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We have defined a new concept of almost relative projectivity [7]. If a
module M, is M;-projective for a finite set of modules M;, then M, is =D
M -projective [2]. However this fact is not true for almost relative projectives
[7]. We have filled this gap in [6], when a ring R is a semiperfect ring with
radical nil and M, is a local R-module and the M; are LE R-modules. As we
investigate further several properties of almost relative projectives, it seems for
us that the gap is one of essential structures of almost relative projectives. Thus
we shall fill completely that gap in this paper, when R is a perfect ring (Main
theorem). M, was cyclic in [6] and hence the proof was rather simple. Modify-
ing its proof, we shall give a generalization of [6], Theorem 2.

We shall give several applications of the main theorem in forthcoming
paper [8], and give the properties dual to this paper in [9].

1. Preliminaries

In this paper we always assume that R is a ring with identity and that every
module is a unitary right R-module and e, ¢’ are primitive idempotents unless
otherwise stated. We recall here the definition of almost relative projectivity
[7]. Let M and N be R-modules. For any diagram with K a submodule of
M:

i
M-->N

n ko 111.
®
14
M —-MK—0
if either there exists #: N—M with vh=Fh or there exist a nonzero direct sum-
mand M, of M and %: M,—N with hh=v|M,, then N is called almost M-
projective [7] (if we obtain only the first case, we say that N is M-projective [2]).
We note the following fact.
(#) When N is almost M-projective and M is indecomposable, if the h in the
diagram (1) is not an epimorphism, then there exists always an h: N—M with
vh=h.
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We frequently use this fact without any references.

Lemma 1. Let R be a right perfect ring with Jacobson radical | and let M,
and M, be R-modules and M,=P|Q for R-modules PDQ with QCP]. Let g
be an element in Hompy(P, M,). We assume one of the following:

a) M, is M-projective, and

b) M, is almost M,-projective, M, is indecomopsable and g is not an epimor-
phism.
Then g(Q)=0 (cf. [3], Lemma 6).

Proof. Consider the derived diagram from g

M,=P|Q.
oz
M,— M,[g(Q)—>0

From assumption and (#) there exists %: P/Q—M, with vA=Z. Let p be the
natural epimorphism: P—P/Q and put h=hp: P—>M,. Since vk=g, for any
pEP

£(0)+&(Q)=2(p+0) = vk(p+Q) = vhp(p) = h(p)+£(Q) -

Hence

) g(®)—h(p) = g(q(p)); ¢(p) isan clement in Q.
Let {p;} be a set of generators of P, i.e., P=3p;R and put

Q) &(p:)—h(p:) = g(q) for each i from (2),

where g; is some element in Q.

Now QC PJ=3, p, ] by assumption, and ¢=3. p; x;; ;& J for any ¢ in Q. Then

0=F(g+0) = hg) = h(p) %
= Z(g(p;) ;—g(g:) x;) from (3)
=g(Zpix)—2g(q) % =g(9)—=g(q) x; .

Acgordingly £(0)Cg(0) J=¢(QJ) Cg(Q). Therefore g(Q)J=g(Q) implies
¢(0)=0.

In Lemma 1 we take a projective cover P of M, i.e., there exists an epi-
morphism »v: P—>M, where P is projective and ker =K is small in P. Then
the following is clear from Lemma 1.

Corollary 1 ([1], p. 22, Exercise 4). Let P and M, be as above and M,
an R-module. Then M, is M, -projective if and only if h(K)=0 for any h in
Homg (P, M,).
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If Endg (M) is a local ring for an R-module M, then we call M an LE module.
It is clear that an LE module is indecomposable. By J(M) we denote the
Jacobson radical of M. Let eR/A and eR/B be local modules, i.e., e is primi-
tive. We say that eR/A@eR/B has the lifting property of simple modules modulo
radical (briefly LPSM) if and only if for any isomorphism f of eR/e] onto itself,
there exists a ¢ in Homg(eR/A4, eR/B) (or in Homg(eR/B, eR/A)) such that g
induces f (or f!). If eR/A and eR/B are LE, then the concept of LPSM coin-
cides with one in [5], §9. See [10] for the definition of the lifting module.

Proposition 1. Let R be a perfect ring and let M,, M, be indecomposable
R-modules and M, an R-module. Assume that M, is almost M,-projective, but
not M-projective. Then 1): if M, is M,-projective, M, is M,-projective. 2):
If M, is almost My-projective, but not M,-projective, then M, is J(M,)-projective
and further we obtain the following two cases; ©) if M,|]J(M,)AM,|J(M,), M, is
My-projective and M, is M,-projective, ii) if M,|J(M,)~M,|(J(M,), we have the
following equivalent conditions:

a) M, is almost My-projective.

a') M, is almost M,-projective.

b) M,BM, has LPSM.

Proof. 1) Assume that M, is M,-projective. Since M, is not M,-pro-
jective, Mi~eR|A by [6], Corollary 1, where e is a primitive idempotent and
AceR. Further from [6], Corollary 2 there exists a homomorphism f: M=
eR/A—M, such that f(&)=m,=m, e J(M,), where é=e+A in eR/A. Since
m, € J(M,), there exists a projective cover P—=eR@e, RP--- of M, and the natu-
ral epimorphism »: P—M, such that »(¢)=m, Put K=kerv and B=K NeR
(eRcP). Since f(eR/A)=m, R~eR/B, there exists a unit x in eRe with xACB.
Since eR/A=~eR|xA, we may assume A=xACB. Let h be any element in
Hompg(eR, M;). Then we can naturally extend % to an element %' in Hom,
(P, M), since eR is a direct summand of P. M, being M,-projective and P being
a projective cover of M,, h'(K)=0 by Corollary 1. Hence

h(A)Ch(B)Ch'(K) =0,

and so eR/A is M,-projective again by Corollary 1.

2) Assume that M, is not M,-projective. Then M,~e'R/C for some
primitive idempotent e’ by [6], Corollary 1. First assume i): eAze’. Then the
above % is not an epimorphism. Hence we can find a non-epic homomorphism
k' in Homg(P, M,), which is an extension of A. Then since h'(K)=0 by
Lemma 1, M, is M,-projective (and so J(M,)-projective) as the last sentence of
the proof of 1). Similarly M, is M,-projective by symmetric assumption.
Finally assume ii): e~e’. We may assume e=e’. Take a diagram with row
exact:
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eR[A
v Vh
e]J|C —eJ]|D—0

Since eR is projective, there exists 4’: eR—e]|/C CeR/C=M, with vh'=hp, where
p: eR—eR/|A is the natural epimorphism. Then since %’ is not an epimorphism
onto M,, h'(4)=0 by Lemma 1 as before, and so 4’ induces %: eR|A—e]|C
with vi=h. Hence eR/A is eJ|C-projective (similarly eR/C' is eJ|A-projective).
Now suppose that M@ M, has LPSM. Let u be any unit in eRe. Then
(u+j)ACC or (u+j) Cc A for some j in efe by definition. j;, the multipliaction
of j from the left side, gives an element in Homg(eR, eR/C) and j, is not an epimor-
phism. Further j, induces an element in Homg (P, M,) as in the proof of 1).
Since M, is almost M,-projective, jACC by Lemma 1 and the last fact of the
proof of 1). Similarly we obtain jCCA. Therefore uACC or uCcA. Hence
M, and M, are mutually almost relative projective by [3], Proposition 2. a)
implies b) by definition.

2. Main theorem

Let M, be an R-module and {M;}{., a set of indecomposable R-modules.
If M, is almost 33i.,PM;-projective, clearly M, is almost M;-projective for all 7.
We assume conversely that M, is almost M;-projective for all . In [6] we have
given a condition under which M, is almost 3}{.,@DM;-projective, when R is
semiperfect and M,=eR/A for a primitive idempotent e and a submodule A4 in
eR. In this section we shall generalize this condition, when R is a perfect ring
and M, is an R-module.

Now we assume that R is a semiperfect ring with radical J. Let M, be
an R-module such that M,+=M,J. Then M,M,] is semisimple. Put M,/M, ]
=3@S,;, where the S; are simple modules isomorphic to e;R/e; J for some
primitive idempotent e, We take m; in M, such that (m; R+M, J)|M, J=S;;
m; e;=m;, and fix one simple component .S; among S;.

Lemma 2. Let R, M,, {m;} and e, be as above and M an R-module. Let
x be an element in M with xe,.=x. If

i) M, is M-projective, or

ii) M, is almost M-projective, M is ind.composable and xRS M,
then there exists a homomorphism h: M,—M such that

1) k(m)=x+xj;j<efe and

2) h(m)E€x] for i1, and hence h(M,)=xR.

Proof. Since xe,=ux, xR/x]~e,R[e, J. Further M, /M, [=5@m; R; m; R
=(m; R+M, J)/M,]J. Hence we can take a submodule B in M, such that BD
M, ], M,/B~m, R and m;EB for j+1. Take a diagram:
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M,

Vv,

M,/B

xg

xR[x]
, N
M — M[x] -0

where g(,)=x+x]. Then from the assumption i) or ii) together with () there
exists #: M,—~M such that »'i—=gv,. Hence k(m)=x-+xj;j€ J and k(m)Ex]
for i#=1. Clearly %(M,)=xR.

Corollary 2. We assume in Lemma 2 that | is left T-nilpotent. Then we
can find h: M,—M with k(m)=x and k(m))Ex] for i+1.

Proof. We obtain %,: M,—~xRC M such that /,(m)=x—=xj,; jiSJ. Being
xj,e,=%j, and xj,RCxR= M (in case ii)), we have %,: M,—>xj,RCxRCM such
that Z(m)=xj,—xj, jo; o J and hy(m)Ex] for i1. Hence (k,+hy) (m)=
x—uxj, j, and (B, +1,) (m;)Ex] for i+1. Since J is left T-nilpotent, we can find
{%} such that (B, +Fk,+---+k,) (m)=x for some n and (B, +hy---+h,) (m))Ex]
fori==1.

Similarly to Lemma 2 we obtain

Lemma 2'. Let R be a semiperfect rnig with J left T-nilpotent. Let M=
eR[A,, M,=eR|A, be mutually almost relative projective. Then for any element
x; in M;— J (M) with x;=x; e (i=1, 2) there exists either h,: M,—M, (or hy,: M,—
M) with hy(x))=x, (or hy(x,)=x,), where e is a primitive idempotent.

Proof. Take a diagram

M,
v,
M,|J (M)
’, Qf
M, - M,[J(M,)—0
where f(x,-J(M,))=wv,(x,). Then there exists %,: My~M, (ork : M,—M,)
with J,(x,)=x,—x, j; j EeJe (or hy(x,)=%,—x,5). Further from Corollary 2 there
exist /t3: M,—M, and &}: M,— M, with k}(x,)=x, j and &{(x,)=x,j, respectively.
Therefore (%,-%3) (x,)==x, or (B, +-11) (2,)=x,.

The following simple lemma is useful in this paper.

Lemma 3. Let R be a perfect ring and let M, be an R-module and M,=
eR|A for a primitive idempotent e. Let x—=xe be an element in M,— ] (M,) and
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h: M,—M, any homomorphism such that h(x) (=m,=m,e)e& J(M,). Under those
assumptions if M, is almost M,-projective, then for each element j in efe, there
exists an endomorphism f of M, such that f(m,)=m,+m,j.

Proof. Since xj& J(M,)e, there exists g: M,—M, such that g(m,)=xj by
Corollary 2. Hence f=1,,,+hg is the desired endomorphism.

Before stating Main Theorem, we give here a simple remark, which is help-
ful for us to understand the argument in [3], §1.

Let D=D,PD,DD, be a direct sum of modules D;, and =;: D—D; the
projection. Take any submodule K of D and put K‘=#,(K). Then we have
the following commutative diagram:

Dx/Klea(Dz@Ds)/(”zea”a) (K)

/ N
“4) D/K D,/K'®D,/K*®D,/K?
N 7

Dz/KZGB(Dl ®D3)/(”1 D) (K)

Now we assume that R is a perfect ring. Let M, be an R-module and
{M;, N;} .1 5.1 aset of LE R-modules. Further assume that M, is almost 33},
DM D31 P N,-projective. Therefore we may suppose that
(*) M, s Ny-projective for all k and

M, is almost M-projective, but not M -projective for all i.
Then from [6], Corollary 1, {M} is divided into the following subsets

(5) {Mi}:'-l = {Mij =6 R/Aij}?gg U {sz =& R/Az;‘}ﬁ(-?% U:--

where the e; are primitive idempotents.
We give some remarks related with [6], Proposition 5. We assumed there that
M, was finitely generated. However we assume here that R is perfect and so
we can find a maximal submodule B given in its proof. Hence [6], Proposition
5 is true for any module #4,, provided R is perfect. Therefore MM, has
LPSM for any 7%= j. Moreover since M, is almost M;-projective, M, is almost
M, -projective for all & and s==s" by Proposition 1-2).

We are ready to obtain a generalization of [6], Theorem 2, when R is a
perfect ring.

Theorem. Let R be a perfect ring and M, an R-module and let {M,;,
N} 721,58 51 be the above set of LE modules with () and (5). Then the following
conditions are equivalent:

1) M, s almost (Z;; DM, ;D3 D N,)-projective.

2) M;; is almost M -projective for all (i’ j')=(ij) and hence %, ;®M;; is a
lifting module.
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3) For each i and any pair j,j’ (j=j') either M;; is almost M,;~projective
or M;s is almost M, ;-projective.

4) M;;®M;;; has LPSM for each (ij)=+(i'j’'), and hence 3,;®M;; has
LPSM.

Proof. 1)—2), 2)e>3)¢>4). These are clear from Proposition 1, [6], Corol-
lary 1, Proposition 5 together with above remark and [3], Theorem 1.
2)—1). Take any diagram with row exact:

M,

© L e
0>K—>M=3;;OM,;d%DN, > M/K -0

We shall show that

(7) there exists &: M,—M with viizli or there exist a non-zero direct summand
M* of M and h: M*—M, with hh=v | M*.

Now we shall prove (7) by induction on the number X a(i) of direct summands
M;;. Since the argument is very long, we shall divide it into several steps.
Stepl S a(f)=0. We are done from Azumaya’s theorem [2].

Hence we assume 2 a(i)#0. Let z;;: M—M;; be the projection and put
7 (K)=K".
Step 2 K''=M,;; for some (ij). We can reduce, by the proof of [3], Lemma
1, a new diagram from (6), which is essentially same as (6) and in which M;
disappears, i.e.

M,

Iy
M - MK -0
u x

M - M'|K’ -0

where M'=Z2s i) DMy DZ,DN, and K'=K NM’'. Hence we obtain (7)
by induction hypothesis (cf. the proof of [3], Lemma 1). Thus we may assume
always

(8) KY = z,(M)*+M,; foralliandj.
Following the argument in [3], §1, we can derive the new diagram from (6):

M,
9) vl v| M;; bvish
M;; l—'*,JMij/KU—’O

where f;: MIK—M,,[K¥@(Ly—m;) (M)](Lu—r,) (K) L M, [K¥ (k. (4)).
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Step 3 Existence k;;: M,—M,; for all i and j. We shall show under the as-
sumption (8)

(10) if there exists &;;: M,—M,; with v}; vk;;=v!; h in (9) for all i and j, then
we can find %#: M,—M such that vh=h, i.e. (7).

We shall prove (10) again by induction on the mumber 3 a(z) of direct summands
M;;. If Za()=0, we obtain (10) from Azumaya’s theorem [2]. Put =)+ an@®
M, D, DN,=M—M,. Then since M=M, H(M—M,), we obtain from (3)
and (3') in [3] (see (9))

M,
(11) ’ M l D{l h
a, 1M g i o
and
M,
(12) Volih

Hv|(M—M,
(M—M,) i v | (M) (M—M,)/(1y—m1) (K) = 0
where vfi: M|K—(M—M,,)/(1—my) (K).
We want to apply the induction hypothesis on (12). Now for each (z)==(11)
we derive a diagram (9’) similar to (9) from (12)

M,

(9’) Dﬁj VIM‘j l ij.h
M > M;;/K? — 0 (cf. [3]).

ij

We remark that the diagram (9’) satisfies the assumption in (10). It is clear
that the assumption (8) holds true in the diagram (12). Recalling the diagram
(4), we know that »};: M/K—M,;/K" in the diagram (9) is essentially deter-
mined by z;;. Hence the assumption of existence of %;; in (10) guarantees an
existence of %;; in the diagrams (9'). Accordingly we can apply the induction
hypothesis on (12), and hence there exists &': M,—>(M—M,,) such that v¥ vk'=
v¥ h. Further from the assumption (10) we obtain also 4”: M,—~M,, which
makes (11) commutative. Therefore from (#), (8) and the argument in [3], §1,
we obtain %: M,—M such that vA=h. Thus we have shown (10). Asa con-
sequence

Step 4 Existence k;;: M;—~M, for some (ij). We can assume that for some
() there exists &;;: M;,—~M, which makes the following diagram commutative:

i, M
/ 1 vfj h
vl M

v ij .
M' Mij/K”_>0

ij
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We note that the above diagram is actually given from the following one:
M,
14 l M ij R l h V; j

v v’ .
M;; > M;®(M—M,;) > M|K — M;|[K"&(M—M,;)|(1y—=;;) (K)
= M;/KY —0
Hence ker v};=v(K'®(M—M,;)). Put M;;=e; R|A;;, &;=e;+4;; ((5)) and
zu‘ @)=m, (=me),

It is clear from (8) and the above diagram that m, & J(M,). Since h(m,)—»(&)E
ker v} s, h(m,)—v(&)=v(ki; 2w e p *irjr T Zn i), where k;;=k;; e; €K, Xyt jr=
%y 6, €My and y,=y, & EN,. Further K¥C J(M;;)=¢; J by (8) and hence
k;;=¢;b; bEe,; Je;, Therefore

h(m,) = v (%;+ S ineap %y +Za ) (=2v(%),
where
x;; = &(e;+b) is a generator of M;;
and
& = %2 jnxap Xy T2 -

Here we consider {x;, %;5, **, X;j, ***, X4} . Among those elements we put X=
{x;s & J(M,;)} Dx;;. Since M, is almost M,y -projective for ¢4¢', we can find
an x;, in X and

gi/j'/: Mis"’Mi/j’ With g‘/j/(xis) == xi/jl fOl‘ a.ny (i’j,) =l= (i.\’)
by Lemma 2’ (use induction) and Corollary 2, and we obtain
&r' Mis - Nk With g,,(x,-s) =Y for all k.

by Proposition 1 and Corollary 2.
Step 5-1 s=j. Putting g=3 e &+ 2 gt Mi—>M— M,

% = %;;F 2t i ), o)) Xirjr 2 Yty = (1+g) (i)

is a generator of M,(g)={s+g(z)|2€M,}. Hence we obtain M=M,(g)D
(M—M;,) and x&M;(g). On the other hand

B (%) = B (8: (e D)) = mtm, b(=m; = mie,) .

Since ¢;+b is a unit in e; Re;, we can put (g;+b)'=¢;+b'; b'Ee; Je;, Then
m,—=m}(e;+b")=m;+mib’. By Lemma 3 there exists an endomorphism f of M,
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such that
f(mg) = m, (note moe: J(M,)) -
Further we have an isomorphism p: M, (g)—M,, with p(x)=x;. Put
h=fhi;g;p: Mi(8) > M,,
and k(x)=fh;; g.;(x:)=Fh:;(x;))=f (m})=m,. Hence hh(x)=h(m,)=v(x), i.e.
hk = v|M,(g) (7)) -
Step 5-2 s=j. Then again by the assumption 2) and Corollary 2, there exist
ghrirs My; — My, with  girj(x;;) = %y forall (2'5")==(ij)
and
g M;; — N, with gi(x;;)=y, forallk.
Putting g'=Z¢;0a5 giri+ s g4 as above,
x = x;;+ 2 e X+ 2 e = (1487) (%)
Hence we obtain M=M,;(g")D(M—M;;) and x€M,,(g'). Now there exists an
isomorphism p’: M, (g")—M,; with p'(x)=x;;. Put
h=fhi;p': Miy(g') - M,
and (x)=m, Therefore
hh = v|M;{(g').
Thus we have proved (7), i.e. M, is almost M-projective.

Corollary 3. Let R be perfect. Let M, be an R-module and let M, and M,
be finite direct sums of LE R-modules. Assume that M, is M,-projective and
almost My-projective. Then M, is almost M, M,-projective.

Proof. We take a direct decomposition M,=3,DT;PZ,DN, into LE
modules T, N, such that M, is N,-projective and M, is almost T';-projective,
but not T-projective. Then Z;PT); is a lifting module by Theorem. Hence
M, is almost M, @ M,-projective by Theorem.

ReMARK. We know from the proof of Theorem that 2) implies 1) with-
out assumption “LE modules”.
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