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We have defined a new concept of almost M-projectives [7] and given
several properties of them [4]. This paper is a continuous work of [4] and
[7]. If a module M, is M;-projective for a finite set of modules M;, then M,
is S1P M;-projective [2]. However this fact is not ture for almost relative pro-
jectives [7]. As far as we know this is one of great differences between rela-
tive projectives and almost relative projectives. The main purpose of this paper
is to fill this gap. Let R be a semiperfect ring whose Jacobson radical is nil.
When M, is a local R-module and the M; are R-modules whose endomorphism
rings are local, we shall give a necessary and sufficient condition for M, to be
almost 3YP M;-projective (Theorem 2), which is dual to [3], Theorem. We
shall study this problem in [6] when R is right artinian.

First we take any ring R. Let M, be an R-module and M, an indecompo-
sable and non-hollow R-module. Then we shall show, in §1, that M, is M,-
projective if M, is almost M;-projective (Theorem 1). Next we shall assume
that R is semiperfect. In §2 we study almost relative projectivity among local
modules. From the results in this section we can understand differences bet-
ween relative projectives and almost relative projectivces. Using those results,
we shall give the main theorem above in § 3.

1. Non cyclic modules

Throughout this paper we always assume that a ring R is a semiperfect ring
with identity except in Theorem 1 and every module M is a unitary right R-mo-
dule. We denote the Jacobson radical, the length of M by J(M) and | M|, res-
pectively. e; means always a primitive idempotent in R. We shall use the same
terminologies in [4].

Let M and N be R-modules. For any exact sequence with K a submodule
of M:

1) M3 MK -0
1y
N
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if either there exists z: N—M with vh=Fh or there exist a non-zero direct sum-
mand M, of M and %: M,—N with hh=v|M,, N is called almost M-projective
[7]. (If we obtain only the first case, we call N M-projective [2].)

We note the following fact: when IV is almost M-projective and M is inde-
composable,

if 4 in the diegrem (1) is not an epimorphism, there exists an z: N—M
with vk = h .

The concept of almost relative projectives was introduced in [4] and [7] to
study the structure of lifting module [8] and extending module [9]. We refer
[4] and [7] for the details.

If every proper submodule of an R-module 7T is small in T, T is called a
hollow module. In particular if T is a cyclic hollow, we call T' a local module.

First we shall give the following theorem for any ring R.

(#)

Theorem 1. Let R be any ring. Let M be a non-hollow and indecompo-
sable R-module and M, an R-module. If M, is almost M-projective, then M, is
M-projective.

Proof. Take any diagram with row exact:

©) 0>K—>M3MK-0
1 h
M,

First assume that K is not small in M. Then there exists a submodule K, in M
such that K;=+=M and M=K,+K. Now we obtain a derived diagram from the
above:

0—>K,NK— M2 M|(K,NK)~ MIKSM|K,— 0

t h+0

M,
Since M/K,#0, by assumption there exists z: My—>M such that h=nv'h=vh’,
where z: M|(K,N K)—>M|K is the projection, and hence zv'=v from the con-
struction. Therefore we may assume that K is small in M. Since M is not
hollow, there exists two proper submodules K, K, of M with M=K,+K,. We
may assume K, DK for =1, 2, since K is small in M. Then we obtain as above
a derived diagram:

M5 MK 5 MI(K,NK,) ~ M|K,®M|K, — 0
tv'h
M,

Let 7, be the projection of M/(K,N K,) onto M/K, and i, the inclusion of M/K,
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into M/(K,NK,). Then i,z v h: M, —>M/(K NK,) is not an eplmorphlsm
Hence there exists £: My—>M with v’ vh=i, w,v'h, and so (h—vh) (M,)Cker
(v'—iym v")=K,/K. Accordingly we have a diagram

M5 MK —0
t h—vh
M,

and (h—vh) (M)CK,/KSM|K. Hence there exists again /,: My—>M with
vhy=h—vh, and so h=v(h+h,). Therefore M, is M-projective.

Corollary 1. Let R be semiperfect, and let M he an indecomposable module
not isomorphic to any local modules eR|A and M, an R-module such that M, ] is
small in M,. Then M, is M-projective if M, is almost M-projective, where e is a
primitive idempotent in R and [ is the Jacobson radical of R.

Proof. If M is not hollow, M, is M-projective by Theorem 1. Hence we
assume that M is hollow. If the 4 in the proof of Theorem 1 is an epimorphism,
M|K #=(M|K)J by assumption. Hence since M is hollow, M/K is local and so
M is also local, which is a contradiction. Accordingly % is always not an epimor-
pism, and hence M, is M-projective.

Let Z be the ring of integers and p a prime. Then E(Z/p), the injective
hull of Z/p, is a uniserial Z,-module and hence E(Z/p) is almost E(Z/p)-projec-
tive. However E(Z/p) is not E(Z/p)-projective. Hence we need the assumption
on M, in Corollary 1.

From Corollary 1 if M, is almost M-projective, but not M-projective for
an indecomposable module M, M must be a local module eR/B whenever M is
finitely generated, where e is a primitive idempotent.

Proposition 1. Let M, be as in Corollary 1 and M, an indecomposable mo-
dule. Assume that M, is almost M,-projective. Then M, is M,-projective if and
only if either M, is not of a form eR|A or M,~eR|A and any homomorphism:
M, ] (My)—M,|J(M,) is liftable to an element f: My—M,.

Proof. We assume “if”’ part. If M a&veR/A, M, is M,-projective by Corol-
lary 1. Hence suppose M,=eR/A and put M,=M,/M, J=1PBe,R. If eace;
for all 7, there are no epimorphisms #’: MM, /K,, where K, M,. Hence M,
is M,-projective. Assume that e~ve,. Take a diagram:

M, > MK, — 0

If & is an epimorphism, then % induces an epimorphism %: M,/J(M,)—M,|J(M,).
By assumption there exists A;: My—>M, such that h,=Hh, i.e., (vh,—h) (M,)C
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(M,/K,)J. Hence there exists &: My>M, with vh=h from (#). If & is not an
epimorphism, by (§) we obtain always %’ similar to the above %#. Hence M, is
M, -projective. “only if’ part is clear.

Corollary 2. Let M, and M, be as in Proposition 1. If M, is almost M-
projective but not M,-projective, there exists a homomorphism h: My—M, which
induces a monomorphism of M,[J(M,) into M,|](M,).

Proof. Since M, is not M,-projective, we have an epimorphism A:
M,[J (My)—M,|J (M), which is not liftable, by Proposition 1. Hence there exists
the desired homomorphism 7%: M,—M,.

2. Local modules

We shall study almost relative projectives among local modules. We recall
here the definion of the lifting property of simple modules modulo radical (brie-
fly 1.p.s.m) [5]. Let T; and T, be local modules. If for any simple submodule
U in T\/J(T)® T,/J(T,) there exists a direct summand 7" of T=T,DT, such
that T"+(J(T)BJ(TY)/J(T)BJ (T,))=U, then we say that T has the 1.p.s.m..
This is equivalent to the following: for every element f in Homg(Ty/J(TY),
T,/J(T),)) is liftable to an element in Homg(7, T;) or so is f~! to an element in
Homg(T,, T)), provided | T| and | T,| are finite. Now in this paper we call the
latter equivalent property the 1.p.s.m. even if | T;| is infinite.

Let A, B be right ideals in eR. If eR/B is epimorphic to eR/4, there exists
a unit v in eRe such that vBC 4 and eR/B~eR/vB. We denote this situation
by B<A.

Proposition 2. Let R be a semi-perfect ring and A, B right ideals in eR
such that either eR|A or eR|B is noetherian. Then eR|A is almost eR|B-projec-
tive if and ony if eJeACB and eR|A@eR|B has the 1.p.s.m.. In this case if
eR/A is not eR|B-projective, then eR|B is eR|A-projective.

Proof. If eR/A is almost eR/B-projective, efJeAC B by [4], Proposition 2
and eR/A@eR/B has the 1.p.s.m. by definition. Conversely if eR/APeR/B has
the 1.p.s.m., then 1) eR/B is epimorphic to eR/A4 or 2) eR|A is epimorphic to
eR/B by definition. In either case we may asume 1) ADB or 2) ACB by the
remark above (note that veJe=eJe=eJev).

Case 1) Assume efeACBCA. Take the diagram (2), where M,=eR/A
and M=eR/B. If his not an epimorphism, % is given by an element j in eJe.
Since jACB, h is liftable to an h=j;: eR/A—>eR|B, where j, is the left-sided
multiplication of j. Next we assume that % is an epimorphism. Then £ is given
by a unit # in eRe. Since eR/A@PeR/B has the 1.p.s.m. and either eR/A4 or eR/B
is noetherian, there exists a unit ' in eRe such that «™'=u' (mod eJe) and #'BC
A. Putu'=u"'+j';j'€efe. Then ADu'B=(u"'+j’) B and jBCj’ACBCA.
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Hence u"'BC A. Putting 2=(u""),, hh=v. Hence eR/A is almost eR/B-pro-
jective.

Case 2) We can show in the same manner that eR/4 is eR/B-projective.
Finally assume that eR/4 is not eR/B-projetive. Then we may assume BC A4
by Corollary 2. Further efeB (CefeACB)C A. Hence eR/B is almost eR/A-
projective by the first statement. While BC A implies that eR/B is eR/A-
projective by Corollary 2.

We shall apply the above proposition to a partucular case, e.g. an algebra
over an algebraically closed field.

Lemma 1. Let My=eR/A and M,=eR|B. Then M, is M,-projective if
and only if for any generator ay=ae of M, (resp. a;=aye of M,), a mapping a;—>a,
gives us an epimorphism of M, onto M,.

Proof. Since a;e=a; (i=0, 1), g; is a unit in eRe. The last statement of the
lemma is equivalent to {xEeR|axE A4, i.e. xEa;'A} C {xEeR| a;xEB, i.e. xE
ar'B}. Hence AC B by taking ay—=a,=e and uAC B for any unit « in eRe by
taking ¢y=u"" and a;=e. Letj be any element in efe. Then (e+j)ACB and
eAC B from the above. Hence jAC B. Therefore eReAC B, and so M, is M;-
projective by [1], p. 22, Exercise 4. 'The converse is clear from the above and [1].

Proposition 3. Let M be an R-module and My=eR|A. Then M, is M-
projective if and only if for any m—=me in M and any generator a,—aye of M,, a
mapping a;—>m gives us an epimorphism of M, onto mR.

Proof. If M, is M-projective, then M, is N-projective for any submodule
N of M by defintion. Hence we obtain “only if” part from Lemma 1, since
mR~eR|B for some B. Conversely take m—=me in M with k(e-+A)=v(m) in
the diagram (2). Since there exists %#: My—>mR(C M) with % (e-+A)=m by as-
sumption, vhA=h.

From the above result we shall define a new concept. Let M;=eR/A be a
local module. An R-module N is called locally generated by M, if every cyclic
submodule nR of N with ne=n is a homomorphic image of M,.

Now we assume that eJ/B is locally generated by eR/A. For any element
x in efe we obtain an epimorphism f: eR/A—(xR+B)/BCeR/B. Then fle+A4)=
xr-+B and 7 is a unit in eRe and there exists y in eRe such that y4C B and y=xr
(mod B). Put y=xr+b:b=B. Then BDyA=(xr+b) A. Hence since bAC
B, xrACB. Therefore ¢]/B is locally generated by eR/A if and only if

(3) for any element x in efe, there exists a unit %, in eRe such that xu,AC B.
If eJeAC B, (3) is trivially satisfied.

Lemma 2. Let R be a right artinian ring and assume that eR|A@eR|A
has the 1.p.s.m.. Then 1): for BCeR ¢R|A is almost eR|B-projective if and only



842 M. Harapa anD T. MABUCHI

if i) eJ|B is locally generated by eR|A and i) A<B or A=B. 2): For an R-module
M eR[A is M-projective if and only if M is locally generated by eR|A.

Proof. 1) We assume that eR/4 is almost eR/B-projective. Then i) and
ii) are clear from Proposition 2 and the remark after (3). Conversely we assume
i) and ii). We shall show ef'eAC B for each ¢ by induction on . Assume
eJi*'eAC B and take an element x in ¢J* e—eJi*'e. Then from (3) there exists
a unit 7 in eRe such that x¥x4CB. By assumption; 1.p.s.m.

(4) r=wu-tjuisaunitineRewithud =A4A and jeceje.

Then BCxrA=(xu+xj) A and xjceJ*'e. Hence xA=xuACB by induction
hypothesis, and so eJeAC B by taking i=1. From ii) we may assume 4CB or
ADB. Hence it is clear that eR/A@eR/B has the l.p.s.m. for eR/ADeR/|A
does. Therefore eR/A4 is almost eR/B-projective by Proposition 2.

2) Assume that M is locally generated by eR/A. Let m be an element in M
with me=m. Then mR~eR/B for some B. Now we shall show that eR/4 is
eR/B-projective. Since eR/B is locally generated by eR/A, (3) holds for any
element in eRe from the argument given before (3). Hence the observation
after (4) shows eReA C B and hence eR/A4 is eR/B-projective by [1]. Accordingly
eR/A is M-projective by Lemma 1 and Proposition 3. The converse is clear
from Proposition 3.

Proposition 4. Let R be a right artinian ring and M an R-module. We
assume that eR|APeR|A has the 1.p.s.m.. Then eR|A is almost M-projective if
and only if for any element m=me in M, we obtain one of the following:

1) If mR is not a direct summand of M, then mR is a homomorphic image of
eR|A.

2) If mR is a direct summand of M, then either mR is a homomorphic image
of eR|A or eR|A is that of mR.

Proof. Assume that eR/A is almost M-projective. Let m=me be in M
and mR not a direct summand of M. We shall show that eR/4 is mR-projec-
tive. Consider a diagram with K a submoduie of mR:

mR = mRIK — 0

th
eR|A

Then we obtain a derived diagram

M2 MIK -0

u U
mR > mR|K — 0
th

eRJA .
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Since eR/A is almost M-projective, a) there exists &: eR/A—>M with vy h=h or
b) there exist a direct summand M, of M and %: M,—eR/A with hh=v,|M,.
Assume b). Since vy (M;)Ch(eR/A)Cv(mR) and K CcmR, M,CmR. Hence
M,=mR for mR is hollow, which contradicts the initial assumption. Therefore,
if mR is not a direct summand of M, we always obtain the case a). Then since
vu(h(eR|A))Ch(eR/A)Cv(mR), k(eR|/A)CmR. Hence eR/A is mR-projective,
whence mR is a homomorphic image of eR/A by Proposition 3. Next we assume
that mR is a direct summand of M. Then eR/A is almost mR-projective by de-
finition. Then we obtain 2) from Lemma 2-1)-ii). Conversely assume 1) and
2). Take any diagram with K C M:

M5 MK -0
rh
eR/A

and put A(&)=wv(m) for some m=mec M, where é=e+A in eR/A. Assume
that mR is not a direct summand of M. Then since mR is hollow, m'R is not
a direct summand of M for any m’ (=m’e) in mR. Accordingly mR is locally
generated by eR/A from 1) and so eR/A is mR-projective by Lemma 2-2).
Hence there exists a homomorphism %: eR/A—mRC M with &(é)=m by Lem-
ma 1. Therefore vh=h. Assume the case 2). Since mR is a local module, any
proper submodule of mR is not a direct summand of M. Hence eR/A is almost
mR-projective by 1) and Lemma 2-1). Take the derived diagram from the
above one

mR 2 mR|(K NmR) — 0

th
eR/4

Since eR/A is almost mR-projective, we obtain an %: eR/A—>mR (or mR—>eR|A)
which makes the above diagram commutative. Noting that mR is a direct
summand of M, we know that eR/4 is almost M-projective.

RemarRk. We don not need Lemma 2 in the first half of the proof of Prop-
osition 4, and hence it shows the following fact: Let R be semiperfect and eR/A
almost M-projective. Then for m=me in M such that mR is not a direct sum-
mand of M, eR/A is mR-projective. ;

We note that if R is an algebra over an algebraically closed field of finite
dimension, eR/A@eR[A has always the l.p.s.m.. Further Lemma 2 and Prop-
osition 4 are not true without the assumption: L.p.s.m. of eR/APeR/A (see the
next examples).

Exampie 1. Let LDK be fields with L=aK@bK. Put R=LPulL, a
trivial extension with J(R,)=0@®uL and V=xL@yL, a vector space over L.
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( 1 )
R_
O R

with (ud) x=yd and uy=0;d=L. Put A=(0 x(aK)@yL) and B=(0 y(aK)).
Then for e==¢;; eJe=](R,), eJeAE B and for any ¢'=cu(+0) in efe c'c*ACB
((3)), and hence eJ/B is locally generated by eR/A. Further eR/A@eR/B has
the Lp.s.m.. However eR/A is not almost eR/B-projective for eJeAd B.

2. Put A'=(0 x(aK)Py(aK)). Since eJeB=0and A'DB, eR/A’ is local-
ly generated by eR/B. However eR/B is not eR/A’-projectiev.

Set

3. Direct sums

Let M,, M, and M, be indecomposable modules and let M, be almost
M;-projective for 7=1,2. In this section we shall study a condition under
which M, is almost M,P M,-projective, when M, is cyclic. This is dual to
[3], Theorem. We note that if M, is almost M;@ M,-projective, then M, is
almost M;-projective for =1, 2 by definition. If Endg(M) is a local ring, we
say M is an le. module.

Proposition 5. Let M, be a finitely generated R-module and let M, be a
local and l.e. module e,R|A, and M, an l.e. module. Assume that 1) M, is almost
M, @ M,-projective, but M, is not M, -projective, and ii) for any m(=0) in M, with
me,=m we take any isomorphism f: M,|M, J~mR|[m]. Then f(or f~' if M,=mR)
is liftable to f': M,—M, (or f': My—M,).

Proof. Since M, is almost M,-projective but not M,-projective, there exist
a maximal submodule B of M, and an isomorphism g: M,/B—M,/J(M,) which

is not liftable to an element: My—M, (cf. the proof of Proposition 1). Let
f: M,|J(M,)—>mR[m] be the given isomorphism and take a diagram:

MM, "8 w7y M m] — 0
th
M,/B
T Vy
MO y

where h=g+fg. Since M, is almost M, M,-projective, either there exists /:
My—M,® M, with (v,-+v;) h=hy, or there exist a non-zero direct summand N of
M,®M, and k: N—M, with kv, h=(v,+»,)| N. If the former occurs, taking
the projection of M@ M, onto M,, we have a contradiction to the choice of g.
Hence we should obtain the latter. We may assume that N is an indecomposable
module. Since NV has the exchange property by assumption
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MPM,=NPM, or = NDPM,.
The first case: Let x, be any element in M,. Then
x,=n+x;neEN, x,c€M, and n=y+y, y;EM,.

Hence x,=y, and x;—=—y,. Put z=nh(n), and »(y,)=¢(2), vy(y2)=/g(2), ie.,
wy(0)=f(oi(—y)). "Then My /mJ—f(M/J (My))=mRjm]. Accordingly, My=mR
and —7z|M,: M,—M, is a lifted element of 7!, where z: NPM,—M, is the
projection. We obtain a similar result for the second case.

Lemma 3. Let {M;}}., be a set of indecomposable R-modules and let N and
M, be R-modules. Assume that M, is almost M;-projective for all i and N-pro-
jective. Take a diagram with row exact:

0— K- (2 M)®N > H— 0
th
M,
If there exists a small submodule T in 33, PM; such that h(M,)Cv(TPBN), then
there exists fi: My—>(3BM,)®N with vh=h.

Proof. Put M*=33,M;PDN and n,: M*>>;PM,;, n,: M*—N the pro-
jections. Further put Ki=z,(M¥*) for i=1,2. We can derive the following
diagram (cf. [4]):

SOM,; > (S@M)/K' > 0
t =ih
M,

*
where 71: H1i>M*/(K‘EBK2)—>(E,-GBM,-)/Kl is the projection (we note that K C
(K'®K?) and H=M*|K, and so we obtain the natural epimorphism »*). From
the assumption z{ (M,) is small in (3;@M;)/K*. Hence there exists &,: M~
SLD M, with v’ ,=={ h by [4], Lemma 1. Since M, is N-projective, we obtain
the desired homomorphism from the remark before [4], Lemma 1.

The following theorem is dual to [3], Theorem and will be generalized in
[6] to a case where M, is a finitely generated module, when R is right artinian.

Theorem 2. Assume that R is a semiperfect ring and J is nil. Let {M;}%_,
be a set of l.e. modules and M, a local module e,R|A,. Then the following are
equivalent :

1) M, is almost >3}, P M;-projective.

2) The following are fulfiled:

1) M, is almost M;-projective for all i >1.

i) If M, is not M-projective for k=i and j, then M;DM; has the 1.p.s.m.
(¢n this case M;~e,R|A;, M;~e,R|A;).
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Proof. 2)—1) We may assume that there exists an integer m such that
M, is M;-projective for all >m and M, is not M;-projective for all j<m and
hence all M; (j<m) are local modules ¢,R/A4; by Corollary 1. Take a diagram
with row exact:

0—>K—>M=3@M > M/K—0
) th
M, = eR/A.

Let h(é,)=(22 a;)+ K ; a; & M;, where é,=e,+A in M,. We may assume a; ¢,=
a;. We show that

there exists #: My—>M (or there exist a non-zero direct summand N of M

and a homomorphism %; N—M,) such that vh=Fh (or hh=n»|N).
If ;€ J(M;) for all (m>)i>1, there exists & : M,—M such that vA=h by Lemma
3. Hence we assume that there exists an integer k such that a;&J(M,) for
(m>)j> kand ay&J(M;/) for 1<j'<k. Then a; is a generator of M., since
M is local. Now M, is not M,-projective for t=1, s <k, and so M, M, has
the L.p.s.m. by assumption. Hence there exists f: M;— M, (or M—M,) such
that f(a,)=a,+a, j, (or f(a,)=a,+a, j,) for some j,=]J. We take a new decom-
position M=M,(f)P MPD> i+, DM; (or M\BM(f)D Zis,,s B M;), where
M(f) ={x+f(x) v €M} C M;@M,. Then a,+a,= (a,+f(a)+(a,—f(a)) =
(a,+ f(ay))—a, j, and (a,+f(a))EM|(f), a,j.€ J(M,) (similar for another case).
Hence iterating this argument, we remain ourselves a case k=1, i.e., M, is not M-
projective and a,&J(M,) for all (m>)t>1. Since a,RC]J(M,) for 1<t<m,
there exists

(6) hy: My — M, suchthat £,(&,) = a, (n>t>1)

by Lemma 1 and Remark in §2. On the other hand, consider f,: M,/]J (M)~
M, [T(M,) (f,(e+T(My))=a,+](M,)). Since M,®M, has the Lp.s.m. by as-
sumption i) and Proposition 2, there exists 4,: M;—M, (or M,—M,) such that
hy(a,)=é, (mod J(M,)) (or k(&) =a, (mod J(M,)=a, ])), i.e.,

(7) El(al) = éo+éojo;joej , or
(7" ﬁl(éO) = a+a ji; hEJ

Case (7'): Put g=>V_, h,: My>M and h'=h—vg. Then k'(&)=v(a, j;) and
a, j,€J(M,). Hence there exists h*: MM such that vA*=h" by Lemma 3 and
s0 h=v(g-+h*).

Case (7)~: Now put g=(Xs5, ) £;: M= 235, BM,. Then g(a,)=2>15,; 7i(&y)
+ 352 #e(&0) Jo=2452 @+ 152 @4 Jo. - Taking a decomposition M=M,(g)D ;5.
BM,, X1 ay=a,+g(a))—>5; a, jo and a,+-g(a,) € M (g), a, jo= M, (t>1). Sim-
ilarly to (6), we obtain by Lemma 1 and Remark in §2.
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8) hi: My— M, with k@)= a,j, (n>t>1).
While since M,~M,(g) (a>a,+g(a,)), from (7) we obtain &{: M,(g)—M, with
©) k(@ +g(@)) = &+e o

Put g'=(23s5, £7) A1, and 2., DM, =(M(9)) (£ ) DX DM, 33541 4= (ar+
g(a)+g'(a,+g(a)))— 245, a: ji.  Repeating this procedure we obtain the final de-
composition M=M{PM,PD---PM, and 33}, ;&€ M{~M,, since Jisnil. Thus
we have derived the following diagram from (5):

M{ 2 (M) — 0
rh
M,

Therefore there exists /: My—>M]j (or h: M~ ) such that vh=h (or hh=—
v|Mj7).

1)—2) (cf. [7]). M, is almost M,-projective for all ¢ by definition. Let
M; and M; be as in 2)-ii). Since M, is almost M;P M,-projective as above,
M, @M, has the L.p.s.m. by Proposition 5.

We shall show in [6] that Theorem 2 is useful when we characterize right
Nakayama rings in terms of almost relative projectives.
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