective.

Proof. Clearly,M is quasi-continuous. (i) Suppodd is almostN-injective. By
Theorem 1.6,N = N3 & Ny, N; # 0, f is monic onN; n'L, f(N;NL)=M, and
f(NNL)=0. As f | NN L =0, it can be extended from, to M, therefore by
Proposition 1.3N, = N, N L. HenceL = (N; N L) @ N,. The converse is immediate
from Theorem 1.6.

(i) Suppose the given condition holds. We get a homomorphis N, — (N1 N
L) such that for anyx € Ny, A(X) =y, wheneverf(x) = f(y). Then N; = {x —
AMX): x € No} Ckerf and N = Ny @ N;. After this (i) proves the result.

(i) Let f:L — D, L < Fp be a homomorphism that cannot be extended from
F to D. ThenF # D. However Fp, is injective, sof extends to an automorphism
of Fp. Let K = g7}(D). ThenK = cD for somec € F such thatg(c) = 1. Clearly,
L € K. g(K) = D. The maximality of f gives L = K. By (i), D is almost Fp-
injective. O
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Lemma 1.8. Let Mg be uniform module and be almostzhhjective. If N has a
uniform summand Nsuch that M is not hinjective then for any uniform submodule
V of N, there exists a proper summand, Kf N such that KNV # 0.

If N = Ny @ N, with N, also uniform then Ky is uniform.

Proof. NowM is almostN;-injective. So there exists a maximBtmonomorphism
AT — M, T < Ny, which cannot be extended froh, to M. By Corollary 1.7.A(T) =
M. Now N = N; & N, for someN, < N. This gives a maximaR-homomorphism
f: L — M, L < N which extends. andN, = kerf. We can take/ € T & N,. We need
only to discuss the case, wh&#M N; = 0= VN N,. We takeV = xR, X = X; + X with
X1 € T, X2 € No. We get an isomorphismg: xR — X1 R, g(x2) = x;. Define a mapping
w: X1Rd xR — M, M(Xlrl + X2I’2) = f(xlrl — g(le’g)) = f(X]_(I’l — I’z)). It is one-
to-one onx;R and it equalsf on x;R. So we have a maximal extensign K — M,
K < N, of i, which also extendd | T. AsA = f | T has no extension fronN; to
M, K < N. By Corollary 1.7, we haveN = K; & K, such that withK, = kern. As
X1 + X2 € keru € kern, we getx; + X2 € K3, which shows thav N K, # 0. The last
part is obvious. ]

REMARK. In the above proofK, need not be uniform.

Theorem 1.9. Let Mg be uniform Ng a module that is not indecomposable and
M be almost T-injective for any proper summand T of N. Then Malisost N-
injective if and only if given any uniform summand K of N andfarm submodule
V of N such that M is not K-injective and V embeds in tikere exists a proper
summand Kof N such that KNV #0

Proof. If M is almost N-injective, by Lemma 1.8M satisfies the given condi-
tion. Conversely, let the given condition hold. Lét L — M, L < N be a maximal
homomorphism that cannot be extended frdbhto M. By the hypothesis, there exists
a decompositionN = N; & Ny with 0 < N; < N. Set f; = f | Ny N L. Suppose
fi: Nt L — M cannot be extended fro; to M. As M is almost Nj-injective,
N1 = N11® N1, such thatf; is monic onNyj;NL, f(N;2NL) =M and Ny, = ker f;.

Case 1. N = NoNL. We get anR-homomorphismi: N, — Ny; such that
for any x € Np, A(X) =y € (N12 N L) wheneverf(x) = f(y), i.e. f(x —y) =0. Set
Ko ={x—A(X): x € Np}. ThenK, Ckerf, N =Ny ®Ni® N, =Ny ®Npd Ky =
N11 @ ker f. In this case we finish.

CAse 2. NzNL < Np. Then we also havél, = Na; @ Ny, such thatfy, = f | Npg
is monic onNyy, f(No;NL) =M and Ny, = kerf,. As f(NyiNL) =M = f(Np1NL),
we have an isomorphism: No; N L — N33 N L such that for anyx € (No; N L),
y € (N12NL), A(x) =y if and only if f(x) = f(y). ThenV = {x—A(X): X € No)yNL} C
N11 ® N»1, V is embeddable ifNy; andV C ker f.
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Now Njj, Np; are uniform. IfK = N3 @ No; < N, then by the hypothesidyl is
almost K -injective. ThereforeK = U; @ U, such thatU; is uniform, f is monic on
U;NL andU, C ker f, which givesN = U; @kerf, as already seeN1,® Ny, C ker f.

Now supposeN = Nji; ® Np;. By the hypothesisN = U; @ U, such that O< U, <
N andV NU, # 0 for the V defined above. Ad&J, is uniform, kerf N U, # 0. Thus
f | U2 is not monic, it follows from Corollary 1.7 thaf | U, N L can be extended
from U, to M. ThereforeU, C L. Which givesU; N L < U4, f is monic onU; N L
and f(Uy N L) = M. We get a homomorphism: U, — U; such thatu(x) =y for
any x € Up, y e UyN L wheneverf (x) = f(y). ThenV, = {x—u(x): x € U} C ker f.
We getN = U; & ker f.

Hence in any cas® = U & ker f for some uniform submodul®J, f is monic
onUNL and f(UNL)= M. By Corollary 1.7,M is almostN-injective. ]

Lemma 1.10. Let Nr = N; & Ny, where N are indecomposable and their rings
of endomorphisms are local. Let dvbe uniform and almost N-injectivef : L — M,
L < N be a maximal homomorphism that cannot be extended from N &ndN, N
L < N]_.
() Ifg:W— NiNL, W< NyNL is a non-zero homomorphisrthen either g extends
from N, to N; or g is monic and g* on g(W) extends from Nto N,.
(i) If V is a uniform submodule of N such that ¥ (N; N L) & (N, n L) and it
naturally embeds in | then there exists a proper summand U of N containing V.
(iif) For any uniform submodule 9f N, there exists a proper summand U of N such
that Vi NU # 0.

Proof. (i) Now N;NL < N; and f | (Np N L) cannot be extended froml;
to M. As M is almost N;-injective, by Corollary 1.7,f is monic onN; N L and
f(Ny N L) = M, which gives thatN; is uniform. LetW; = (N; N L) + W. Define
f: Wy > M, f'(x+y)= f(x—9(y)), xe NoNL, yeW. Then kerf’ = {x+y:ye
W, x = g(y)} # 0. We get a maximal homomorphisfi: Ly — M, L; < N which
extendsf’ and f | NyNL. ThenL; < N andN = U; & Uy, whereU, is uniform and
U, = ker f1. In particular, kerf’ € U,. By Krull-Schmidt—Azumaya theorem, we can
getN =N; ®dU; or N = N, b U,.

Casel. N=N;d N,=N;d U, Letwi: N— N; be associated projections.
Thenmo(Uy) = Ny. Let A = 75 | Up. We haver™: N, — U,. Let y € W. By definition
gy) +ye(NanL)® (N2NL)andg(y) +y € ker f” € Uz, Thusi(g(y) +y) =,
which givesA 1(y) = g(y) + y. Under the projectionr;: N — Nz, miA~1(y) = g(y).
Thus mA~1: No — N; extendsg.

CAse 2. N = N; & N, = N, & Up. Then 7T]_(U2) = N;. Letr; =m | Us.
Then x1(g(y) + y) = a(y), and asi; is monic,g(y) =0 if and only if y =0, i.e. g
monic. Now A7X(g(y)) = g(y) + v, m2A7Hg(Y)) = y. Thusmart: Ny — Ny extends
g™ on g(W).
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(i) SupposeV is a uniform submodule oN such thaty € (N;NL)& (N2NL)
and V naturally embeds ifN,. Let W = 7,(V). We get a homomorphisng: W —
N1 NL, g(ma(x)) = mi(x), x € V. If g extends to arR-homomorphismg’ from N, to
Ni, thenU = {x + g/(X): x € N2} is a summand olN containingV. If g does not
extend fromN, to N;, by Case 2,g is monic andg~ on g(W) extends to a homo-
morphismg’: N; — Na. In this caseU’ = {x + g'(x): X € N1} containsV and is a
summand ofN isomorphic toN;.

Take any uniform submodul¥; of N such thatV; N N; = 0. ThenV; embeds
in No. As L N Ny Ce Ny, there exists a non-zerge = X; + X € Vi with x; € Ny,
X2 € NoNL. Once again afN; L Ce¢ N3, we can choose to be also have; € N;NL.
ThenV = xR < (N1:NL)®d (N2NL), which, by (ii), is contained in a proper summand
K of N. Clearly,V; N K # 0. ]

Theorem 1.11. Let Ngr = N1 & Ny, where N are indecomposable and their rings
of endomorphisms are local. Letgvbe uniform. Then M is almost N-injective if and
only if either M is N-injective or M is almost ;Nnjective for i= 1, 2, but is not N-
injective for some ,jsay for j= 1, and any uniform submodule V of N has non-zero
intersection with some indecomposable summand of N.

Proof. In view of Lemma 1.10, we only need to prove the corereuppose the
given conditions holds. Lef: L — M, L < N be a maximalR-homomorphism that
cannot be extended froll to M.

Let LN N; < N;. Then f is monic onL N Nz, f(L N N;) = M, which gives that
V={x—-y:xeN;NL,ye NoNnL and f(x) = f(y)} #0, V Ckerf and it embeds
in Nz. Supposef | (N, N L) is monic. ThenV naturally embeds irN;, thereforeV
is uniform. By the hypothesisN = U; & U, with V NU, # 0. As M is almostU,-
injective and kerf NU, #£ 0, U, € L. ThenL NU; < U; and f is monic onUy,
f(UNL)=M. We getK = {x—y: xeUiNL,yeU, and f(x) = f(y)} U, and
K C ker f. Trivially, N =U; @ kerf. If f | NN L is not monic, thenN, C L, as
above we getN = N; & ker f.

Let LN Ny = N;. ThenL N N2 < N; and once again, we continue as before.
Hence M is almostN-injective. ]

Theorem 1.12. Let Mg be a uniform module and &= N1 ® N> ®-® Nk a finite
direct sum of modules whose rings of endomorphisms are.lddsn M is almost N-
injective if and only if M is almost Ninjective for every j and if for some j M is
not N-injective then for every j# i, N; & N; has the property that for any uniform
submodule V of N@ Nj, there exists a proper summand U of & N; such that
unv #0.

Proof. In view of Theorem 1.11, we only need to prove the cseelLetf: L —
M, L < N be a maximal homomorphism that cannot be extended frote M. Then



432 S. SNGH

for somei, say fori =1, f; = f | (N;NL): (N;NL) - M cannot be extended from;
to M. As M is almostNj-injective, f; is monic andf (N;NL) = M. Consider anyj # 1
and fj = f | (N; N'L). By Theorem 1.11M is N; & N;j-injective. By Corollary 1.7,
N1 @ N; = U; @ U, for some uniform submoduled; andU, € ker f. ThusU; € L
andL NU; < U;. This proves that in the decompositidik = N1 @ N2 & - - - & Ni, we
can replaceN; & Nj by aU; @ U, with U, C ker f. This proves thaN =V @ ker f
for some uniform submodul¥’. By Corollary 1.7,M is almostN-injective. ]

The above theorem generalizes the following result by Baba [

Theorem 1.13. Let U be a uniform module of finite composition length foek
0,1,...,n. Then the following two conditions are equivalent.
(1) Uo is almost@ Y y_; Uk-injective.
(2) Ug is almost W-injective for k=1, 2,...,n and if so€Uo) = soqUy) = soqU)
for some kl € {1, 2,..., n} with k# I, then
(i) U is Ux and U-injective or
(i) Ux @ U, is extending for simple modules the sense that any simple sub-
module of | @ U, is contained in a uniform summand of & U,.

The following is known.

Lemma 1.14. Let {N, V;} be a family of modules over a ring R. Then #
@ >, Vi is almost N-injective if and only if every; \& almost N-injective.

Lemma 1.15. Let Ui, U, be two uniform modules such that, Us almost Y-
injective. Let V be a uniform submodule of-NU; & U, such that VnU, = 0. Then
there exists a uniform summand K of N isomorphic todd U,, which contains V.
Any uniform submodule of N has non-zero intersection witmesaniform summand
of N.

Proof. Letwi: N — U; be associated projections. The hypothesis gives a homo-
morphismo : m1(V) — m2(V), o(r1(X)) = ma(x) for any x € V. We get a maximal
homomorphisnm: L — U,, L < U; extendingo. Then eitherL = U;, or n is monic
andn(L) = U,. In the former case, takK = {y+n(y): y € U1} and in the later case,
take K = {y + n(y): y € L}. The second part is immediate. ]

We get an alternative proof of the following result by Hardd@].

Theorem 1.16. Let M = M; & M, & --- & Mg, where each M has its ring of
endomorphisms local. Then the following are equivalent.
(i) M is almost self-injective.
(i) For any i, j, M; is almost M-injective.
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Proof. SupposeM is almost self-injective. Then eadd; is almost self-injective.
Therefore eachM; is uniform. AsM; is almostM-injective, by Lemma 1.14, condition
(ii) holds. Fix ani, 1 <i < k. Consider any K r, s < k. By the hypothesisMs is
almost M, -injective. By Lemma 1.15, given any uniform submodMeof W = M, &
Ms, there exists a uniform summand of W such thatv N K # 0. By Theorem 1.12,
M; is almostM-injective. AsM is a direct sum of\;’s, it follows from Lemma 1.14
that M is almost self-injective. ]

2. Commutative rings

Proposition 2.1. Let R be any commutative indecomposable ring and Q be its
quotient ring. If R is almost self-injective. Then the fallog hold.
(i) If a, be R and anfa) < annb), then bR< aR, or aR < bR and a= bc for
some regular element € R.
(i) If a, b e R are regulayrthen either aRC bR or bRC aR.
(i) Qg is injective and uniform.

Converselyif R satisfies conditiongi) and (iii), then R is almost self-injective.

Proof. Leta, b be two elements oR such thatann(a) € annb). We have a
homomorphisms: aR — bR, o(a) = b. If ¢ extends to an endomorphismof Rg,
thenb = ac, wherec = 5(1), which givesbRC aR. Supposer does not extend to an
endomorphism ofRg. Thenb ¢ aR. As Rg is uniform, by Corollary 1.7, there exists
a maximal extensiom: L - R. L < R of o such that it is monic ang(L) = R. Thus
L = cR wherec is such thaty(c) = 1. This c is regular, non-unit ané = bc. This
proves (i). Now (ii) is immediate from (i).

(i) Let o: A— Qgr, A < Rr be a homomorphism. Suppos€A) C R. If it ex-
tends to am € End(Rg) and (1) = c, then multiplication byc gives an endomorphism
of Qg extendingo. Otherwise for some regular elemene R we have an;: cR— R
with n(c) = 1, which extendsr. Thenc™! € Q and multiplication byc™ gives anR-
endomorphism ofQr extendingo. This proves that ifo (A) € R, theno extends to
an endomorphism ofQg.

Supposer (A) € R. Let S be the set of regular elements Bf ThenQ = Rs. Set
B=o0(A). Let BB =BNR. ThenB C By. Let A =0 1(B’) ando; = o | A'. Then
01(A') = B’ € R. Thereforeo; extends to an endomorphismof Qr. Letx € A. Then
o(x) = yc! for some regular elememnte R, y € B'. Which giveso(xc) =y, xce A,
n(xc) =y, If n(x) =z theny = z¢, o(x) = z. Hencen extendso. This proves that
Qr is injective. It also gives thaQr = E(RR). As R is uniform, Qg is uniform.

Conversely, letR satisfy the given conditions. Lef: A - Rg, A < R be a
homomorphism that cannot be extendedEmd(Rg). By (iii), o extends to anR-
endomorphismy of Q. It follows from (ii) that if an x € Q is regular, thenx € R
or x 1 € R. Now n(1) = ac™! for somea, ¢ € R with ¢ regular.

CAsE 1. a is regular. It follows from (i) thatp(1) € R or n(1)™* € R. In the
former casey | R is an extension ifEnd(RR) of o. Suppose;(1)~! € R, but n(1) ¢ R.
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Then for anyx € A, o(x) = n(1)x, givesx = o(X)n(1)L. So thatA < n(1)*R < R.

We have an isomorphisri: n(1)"*R — R with A(n(1)™!) = 1. Theni extendso.
CASE 2. ais not regular. By (i)a = cr for somer € R, thereforen(1) = ac™* =

r andn | R is an extension irEnd(Rg) of o. HenceR is almost self-injective. [

Theorem 2.2. Let R be a commutatiyindecomposablealmost self-injective ring.
Let Q be the quotient ring of R.
(i) Either Q= R or there exists a prime ideal P in R such that=0QRp.
(i) R is a local ring.

Proof. SupposeQ # R. Then R has a regular element that is not a unit. Let
a € R be regular but not a unit. We claim thét= ;- ; a“R is the unique maximal
prime ideal such thaa ¢ A. And we also prove that any element iR\ A is regular.
Let b € R\ A. Then for somek, b ¢ akR. It follows from Proposition 2.1 thab is
regular anda“R < bR Thus A is a prime ideal ofR. As a?R < aR, a ¢ A. Let P’
be a maximal prime ideal iR such thata ¢ P’. SupposeP’ £ A. Then there exists
ab e P’ such thatb ¢ A. Then, as seen abova € bRC P’ for somek > 1, which
givesa € P’, which is a contradiction. Hencé& = P’. Thus to each regular non-unit
a € R, is associated a unique maximal prime id€al= (", akR such thata ¢ Pa.
Every element ofR\ P; is regular. It follows from Proposition 2.1 (ii) that the fédyn
of P, is linearly ordered. LetP be the intersection of thesk,’s. Then R\ P is the
set of all regular elements iR. HenceQ = Rp.

Let P’ be a prime ideal oR other thanP. SupposeP’ € P. As R\ P consists of
regular elements, there exists a regular elenaentP’. ThenP, C P/, soP C P, C P,
Let P;, P, be two prime ideals not contained . SupposeP; £ P,. Then there exists
anae P\ P,. Asa¢ P, it is regular. Letb € P,. By Proposition 2.1 (i)b € akR
for any k > 1. It follows that P, € P,. Trivially, P; € P;. HenceP, C P;. It follows
that the family F of those prime ideals oR that are not contained i is linearly
ordered and each member Bf containsP. HenceR is local. O

An indecomposable, commutative, almost self-injectivegrneed not be a valua-
tion ring.

EXAMPLE 1. LetF be a field andQ = F[x, y] with x> =0 = y? ThenQ =
F + Fx+ Fy + Fxy is a local, self-injective ring. Choosg to be the quotient field
of a valuation domainT # F. SetR=T + Fx+ Fy+ FxyCc Q. Any0#acF is
such that eitheae T orat e T, J(Q) = Fx+ Fy+ Fxy C R and is nilpotent. Any
element ofR not in J(Q) is regular and is of the fornau with a € T andu a unit
in R. By using this it follows thatQ is the classical quotient ring dR. Let A be a
non-zero ideal ofR. Then{a € F: axye A} is a non-zerol -submodule ofF, which
shows thatRg is uniform. The idealx + Fxy, Fy + Fxy in R are not comparable.
ThereforeRg is not uniserial. IfA Z J(Q), then someau e Awith 0 #a€ F, u a
unit in R, soa € A; which givesJ(Q) = aJ(Q) C A.
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Leto: A— R, A < Rg be anR-homomorphism. NoWA' = {av: a € F, v € A}
is an ideal ofQ containing A, n: A’ — Q, such that for anyc € F, v € A, n(cv) =
co(v) is a Q-homomorphism. AQ is self-injective, there exists an € Q such that
n(cv) = wcv for any cv € A'. If w € R, obviouslyo extends to an endomorphism of
Rgr. Supposew ¢ R. Then = c'u for some non-zer@ € T which is not a unit
in T, andu is a unit inR. Thusg=cu!e R For anyve A o(v) =g v eR,
v=go(v) egR ThusA<gRandi: gR— R, A(g) =1, extendss. HenceR is a
local ring that is almost self-injective andr is not uniserial.

Lemma 2.3. Let A B be two rings such that A is local and M be éA.B)-
bimodule. Let R= [8‘ '\é'] Then ;R is uniform if and only if M is uniform and
aM is faithful.

Proof. Lete;;R be uniform. Letx = aji1€11 + a10€12, Y = b1i€11 + bioerr be two
non-zero elements ie;R. Then for somea = ry1€11 + r12€12 + 2069, S = 11611 +
S12€12 + 262 € R, Xr = ys # 0. Which givesajiryy = buiSi1, analie + &gl =
11512 + D120

CAseE 1. a3 = 0 andby; = 0. Thenagora, = byosy # 0, which gives thatMg
is uniform.

CASE 2. ap; 75 0, b1y =0,a;0=0, by, 7*— 0. Thenayirir = byosy) 75 0. Therefore
a;1M # 0. HenceaM is faithful.

Conversely, letMg be uniform andaM be faithful. Thene;;M is a uniform right
ideal of R, and for anyx # 0 in e;3R, xRN e;2M # 0. Henceey R is uniform. [

The above lemma helps to get examples of non-commutativeystlself-injective
rings.

ExXAMPLE 2. Let A be a valuation domain ank be its quotient field. LeR =

['8 E] where B is a valuation ring contained i such thatK is a quotient field

of B. By Lemma 2.3,e;1R is uniform. Let f: L — e;R, L < e1:R be a maximal
homomorphism that cannot be extended to an endomorphise;Bf Now e;;K is
a guasi-injectiveR-module andf (L N e;2K) € e,K. Therefore f | (L N e;2K) can
be extended to armR-endomorphismg of e} oK. As f is monic onL N epK, f is
monic. Thenf’: L +epK — en1R, f'(x+y) = f(X)+g(y) for anyx e L, y € 2K
extends f. Which givese;;K € L, L = (e;nAN L) & (e2K) as an abelian group.
Now f(e;2) = eob for someb € K. Then f(e2c) = ejocb for everyc € K. Let
X = ag1€11 + a12€12 € L with a;; # 0. Thenejja;; € L and f(e1a11) = er1a51u for
someu € K. We get f(epa11) = f(ep1a11)e12 = e12u. On the other handf (epa11) =
e0a;1b. Henceu = ajib. Thus f(X) = xb = (e;1b)x for everyx e L. If be A, f
can be extended to aR-endomorphism of;1R given by left multiplication bye;;b.
Supposeb ¢ A. Thenb™ € A. Then the R-endomorphismh of ;1R given by left
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multiplication by e;;b™! is such thathf(z) = z for everyz € L. Hencee;1R is almost
self-injective.

Any R-homomorphismi: L — e11R, L < &R is such thatf(L) € e ;K. As
>R = e,B, A can be extended frome;R to e;pR. It follows that e1R is e»xR-
injective. Letf: L — exR, L < e3R be a non-zero homomorphism. NdwN e oK #
0. As e5R = eB it follows that for someb € K, g = f | L N e;2K is such that
g(er2x) = exxb for any e;px € L NeoK, thereforef is monic. If anx = ajie11 € L,
then f(x) = 0. This proves that. C e;,K. Thenh: ;R — 1R, h(ey1x) = e;pxb™?,
x € B is such thathf(u) = u for everyu € L. Hencee,;R is almoste;; R-injective.
By Theorem 1.16 Rg is almost self-injective.

By using Theorem 1.16, one can easily prove that the Tig(d) of upper triangu-
lar matrices over a division rind is almost right self-injective.

3. Von Neumann regular rings

Theorem 3.1. Let R be a von Neumann regular ring. Then R is almost right
self-injective if and only if for any maximal homomorphismA — Rg, A < Rr which
cannot be extended to an R-endomorphism gf tRere exist non-zero idempotents e
f € R, such that eRCE A, o | eR is a monomorphisne(eR) = fR, 0 (AN(1—-€)R) C
1-fHR.

Proof. Let R be almost right self-injective, Let: L — Rr be a maximalR-
homomorphism that cannot be extended to an endomorphisiRgof By definition,
R =eR® (1 - ¢e)R and there exists alr-homomorphismh: Rg — eR such that
hf(x) = ex for every x € L. There existsu? = u # 0 in L N eR such thateR =
UR® (e — U)R, ande—u is an idempotent orthogonal . Let 7: eR— uR be a
projection with kernel é—u)R. Thenzho(x) = ux. So we takee=u andh =xh. As
h(R) = eR R=gR& (1-9g)R for some idempoteng € R such that keh = (1—-g)R.
Now h(R) = eR= ho(eR), we getR = o(eR) @ kerh. Thus, there exists an idem-
potent f € R, such thatR = fR® (1 - f)R, c(eR = fR, kerh = (1 - f)R and
h| fR is the inverse ofr | eR Clearly, for anyx € (1 —€)RN A, ha(x) = 0 gives
o(x)e (1- f)R.

Conversely, letR satisfy the given conditions. Let: L — Rr be a maximal
homomorphism that cannot be extended to an endomorphisRgofThen there exist
non-zero idempotents, f € R such thatL = eR® (L N (1—€)R), o is monic oneR,
oc(eR =fR,o((1-e)RNL) C (1- f)R. We defineh: R — eRas follows. Lety € R.
Theny = fy + (1— f)y. Now fy = o(ex) for some uniquely determineex € eR
Seth(y) = ex. If follows that for anyx € L, ho(x) = ex. HenceR is almost right
self-injective. O

Corollary 3.2.  Any von Neumann regular ring R that is right CiS almost right
self-injective.
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Proof. Leto: A - R, A < Rg be a non-zeroR-homomorphism. As ker is
not large in A, there exists a non-zero idempotemt A such thateRN kero = 0.
Theno(eR = f R for some idempotenf € R. Let B be a complement oéRin Rg
containing ker. As Ris right CS B =bR. We getR = eR® B. Hence we can take
e to be such thaB = (1-e)R. Now A=eR®d (AN(1—-¢e)R). Letac AN(1—¢e)R
such thato(a) € f R. Then for somex € eR o(X) = o(a), x —a € kero, X € B, so
X =0. Henceas(AN(1-e)R)N fR=10. Let C be a complement off R containing
o(AN(1-e)R), We again haveR = f R® C. We get an idempoterg € R such that
fR=gR C = (1-g)R. By Proposition 2.1R is almost right self-injective. ]

REMARK. Any von Neumann regular ring that is rigS is right continuous.
In [7], examples of continuous commutative von Neumann leggtings that are not
self-injective are given. Hence a von Neumann regular a@might self-injective need
not be right self-injective.

Proposition 3.3. Any von Neumann regular ring in which all idempotents are
central is almost self-injective.

Proof. Leto: A— R, A < Rr be a non-zero homomorphism. We get a non-
zero idempotene € A such thatf | eRis monic. Leto(€) = x, thenx = xe = ex
giveso(eR) € eR Suppose) =0 |eR Nowo(eR = xR= fR for some idempotent
f € eR Thereforex = xf, nle— f) = xf(e— f) =0, e= f. Henceo(eR = eR
It also follows thato(AN (1 —eR) € AN (1—¢e)R. HenceR is almost right self-
injective. ]

The following result determines a class of von Neumann eaguhgs that are not
almost right-injective.

Theorem 3.4. Let R be an almost right self-injectiveon Neumann regular ring.
(i) Any complement of a minimal right ideal of R is principal
(i) Any minimal right ideal of R is injective.

Proof. LetA be a minimal right ideal oR. ThenA = e Rfor some indecomposable
idempotente € R. Let C be a complement o¢dR We get a maximal homomorphism
o0:L — Rgr, L <RgsuchthaeR® C C L, o is identity oneR and is zero orC.

Casel. L =R ThenRr =fR@kero, But C C kero, thereforef R is uniform,
hence minimal. A ¢ kero, we getRr = eR@ kero. We getC = kero, a principal
right ideal.

CAse 2. L < Rgr. By Theorem 3.1, there exist non-zero idempotefts L,

g € R such thatoe | fR is monic,o(fR) = gR, o(L N (1 - f)R) € (1 - g)R. Now
C Ckero € (1— f)R. Thus fR is simple, as in Case 1. = eR® ((1 - f)RNL)
andeRZ (1- f)R. AsC Ce(1— f)R, we getC =(1- f)R.
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SupposeA is not injective. LetE = E(A). We getx € E\ A. Then A < xR Let
C = anmk(x), As xR is non-singularC is a closed right ideal oR and its complement
in Rg is uniform. If C were principal, we would geR = B&@ C with B simple, which
is not possible, ag R is not simple. Henc& is not principal. LetH be a complement
of C. As H is uniform, it is simple. This contradicts (i), Hend® is injective. O

ExAamPLE 3. Let F be any field andR be the ring of column finite matrices
over F, indexed by the sel of positive integers. This ring is right self-injective. tLe
S be subring ofR consisting of matrices that are also row finite. THens a maximal
right quotient ring ofS. Consider the matrix unig;;. Thene;;:S is a minimal right
ideal of S. Howevere;;S < e1;R and e;1R, as a rightS-module is injective hull of
€11S. HenceS is not almost right self-injective.
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