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Abstract
By using the correspondence between locally finitely preskradditive cate-
gories and rings with enough idempotents, we study seveogepties of such rings
in terms of the associated categories, and conversely. riicpiar, it is shown that a
ring R (with enough idempotents) is right perfect and the gaties of finitely pre-
sented right and lefR -modules are dual to each other if ang ibrihe categories
of projective and of injective righR -modules are equivélen

1. Introduction

An important tool in the study of purity has been the use of &b functor
rings. In 1994, Crawley-Boevey [5] gave a quite general ivarof this technique,
by introducing the concept of a locally finitely presentedlitide category (briefly, an
I.f.p. additive category). First, an objedf  of an additivategory A is finitely pre-
sented if the functor Homp(M, —) preserves direct limits. Then, we shall say that the
additive categoryA is locally finitely presented in case every directed systdnoln
jects and morphisms has a direct limit, the class of finitalgspnted objects ofl is
skeletally small and every object of is the direct limit of finitely presented objects.
One may define the functor rinf  (see [9]) associated to thegoay A as the ring

R =P P Homu;. U,,)

reA peA

where{U,},ca is a set of isomorphism classes of finitely presentgectsof 4. With
the natural sum and multiplicatiol®  is a ring with enoughnig@tents

R:@EAR:@REA
A A

e;. being the identity on/; . The categoty may be embedded as a full subcategory
of the category ModR ) of all the unitary riglR -modules (i.modulesMy such that
MR = M) in such a way that pure exact sequencesdirare those that are carried
into exact sequences of Magl( ) through the embedding; .Ancan be thus seen as
the category of flat rightt -modules. As an example of the usé¢hf technique, it
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was shown by Simson [18] that a locally finitely presentedtfBendieck category is
pure semisimple (i.e., all pure exact sequencesiddplit) if and only if its associated
functor ring is right perfect.

It was more or less implicit in this construction that thecasation of the ringR
to the I.f.p. additive categoryl is one-to-one. In [7, Theorem 1.1] this was explicitly
shown: there exists, up to equivalence, a bijection betwibenclass of all |.f.p. ad-
ditive categories and the class of all rings with enough jdetents. In this bijection,
the category corresponding to a given rikg  is the categohyr df ll flat right
R-modules. It is the very existence of this bijection whattifies the possibility of
relating properties of an L.f.p. additive category to pmgs of its associated functor
ring.

The power of this technique is therefore not limited to thedgtof purity. In view
of the above bijection, we may study arbitrary propertied.bp. additive categories
by means of their associated functor rings, in a systematig. Wo show the possi-
bility and interest of this study is our purpose in this pap&e shall illustrate this
technigue with several examples, characterizing certiinses of locally finitely pre-
sented additive categories in terms of their associatedtéurrings. Equivalently, we
may also characterize properties of an arbitrary ridg  witlough idempotents in
terms of properties of the categoy/ R ( ). Results containinghscharacterizations
are given in Sections 2 and 3. In the last section, we use tbases techniques to
study a class of rings with enough idempotents that is a abggneralization of the
class of unital quasi-Frobenius rings.

In what follows, ring will mean ring with enough idempoterasd module will
mean unitary module. The category Ma&d( ) (respectively, \&5¢)) is the category
of all unitary right (resp., left)R -modules.

2. Some classes of locally finitely presented additive categes

Given a locally finitely presented additive categody the problem of when isd
an abelian category has been extensively studied. In thimemtion, there has also
been some interest in studying when the categdripas kernels, cokernels, products,
and so on. Let us recall that a morphisin X:— Y of the L.f.p. adeitbategory
A is said to be a pseudokernel of the morphigmY + Z gif f = 0, and when-
everg oh =0 for some morphish , then fFom  for some morphiam . Dually,
one defines a pseudocokernel. On the other hand, i a class of objects of a cate-
gory A, a C-precover (respectively, 8-cover with uniqueness) of an objegt df is
a morphismf :C — X , withC inC, such that every morphismp C' — X  witQ’
in C can be factored (resp., in a unique way) through . The duatejms are those
of C-preenvelope and-envelope with uniqueness.The following is essentiallgwin.

Proposition 2.1. Let .4 be a locally finitely presented additive categoand let
R be its associated functor ring. The following conditiong aquivalent.
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(i) A has products.

(i) R is left locally coherent.

(iif) A has pseudocokernels.

(iv) Every right R -module has a flat preenvelope.

Proof. The equivalences (& (i) and (iily> (iv) are well know as it is
(iif) = (ii). As for (ii) = (iv), this was shown to hold for unitakings R in [8, Propo-
sition 5.1]. It is not hard to see that the same arguments ddk ey the case of a
general ring. ]

As in the above result, an |.f.p. additive categotyhas pseudokernels if and only
if every right R-module has a flat precoveR being its assedidunctor ring. In
view of the theorem of Bican and Enochs [3], this always hdlsrings with iden-
tity. We can then easily derive the same result for genengjsrii.e., rings with enough
idempotents).

Lemma 2.2. Given a ring R, every unitary rightR -module has a flat precover.
Consequentlyevery locally finitely presented additive category has pge&arnels.

Proof. LetD be the unital extension of the given riRg . Givenrdtary right
R-module My , it can be considered as a (unitary) right -module.séch, it has a
flat precoverF — M . Now,F is a righiR -module andlR is a unitary flat righ
R-module which is easily seen to be a flat precoverif in thegoate Mod(R ).

]

We turn now to the problem of when an Lf.p. additive categetyis abelian.
Since A is always equivalent taF/ K )R being its associated functog,ritmis prob-
lem is the same as that of studying when the categan® ( ) of iffjfat 'R-modules
is abelian. This has been answered, by means of propertigheotategory of all
finitely presented objectgp A), by Crawley-Boevey [5], who refers the answer to
Breitsprecher. Another answer was given in [12]: rings  fdrick FI(R) is abelian
are calledright panoramic rings and they are characterized therein. We may add the
following to the above mentioned characterizations. Rebalt a right R -moduleMy
is said to be a torsion module in case Ham(F ) = 0 for every flahtrig-module
F.

Theorem 2.3. Let A be a locally finitely presented additive categoand let R
be its associated functor ring. The following conditiong a&quivalent.
(1) A is an abelian category.
(2) The following assertions hold.

(i) R is left locally coherent andvD(R) < 2.
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(i) If Mg is a torsion modulethen Ext}(M, F) = 0 for every flat moduleFg

(3) The following assertions hold.
(i) R is left locally coherent andvD(R) < 2.
@iy If f: L - M is a monomorphism of righR -modulesnd g: F — F’ is the
extension off to the corresponding flat envelopegh uniqueness theng is a
monomorphism.

Proof. (1)= (2) It follows from the above results thRt is ledthlly coherent.
Moreover, the fact that the categad has kernels and cokernels implies that the weak
global dimensiorwD R X 2; in turn, this entails that every rigtimodule has a flat
envelope with unigueness.

Now, let Mr be a torsion module and take a projective presemati

O K—-P—->M-—=0

We have to show that each morphiskh —~ F F, being a flat module, may be
extended toP . This will be proven if we see that the embeddin = P is a flat
(pre)envelope. Take a projective moduté  with an epimomhjs: P’ — K, which
gives the compositiog #&#op . We observe that this compositiomnispimorphism of
the categoryF! R ). Indeed, if there exists some morphisnP - F’  FinR <gugh
thathog =0, then we infer thaiou =0, from which it follows that mag factored
through the epimorphisn® — M . Bu¥ s torsion, whence = 0. Nexicsjg is
an epimorphism inFl R ), it is the cokernel of some morphigmFy — P’. It is not
hard to derive from this thak — P is indeed a flat preenvelope.

(2) = (3) Note that the class of torsion rigi® -modules is alsvajosed under
quotients, extensions and direct sums. Under the hypah@3eit is also closed under
submodules. Therefore it is a hereditary torsion clasanfmhich it follows that the
injective envelope of any flat righR -module is again flat.

Next, we see that ifi; is a righk -module antd M — F is its flat envelope
(with uniqueness), then the cokernel and the kernelfof  argiolm modules. First,
if g: F — F' were a nonzero morphism between flat modules such ghatf =0,
then 0:M — F’ would have two different factorizations through .efiéfore the

cokernel of f is torsion. Then, lek  be the kernel pf , and Aet-5> M’ Ly
be the epi-mono factorization of . Since the cokernehkof isitm, 4 is also a flat
envelope. This implies that the canonical map Hom',(F' —) Hom, ¢’ aris
isomorphism for every flat righik -modulé’ . From this it follsvthat the canoni-
cal morphism Hom M, F’ »» Hom K, F’ ) is zero, whenever is flat. A nonzero
morphismK — F’ would give a nonzero morphisth — E F'( ), that would extend
to a morphism fromM toE K’ ). This contradiction proves thét  issiton. Hence
the kernel and the cokernel gf are torsion modules.

Now, let f : L —- M be a monomorphism of righR -modules, with flat eppels
a:L - Fandg:M — F’'. There is a unique morphisgn F: — F’  such that
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goa=Bo f.Let K =Ker@), and letKk’ =K NL . Sinc&k’ is a torsion module,
a(K') =0, from which it follows thatK’ is the kernel af

Let X C F be the image otv and le&y = Ker(g F . Sinad¢ is the kernel
of g o, we have thatXx N U = 0. As the cokernel af is a torsion module, sso i
the cokernel of the canonical inclusian X:@ U — F . Hengce s a flat pes
and the inclusionX — F is a flat envelope as well. Now, Kt be a flatiul®
andh :U — F” a morphism. Then®@h X & U — F” has a unique factorization
throughu , Gh =Sou . Thus$ X ) = 0. Since the inclusich— F is a flat envelope
it follows thats = 0, and hencé& = 0. This implies thdt is a flatston module
and thusg is a monomorphism.

(3) = (1) As we have already remarked, the fact tlkat is left llgceoher-
ent andwD R ) < 2 implies that every module has a flat envelope witlgue-
ness. This gives a functaa: Mod(R) — FI(R) which is clearly a left adjoint of
the inclusion functor. The second hypothesis of (3) meaas this functor preserves
monomorphisms, and thus it is exact. By [19, Chapter X], weehthat F/ R ) is a
Grothendieck category. U

The question of when is the categoyyp A)(an abelian category has also been
studied by different authors. In particular, Gabriel [9ppwsition I1.5] showed essen-
tially, though with a different terminology, that ifp A) is abelian, thenA is also
abelian. The converse does not hold: it may happen thas abelian, butfp A)
is not, because the associated functor riRg fails to be rigbally coherent. In
fact, one has the following characterization of locally téy presented additive cat-
egories A such thatfp () is abelian.

Proposition 2.4. Let A be a locally finitely presented additive category with as-
sociated functor ringR . Therfp(A) is abelian if and only ifA is a locally coherent
Grothendieck category if and only B  is two-sided panoramic

Proof. If fp(A) is abelian, thenA is abelian. Also, the associated functor ring
R is right locally coherent. Sincel is equivalent toF! R ), and this is a quotient cat-
egory of ModR ), it follows thatA is locally coherent.

Conversely, let4 be abelian and locally coherent. L&t be the associated dunct
ring, so that we may assume thdt= FI(R) and fp (A4) = proj(R). We are to show
that R is right locally coherent; by the previous comments, witt have that fp (4)
is abelian.

To this end, letP — P’ be a morphism in pr&( ). IK is the kernel in
Mod(R) of this morphism, it will suffice to show thak is finitelgenerated. But,
sincewD R )< 2, we know thak is flat. As such, it is also the kernelPof> P’
in the categoryA. ThereforeK is finitely generated in this category, as it isally
coherent. In this same categoly, is a finitely generatedljabbof the finitely pre-
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sented objectP . Again by the locally coherenceAfwe infer thatK is finitely pre-
sented inA, henceK is projective as a right -module. In particular, itfirtely
generated and we are done.

The equivalence of the condition that is a locally coherent Grothendieck cate-
gory and the fact that the associated functor rig is right baft panoramic is a
consequence of [12, Corollary 2.10]. [l

If A is an Lf.p. additive category with associated functor riRgthen we know
(see, for instance, [12, Corollary 3.5]) that the categgpy.4) 6f all locally finitely
presented objects ofl is equivalent to projg ), the category of finitely generated-p
jective right R -modules. This fact has the consequence thag sense, finitely pre-
sented objects of a locally finitely presented additive gaitg .A can be considered
as finitely generated projective modules. We now state alsimapplication of this re-
mark. First, we give a variation of the notion of almost sptibrphism.

Derinimion 2.5. Let A be a locally finitely presented additive category, and let
fi M — N be a morphism ofd. We say thatf is a right fp-almost split morphism
if fis not a split epimorphism, and for evely L:— N  such tHat is &hitpre-
sented ang; is not a split epimorphism, one has that may beré&atcthroughf .

Proposition 2.6. Let N be a finitely presented object of the locally finitely pre-
sented additive categormd. The endomorphism ring a¥ is local if and only if there
exists a morphisny: M — N of the categoryA that is a right fp-almost split mor-
phism.

Proof. SinceN is an object ofp A), there is a corresponding finitely gener-
ated projective rightt -module through the equivalence betwfp (4) and projR ),
R being the functor ring associated . Because of this equivalence, the endomor-
phism ring of N is local if and only if the endomorphism ring Bf s Iocal. We know
from [1, Proposition 3.7] that this happens if and onlyAf  lesnique maximal sub-
module. This, in turn, is equivalent to the existence of aph@myg : F — P with F
a flat module, so thag is not an epimorphism, but every nomeghismpP’ — P
of the category prog ) factors througfh . By using the equmak betweend and
FI(R), we see that this property means precisely that therdsexisM — N which
is not a retraction, and such that each morphism> N that is netraction, fac-
tors throughf . This proves the result. ]

Given any locally finitely presented additive categody with associated functor
ring R, the pseudodual category(A) of A is the only (up to equivalence) locally
finitely presented additive category whose associatedtduning is R°? (see [7]). The
duality between proR ) and prdf’” ) entails that there is alitudetween fp (A)
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and fp (p (A)).

In order to state the next result, we recall that an objgct rofl.Bp. additive
categoryA is finitely generated if there is an epimorphigm— X of the catggd,
with L finitely presented. Then, we say that an objgtt fs fp-injective if, given
any pair of morphismsf L — N ang L — M , where is finitely generated,
N is finitely presented, ang®” is a monomorphism, there exist& —> M uch shat
g=hof.

Note that, in particular, ifA = Mod(R) for a given ringR (with enough idem-
potents), then a righR -modul®/ is fp-injective in this seffsaend only if it is fp-
injective in the usual sense (see [20]).

Proposition 2.7. Let A be a locally finitely presented additive category with as-
sociated functor ringR . The following conditions are equérd.
(1) The pseudodual category(.A) is equivalent to the category of right modules over
a ring.
(2) R is left panoramic and every finitely presented objectfokembeds in a finitely
presented fp-injective object.

Proof. Condition (2) means that the categdry R°A p=A4) (s a Grothendieck
category andfp i A)) has a set of projective generators, in view of the dualigy b
tween fp (A) and fp (p (A)). This amounts to the fact that Aj is a module category.

O

Corollary 2.8. Let .4 be a locally coherent category and I&  be its associated
functor ring. If R is left self-fp-injectivethen A is equivalent to a module category.

Proof. By [7, Corollary 2.6], the categoty = p(A) is locally coherent. Now, the
hypothesis implies that the functor ring  of this categdtys right self-fp-injective.
But it also left panoramic, and hence its pseudodual cayegoa module category by
Proposition 2.7. Thereforel is equivalent to a module category. [l

When A4 = Mod(A) is a module category, then Proposition 2.7 has thievidhg
consequence.

Corollary 2.9. Given a ring A, we have that the categoryp(Mod(A)) is dual
to the categoryfp(Mod(B)) for some ringB if and only ifA is right locally coherent
and every finitely presented rigltt -module embeds in a finipeésented fp-injective
module.

Proof. If Mod(A) is pseudodual to a module category, thenutscfor ring is left
panoramic, by Proposition 2.7, hence it is two-sided pamaraThis implies thatA is
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right locally coherent, by Proposition 2.4. The rest followunmediately from Proposi-
tion 2.7. O

3. Some classes of functor rings

We want next to characterize certain classes of rings thrqurgperties of the cor-
responding locally finitely presented additive categoriesequently, properties of the
functor ring R associated to the categodyare given in terms of properties of the cat-
egory fp (A). For several classes of rings (self-fp-injective, cohereemihereditary or
IF rings), this has been done for unital rings  in [11] undex form of characteriz-
ing properties of the ringk  through properties of the categooj(R), which is equiv-
alent to fp (A) (see, for example, [11, Propositions 1.3, 1.10, 1.12, ([koso1.6]). We
now add new classes of rings and new results to this study.

3.1. Semihereditary and perfect functor rings. The properties that a functor
ring is hereditary or semihereditary are related to thetemte of split kernels or cok-
ernels in the corresponding additive category, as it wasvshia [11, Propositions 1.9,
1.10]. We now add a property that characterizes left semdiery functor ringskR in
terms of the rightR -modules.

Proposition 3.1. Let .4 be a locally finitely presented additive categoand let
R be its associated functor ring. The following conditiong &quivalent.
(i) R is left semihereditary.
(i) The categoryA4 has cokernelsand every morphism in this category is the compo-
sition of a pure epimorphism followed by a monomorphism.
(iii) Each finitely presented righe -modulé s the direct sum of gjgative module
and a torsion module.

Proof. (i) = (ii) By (i), R is left locally coherent andvD K X 1. Thefore
every right R -module has a flat envelope with uniqueness ¢agoakly to [2]). It fol-
lows that if f:F — F’ is a morphism inFl K ), and” — N is its cokernel in the
category ModR ), then a flat envelope of  provides the cokeafef in the cate-
gory FI(R). SinceFl R ) is equivalent to the categody we see thatd has cokernels.
Moreover, the fact thawD K ¥ 1 implies easily that the factatian ¥ — M — F’
of f into an epimorphism followed by a monomorphism is such #fais flat. Thus
F — M is a pure epimorphism of! R ), which shows (ii).

(i) = (iii) Since every morphism inFl R ) has a cokernel, eachhtigk-module
has a flat envelope. The fact that every morphisnFofR () is a ppmnorphism fol-
lowed by a monomorphism implies that every flat envelope ispimorphism. Now,
the flat envelope of a finitely presented rigRt -mode is gbva finitely gener-
ated projective module, from which it follows that  is isompbic to the direct sum
of a projective module and the kernel of its projective eopel which is a torsion
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module.

(i) = (i) Let M be a finitely presented righiR -module, so tha¢ Eo T ,
with P projective andT torsion. It follows that the projectigd — P is a flat en-
velope and this shows that each finitely presented right uteotlas a flat envelope
which is an epimorphism. By using the fact that direct limofsepimorphisms are epi-
morphisms, we get that every rigi®t -module has a flat envelaitie uniqueness that
is an epimorphism. Therefore every submodule of a flat righhodule is flat and it
follows that R is left semihereditary. U

Right perfect functor rings correspond, as it is well knovio, pure semisimple
categories. A characterization of such categories, whidlenels a result known for
unital rings [16], is the following.

Theorem 3.2. A locally finitely presented categoryl with products is pure
semisimple if and only if every object &f is isomorphic to a direct sum of indecom-
posable objects.

Proof. The necessity of the condition follows from [20, 4949.10]. To prove
the sufficiency, we assume that every objectfis a direct sum of indecomposables.
If R is the functor ring associated td, then R is left locally coherent and hence the
pseudodual category of MoB{? T(A), is a Grothendieck locally coherent category,
according to [7, Corollary 2.6]. It follows from [5, Lemma #jat there is a full and
faithful functord : A — D(A) whose image consists of all the fp-injective objects of
D(A) so that anyd U ) is injective if and only it/ is a pure injectivédject of A.
Moreover,d preserves direct sums and indecomposable ebjébts, if E is any in-
jective object ofD(A), we haveE = d(M) = d( M;) = P d(M;), where eachl X; )
is indecomposable. This shows that every injective objécD@A) is a direct sum of
indecomposable objects.

Next, the injective objects oD(A) form a set (when we take them up to iso-
morphism), because any indecomposable injective is tleetimg hull of some finitely
generated object. Therefore there is a cardimal so thay enctive object ofD(A)
is m-generated. It follows from [10, Theorem 1.12] that eagjedtive object ofD(A)
is -injective. Now, letX be an arbitrary object of the catggot. Thend X ) is
fp-injective and hence it is a pure subobject of its injextiwill £ in D(A), by [10,
Lemma 1.2]. SinceE i< -injective we deduce by [10, Corollar§] thatd (X ) is in-
jective. But thenX is a pure injective object of, and thusA is a pure semisimple
category. O

The following is an immediate consequence.
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Corollary 3.3. A left locally coherent ringR is right perfect if and only if @y
flat right R-module is a direct sum of indecomposable modules.

3.2. IF functor rings. A ring R is called right IF when every injective right
R-module is flat [4]. This is equivalent to the fact that evenyitély presented right
R-module embeds in a projective module. It was (essentiahgwn in [11, Corol-
lary 1.13] thatR is right IF if and only ifR is the functor ring & locally finitely
presented additive categoty such that every morphism of the categofy A)(is a
pseudokernel. It is of interest to see what happens if wenextee condition that ev-
ery morphism be a pseudokernel, from the categfwy.A) to the full categoryA.

Proposition 3.4. Let .4 be a locally finitely presented additive categoand let
R be its associated functor ring. Then every morphismdofs a pseudokernel if and
only if R is right perfect and right IF.

Proof. Necessity. LetFry be flat, and lgt P. — F  be any epimorphism of
Mod(R) with P projective. Sincef has to be a pseudokernel, itlearcthat f is
a pseudokernel of 0. But then ¥ — F  can be factored throyigh , fwdrith
it follows that R is right perfect. Then, any morphism P; — Py of the cate-
gory fp(A) = proj(R) is a pseudokernel itd = FI(R); say « is a pseudokernel of
B: Pp — P. If K =Ker(B), it follows that« can be factored iy — K — Po, the
first morphism being epimorphism. Thus-8 K — Py — Im(8) — 0 is short exact
in Mod(R). Since ImB ) embeds in a projective modute , it embieda finitely pre-
sented projectiveP’ . We then infer that is also a pseudokeshély — P’ in the
category projR ). This shows tha is right IF.

Sufficiency. Letf :P1 — Po be any morphism of the categowyl R( ). By hypoth-
esis, its cokerneC in Mod{ ) can be embedded in a projectivduieoP . Then, the
composite morphismPy — P has f as a pseudokernel. ]

This class of rings has appeared before in Harada [14] as ehfeqb rings with
property (II). These rings have very good properties in eation to duality. Namely,
we have that this class is closed under pseudoduality.

Theorem 3.5. Let R be a right perfect and right IF ring. Then, the pseudodual
category ofMod(R) is equivalent to a module categoiod(S°?), and S is again a
right perfect right IF ring.

Proof. Note that ifR is right perfect and right IF, then evenjettive right
R-module is projective, and® is locally right noetherian, 4], Moreover, every
finitely presented righk -modulé/ embeds in some injectiveluh® which is there-
fore a finite direct sum of indecomposable finitely genergtegjective modules. As
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a consequence, each finitely presented right -module embedsfinitely presented
fp-injective module, so that Mo® ) is pseudodual to a modcdeegory Mod§?” )
which is locally coherent by Corollary 2.9.

Take now any finitely presented leftt -modulgN . Since the aateg
fp(Mod(S°P)) is dual to the categoryp (Mog&( )), and s right locatpetherian,
we see thatyN has the descending chain condition on finitelgepted subobjects.
Since S is left locally coherentgN  has the descending chairdiion on finitely
generated submodules. By applying [20], we infer that istrigerfect.

Next, let ;P be a finitely generated projective l&ft -modulenc®igP is a pro-
jective object of the categoryp (Mo8{" )), one gets by the dualhat the corre-
sponding objectQr is injective in the categofyy (M&d( )), sottids is a finitely
presented fp-injective module. Consequenth, is injecawd projective, becaude
is right locally noetherian, right IF and right perfect. $timplies thaty P is injective
in fp(Mod($°7)) and hencg P is fp-injective. We have thus shown thés left self-
fp-injective, from which it follows that it is right IF. U

We say that a ringS is théeft pseudodualof the ring R when the categories
Mod(S°?) and ModR ) are pseudodual categories.

4. Self-pseudodual rings

It is well known that for a unital QF ringR , the categories ofitéty presented
right and left modules are dual to each other. We shall say ahaing R is self-
pseudodual in cas® is the left pseudodual of itself. Theeef@F unital rings are
self-pseudodual. In [14], Harada defined (right) QF ringsbagg ringsR such that
every projective rightR -module is injective, and he studibd relationship between
these rings and those having every injective module priggct.e., rings with prop-
erty (Il). On the other hand, Garkusha and Generalov [13Histl unital rings R
which are self-pseudodual with the duality between finitphesented right and left
R-modules being given by the Hgm—(R ) functors. We may use fundtggs and
the theory of pseudoduality considered above to studypsatidodual rings.

Theorem 4.1. Let R be any ring.R is self-pseudodual if and only if the cate-
gories FI(R) of flat right R-modules and FpR) of fp-injective right R -modules are
equivalent categories.

Proof. Let R be self-pseudodual. By [7TR is right locally cobet. If A =
FI(R), then R is the functor ring ofdA and A is a category with products. By [17],
A is also an exactly definable category and it consists of thmjéetive objects of
D(A). By construction,D(A) is the pseudodual category to Mat( ), that 13(A)
is equivalent to ModR ). This shows that = FI(R) and Fpi(R) are equivalent cate-
gories.
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Assume now thatF! B ) an@pi(R) are equivalent categories. SinEi(R) is a
category with products, so i8! R( ). This implies that both gatees are exactly de-
finable and locally finitely presented additive categori€kerefore R is the functor
ring of Fpi(R), while Mod(R) is equivalent also t@(Fpi(R)). But this category is
pseudodual to the category Mat®f ), which means tRat is indedfdpseudodual.

O

This suggests the following generalization of QF rings. Weallssay that a ring
R is a (right) PIE-ring (for “projectives and injectives arguévalent”) if the cate-
gories ProjR ) and Injg ) of projective and injective rigit oedules are equivalent
categories.

Theorem 4.2. A ring R is a right PIE-ring if and only ifR is right perfect
right locally noetherian and self-pseudodual.

Proof. If R satisfies the conditions, then it is clear that BRpfF FI(R), Inj(R) =
Fpi(R) and both categories are equivalent by Theorem 4.1.

Conversely, suppose tha& s right PIE. We have to show th& fight per-
fect and right locally noetherian. By hypothesis, Rij( ) ic@egory with direct sums.
Now, let {E;};c; be any family of injective righ® -modulesy &, E; and IEt
be the injective envelope o8/ . On the other hand, there is fttime moduleU
which is the direct sum of thé&; in the category Rj( ). An starddargument shows
that, under these hypotheses, there is a canonical isomorph = U. Suppose that
E/M #0, and letF be the injective envelope a8f/M . There is an inducakzero
morphismU — F , such that, for every indéxe I , the compositbn— U — F
gives zero. But this is a contradiction. Therefdle E= and thescof injective right
R-modules is closed under direct sums. This implies tRat gbtriocally noetherian.

Then, ProjR ) is a category with products. Lig® }, ., be any familypodjective
right R-modules,P is the product of this family in the categdtyoj(R), andM is
its product in ModR ). There is a unique morphism P.:— M commutinighvthe
canonical projections. On the other hand, for any epimemht : 0 — M with Q
projective, there is a uniqug Q@ — P  commuting with the defined phimms. Let
L = Kerm, and pretend thag L( )y = 0. Then, there exists a projectieglule 9’ and
a morphismy : Q" — Q so thagy /= 0. Moreovefy composed with the canoni-
cal projectionsP — P; gives zero. The uniqueness of the morphisithe definition
of the product implies thay = 0 and we get a contradiction.réfeee s L) = 0
and we get a factorization g8  through a morphismM:— P . Using rfownd a
o we see that they are inverse isomorphisms, so Mat is pragecTonsequently,
the product of projective righR -modules is projective aRds right perfect and left
locally coherent.

Finally, R is self-pseudodual by Theorem 4.1. ]
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In fact, a self-pseudodual ring  that is either right perfectight locally noethe-
rian is right PIE. Because, by the pseudodualRy, is righd &ft locally coherent
and the descending chain condition on finitely generatednsdioles of each finitely
presented lefilR -module is equivalent to the ascending cbandition on finitely gen-
erated submodules of each finitely presented right -module.

Proposition 4.3. Let R be a right PIE ring. The following conditions are equiv-
alent.
(1) R is right locally finite.
(2) R is left PIE.
(3) The pseudoduality betweeviod(R) and Mod(R°?) is a Morita duality.

Proof. (1)= (2) If R is right locally finite, then it is left peré. The pseudod-
uality implies thatR is also left locally noetherian, whicteans that it is left PIE.

(2) = (1) R being left perfect and right locally noetherian, wavé immediately
that R is right locally artinian.

(2) = (3) The categoriegp (Mod& )) anflp (MR’ )) contain pregisal the
finitely generated submodules & amf? | respectively, ang dre closed under
submodules and quotients. Therefore it is a Morita duality.

(3) = (2) If X is a submodule of a finitely presented I&ft -modwe we have
an epimorphism in the dual category which shows tiat  cooredp to a finitely
generated, hence finitely presented, right -module. Siheedual of a finitely pre-
sented is finitely presented, we infer th&t s finitely présdnThereforeR is left
locally noetherian andk is left PIE. O

We finish by stating a problem connected with these results.
Question. Is any right PIE-ring a left PIE-ring?

This question is connected to the following idea, introdlde [7]. Given a lo-
cally finitely presented additive categos with associated functor rin@ , we call the
symmetric category 4) of A to a locally finitely presented category (which, if it ex-
ists, is uniquely determined up to equivalence) whose #@ssacfunctor ringS is such
that the categories Mog&(? ) and Md#{ ) are pseudodual catgoim view of the
Gruson-Jensen duality and its generalization (see [7, fEne@.9]), if A is the module
category Mod4 ), wheret is a ring with enough idempotentsnh thgl) is Mod(A“?).

The connection is the following. The functor ring is seliepdodual precisely
if the categorys () exists and its functor ring iR” , hence sf A} is equivalent to
the pseudodual categony AJ. ThereforeR is a right PIE-ring if and only if it is the
functor ring of a pure semisimple catego® such thatA4 ands (4) are pseudodual
categories. So, our question is equivalent to the following
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Let A be a pure semisimple category such tatand its symmetric categonry .4)
are pseudodual categories. 4s4)(also a pure semisimple category? We know that
Herzog's theorem [15] shows that the answer is affirmativeerwd is the category
of right modules over a unital ring. By [7], the answer islsiés if A is the cate-
gory of right modules over a ringd  and the pseudoduality igithrough the func-
tor Homy (—, A).
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