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Minimal Anisotropic Groups
of Higher Real Rank

ALEX ONDRUS
(with an Appendix by V. CHERNOUSOV & A. MERKURIJEV)

1. Introduction

Throughout this paper, G will be a connected, simple algebraic group over an alge-
braic number field F. Let V;,R be the set of all real places of F and let F, ~ R
be the completion of F with respect to the place v € VOFO’R.

In [CLM], Chernousov, Lifschitz, and Morris define S to be the elements of
VOIZ,R such that rankf, (G) > 2, and they introduce the following definition.

DEerINITION [CLM, Def.3.3]. Let G beisotropic. We say G is minimal if Sg # @
and there does not exist a proper, isotropic, almost simple F-subgroup H of G
such that ranky, (H) > 2 for all v € Sg.

Under this definition they classified minimal isotropic groups over number fields
and found that they had absolute type A, A x A, or A] for some n > 2. Taking
the particular case of F = Q and applying the Margulis arithmeticity theorem
[Ma, Thm. IX.1.16 and Rem. IX.1.6(iii)] and the Margulis superrigidity theorem
[Ma, Thm. IX.5.12(ii) and Rem. IX.1.6(iv)], they were able to translate this into
the following result regarding lattices in Lie groups.

THEOREM 1.1 [CLM, Thm. 1.13].  Every nonuniform lattice of higher rank con-
tains a subgroup that is isomorphic to a finite-index subgroup of a lattice con-
tained in either SL3(R), SL3(C), or a direct product SL,(R)™ x SL,(C)" with
m+n>2.

The theorem is very useful in examining properties of nonuniform lattices of higher
rank that transfer to sublattices. For example, Ghys conjectured that no lattice of
higher rank has a total order that is invariant under right translation [Gh]. Theo-
rem 1.1 reduces the problem of proving Ghys’s conjecture for nonuniform lattices
to considering lattices of the form above, which was done by Lifschitz and Mor-
ris [LM].

For arithmetic lattices, the dichotomy between uniform and nonuniform lattices
translates exactly into the dichotomy between anisotropic and isotropic algebraic
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groups over number fields [Ma, Rem. IX.1.6(vii)]; thus it is natural to attempt to
classify minimal anisotropic groups with appropriate real rank.

DEFINITION 1.1 (Appropriate Real Rank). Let G be a group over a number field
F. Let

Sg ={ve VL lrankg(G) =1} and S¢={veVL, |rankg(G) > 2}.

We say that a subgroup H < G has appropriate real rank if ranky, (H) = 1 for
all v e S and ranky, (H) > 2 for all v € S.. Define S = S; U S¢.

Given this definition of appropriate real rank, the following is the natural general-
ization of minimality to anisotropic groups.

DEFINITION 1.2 (Minimal). A group G as before is said to be minimal if S, #
and G contains no proper F-simple subgroups of appropriate real rank.

It is useful to break the classification into the absolutely simple and non—absolutely
simple cases.

THEOREM 1.2. If G is an absolutely simple, minimal, anisotropic group over an

algebraic number field F, then G is isomorphic to one of the following groups (up

to isogeny):

(1) SUs(L, f) for L/F quadratic and f anisotropic hermitian on L3 with at least
onev e VOI;]R such that L ® F, >~ F, x F,; or

(2) SU(D, 1) a central division algebra of prime degree p > 3 over L quadratic
over F with involution of the second kind t; or

(3) SL(D) for a central division algebra D over F of prime degree p > 2.

It is well known that every simple group that is not absolutely simple is isogenous
to the restriction of scalars of an absolutely simple group [BOI, (28.8)], and sub-
groups of such groups are closely related to the concept of descent.

DEerFINITION 1.3 (Descent). Given an object A (an algebraic group, a central sim-
ple algebra, etc.) over a field K, we say that A descends to P C K if there exists
an object A’ of the same kind defined over P such that, when we extend scalars,
we have A}, ~ A.

THEOREM 1.3. If G is a minimal anisotropic group over an algebraic number
field F that is not absolutely simple, then G is isomorphic to one of the following
groups, up to isogeny (let ¢ = %1).

(1) Rx/r(SL1(D)) for a central division algebra D of odd prime degree over
an extension K such that D does not descend to any P with F C P C K.

(2) Rk/r(SU(D, 1)), where D is a central division algebra of prime degree
p > 3 over a quadratic extension K'/K with involution of the second kind t such
that, if (D, 1) descendsto P'with F C P C K and P'/P quadratic, then P,, >~ R
and P, ® P’ >~ C forall w; € V£,R lying over at least one vy € Sg and:
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(@) ifvg € S; then (D' ®p Py, 7' @ 1) = (M,(C),e(l,..., 1) forall w; € Voi,R
lying over vy; or

(b) ifvo € Si then (D' ®p Py, 7' ® 1) = (M,(C),e(l,—1,1,...,1)) for at most
oneiand (D' ®p Py,, 7' ® 1) =~ (M,(C),&(l,...,1)) for all others.

(3) Rg/r(SL1(D)) for D a quaternion algebra over K such that, for every F C
P C K such that D descends to P, there exists a vy € Sg satisfying:

(a) ifvy € S;, then P,, =~ Rand D' @p P, ~ H for all w; € VOZ,R lying over
vo; and

(b) if vg € S/, then there is at most one w; € VO};’R lying over v such that either
P,, >~ Cor D' ®p P,, >~ M>(R) but not both.

(4) Ri/r(SU3(K', f)) for K'/K quadratic and f hermitian over K'? such that:

(a) for any F C P C K such that SU3(K', f) descends to P, there exists a
vo € S¢ such that P, ~ R forall w; € VOI;R lying over vy and such that
(i) if SU3(K', f) descends to SU3(P’, f'), where f' = (l1,a3,as), then
Py, ® P' >~ C foreveryi and
(A) ifvg € S, then the image of aj in Py, is positive for all i or
(B) ifvo € S& then the image of a; in P,, is negative for at most one i or
(i) if SU5(K', f) descends to SU(D, ), where D is a central division alge-
bra of degree 3 over P'/P quadratic with involution t of the second kind,
then P' @ P, >~ C for every w; € VOI;R lying over vy and
(A) ifvoe S, then (DQ® Py, T Q1) = (M3(C),0), where 6(X) = xT
for every w; € Vo’;R, or
(B) if vo € S; then (D ® Py,,t @ 1) = (M3(C),0) for all but at
most one w; € VOI;R and, for at most one w;, (D @ Py,,T ® 1) =~
(M3(C), 0 olInt(ediag(1,—1,1))); and
(b) forany F C P C K such that some subgroup SL{(D") < SU3(K', f) de-
scends to SL{(D) over P, there exists a vy € Sg such that
(1) ifvo € S; then P,;, ~Rand D Q P,, =~ H forall w; € VO’;R over v, or
(i) if vo € S; then either Py, ~ C or D @ P,, = M»(R) for at most one
w; € VO};R over vy.

Using the Margulis arithmeticity and superrigidity theorems, one can show that
the next result gives a classification of the minimal semisimple real Lie groups
with no compact factors containing uniform irreducible lattices of higher rank.

THEOREM 1.4. Every uniform lattice of higher rank contained in a semisimple
Lie group with no compact factors contains a subgroup that is isomorphic to
a finite-index subgroup of a lattice contained either in SL,(R)* x SL,(C)™ x
SU,(C, f1) x --- x SU,(C, f,), where the f; are hermitian forms of index at
least 1, or in SL,(R)" x SL,(C)™ withn +m > 2.

This theorem has immediate applications to the theory of discrete subgroups of
semisimple Lie groups. For example, to prove Ghys’s conjecture for cocompact
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lattices it suffices to examine lattices contained in Lie groups of the form just
described.
The rest of this paper will provide a proof of Theorems 1.2 and 1.3.

2. Groups of Classical Type

2.1. Orthogonal Groups

Assume that G = SO(f), where f is a quadratic form of dimension at least 5.

PROPOSITION 2.1.  The group G contains a F-simple subgroup H of type A| X A}
that has appropriate real rank.

Proof. By [PrR, Lemma 6.2] there exists a 4-dimensional subform f’ of f that
has Witt index 1 over F, for every v € S and Witt index at least 2 over F, for
every v € Sg. It remains to show that we can choose f’ such that disc(f’) # 1.
Assume that disc(f’) = 1 and let f have diagonalization {(a,...,a,) chosen so
that f' = {ay,...,a4). Leta = a; - a; - a3 and note that disc(f’) = 1 implies that
a=asmodF x?, Using the weak approximation property and arguing as in [PrR,
Lemma 6.2], we can choose a, such that (a4, as) represents a)j, a;, # « mod FXZ,
and (ay, as, az, ay) has the same Witt index as f’ over F, for all v € Si. Replacing
f'by (ai1,a»,a3,a,) allows us to assume that disc(f’) # 1. Let H = SO(f"’) <
SO(f); then H has appropriate real rank and H is F-simple because disc(f’) # 1
[BOI, Thm. 15.7]. O

2.2. Type C,

For this section, D is a nonsplit quaternion algebra over F, t is a canonical invo-
lution on D, f is a t-hermitian form on D", and G = SU,(D, f,7). Thus f =
> ¢ xfa;y;, where a; € D" = F. If n = 2 then G has type C, = B,, which
was covered in the last section, so assume that n > 3. After normalizing, we can
choose a; = 1. For each v € S; such that D ® F, = D, is nonsplit we have that
at least one of 0 > a; € F,. Using the weak approximation property and a con-
tinuity argument, assume that a, has been chosen such that 0 > a, € F, for all
v e Sg. If n = 3, then H = SU,(D, (1,a»),7) < G has appropriate real rank.
Therefore we can assume that n > 4.

If n > 4 then, applying the same reasoning as in [PrR, Lemma 6.2,], we can
find a 4-dimensional subform of f (say f’) such that SU4(D, f’, ) has rank 1
over F, for every v € S(; and rank 2 over F, for every v € S/ and such that D,
is nonsplit. Then H = SU4(D, f/, t) is absolutely simple and of appropriate real
rank.

If n = 4 then consider H = SO(f) < G. By multiplying a, by elements of
Nrd(D*) if necessary, we may assume that disc(f) # 1 and so H is F-simple.
By applying the weak approximation property to a; we may also assume that H
has appropriate real rank.
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2.3. Type D,

Because the case of orthogonal groups has already been treated, we may assume
that G >~ SU, (D, f, t) for D a nonsplit quaternion algebra over F, t the canon-
ical involution on D, and f a t-skew-hermitian form on D". If n = 2 then G is
of type D, >~ A; x Aj, which will be covered in a later section, so assume that
n>3.

Before I handle this case, I recall some basic facts about skew-hermitian forms.
The following is a special case of Morita equivalence. It is actually a collection of
results that can be best summarized in the following lemma.

LemMA 2.1 [S, pp. 361-362]. Given a skew-hermitian h on D" as before, if
F C K is a field extension splitting D then h ® 1: (D ®r K)" — (D ®F K) cor-
responds to a unique bilinear form by, on K*", up to isometry, and disc(b;) =
disc(h). Also, h is isotropic over K if and only if b, has Witt index > 2. This cor-
respondence respects direct sums (i.e., by = by, @ by) and, on I-dimensional
forms (d), if we choose an isomorphism D Qp K ~ M»(K) and if, under this
isomorphism, d corresponds to
a p
( y —« )

then there exists a basis of K* such that by, has matrix

(7, =)

We separate the examination of groups of type D,, into three cases: n = 3,n = 4,
andn > 5.

ProPOSITION 2.2, With notation as before, if n = 3 then we can choose a diag-
onalization of f = (ci, ca,c3) such that SU,(D, (c1,c2),T) < G has appropriate
real rank and disc({cy, c2)) # 1 mod F<.

Proof. For every v € VOQR such that D, is nonsplit, [S, Thm. 3.7] gives that any
two 2-dimensional skew hermitian forms over D, are isometric; hence we ignore
those valuations. Let {vy,...,v,} be the elements of S;, for which D,; is split,
and notice that D, is split for every v € S (by the same theorem). Let S/ =
{vm+l’ IR v(ﬁ}-

Let f,, = f®1: D) — D,,. The fact that G, is isotropic gives that f,, repre-
sents some ¢, such that the 1-dimensional skew-hermitian form (c,,) corresponds
to a hyperbolic plane under Morita equivalence. Using weak approximation and
the continuity of Morita equivalence, we see that there exists a ¢; € D such that f
represents ¢ and {cy),, corresponds to (1, —1) under Morita equivalence for all v;.
Choose dj, d3 so that f = (cy,d,,ds). Repeating the same arguments for (d,, ds)
yields ¢, such that (d», d3) represents ¢, and (c2),, corresponds to an isotropic
form over F;} for all v; € S¢;. Choose c3 such that f = (c1,¢2,¢3).
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If G is of type 'Ds and if disc({cy, ¢c2)) = 1, then cZc2¢2 = ¢2 = 1 mod F*".
This contradicts the assumption that D is a division algebra over F. Let G be of
type 2D and assume that clzc% = 1 mod F*’. I claim that (c2, c3) then represents
some d € D such that (d),, > (c2),, for all v; and there exists some place v such
that d° # 012 mod F>*’. If this is true, then replacing ¢, by d completes the proof.

It suffices to show that there exists some p-adic place vo on F such that (c3, ¢3)y,
represents dy, € Dy, with d} # ¢ mod va)z. Indeed, once this is shown we can
replace ¢, by some d with disc({ci,d)) # 1 without changing the behavior over
F, for all v € S¢ by weak approximation. Choose any p-adic (p # 2) place vg
such that D, is split. Suppose that b, c;),, = (B1, B2, B3, B4). We then have
that (81, B2, B3, Ba, —1) = (1, —1) @ (r, s, t) because any 5-dimensional quadratic
form over a p-adic field is isotropic. From [La] we have that (r, s, ¢) represents at
least three square classes in va0 / Fuf)z; thus we can choose y € va) such that (r, s, t)

represents —y and y % ¢? mod va)z. Then (81, B2, B3, Ba) ® (—1, y) has Witt in-
dex at least 2 and thus, by Lemma 2.1, &, represents some d,,, such that (d,,)
corresponds to (1, —y) under Morita equivalence. Then dfo =y # ¢} mod va)z,
as required. UJ

The restriction thatdisc({cy, ¢;)) # 1 mod Fx implies that H = SU, (D, (cy, ¢2), T)
is F-simple. Since H has appropriate real rank by construction, it follows that G
is not minimal when n = 3.

Assume now that n > 5. I claim that there exists a diagonalization (dj, ..., d,)
of f suchthat,if h = (dy,...,ds), then H = SU4(D, h,t) < G is of appropriate
real rank. Arguing as in the proof of Proposition 2.2, we can choose a diagonal-
ization (dy,d>, ...,d,) of f such that b4, 4,), has appropriate Witt index over F,
for every v € Sg such that D, is split. Then, by [S, Thm. 3.7], the subgroup H =
SU4(D, (di,d>,ds,d4), T) has rank 2 over F, for every v € VQR such that D, is
nonsplit, so H has appropriate real rank by the choice of dy, d>.

Finally, we must consider the case n = 4. In both the inner and outer cases, I re-
quire the following lemma due to Chernousov and Merkurjev (see the Appendix).

LeEmMA 2.2.  If K is a maximal subfield of D and if f is a skew-hermitian form
such that by is isotropic over K, then there exists av € D" such that F(f(v)) ~ K.

2.3.1. Type’D,

PropoOSITION 2.3.  Up to isogeny, we have that G contains a subgroup of the form
RF(ﬁ)/F (SO4(f")) for some a # 1 mod F** that is of appropriate real rank.

The proof is broken into a series of lemmas as follows.

LEMMA 2.3. There exists an a € F such that:
(1) Sign,(@) = —1 forallv e VOI;R;

2) —a¢ FXZ; and

(3) G is quasi-split over F(/a ).
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Proof. Let K = F(y/c) be the unique quadratic extension of F such that G be-
comes of type 'Dy over K, f, = (1,—4/c,1,1,1,—1,—1,—1), and consider the
exact sequence

H'(F,Spin(f,)) — H'(F,PSO(f,)) — H*(F, Z(Spin(f,))).

We have that Z(Spin(f,;)) = Rk/r(pt2) and so H*(F, Z(Spm(fq))) »Br(K)
by Shapiro’s lemma. Suppose that G corresponds to [£] € H'(F, PSO( fq)) and
that [§] — [T] € Br(K). Let sq,...,s, be the elements of V R such that
Resg, ;x([T]) # 1, and let 11,...,1, be the set of non- Archlmedean places of
K such that Resg, /x([T]) # 1. For every v € VOo r> choose 0 > «,, € F,. Then
we have that [T'] splits over Kj; (\/oz_v, ), where v; is the restriction of s; to F. For
the non-Archimedean valuations ¢;, I claim that there exist o, € F,, (where w;

is the restriction of #; to F') such that the image of «,, in K, is nonsquare If

F,, = K;, then this is tr1v1a1 If F,, # K;,, then F} /FX — KX/KX has kernel
of order 2 and | F,;;/F, x? | =4, so Olw, exists. Once we have made such a choice
of a,,,, the fact that any nonsplit quaternion algebra over a p-adic field splits over
any proper quadratic extension gives that Resg, /x([T]) splits over K, (x/“_w: ).
Finally, choose some non-Archimedean Valuatlon r on K such that Resg, x([T])
is split, and let o, € F, be such that —«, ¢ FX

Applying the weak approximation property, we find o € F such that |, —a|, <
&, for all valuations x on F described previously, where ¢, is chosen such that
a < 0isin F, for all v Archimedean, « is not square in K;, for any ¢, and —« is
not square in F*. Let L = F(J/a).

It remains to show that G is quasi-split over L. For s;, Resg, /x ([T]) splits over
L - K, because L - K, ~ C. For t;, because L - K, is a quadratic field exten-
sion of K, Resk, ;x([T]) splits over L - K, [PR, Thm. 1.7]. Since {s;,#;} was
the collection of all valuations on K such that Resg, /x([T]) # 1, the Hasse prin-
ciple yields that [T] splits over L - K. This means that [£], lies in the image of
H'(L,Spin(f,)); but V.5 ; = # and so, by Kneser’s theorem, H'(L, Spin(f,)) =
{1}. Thus [£], is trivial. O

Note that, because G is quasi-split, Res; /- ([D]) is trivial and so L is a maxi-
mal subfield of D. Choose an embedding L < D and let i be the image of /o
under this embedding. Applying Lemma 2.2, we see that & has a diagonalization
(Bii1, B2i2, B3i3,d) for some d € D° and i; € D° such that F(i;) ~ F(i) C D for
each j. By the Skolem—Noether theorem [BOI, Thm. 1.4] we have that each of the
i; are conjugate to i, say dj_lijdj =i. If h(v;) =i then h(v; - d;) = Nrd(d}) - i;
hence replacing v; with v; - d; gives that & has diagonalization {81, 8,1, B3I, d),
where d € D°. Note that the subspaces

={d'eD’|id'=—-d'i} and V,={d €D’ |dd = —d'd}

both have dimension at least 2 and D° has dimension 3, so {0} # V, NV, c D
Choose 0 # d’ € D° such that id’ = —d'i and dd’ = —d’d, so that i ~'d com-
mutes with d’ and thus i ~'d € F(d’).
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LEMMA 2.4. At least one of the groups

Rrayr (SO B, B2, B3,i'd))) and  Rpryr(SO(—apBi, Ba, B3,i~'d)))
is F-simple.

Proof. Tt suffices to prove that SO({ 81, B2, B3,i~'d)) or SO((—a B, B2, B3,i " 'd))
is F(d')-simple. Assume that 8; - B> - B3 -i~'d = 1 mod F(d')’. Then B - B> -
B3 -i~'d = —a mod F(d')<’. By Lemma 2.3(2) we have that —a ¢ F*°, which
yields —a = (d’)> mod F x?, By the assumption that d’ is purely imaginary and
d’'i = —id’, we have that i, d’ is a quaternion basis for D. Thus the norm form of
D is given by (1, —«, o, a?); but then D is split over F, a contradiction. O

Note that both groups sitinside G, since (B81i, B2i, B3i,d) and (—aBii, B2i, B3i,d)
are both diagonalizations of h. Let H < G be Rpyr(SO({B1, B2, B3, i i~'d)))
if Bi- B2 B3i7ld # lmodF(d )< and R r(SO(—apB, B2, B3,i~'d))) if
Bi-Ba-B3i~'d =1mod F(d')* .

LEmMMA 2.5. The subgroup H has appropriate real rank.
First, I need the following.

LEMMA 2.6.  Suppose we are given H = SO4(f1) X SO4(f2) < SOg(f). Then
f () fi® () fa.

Proof. Because H is standard of type A} in G of type Dy, we have that, over F, H is
conjugate to SO( f|y,) xSO(f|y,) for Vi LV, suchthat Vi@V, =V (say gHg ' =
SO(f|v,) x SO(f|v,)). This means that, if we let W, = {ve V | gov = v
Vg, € SO(fz) } and W, = {fveV | giv=vVg €SO(f1)}, then over F we have
g(W; ® F) = V; ® F and hence W; N W, = {0} and W, LW,. Now SO(f;) <
SO(fly;), each connected of equal dimension, gives that SO(f;) = SO(f|y,). It
is well known that this yields f; = (c) - f|v,, which completes the proof. UJ

Considerav e VOIZ,R such that D ® F, = D, is split. By Lemma 2.1 we then have
that

Gr, ~ SO((B1, B1, B2, B2, B3, B3) @ Ba(l, —d?)).

Because i, d’ form a quaternion basis for D and we chose i such that i? is negative

in every F, for v € Voo g» We have that F(d’) splits over F, and

Hr, =~ SO4((B1, B2, B3,i"'d)) x SO4((B1, B2, B3,i~1d)),

where ~ represents conjugation in F(d’).

Proof of Lemma 2.5. Let D = («, y), and note first that (d')> =y - Np(ya)r(X)

for some x; hence (d’)> < O is in F, if and only if D, is nonsplit. We break the
valuations v € S into four cases as follows.
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Case 1: D, is nonsplit. Then F(d') ®r F, is a subfield of H = (=1, —1)g;
thus F(d/) Qr FU ~ Cand HFU ~ RC/]R(SLZ X SLQ) has Fv-rank 2.

Case 2: v € S(;. In this case D, is split, B; all have the same sign, and d*>0
is in F,. Applying Lemma 2.6 and Witt cancellation then gives that (1, —d?) ~
(1,—1) ~ (i~'d, f_ld). Thus one of i ~'d, i~1d is positive in F, and the other neg-
ative, so ranky, (H) = 1.

Case 3: rankp, (G) > 3 and D, is split. In this case, two of B, 82, 83 have dif-
ferent signs in F, and so rankp (H) > 2.

Case 4: rankr, (G) = 2 and D, is split. Because disc({B1, 81,82, B2, B3, B3) ®
Ba(l, —dz)) = —d? and disc((1,1,1,1,1,1,—1,—1)) = l is in FUX/FUXZ, we have
that d> = —1 mod FvXZ in this case. If two of 81, B8, 83 have different signs then
ranky, (H) > 2, so assume that Sy, 82, 83 are all positive in F, (the case where
B1, B2, B3 are all negative is handled analogously). In this case, Lemma 2.6 gives

LL1L L1 Ba, Ba) ~ (L, 1,1,i7'd) @ c2(1,1,1,i7'd).

By inspection, the only possibility is that ¢; = ¢ = Land (=1, —=1) = (B4, Ba) =
(i~'d,i~'d) by Witt cancellation. Then Hp, ~ S0O((1,1,1,-1)) x SO({1,1,1, —1))
has F,-rank 2. O

2.3.2. Type 'D,
The proof that G is not minimal in this case is completely analogous to the case
that G is of type *Dj.

2.4. Type ?A,

2.4.1. Type 'A,
All groups of this form are isogenous to SL,,(D) for some m and central division
algebra D over F. By the restriction that G is anisotropic, m = 1.

PROPOSITION 2.4.  The group G is minimal if and only if deg(D) = p for p
prime, p > 3.

ny

Proof. Assume that deg(D) = d is not prime. Letd = p;' - -- p; be the degree
of D, where p; are listed in increasing order. Using a construction analogous to
the one on page 127 in the proof of [PrR, Thm. 4.1], we can find a subgroup H < G
of the form R,,r(SL(T)) for a field extension Ky of F of degree p; and a cen-
tral simple algebra of degree p;“*l -+ pim over Ko. We immediately have that H
is F-simple, and after checking the small number of possibilities for T ® K, for
w; lying over v; € Sg we see that H is automatically of appropriate real rank un-
less d = 4. In this case we have that G is of type A3 = D3, which was handled
previously.

If deg(D) is prime, then G contains no semisimple subgroups [GGi, Prop. 4.1].
This means that SL{(D) is minimal for any central division algebra D of prime
degree p > 3. UJ
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2.4.2. Type’A,
First we handle those groups of type %A, that are minimal.

ProrposiTiON 2.5. If G is of type ZA,,_I for any prime p > 3 and if G corre-
sponds to a division algebra of degree p, then G is minimal.

Proof. Let L be the unique quadratic extension of F' over which G becomes inner
type. Then G, contains no semisimple subgroups [GGi, Prop. 4.1]; thus G con-
tains no semisimple subgroups and therefore G is minimal. O

I claim that these are all of the possible minimal groups of type ?A,, for n # 2.

LeEmmMA 2.7. If G ~ SU,,(L, f) for a hermitian form f over L, then G is mini-
mal if and only ifm =3 and L @ F, >~ F, x F, for some v € VOIZ’R.

NoTE. By the assumption that S’ # ), we have m > 3.

Proof of Lemma 2.7. After normalizing, we may assume that f = (1,as,...,a,).
If m > 5, 1claim that we can choose a diagonalization of f such that (1, a»,as,aq4)
corresponds to a subgroup of G that has appropriate real rank. To see this, we use
the same arguments as in the skew-hermitian case—namely that, for any comple-
tions F, such that L @ F, >~ C, the form fF, is isotropic and so represents any
a € F,. Hence we may use the weak approximation property to replace a,, as,aq
if necessary so that:

* a, <0in F, forall v e S;;

* a3 >0andas < 0in F, forall ve S; such that L ® F, ~ C.

After this replacement, we have that SU4 (L, (1, a,, as, a4)) is a simple, proper sub-
group of G that has appropriate real rank over every F,; hence G is not minimal.
If G ~ SU4(L, f), then G has type 2A3 = 2D3 and so G is isomorphic to a group
handled in the skew-symmetric section.

Finally, assume m = 3. Recall that any subgroup of appropriate real rank must
have absolute rank at least 2 (since S; # #). Assume that G contains a proper
simple subgroup H of appropriate real rank. We would then have that H is stan-
dard, because the absolute rank of G is equal to that of H and so the root system
of H corresponds to a subroot system of A,. Because all the roots of G have equal
length, the only possibility is that H is of type A; x Aj; but A, does not contain
two orthogonal roots, a contradiction. O

ProOPOSITION 2.6.  If (A, 1) is a central simple algebra with involution t of the
second type over a quadratic extension L/F such that L' = F and if deg(A) =
n > 5 is not prime, then SU(A, t) is not minimal.

Proof. Let {vy,...,v} = Vof)’R and let wy, ..., w; be the non-Archimedean val-
uations on F such that G is not split or quasi-split over F,,,. The first step will
be to construct towers of algebras J, C K, for maximal commutative étale F,,-
subalgebras K, of (A ®F Fx,.)f@’1 that are linearly disjoint from L,, for x; = w;
or v;. We consider two cases.
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Case I: n = 2m is even. For the Archimedean valuations, A ®p F,, is isomor-
phic to either M,,(C), M,(R) x M, (R)°? or M,,(H) x M,,(H)".

s If A®p F,, >~ My, (R) x My, (R) with exchange involution, let J,, = R?> C
R>" = K,.. Let

A
Fvi — MZm(R) — MZM(R) X M2m(R)7

let K,, embed as diagonal matrices in M5, (R), and compose this embedding
with the diagonal embedding of M»,,(R) in A ®r F,. If e; is the matrix consist-
ing of 1s along each first m diagonal entries in each component and Os elsewhere
and if ez = (Lomx2m> Lomx2om) — €1, then J,, embeds in K, viaR - ¢; + R - e5.

* If A®F F,;, =~ M,,,(C) with involution 7(X) = FXTf, which corresponds to
the hermitian form r - (1, —1) & 2m — 2r)(1), then let K, = R?” embed in
A ®p F;®' via diagonal matrices. Let ¢; be the diagonal matrix with first m en-
tries equal to 1 and last m entries equal to 0, and let e; = I5,,x2m — €1. Then
Jy; = R? embeds in K,, via Re; + Re.

s If A®r F), =~ M,,(H) x M,,(H)°?, then let K,, = C™ embed in A ®r F,, as
diagonal matrices in each component and let J,, = C embed in K,, as scalar
matrices in each component.

e If L ® F,; = Ly, is a field then by [T] we have that Gg,, =~ SUp,(Ly;, f),
where f is the sum of m — I hyperbolic hermitian forms and one anisotropic form
(o, B). By rank considerations, SU>(L,,, (—1,1)) =~ SL, and SU;({«, B8)) =~
SL(Q) for some nonsplit quaternion algebra Q over F,,,. Choose any quadratic
extension J,,, of F,, disjoint from L,,. By [La, Rem. 2.7] we have that Q is
splitover J,,, ; thus we can embed R;llu) IFy (Gm) in SL(Q) and SU» (L4, (—1,1)).
This is equivalent to finding embedd{ngé of Jy, - Ly, in M»(L,,,) such that the
involutions corresponding to (1, —1) and («, B) fix J,,,. Use the diagonal prod-
uct of these embeddings to construct an embedding L., - Jy,;, <> M2, (Ly,)
such that (L, - Ji,,)™®! = J,,,.

The double centralizer theorem gives that C := Cagr,, (Lw, - Jw;) is a central
simple algebra over L, - J,,, of degree m. The fact that t ® 1 fixes J,,, means
that T ® 1| ¢ is an involution of the second kind on C fixing J,,,. Consider an ar-
bitrary subfield E,, of C such that [Ly, - Jy, : Ey,] = m; then K,,, = EL®'Ic
is a degree-m extension of J,,, disjoint from L, .

 If L ®r Fy, ~ F,, X F,, then A @ F,,, > A/w,- X A/u(,’lp with the exchange in-
volution, so we can choose a maximal subfield K, of A, and let J,,, C Ky,
be such that [K,, : Jy,,] = m. Then E,,, = K,,, x K,/ =~ Kzf;,- C A, and
Ey' =K,

 Finally, if L ®¢ F,, >~ F,, x F,, forall i and L ® F, ~ F, x F, for all
J> choose a (non-Archimedean) valuation s on F such that L @ F; = Ly isa
field. Choose an arbitrary subfield E; C A ®f F; such that dimp, (E*) = 2m
and E;, >~ E¥* ®f, Ly, and let K, = E}* for J; C K, an arbitrary subfield with
K, 2 Jg] = m.
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Case 1I: n is odd. In this case, let p be the smallest prime dividing n and
let n = mp. For the Archimedean valuations, either A ®¢ F,, ~ M,(C) or
M,(R) x M,(R)°’.

* If AQ®r F;, = My, (R) x M, (R) with exchange involution, let J,, =~ R? C
R" = K,,. Here K,, embeds as in the even case, but now let ¢; be the matrix
with 1s in the (i — 1)m + 1 to im diagonal entries and Os elsewhere, and let J,,
embed in K, via ) Re;.

* If A®Qr F,, = M>,,(C) withinvolution 7(X) = f)_( Tf, which corresponds to the
hermitian formr- (1, —1) ®(pm —2r)(1), thenlet K, = R” embedin AQF va®1
via diagonal matrices. Let e; be the matrix with 1s in the (i — 1)m + 1to im
diagonal entries and Os elsewhere. Then J,, = R” embeds in K,, via >_ Re;.

* For the non-Archimedean valuations, choose K, J, (and K, J;, if necessary)
as in the case for n even.

Choose a tower of field extensions F' C J C K having the local behavior just
prescribed. For every valuation x for which Gp, is not quasi-split or split, there is
alocal embedding K, ® L — A, that respects involution by construction. Hence
there is an embedding

(K@ L,1®y) = (A,1)

such that the tower of field extensions F* C J C K has the prescribed local be-
havior (see the proof of [PrR, Thm. 5.1] and [PrR, Apx. A, pp. 176-178]). I claim
that the two algebras are conjugate by an element of G, for every v Archimedean.
Indeed, since «(K ® L) ® F, and E, both correspond to unique maximal tori in
G, , it suffices to show that the corresponding tori are conjugate.

IfA®r F, ~ M,(C), then (K ® L) ® F, and E, both correspond to max-
imal anisotropic tori in G, and hence are conjugate in Gr,. If A Q¢ F, =~
M, (R) x M, (R)°?, then both «(K ® L) ® F, and E, correspond to tori of maximal
F,-rank; hence they are also conjugate by an element of Gy, . Finally, if A @ F, =~
M, ;>(H) x M,;>(H), then «(K ® L) ® F, and E, both correspond to maximal
tori of maximal rank over F, in Gp,; hence they are conjugate as well. By con-
sidering eigenvalues with multiplicity, we must have that this conjugation takes
(JR®L)® F, to J,.

Let P = J ®r L and consider H = R;/r(SU(Ca(P),Tlc,p))) < G. Then
H is a proper simple subgroup, and I claim that H has appropriate real rank. To
see this, note that if v € V£  is such that J ®F F, ~ [ J{", where J{") are field
extensions of F,, then 7

Hr, ~ ] R, (SU(Ca(P), 7))y
~ ]‘[ R, (SU(CA(P) @, JD 1] @ 1)).

First, consider the case that J ®¢ F, ~ C. This implies that A ®f F, =~
M, ;,(H) x M,;(H), and because J ®r F, is conjugate to J,, we have that
Cag;F,(Jy ® L) consists of scalar matrices in each component. Thus
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SU(Cagpr,(J ®F L® F,), 7| ® 1) = SL,2(C)

and so Hg, = Rc/r(SL,/2(C)) has rank % — 1> 2, as required.

Next, assume that J ®F F, is not a field. Then J Q¢ F, >~ R? if n = pm,
where p is the smallest prime dividing n and where, up to conjugation (and possi-
bly renumbering), J\) = Re;. To calculate SU(Ca(P) ®; J, 7| ® 1), consider
the following chain of isomorphisms:

P capr @, 10 =capy@, ([T40) = CaPr @, J & F,
>~ Ca(P) ®F Fy = Cagyr,(P ®F F,)
~ Cagpr, (1) = [ | Cor-nopres(Rei - Ly).

All of the isomorphisms respect components and involutions (because we conju-
gate by an element of Gr,), so Hr, >~ [[ SU(C,,aer Fye; (Re; - Ly).

If A®r F, ~ M,(R) x M,(R) then this means that Hp, =~ ]_[f=l SL,,(R),
which has higher rank. If A ®¢ F, ~ M,(C) and if t ® 1 corresponds to the
hermitian form with diagonalization r - (1, —1) @ (pm — 2r)(l), then Hp, =~
SUL(C, f1) x --- x SU,(C, f,,), where f = fi® --- @ f, and fi is taken from
the first m coefficients of the diagonalization of f, f, from the second, and so on.
If r = 1, then both Gf, and SU,,(C, f;) have rank 1; therefore, Hr, has rank 1. If
r > 2 and m > 3, then SU,,(C, f1) has rank > 2 and so Hp, is of higher rank. If
r > 2 and m = 3, then SU,,(C, f}) has rank 1, as does SU,,(C, f>); hence H, is
of higher rank as well.

Combining these cases shows that H has appropriate real rank and thus G is
not minimal. O

3. Exceptional Groups Splitting over Quadratic Extensions

The purpose of this section is to prove that absolutely simple groups of type E7,
Eg, Fy, and G, are not minimal. Unless otherwise stated, G will be simply con-
nected throughout this section. The approach for these four cases will rely on the
following observation.

LEmMMA 3.1.  Any group of type E7, Eg, or Fy over F becomes split over a purely
imaginary quadratic extension K.

This follows from Kneser’s theorem, which states that H'(F,, G) = {0} for v
non-Archimedean and G simply connected, and the Hasse principle for simply
connected groups.

REMARK 3.1. Note that if G has type G, then we can choose K = F(\/a ) with
a positive in F, for all v € Sg such that G splits over K. Recall from Tits’s classi-
fication [T] that in this case S¢ = S¢. (i.e., G is split over F, for all v € Si). By
the weak approximation property, we may choose a € F such that the image of a
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in F, is positive for all v € S¢ = S{; and the image of a in F, is negative for all
ve VL p\Se. Let K = F(/a); now if w e V ¢ lies over v € Sg then

Resk,/x o Resg/r([§]) = Resk, /r, o Resg,r([§]) = Resg, /(1) =1,

andif w € Volé’R lies over v € VOQR\SG then K, is algebraically closed, so
Resk, /k o Resg/r([E]) =1

automatically. Applying Lemma 3.1 gives that G splits over K and that K «— F,
for all v € Sg.

I introduce some notions developed by Weisfeiler in [ W] relating to groups split-
ting over quadratic extensions. Let G be an F-defined group splitting over a qua-
dratic extension K/F, let t be the nontrivial element of Gal(K/F), let B be an
F-defined Borel subgroup of G splitting over K such that BN B® = T, and let G,
be the root subgroup of G corresponding to o € (G, T') (see [W, Lemma 3]).

LemMA 3.2 [W, Lemma 5]. G, >~ SL(D,), where D, = (d, c).
The numbers c,, € F* are called the structure constants of G with respect to T.

ProposITION 3.1.  Every anisotropic group G of type G, over F contains an ab-
solutely simple subgroup H of type A, of appropriate real rank.

Proof. Choose a as in Remark 3.1 and T = B N BT splitting over K = F(y/a).
Given a subroot system £’ C X (G, T), let G be the standard subgroup of G gen-
erated by G, for @ € X'. Let X’ be the root subsystem of long roots in X (G, T),
and let H = Gy/. For any v € Sg we have that T is split over F,, so H is split
over F,. O

Assume again that G is any simple group splitting over quadratic extension and
that t and T are as before. The structure constants defined previously are very
useful in determining the isotropy of G over F, for v € V£ .. The following state-
ment is immediate from Lemma 3.2. 7

LEMMA 3.3. Givenv € VOQR such that K ®r F, ~ C:

(1) G is anisotropic over F, if and only if the c, are negative in F, for all a €
X(G, T);
(2) if (a,B) =0and cq,cp > 0in F,, then G has higher rank over F,.

By [T], there are three possibilities for the rank of a group G of type Fy over any
field. Over a completion F, for v € V p, I claim that the sign of the structure
constants completely determines the rank of G over F,.

LEmMMA 3.4. Suppose that G is anisotropic over F of type Fy, that T < G isa
maximal F-defined torus splitting over K as in Lemma 3.1, and that {c,} are the
structure constants of G with respect to T. Then, for v € VOQR:
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(1) ¢4 <0in F, for all a if and only if Gy, is anisotropic;

(2) over F,, cq < 0 for all long roots a and cg > 0 for some short root B if and
only if G has F,-rank I;

(3) at least one long root @ has c, > 0in F, if and only if G is F,-split.

Proof. The first statement is Lemma 3.3(1). Assume that for some @ € (G, T)
with length 2 we have ¢, > 0 in F,. I claim that Gy, is then split.

Let ¥’ < ¥(G, T) be the subroot system generated by the long roots, so that X’
has type Dy, and let H = Gy/. Then, since Gal(K/F) stabilizes {£«} for each
a € X(G, T), it follows that H is of type 'D,. By the assumption that ¢,, > 0 for
some long root «, we also have that H is Fy-isotropic. From [T], we therefore
have that ranky, (H) > 2; thus rankg, (G) > 2 and so G is split over F,,.

To complete the proof of the lemma, it suffices to prove that if G is split over F,
then ¢, > 0 for some long root @ € X (G, T). Assume that G is split over F, and
let T’ be a maximal torus in G split over F,. If ¢, < 0in F, forall @ € X/, then H
is anisotropic over F,. Let B be a Borel subgroup of G containing 7. By dimen-
sion considerations, (B N H)? is nontrivial over F,. If we choose an F,-rational
point x of (B N H)°, then the closure of (x) is a connected diagonalizable sub-
group of H—contradicting the fact that H is anisotropic. UJ

3.1. Modification of Structure Constants

The structure constants are not unique, and [ W, Prop. 8] tells us that we can choose
another maximal torus 7’ to get a new set of structure constants c,, related to ¢,
by ¢/, = v*Plc, for any v € Nrd(D,) and B € (G, T).

Given that Lemma 3.3 is concerned with the sign of ¢, € F, only for v € VOIZ,R
(which I denote by Sign, (cg)), this is all we seek to change when modifying struc-
ture constants. We can do this for each v € VoFo,R independently, as follows.

LEMMA 3.5. Givena € £(G,T) and v € VOQR such that Sign,(cy) = 1, we can

choose g4 € Go(K) such that, if {cl’g} are the structure constants of G with respect

t0 guTg, ", then:

(D Signu,(ct}) = Signy(cp) forallw #ve vE

[e¢]

(2) Sign,(cy) = (1) Sign,(cp) for all .

r; and

Proof. By the weak approximation property, we can choose y € F such that
V2w < |calw forall w # v e V£R and |cqly < |y?|y. Define g, as before.
. . 4 ’ VB
Replacing 7 by 7' = g,Tg, , we get that c; = (c,,ﬁyZ)
gives that c}, has the desired sign in F, forall v e V;,R- O

c¢g. Our choice of y

We call a modification of the form just described a modification of T by o with
respect to v.

ProOPOSITION 3.2.  Every anisotropic group G of type F, over F contains an ab-
solutely simple subgroup H of type B3 of appropriate real rank.
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Proof. Let ¥’ be the root subsystem of X (G, T') generated by {«1, &3, @3} and let
H = Gy . (Throughout the proof, I use Bourbaki’s explicit realization of root
systems [B, Plates I-IX] and the same notation.) Then H is a proper, absolutely
simple subgroup of G, so it suffices to show that H has appropriate real rank.

Claim. We can choose T in such a way that Sign,(cq;) = 1 for all v € S and
Sign,(cq,) =1 forall ve S¢.

First I claim that we can modify T so that Sign,(cq,) = Lforallv € S&. If v e S¢,
then by Lemma 3.3 we have that Sign,(c,) = 1 for some long root @ € (G, T).
The possibilities for {«, ) are 0, 1, and +2. If there exists a long root & such
that Sign, (c¢y) = 1 and (o}, @) = £2, then ¢ = %y; so assume no such « exists.
If there exists such an « such that (o, ) = %1, then modifying 7 by « with re-
spect to v yields T as desired.

If there does not exist an « with Sign,(c,) = 1 and (oj,¢) = =1 but there
does exist an o with Sign,(c,) = 1 and (o;, ) = 0, then o must be of the form
+(e1+er)ortestey fao=des3tesleta’ =6, +e4,andif o = +(g; + &2)
let @’ = g5 + &3. In either case, we have that {(«’,«) = *1 and (a1, a’) = %1, so
modifying T by «’ with respect to v returns us to the case that there exists a long
root o with Sign, (c,) = 1 and (o}, ) = £1.

Assume that v € S/ and we have already made the preceding modifications, so
that Sign, (cy,) = 1. If Sign, (c4;) =1, then T is as required. If Sign, (cs,) = —1
and there exists a short root 8 such that Sign,(cg) = 1 and (a3, 8) = =1, then
modifying T by B with respect to v gives T as required. If no such § exists, let 8’ =
%(81 + &3 — &3+ ¢4); then (B, a1) =1 = (a3, 8') and (o1, B’) = 2. Modifying T
by «; with respect to v gives a new T such that Sign, (cg/) = 1. Next, modifying
T by B’ with respect to v gives another T such that Sign, (c4,) = 1 and Sign, (cq,)
is unchanged (because (a1, 8’) = 2). This new T is such that Sign,(cy,) =1 =
Sign, (cq;) forall v e (.

Assume now that v € S;,. If Sign,(cg) = 1 for g = :I:%(sl + ey £ o3+ 64),
then (B,w3) = =£I; hence we can modify 7 by B with respect to v to obtain
Signv(c;3) = 1. If Sign,(cg) = —1 for all B of the form above, then we must
have that Sign,(¢;) = 1 for some i # 4 by the assumption that some short root
has positive associated structure constant. Fix § = %(81 + &7 + &3 + &4). Then
Sign, (cg) = —1 by assumption, and for all i we have (¢;,a3) = 0and (B,¢;) =1.
This means that, if we modify T first by ¢; and then by 8 with respect to v, the
result will be Sign, (¢, 3) = 1. This proves the claim.

Combining Lemma 3.3 with this claim yields that H has appropriate real rank, so
H is not minimal. O

ProposITION 3.3.  Any anisotropic group G of type Eq over F contains an abso-
lutely simple subgroup H of type As of appropriate real rank.

Note. By [T], S¢ = S for G of type E7.

Proof of Proposition 3.3. For a maximal F-defined torus T of G, define ¥’ C
% (G, T) to be the subroot system generated by {os, ¢, 27} and let H = Gy
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Clearly, H is an absolutely simple proper subgroup of type As, and it remains to
show that H has appropriate real rank. By Lemma 3.3, it suffices to prove the
following.

Claim. We can choose T so that c4s,cq, > 0in F, forall v e Sg.

By Lemma 3.3, we may always choose some « € £ (G, T') such that Sign,(c,) = 1.
After modification, we can say that Sign,(cy,) = 1. Indeed, assume that
Sign,(cy;,) = —1. If there exists an o with (a7,«) = =1, then modification
of T by o with respect to v reverses the sign of c¢,,. If (a7, ) € {0, £2} forall o €
¥ (G, T) with Sign, (cy) = 1, then choose an o with Sign, (c,) = 1 and let

& + &6 if @ =26 e, j<kell,2,3,4},
g4+ &6 if o ==(as+ ag),

%(87 — &g+ & — & + Z?:lei)
if @ = :|:(87 — 88),

Mer—es+es—es+ (=)@ + 30 (-7 0g))
if = %(87 — &g £ (&5 + &) + Z?:](—l)”(i)).

Then modifying T by « with respect to v returns us to the case where there exists
an o’ with Sign,(c,) = 1 and (a7, ¢’) = £1; hence we can modify 7 again so
that Sign, (cy,) = 1.

Now, assuming that we have modified 7 so that Sign, (c,,) = 1, I claim that we
can modify T further so that Sign, (cos) = 1 as well. To see this, let 81 = &1 — €6
and 8, = %(sg — &7+ &6+ &5+ €4 — &3 — &2 — €1). Recall that if Sign, (c,) =
1, then modifying T by o with respect to v affects Sign, (8) only for those 8 with
(B, ) odd. In the following graph, the nodes correspond to roots and the edges
connect roots such that («, 8) is odd:

Bi B2
o7 g o5
oy
If Sign,(cqys) = 1, then no modification is necessary. If Sign,(cy,) = —1 but

Sign, (cg,) or Sign, (cq,) = 1, then modify T by 8, or a4 with respect to v in order
to change the sign of ¢4 in F,. Assume then that Sign,(cy,) = Sign,(cqe,) =
Sign,(cg,) = —1. If Sign,(ces) = Sign,(cp,) = 1, then modifying T first by
o and then by B with respect to v reverses Sign,(cy,) twice and Sign,(cqs)
once; so, after modification, Sign,(co,) = 1 = Sign,(ces). If Sign,(cys) =
Sign,(cg,) = —1, then modifying by a7 with respect to v returns us to the case
where Sign, (cy,) = Sign, (cg,) = 1.
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If Sign, (cg,) = 1 and Sign, (cy,) = —1, then modifying T by o7 with respect
to v gives Sign,(cg,) = —1 and Sign,(cq,) = 1. Therefore the only case left to
consider is the one where

Sign, (cq,) = Sign,(ce) =1,
Sign, (cp,) = Sign, (cp,) = Sign,(cp,) = Signy(cqes) = Sign,(cq,) = —1.

In this case, if we modify T with respect to v by roots in the order «, s, B2, B1, ¥4,
then (Sign, (cq,), Sign,(cqs)) changes as follows:

(L-D % L)% -2 -0 a,-n 2 @,
After modification, then, Sign,(cy,) = 1 = Sign, (cqs) as required. O

PROPOSITION 3.4.  Any anisotropic group G of type Eg over F contains an abso-
lutely simple subgroup H of type As of appropriate real rank.

Proof. As in the previous case, define X’ to be the subsystem of X (G, T) gener-
ated by {as, @6, a7}. Also as in the previous case, from [T] we have S¢g = S/, for
groups of type Eg. It therefore suffices to prove that we can choose some maximal
F-torus T of G so that Sign, (cqs) = Sign,(cy,) = 1forallv e Sg.

Let ¥” € 3(G,T) be the subsystem of X(G,T) of type E; generated by
{ay, 00, 3, 04, a5, 6, a7} To reduce the proof to the previous case, it suffices to
show that it is possible to choose a maximal F-torus T of G so that Sign, (o) = 1
for some root @ € X”. Indeed, if we can show that some o € X" has Sign, (cy) =1,
then we can modify 7 with respect to each v by roots in £” as described in the
previous proof to obtain Sign, (cqs) = Sign,(cq,) = 1for all v € Sj.

Let B = &6 + €3 and B, = ¢ — €3; then (Z?zl(—l)v(i)si,ﬁj> # 0 mod 2 for
J =1lor2. Next,ifa = &¢; £ ¢ and (B;, ) = 0 mod 2, then (o, ;) # 0 mod 2
for some 1 < i < 7. This means that, no matter what, for every o € ¥(G, T') there
existay € £(G,T) and a § € X" such that («, y) = (y,8) = 1 mod 2.

If Sign, (cs) = 1 then we are done. If Sign,(c,) = 1, modify T by y with re-
spect to v to obtain that Sign,(c;) = 1. If Sign,(c,) = —1, modify T by « with
respect to v. This either reverses the sign of cs with respect to v or returns us to
the previous case. In any event, Sign,(cs) = 1 with § € X" O

4. Type D,
The purpose of this section is to prove the following result.

PROPOSITION 4.1.  No group of type >°Dy is minimal.
4.1. Preliminaries

4.1.1. Groups of Type D4 over R

Because there exist no cubic field extensions of R, any group G of type D4 over R
is of type 1"2D,. By Tits’s classification, any simply connected group of type ‘D,
over R is isomorphic to a group of the form Spin( f;), where f; is one of



Minimal Anisotropic Groups of Higher Real Rank 373

8
fo=)_x,
i=1
6
fa=) x}—yi—y3 or
i=1

4 4
fa= Y oxi =D 0¥k
i=l1 i=1

up to multiplication by £1. Let G, be the split, simply connected group of type 'Dy,
so Gy =~ Spin( fy). Note that f; is a Pfister form over R and recall that a Pfister
form over R is either split or anisotropic. This gives that Spin(fy) and G are the
two distinct strongly inner forms of G and that Spin( f,) corresponds to a cocycle
in H'(K, Go) not contained in the image of H'(K, Gy).

If G has type 2Dy then G is also isomorphic to a group of the form Spin( f;),
except now f; has discriminant —1; thus, f; is either

7
2 2
fi= E X —yj or
i=1

5 3
h=y Y
i=1 i=1
up to multiplication by +1.

4.1.2. Toriin SL, and Quaternion Algebras

Given an element a € F, we canembed T = prl() Ja)/F (Gp) in SL; via the regular

representation. Let 7 be is its image in PSL,. We have the exact sequence

1—)/1,2—)T—>T—>1,

which gives amap H'(F,T) — H?(F, j1,). The following is not difficult to prove.

LEmMA 4.1, If [8] € H*(F, u2) corresponds to D € ;Br(F) and if D is split by
F(\/a), then [8] is in the image of H'(F,T) — H?(F, us).

4.1.3. Modification of Cocycles

Let G, be a simple, simply connected algebraic group with adjoint Gy and let T <
G be a maximal torus. Given a [£] € H'(F, Go) with [u] € H'(F, T) such that
[£] and [ ] have the same image in H?(F, Z(Gy)) under the commuting diagram

H'\(F, Go) —— H\(F, Go) —— H>(F.Z(Gy))

1T e

H'(F,T) —— H'(F,T) —— H*(F, Z(Go))
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with exact rows, we wish to “modify’: [n] € H'(F, T) by an element [«¢] €
H'(F,T) to get [u] - mo([ae]) € H'(F, T) so that iz([] - m2([er])) = [£]. More
precisely, we have the following statement.

LeEmMmA 4.2 (Modification of Cocycles). Given Go, Gy, T, T, [€] as before, if
there exist

(1) [nle H'(F, T} with 8,([u]) = 81([§]) and

() [v,] € H'(F,,T) with 1,([v,]) = [£,] for each Archimedean place v

then there exists a [y] € H'(F, 7_") such that 1,([y]) = [€].

Proof. We retain the notation of diagram (x). By the Hasse principle for H'(F, Go)
[PR], it suffices to show that we can choose [y] € H'(F, T) such that ¢z ([y,]) =
[£,] for any valuation v on F.

First, I claim that ¢, ([, ]) = [&,] for any non-Archimedean place v. From the
condition that 8,([]) = &;([£]), we see that 1, ([u,]) € 81_1(81([§U])). By [Se,
Chap. 1, Sec. 5], 81_1(61([§v])) is in bijective correspondence with H'(F,, £Go)/~
for some equivalence relation ~. Because we assume that ;G is simply connected
and v is non-Archimedean, Kneser’s theorem gives that H'(F,, £¢Go) = {1} and
50 8,1 (81([&,1)) = {[£,]}; thatiis, ([, ]) = [£,].

Next, given v € V£ ., condition (2) gives that 8,([v,]) = §;([£,]) and condi-

oo, R
tion (1) that 6> ([, ]) = §1([&,]1), s0 82([vy]) = 82([y]). By the exactness of the
bottom row in (), we have [ i,] = [vy]-72([A,]) forsome [A,] € H'(F,, T). From

MR
[PR], the map H'(F, T) N HUEVFRHI(FU, T) is surjective. This means that

we can choose [«] € H'(F, T) such that [ay] =[Ay] forallv e VOZR.
I claim that [y] := [u] - ma([«]) has t2([y,]) = [&,] for every v. For v non-
Archimedean, note that
Si(2([y])) = 82([1u]) = 82([pu]) - S2(m2([@y])) = S2([p]) = 81([8:]1);
however, we have shown that the fibre of [£,] under § is just {[£,]}, so .2 ([ ]) =
[€,] for every non-Archimedean v. Finally, for v € V£,R we have
o(n]) = ulus] - m([e,]) = w((p] - ma([Au]) = ((v]) = (6]

by construction. O

4.2. Construction of a Special Torus T
Let G now be a simply connected group of type 36D, corresponding to [£] €
H'(F, Gy), where G is now the simply connected quasi-split group of type >°Dj.
Let E be a cubic extension of F over which G has type L2D,. Then Z(Gy) =~
Rg/)F(ug) andso H2(F, Z(Gy)) =~ ker(;Br(E) o, »Br(F)), where N is the norm
map. Let [(a, b)g] be the image of [£]in H*(F, Z(Gy)). By [BOI] we can choose
a,bsuchthata € F, F(\/E) has no real completions, and Ng,r(b) = 1.
The following result is proved in [CLM].

THEOREM 4.1. There exists a subgroup H < G of type A X A; X A} X Ay
that is isogenous to Rp;r(SL2) for some quartic field extension P/F contained in

E(«/E, Vo (b),Jo2(b) ), where \/ai(b) are the Galois conjugates of Vb in the

normal closure of E over F.
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Let H = Rp/r(SLy), H be the image of H in Gy, H be the image of H in Gy,
and H'= H/Z(H). If we consider the sequence of projections
PN

then ker(¢,) is the diagonal embedding of . into Z ~(I:I ) over the algebraic clo-
sure, ker(¢2) = Z(Go), and ker(¢3) = Z(H) = Z(H)/Z(Go) = u».
We need some notation from the proof in [CLM]. Let

To=Gm x Re/r(RY = (Gp)),

E(Vb)/E
let Ty be its image in Gy, and let To be its image in (_30. If oy, ..., 04 are a basis
of X(Gy, Ty), then RE/F(Rél()ﬁ)/E(Gm)) = Ty N Gy, 03,0y and H = G g, where

D = {ap, 000 + a3 + s, 000 + o) + s, 000 + o) + a3}

LEMMA 4.3, Thereexistsacocycle[ug,] € H'(F, Ty) such that [ug,] = [(a,b)E]
under H'(F, To) — H'(F,Go) — H*(F, Z(Gy)).

. . _ (]) =
Proof. Consider the subtorus S < Ty given by S = RE/FRE( ﬁ)/EGm’ and let S

be the image of S in Gy. 1 claim that there exists a [pns] e HY(F,S) that maps to
[(a,b)g] € H*(F, Z(Gy)). The image of [usle H'\(F, 7_"0) is then the cocycle we
are looking for.

To see that [ 3] exists, consider the F'-defined subgroups Z ,Z < S,where Z is
the center of G and Z is the 2-torsion part of S, which is also given by Rg/r(it2).
Note that, over F, 7 has the form W2 X 2 X [L3, the norm map is given by the
product of the entries, and Z is the kernel of this map. Using this, we have an
interlocking diagram of exact sequences,

1
1 w2
1 Z S S 1
1 7 s S/Z
Ng/r
w2 1
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that induces the following exact sequences of Galois cohomology sets with corre-
sponding morphisms:

HY(F,S) —— HY(F,S) —— H*(F,Z)

h J |

H\(F,S) —— H\F,S/Z) —— H*(F,Z)

l lN”

H2(F,up) —— H2(F, 1)

Suppose a [ig 7] € H'(F, S/Z) maps to [(a,b)g] under H'(F, S/Z) —
H?(F, Z) in the preceding diagram. The norm of (a, b) is trivial by assumption,
SO [MS/Z] is the image of some [uz] € H(F,S). We have a sectign Ay — V4
given by the diagonal embedding, and so H?*(F,Z) — H?(F, Z) is injective.
This, combined with the commutativity of the upper right-hand square, shows that
(5] = [(a,b)el € H*(F, Z). B

It remains to prove that there exists a [/’LS/Z] € H'(F, S/Z) such that [/LS/Z] —
[(a,b)g] € H2(F, Z). Note that, by Shapiro’s lemma, H'(F,S/Z) — H2(F,Z)

is equivalent to H'(E, Rél()ﬁ)/E (Gm)/i2) — H?*(E, t2). Thus Lemma 4.1 gives

the existence of [11g,] € H'(F, S/Z). O

Let [ ;] be the image of (17,1 in H\(F, I:I), let [145/] be its image in H'(F, I:I’),
and let [(a, b)p] be the image of [ g/] under the isomorphism H(F, P_I/) —
H*(F, Rp/r(142)) = »Br(P). Choose p € P suchthat[(a, b)p]splitsover P(/p),

_ [O) . . )
and define T = Rp/p(RP («/17)~/P (Gn)) embedded in H via the regular representa

tion. Let T be the image of T in H, T the image of T in H, and T the image of
Tin H'.

LEMMA_ 4.4. There _exisls a [pn] € HY(F, T) such that [u] = [mg] under
H'(F,T) - H'(F, H).

Proof. By Shapiro’s lemma, the mapping H'(F, T') <> H'(F, H') is isomorphic

1 (D 1 . ;
to H' (P, RP(@)/P (Gm)) — H'(P,PSL,); hence, by Lemma 4.1, there exists a

[u']e H'(F,T') such that t4([0']) = [i5.]. Consider the following commuta-
tive diagram with exact rows:

1 —— Z(H) T T’ 1
1 —— Z(H) H H' 1

This induces the following commutative diagram with exact rows:
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H\(F, Z(H)) —— H\(F.T) - H\(F.T') —— H2(F.Z(H))

o e

H\(F,Z(H) —— H'(F,H) —;~ H'(F,H') - H2X(F,Z(H)

By the assumption that t4([']) = [5.] we have that 8;([i']) = S2([g]) =1,
so there exists a [’ ] € H'(F, H) such that 7, ([ 1) = [']. By the commutativ-
ity of diagram () we have 7, (t2([1” 1)) = m2([e51]) and so, from [Se, Chap. 1,
Sec. 5], we find that there exists a [0] € H'(F, Z(H)) such that ;3([0])-t2(["]) =
(gl If we define [u] = 4 ([0]) - [1”], then c2([u]) = ©u([0]) - (In"]) =
(0D - ((n"D = [ngl

4.3. Modification of [u]

By Lemma 4.4 and the commutativity of the diagram

O

HY(F, Ty —— H?(F, Z(Gy))

|

HYF, H)

we have that [p] — [(a, b)g] under H'(F, T) — H2(F,Z(Gyp)). In this section
we modify [u] as in Section 4.1.2 to obtain a cocycle [y] € H'(F, 7_") such that
[y] — [é Junder H'(F,T) — H'(F, Gy). In order to do this, we need cocycles
[v,] € HY(F,, T) for each v € VF R such that [v,] — [£,] under H'(F,,T) —

H\(F,, Go). ‘We break this into two cases.

431. EQr F, ~ F, x F, x F,

In order to understand how T behaves over F,, it is necessary to understand the
structure of P ®r F,. Recall that H is isogenous to Rp/r(SL,) and so, in order to
understand P ®r F,, it is instructive to examine H over F,. In order to examine H,
we need to remember that H = G ¢, where ® = {ay, ay + o3 + a4, 000 + 1 + a3,
oy + a1+ as} C X(G, Ty) has Galois action described in [CLM]. I claim that the
sign of b under each of the maps £ — E ®r F, SN F, determines the Galois
action of Gal(C/F,) on ® and hence determines the structure of H and thus the
structure of P ®r F,

LEmma 4.5. With notatton as before, let by, by, b3 be the images of b under the
maps E — E QF F, NN F,. Ifatleast one of by, b, bs is negative, then P F, ~
C x C; ifall of by, ba, by are positive, then P Qr F, ~ F, X F, X F, X F,.

Proof. Suppose that by, b,, b3 are all positive in F,. In this case,

RE/F(RE(I)/E(Gm))F

~ pM (€] 1)
= Ry warym Om) X Ry iy, (Gm) X Ry oy, (Gm)

~ Gy x Gy xGp
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and so Ty is split over F,. This gives that all « € X(Gy, Ty) are fixed under
Gal(C/F,). Therefore, ® is fixed under Gal(C/F,); hence ﬁpv ~ SL, x SL, x
SL, x SLr,andso P ®r F, ~ F, x F, x F, x F,.

Suppose now that one of by, b,, b3 is negative. Up to renumbering, we may as-
sume that b; and b, are negative while b3 is positive (because Ng/r(b) =1). In
this case,

Repr (R, 1oy o (G,

~ pM ) o))
- RFU(JE )/Fy (Gm) x RFU(JE)/FU (Gm) x RFU(\/E )/Fy (Gm)

~ RY) (Gm) X RY)p, (Gm) X Gy
and thus (again, up to renumbering) 1 # t € Gal(C/F,) acts by

o — oy,
o3 — —d3,
04 > —0y,

if @ is a root of maximal height, then @ +— & (since this was true over F'). This
means that oy — oy + @) + a3 and o] + @y + a4 > ar + a3 + o4; hence ®
has type [A; x A;] x [A; x Ay], with Gal(C/F,) permuting the factors inside
the brackets. This gives that Flpv >~ Rcyr,(SL2) x Re/r,(C/F,),s0 P ®F F, >~
CxC. O

By our restriction that E ®f F, >~ F, x F, x F,, we have that Gp, is of type D,.
By the classification given in Section 4.1.1, we have that G, is of rank 0, 2, or 4.
Recall that [£], is in the image of H'(F,, Go) — H'(F,, Go) if and only if G has
rank O or 4. This is true if and only if (a, b1)r,, (a,b2)F,, and (a, b3)F, are all split,
which is equivalent to the condition that by, b,, b3 are all positive (since F(/a)
is purely imaginary by assumption). When combined with Lemma 4.5, these re-
marks yield our next lemma.

LEMMA 4.6.  If Gf, has rank 2, then T has the form
Rcr,(Gm) X Rk, (Gm)

and at least one of by, b, b3 is negative in F,.
If Gp, is anisotropic or split, then by, by, b3 are all positive in F,. Moreover, if
we let V; ,, be the composition

P P®rF,~F, xF,xF,xF, 2> F,

then T, has the form

) )
RFU(\/VII,U(P) )/Fy (Gm) x RFU(«/x/fz,v<p))/Fv (Gm)
(1) (€))
RFU(«/x/fs,u<p>)/Fv (Gm) x RFU(«/w,v(p))/Fv (Gm)-

Notice that if by, b,, bs are all positive in F,, then the structure of Tpv depends on
the sign of ¥; ,(p). The following lemma allows us to control these signs.



Minimal Anisotropic Groups of Higher Real Rank 379

LEMMA 4.7.  There exists a p € P such that P(,/p) splits (a,b)p and ¥; ,(p) <
0in F, if and only if [&] is trivial over F,.

Proof. Recall the definition of [1t5] and [ .] that was given immediately before
Lemma 4.4.

Let¥, C VF r be the set of all places of F such that by, b, b3 are all positive in
F, but [£], is nontr1v1al Let ([(a1, BDF, ], [((YZ,,BZ)FL] [(3, B3)r, 1, [(a4, Ba)R, D)
be the image of [(a, b)p] under the isomorphism H'(F,, H') ~ H?(F,, u,) X

- x H*(F,, u,). Given a quaternion algebra over the real numbers, it is always
possible to find a pure quaternion ¢ such that g> = —1. For v € W, choose
Xi v, Yiv»Ziv € Fy such that

2 2 2
oiX;y +,3iy,',v - ai,BiZ,',v = -1

Let W, be the set of all places of F such that [£], is split. For every such v, I
claim that [(a1, B1)F, ], [(a2, B2)F, ], [(@3, B3)F, ], and [(cts, B4)F,] are split. To see
this, recall the definition of S from the proof of Lemma 4.3 and consider the short
exact sequence

1> Z(Gy) —> S — § — 1.

Recall also that [ ;] was the image of a cocycle [ug] € H'(F, S) that mapped
to [(a, b)g] under H(F,S) — H2(F, Z(Gy)). Because [(a, b)g] is split over F,,
this means that [ 5] is the image of some [us] € H I(F,,S); but by the definition
of S, Sk, = Gy X Gy X Gp. This means that [ 5] is split over F, by Hilbert 90.
Hence [11j3/] is also split over F, and thus [(a1, B1)r,1, [(@2, B2)F, 1, [(@3, B3)F, ],
and [(a4, B4)F,] are split as claimed.

Because [(«;, Bi)r,] are split, there exist pure quaternions g; € (;, 8;) such that
qiz = 1. For v € ¥,, choose x; ,, yi v, Zi,» € R such that

2 2 2
X, + Biyi, —aipizi, =L

Next, choose ¢ > 0 such that, if |x] , — x; o] + |y}, — Yiol + 12}, — 2iu| < &,

then

1
2 2 2 2 2 2
loi ;7 + Biviy, — aiBizi, —aixi, — Bivi, FaiBizi, | < 7

Applying the weak approximation property then provides x, y, z € P such that
wfi,u(x) _xi,u| + Il/fi,v(y) - Yi,v| + W/i,v(z) - Zi,v| <Eé&

and so, if we let p = ax? + By — afz?, then p satisfies the conditions of the
lemma. U

Recall that there are three possibilities for Gp,: it can be split, anisotropic, or of
rank 2. If Gp, is split then [£], is trivial, so we can let [v,] = 1 and then [v,]
[£],. If G, is anisotropic then, by our choice of p, T, is anisotropic and thus
TF, is isomorphic to a maximal torus of Gf,. By Steinberg s theorem, we there-
fore have an embedding ¢: Tr, < Go r, and [v/] € H'(F,,$(TF,)) such that
[v,] = [£].



380 ALEX ONDRUS

Any two anisotropic tori in Gg, f, are conjugate [Hu]. Hence the image of
H'(F,, T,) and H'(F,,¢(Tf,)) in H'(F,, G r,) are the same and there exists a
[v,] € H'(F,, Tr,) such that [v,] —> [£],.

Finally, we must consider the case in which Gp, has rank 2. In this case,
Lemma 4.6 gives that P ®r F, ~ C x C and ’f[:v >~ Re/r(Gp) X Reyr(Gp).
Recall the definition of Tj. The action of Gal(C/R) on X(Gy, Ty) is described
in Lemma 4.5 and, up to renumbering, the subsets ®; = {ay, s + o1 + 3} and
Dy = {ar + a3 + oy, a0 + o) + a4} are Gal(C/R)-stable. Let G; be the subgroup
of Gy, r, generated by G, where o € ®;. Finally, recall that G is split over F,
in this case and hence G r, > Spin(fs4) (with f4 defined as in Section 4.1). The
following is a slight rephrasing of Lemma 2.6 to suit our situation.

LeEmMA 4.8. Given (V, fy) as before, there exist Vi,V, C V such that V =
VieV,and V, = VlL under (-,-)r. Also, if g1 = falv, and g2 = faly, then [ =
81 ® g2 and, up to isogeny, G; < Gy r, is given by SO(g;) < SO(f4).

For a given 2-dimensional quadratic form g over a field F,
Spin(8) = Ry sgisciey)r SL1(T)),

where T is a quaternion algebra over F(,/disc(g) ). Recalling from Lemma 4.5
that G; >~ Rc/r(SL), this gives that the g; have nontrivial discriminant and
so, up to multiplication by £1, g; = (I,1,1,—-1) = g,. Lemma 4.8 gives that
g1d g =(,-1,1,—-1,1,—1,1, —1) and so, up to renumbering, g; = (1,1,1, —1)
and g, = (1,—1,—1,—1).

Let T’/ be the image of T in SO( fy). Considerz = (1,—1) € SO(g;) xSO(g2) <
SO(fs). Let [v)] € H'(F,,PSO(fy)) = H‘(FU,GO’FU) be given by (v)), =
z € PSO(fy) if t € Gal(C/R) is nontrivial. By definition of 7, we have that
T' N SO(g») is a maximal torus in SO(g,); thus Z(SO(g,)) < T'N SO(g>) and
so z € T'. Hence there exists [v,] € H'(F,, TF,,) such that [v,] — [v]].

LEMMA 4.9.  Under H'(F,, Tr,) — H'(F,, Go ), [v,] > [£],.

Proof. 1t suffices to show that ,,Go r, >~ G. This property is invariant under
taking quotients by a central subgroup, so it suffices to show that ,;SO(fy) =~

SO(Y¢_, x? — x2 — x), which can be verified by direct calculation. O

Note. From our choice of p it follows that TFv has higher rank for all v € VOZR
such that F, ® E ~ F, x F, x F, and v € S.

432 EQp F, >~ F, xC
In this case, [(a, b)g] hasnorm [(a, b1)g,]-Resc/r([M2(C)]) = [(a, b1)F,], where
b, is the image of b under the map

E—>E®rF, = RxC.

By the restriction that Ng,r([(a,b)g]) = 1, we therefore get that (a,b;)g be-
comes split over F,. Because we chose a such that F(\/a) is purely imaginary,
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Sign,(a) = —1 and so Sign,(b;) = 1. The next lemma gives us the structure of
P QF F,.

LEmMA 4.10. IfEQF F, ~ F, x C,then P Qr F, ¥R xR x C.

Proof. First, recall that if Gy is as in [CLM] then G, 4, 5,0, has maximal torus

(1) .
RE/F(RE(«/E)/E(G"‘))’ which becomes G, x Rc/r,(Gp) over F,. So up to re-

labeling, Gal(C/F,) acts by fixing «; and sending o3 +— Fay4. Next, by [CLM],
a is fixed and so Gal(C/F,) acts on & = {ap,0 + a3 + 4,2 + @1 + @3,
ar + o) + a4} by fixing two elements and permuting the other two (which ele-
ments are fixed and which are permuted depends on the sign of o3 > Fo4). This
gives that ﬁFv >~ SL, x SLy x Reyf,(SLy); thus P @ F, R x R x C. O

As in the case £ ®f F, >~ F, x F, X F,, it is necessary to understand the sign
of p under the maps ¢; ,: P — P Qr F, NN F, fori = 1,2. How the sign of
i »(p) is controlled will depend on the form that G takes over F,. From the re-
striction that E ®p F, ~ F, x C we have that G is of type 2Dy over F,, so Tits’s
classification gives two possibilities: either G[:v is quasi-split of rank 3 or Gpv has
rank 1.

Let W3 C VOZ’R be the set of all places of F such that £ ®f F, ~ F, x Cand G
becomes quasi-split over F,, and let ¥4 C VOQR be the set of all places of F such
that £ ®r F, >~ F, x C and G has rank 1 over F,,.

LEMMA 4.11. There exists a p € P satisfying the conditions of Lemma 4.7 and
such that ; ,(p) is positive in F, if ve W3 and is negative in F, if v e Wy.

Proof. The proof is identical to the proof of Lemma 4.7 with one exception. Recall
the definitions of S and S from Lemma4.3. Although we do not have that S is splitin
this case, we do still have that H'(F,, §) = H'(F,,Gm X Rc/r(Gm)) = 1; and the
same arguments as in Lemma 4.7 then give that [(«1, 81)r,1 and [(«2, B2)F,] as de-
fined there are split (here there are no [(«3, 83)r,] or [(@4, B4)F, ], since P ®f F,
F, x F, xC). O

Now, choosing p as in Lemma 4.11, I claim that there exist [v,] € H \(F,, Tpv) that
map to [£], for all v € W3 U Wy. This is proven in an analogous manner to the
case where E ®r F, ~ F, x F, x F,, with a few exceptions. Namely, in this case
Go, r, 2 Spin( f3). Recall the definition of 7y < G and the Gal(C/R)-action de-
scribed in Lemma 4.10. Up to renumbering, if we let G| be the subgroup of G
generated by the root subgroups corresponding to {«s, @, + o3 + @4} then G| =~
SL, x SL,, and if we let G, be the subgroup generated by the root subgroups
corresponding to {oy + o) + a4, 00 + oy + a3} then G, >~ Re/r(SL»).

LEMMA 4.12.  Given (V, f3) with f3 as defined in Section 4.1, there exist V|, V, C
V such that V. =V, ® V, and V, = Vll under (-,-). Also, if g1 = f3lv, and
82 = f3lv, then f = g1 @ g and, up to isogeny, G; < Gy, is given by
SO(gi) = SO(f3).
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Proof. Asin Lemma 4.8. UJ

Recall that we have Spin(g;) ~ Ry Jdise(an) )/ Fo (SL{(T)), where T is a quaternion
algebra over F,(y/disc(g;)). Because G is split, g; is as well; in contrast, G, has
no F,-defined subgroups of type A; and so g, has nontrivial discriminant. This
means that, up to multiplication by %1, we have

22 2 2
81 =X —X; + X3 — X,

g2 =y +y3+ Y5 — i
and the criterion that g; @ g» = f3 means that we can choose g; as above.

If G, has rank 3 then G, >~ Gy, 5,, so [£], is trivial and 1 € H'(F,, T) maps
to [£],. If GE has rank 1 then recall that, by our choice of p, we have T =
TNG) ~ RE)y (Gm) X RE )y, (Gm). Let S = Spin(x] +x3) x Spin(—x3 —x3) <
G,. Since any two anisotropic tori over R are conjugate, it follows that if Tl and
51 are the i 1mages of T and S; in PSO(g;) then the images of H'(F,, T1) and
H'(F,,8)) in H'(F,,PSO(g))) are the same. Let T, and S| be the images of T}
and S1in SO(gy),andletz; = (1,—1) € S|. If welet[y,] € Hl(Fv, S‘l) be given by
(yu)f =71 €8, let[y/1€ H'(F,, T)) be chosen such that Im([/]) = Im([y,]) €
H'(F,,PSO(g))).

Let [v,] € H' (FU,T) be the image of [y, ] under the map H! (Fv,Tl) —
H'(F,,Tr,). Let g = x? +x3 and gp = —x7 — x] so that g; = gu @ gn.
Asin Lemma 4.9, direct calculation shows that , SO( f3) 2~ SO( f1). We thus have
our next lemma.

LEMMA 4_L13. In the situation just described, [v,] — [£], under H'(F,, TFU) —
HI(FU’ G(),FU)-

NoTE. Forevery v € Sg suchthat E ®r F, = F, x C, we have that Ty, hasrank 1
whenever v € S, but is of higher rank whenever v € S/..

4.4. Concluding Argument

Proof of Proposition 4.1. Thus far we have constructed a torus 7 < G such that:

(1) there exists a [y] € H'(F, T) that maps to [§] € H'(F,Gy):
(2) T < H,where H < Gy is a simple group of type A} X A; x A} X Aj; and
(3) T has appropriate real rank.

If we let [ x ] be the image of [y]in H'(F, H), then [ x] — [£]under H'(F, H) —
H'(F,Go) and so ,H < G. Also, ,H is a simple group and ;T = T < ,H. This
means that ,H is a proper simple subgroup of G that is of appropriate real rank.
O
Note. Allison [A] showed how to construct all central simple Lie algebras of
type D4 over an algebraic number field. It was pointed out by the referee that
these results can also be used to obtain subgroups of G of type A} x A; X A} X Ay,
at least one of which has appropriate real rank. We keep the original proof here
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because the same technique (i.e., modification of cocycles) is used to prove that
groups of type "2E¢ are not minimal.

5. Type “2E;

5.1. Type’Eq

PROPOSITION 5.1.  If G is of type *Eg, then G contains a simple subgroup of type
As of appropriate real rank over real completions.

5.1.1. Construction of a Special Torus
Let G be the simply connected quasi-split group of type 2E¢, let G be the adjoint,
and let G = ¢G, for [£] € H'(F, Gy). Our strategy is to apply Lemma 4.2 to a
torus that normalizes a subgroup of type A s with appropriate real rank. Recall that
Z(Gy) ~ RS/)F (u3), where L/ F is the unique quadratic extension of F over which
G becomes inner, and recall that H2(F, Z(Gy)) =~ ker 3Br(L) = 3Br(F)). Let
[D] be the image of [£] in H?(F, Z(Gy)), and let T be the involution of the sec-
ond kind on D fixing F. The first step in applying Lemma 4.2 is to show that we
can choose T < Gy such that [D] is in the image of H'(F, T) — H?(F, Z(G)).
First, some notation. Let K C D be any maximal subfield of D,andlet P = K~
(note that K = P ®p L, with t acting on the second component by [PrR, Proof
of Prop. 2.1]). This means that we have the following diagram of extensions:

LyKXP
N, A

LEMMA 5.1.  Let Ty be an F-defined maximal quasi-split torus of Gy and let ¥’ C
(G, To) be the root subsystem of type *As generated by roots {a1, o3, ots, 005, s ).
Let Hy < Gy be the subgroup generated by the root subgroups G, < Gq for a €
3, and let T be any maximal torus of H' = SU,(D, (—1,1)). Then there exists
an embedding T\, — G such that [D] € Im(H'(F, T)) — H2(F, Z(Gy))).

Proof. Let I:IO = Hy/Z(Hy) and 7~‘1 = Ty/Z(Hy). Then H'is a form of Hj and so
there exists a [\'] € H'(F, H 0) such that YH, o = H'. By Steinberg’s theorem, there
exists an embedding T} < H such that [\'] € In(H'(F, T;) — H'(F, Hy)). Let
[w']€ H'(F, T;) be chosen such that ['] — [}']. Let [ x'] be the image of [u']
in H2(F, Z(H,)). Note that H' becomes quasi-split over P; hence [A'] (and [ x'])
become split over P as well. This means that |[ x']| divides 3 in H*(F, Z(Hy)).

Note that Z(Hy) = Rél/)F(,uﬁ) and Z(Ggy) = Rzl/)F(,u3) fit in the exact sequence

1= Z(Go) — Z(Ho) — pa = Ry)p(pt2) — 1 ()
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and that this sequence splits. We can use these facts to construct the following
diagram with exact columns:

H2(F,12) —— H?*(F,pt2) ——— H?(F,j12)

T T T

HY(F,T)) —— HYF,H) —— H?*(F,Z(H,))

T T T

H\F,T,) —— HYF,Hy) —— H?(F, Z(Gy))

Because [ x'] has order dividing 3, its image in H?(F, j1,) is trivial; because the
diagram commutes, there exista [u] € H'(F, T,) and a [A] € H'(F, Hy) such that
[1] — [w'] and [A] — [A'] under the maps in the diagram. Let [ x ] be the image
of [A]in H?(F, Z(G)), and consider the following diagram:

H*(F, Z(Gy)) — H*(F, Z(Hy))

Resl lRes

H*(L,Z(Go)) — H*(L,Z(Ho))

here the horizontal arrows are injections because the sequence () is exact. The
vertical arrow on the left-hand side is injective because Cor o Res is multiplica-
tion by [L : F] =2 and H*(F,Z(Gy)) is a 3-torsion group. Thus, to prove that
[A] € H'(F, I-_Io) maps to [D] in H?(F,Z(Gy)), it suffices to show that [x], =
[D].. Recall that if [«] € H'(F,PGL,) has “SL, = SL;(A) for A a central sim-
ple algebra of degree n (not necessarily a division algebra), then [A] = Im([«]) €
HZ(F, Mn) = oBr(F).
The proof is then completed by noticing that

*(Hy), = SLo(D) and H?*(L,Z(Gy)) — H*(L,Z(Hy)). O

Let & be the root of maximal height in the root system of Gy, and let G4 be the

corresponding root subgroup. Then Gz commutes with Hy. I aim to construct a

torus T that is the almost direct product of maximal tori 7} < G4 and T, < Hj.
For Ty, choose a € F such that a is positive in F, for all v € V£ ‘g such that

G, is split or quasi-split and negative otherwise, and let 7 = R(l() Vi) F(Gm) be
embedded in G4 via the regular embedding. /

Next, we construct 75. Let o be the involution on M,(D) corresponding to
the t-hermitian form (1, —1). Recall from the classification of minimal groups
of type A, that, given local constructions E, C M,(D) ®F F, such that E*
has dimension n for every v € V| F & there exists a subfield E C M»(D) such that
(EQrF,,T®1) >~ (E,, T,) (see [PrR Proof of Thm. 5.1, p. 135] and [PrR, Apx. A,
pp- 176—178]). We break the local construction into the following three cases.
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(i) If rankp, (G) = O then, by Tits’s classification, G remains outer over F,
in this case; thus (M,(D) ® F,,(l1,—1)) ~ (Me(C),(1,—-1,1,—1,1,—1)). Let
E, = C® embed via diagonal matrices, so EJv = R® and the maximal torus
of SU¢x(C, (1, —1,1, —1,1, —1)) corresponding to E, is anisotropic.

(i1) If Gp, is isotropic of outer type, we have that (M>(D) ® F,,(1,—1) =~
(Mg(C), (—1,—1,—1,1,1,1)). Note that M3(R) x M3(R) C Mg(C)™ in this case,
so we can embed F, = (R x C) x (R x C) € Mx(C)™ by first embedding
R x C C M3(R) via the regular representation along the diagonal and then taking
the product of this embedding with itself. We then let E, = F, Qg C — M (C)
via (M3(R) x M3(R) ® C — M¢(C). Then

{x€E, | xt,(x) = 1 =Nrd(x)} = {(z1,22,25 21 L 24, 23") | Neyr(zi) =1},

so the maximal torus of SUg(C, (1, —1,1, —1,1, —1)) corresponding to E, in this
case has F,-rank 2.

(iii) If Gp, is isotropic of inner type, let £, = C3 x C? — Mg(R) x Mg(R)??
with exchange involution (embedded via the regular embedding). Then the maxi-
mal torus of SL¢(RR) corresponding to E,, is

{(z1,22,23) | Neyr(z12223) =1},

which has rank 2 over R.

Let E C M;,(D) be a maximal subfield such that (E ® F,, T ® 1) >~ (E,, T,)
for each v € VoFo,]R’ andlet T, = {x € E | xt(x) =1 = Nrd(x)}. By Lemma 5.1
there exists an embedding ¢: T» < G such that [D] € Im(H!(F, T,) —
H*(F,Z(Gy))). Let T = ¢(T») - T}; then there exists a [u] € H'(F, T) such

that [u] — [D].

5.1.2. Modification of [u]

In order to apply Lemma 4.2 to [ 1], it suffices to show that [£], is in the image of
H'(F,,T) — H'(F,,G,) for every v € VOZ’R. When G, is split, we may choose
the trivial cocycle in H'(F,, T). When G, is anisotropic, T is anisotropic over F,
by construction and so H'(F,, T) — H'(F,, Go) by [Bo, Thm. 1]. Thus it remains
to address the cases where G, is isotropic but not split.

If G, is inner then |H'(F,, Gy)| = 2, so it suffices to prove that the image of
H'\(F,,T) in H'(F,, Gy) is nontrivial. Also, if G, is outer of rank 2 then 7, is
also rank 2; hence any twist by a cocycle in T, will also have rank at least 2. We
have that |H'(F,, Go)| = 3 by Tits’s classification, where one element is trivial
and another corresponds to the anisotropic group. If 1 # [x] is in the image of
H'(F,,T) in H'(F,, Gy), then XG, is neither split nor anisotropic and so must be
equal to [£],. Thus it suffices to prove that the image of H'\(F,,T) in H'(F,, Gy)
is nontrivial as well.

LEMMA 5.2. If T is nonsplit over F,, then the image of H'(F,, T) — H'(F,, Gy)
is nontrivial.

Proof. If G is inner over F,, then T has rank 2 over F,; thus the anisotropic part
of T, over F, has rank 4 and hence is maximal anisotropic (see Proposition 5.3 to
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follow). Therefore, H'(F,,T,) —» H'(F,, Gy) by [Bo]; in particular, the image
of H\(F,,T) — H'(F,, Gy) is nontrivial.

If Gy is outer over F, thenlet T = T - T, where T is split of rank 2 over F;, and
T is anisotropic of rank 4. Then Cg,(T>) is a reductive group and so Cg,(T2) =
H - S, where S is a torus in G containing 7, and H is semisimple.

Claim. § = T>.

Suppose not. If H is trivial, then Cg,(T2) = T. But G, contains a maximal aniso-
tropic torus containing 75, and T has rank 2—a contradiction.

If H has rank 1, then Cg,(T2) = SL, - S. Let T, be a maximal torus of Gg
that is anisotropic over F, and contains 73; then 7, C SL, - S yields that 7, N S
has dimension 5 and S is anisotropic. In particular: Cg,(72) has rank 1 but T C
Cg,(T>) has rank 2, a contradiction. This proves the claim.

Because H is standard of rank 2, H may be either of type A; x A or of type A,
(if H were of type G, or B, then H would have roots of different lengths, which
is impossible). In either case, H contains a split subgroup of type A;. If & is
the root of maximal height in E¢, then we may assume (after conjugation) that
Gs < H. Then T, C Cg,(H) C Cg,(Gg), so we can consider Ccg, (G4)(T2). We
have Cc;, (G;)(T2) = H'- S, where H' is semisimple and S’ is a torus containing
T,, as before.

Note that C = Cg,(Gg) is standard in G of type 2As. Thus C contains an
anisotropic torus of rank 5. Arguing as in the claim, we see that S’ = T, and H' ~
SL,. Let A be the root of maximal height in As. After conjugation by an element
of C, we may assume that H' = Gj. Then Cc(H'Y = H" - S”, where H” is of
type A3 and S” is anisotropic of dimension 1. Then T, N H” is a maximal torus
of H”, which is also maximal. By [Bo], it follows that there exists an element [«]
of H'(F,, T, N H") such that “H" is compact. It suffices to show that the image
of [a] in H'(F,, Gy) is nontrivial.

To see this, first note that because “H” < *C is standard, if *H” = SU(C, f3)
for a compact hermitian form f4 then “C = SU(C, f4 & f>) for some hermitian
2-form f>. Thus the maximum possible rank of “C is 2, so the image of [«¢] in
H'(F,, C) is nontrivial.

To complete the proof, it suffices to show that, if [«] € H F,,C) maps to the
trivial cocycle in H'(F,, Gy), then [«] is trivial. Recall that C commutes with G
by definition of C, so for any [«] € H'(F,,C) we have “Gy = Gg. Let Ty be
a split torus sitting in G, and consider Ceg,(Tp). Because “C < Ceg,(Tp) and
Cog,(Tp) is reductive, we have that Ceg,(Ty) = To - “C. Thus the maximum pos-
sible rank of any torus containing Ty is 1 + 2 = 3, but if “Gy is split then Tj is
contained in a maximal split torus in “G, which has rank 4—a contradiction. [J

5.1.3. Concluding Argument

Proof of Proposition 5.1. Applying Lemma 4.2, we see that there exists a cocycle
[y] € H'(F,T) such that [y] — [£]. Since T normalizes a group of type 2As
containing T, it follows that Gy = G contains a subgroup H of type ?As that
contains T,. Because T, has appropriate real rank by construction, so does H and
therefore G is not minimal. UJ
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5.2. Type 'Es

For the duration of this section, G will be a simply connected split group of type
IE¢ and G will be a twist of G corresponding to [£] € H(F,Gy). We then have
that Z(Gy) = p3 over F and thus H*(F, Z(Gy)) ~ 3Br(F). Note that, over a
number field F, any element of 3Br(F') corresponds to a unique cyclic algebra of
degree 3. Let [D] € 3Br(F) be the image of [£] in H2(F, Z(Gy)) with D a cyclic
division algebra of degree 3, and let L C D be a maximal subfield that is Galois
over F.

PROPOSITION 5.2. G contains a simple subgroup of type As of appropriate real
rank.

5.2.1. Construction of a Special Torus T

Let {o1,...,a¢} be a basis of the root system X (Gy, Tp), where Ty is any max-
imal split torus of Gy. Let X’ be the subsystem of Eg generated by the roots
{o1, a3, 04, a5, 006}. We then have that Gy =: H 1is a split subgroup of type 45;
that is, H >~ SLg.

Let P = F(+/—1) and L be as above; then L - P is a Galois extension of de-
gree 6 over P. Consider the regular representation Rg)P/ 7(Gm) — H,andlet T}
be the image of this representation so that 7 is an anisotropic torus in Hy of ab-
solute rank 5. Let T, < Gy 4 be R;,l/)F (Gp) and define T =T, - T> < Gy.

LEMMA 5.3. There exists a [u] € H'(F, T) such that [u] +— [D] under
HY(F,T) — H?(F, Z(Gy)).

Proof. Consider the diagram

M2 ———— U2

He —— T1 x Ty —

NN

Z(Go) T

with exact columns and rows. This gives a diagram of interconnected long exact
sequences with segment

-9 ¢
H'(F,Ty x Ty) — H\(F,T) —— H(F.ju5) — H*(F.T; x T)

N

HY(F, Ty —— H'(F,T) LI H?(F, pu3)

By commutativity, Im(¢4) = Im(¢3 o ¢1) = ¢3(ker(¢,)). Then using Shapiro’s
lemma, we have that
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HX(E,T) x Ty) = ker(Br(L - P) 2™, Br(F)) x ker(Br(P) 2™ Br(F)).
Recall that elements of ¢Br(F) can be written in the form [D; ® D,], with D,
cubic cyclic and D, a quaternion algebra, because F is a number field. The map
e — Ti x T, takes & > (£6,&;), SO

$2([D1 ® D3]) = ([D ®F Dy ®¢ L - P1,[D; ® D, ® F1°)
= ([D1®F D, ®r L - P],[D> ®r P]).

If [Dy ®F D»] is in the kernel of this map, then D, is split by P and D; ®r D
is split by L - P. The first condition gives that D, is split by L - P and so, be-
cause the degree of D; is relatively prime to the degree of P over F, we have that
D, is split over L. This means that the kernel of ¢, is given by {[D; ® D;] €
6¢Br(F) | [D1® L] =1=[D; ® P]}. The map ug — w3 is given by squaring,
s0 ¢3([D1 ®F D2]) = [D1®F D,1> = [D]7L Combining these results gives that
[D] is in the image of ¢4 if and only if [D]~! contains L as a maximal subfield,
which is true because [D] is assumed to contain L and [D]~! = [D°"]. Thus we
have proved the existence of [u]. O

5.3. Concluding Argument

Proof of Proposition 5.2. By Lemma 5.2 we have that the image of H'(F,, T) —
H'(F,, Gy) is nontrivial forevery v € V;,R such that T has rank 2 over F,. Because
|H'(F,,Gy)| = 2, we can apply Lemma 4.2 to ] from Lemma 5.3 to see that
there exists a[y] € H'(F, T) such that [y]+— [£]. Then YH is a simple subgroup
of G = £G, containing T,; hence YH has appropriate real rank because 7, does
and thus G is not minimal. O

5.4. Anisotropic Tori in Eg over R

The following was used in the proof of Lemma 5.2.

PrOPOSITION 5.3.  Over R, any maximal anisotropic torus of a split group G of
type E¢ has absolute rank 4.

Proof. Because all maximal anisotropic tori are conjugate, it suffices to prove that
there exists an anisotropic torus of rank 4 in Gy that is not properly contained in
a larger anisotropic torus. Using the numbering found in [B], consider the sub-
group Hy of type 'Dy generated by the root subgroups G,, Gas, Ga,, Gas. This
subgroup is isogenous to the group SOg( Z?: D Z?: ! ylz) and therefore con-
tains an anisotropic torus of rank 4 (take products of the SO(xi2 +x i2+1)). Call this
torus T.

Claim. Cg,(T) is a torus.

Note that this claim holds over F if it holds over F. To prove this claim, take a
maximal torus of G that includes 7 and then consider the root system of G( with
respect to this torus over the closure. Because T is a torus, Cg,(T) is reductive;
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hence Cg,(T) is the almost direct product of a central torus and its derived sub-
group. The derived subgroup is generated by those root subgroups that commute
with 7, of which I claim there are none. This may be proved by computing

Py (12) Mgy (13) gy (1) P (15) X o (s (£2) Py (£3) Py (£4) s (25)) ™!

and showing that it is not X, for any «. Indeed, if this is true for some « then
(aj,a)y = 0fori =2,3,4,5. lf e = Z?:l c;&; (again, in the notation of [B]),
then these equations give

C1=—Cy, C1=Cp, Cy=¢C3 C3=0C4

these equalities imply ¢; = ¢, = ¢3 = ¢4 = 0, which is impossible for any root
o € Eg. This proves the claim.

Any torus is contained in a maximal torus, so there is a maximal torus (call
it S) contained in Cg,(T). Because Cg,(T') is also a torus, we must have that
Cq,(T) = S. Assume that S contains a split torus of rank 2. If there is an aniso-
tropic torus properly containing 7, say S’, then we would have S" C Cq,(T) =
S and so S could have rank at most 1—a contradiction. Thus, it suffices to prove
that S contains a split torus of rank 2.

Note that, if Cg,(Hp) contains a split torus of rank 2, then Cg,(T) does as
well. In order for an element [ [ &4, (¢;) (recall that we take roots with respect to
an F-split torus) to commute with H,, we have the following restrictions on ¢;:

t5ty=1, tntity=1, tstitats =1, tetats =1

Now elements of the form A, (s212) hg, (5) oy (1) oy (s 72) hag (17 By (s*t) form
a 2-dimensional split torus that commutes with H (and thus with 7). O

6. Non—Absolutely Simple Groups

Collecting the results from Sections 2—5 completes the proof of Theorem 1.2. It
remains to prove Theorem 1.3. Thus, we consider G that is not absolutely simple.
By [BOI, (28.8)], we know that simple algebraic groups over number fields that
are not absolutely simple are the restriction of scalars of absolutely simple groups
over finite extensions of F. Moreover, the following lemma shows that we may
restrict ourselves to the case where G is the restriction of a minimal absolutely
simple group.

LeEMMA 6.1.  If G = Rk r(H), where H is an absolutely simple group over K of
absolute rank at least 2 and H is not minimal, then G is not minimal.

Proof. Choose asubgroup H’ < H that has appropriate real rank over K. Consider
G' = Rkyr(H') < G. This is proper because H'is. For v € VOQ’R we have

Gp, = Rk, /r,(Hg, ) X -+ x Ry, /5, (Hg ),

where w; are the valuations on K that restrict to v on F. Assume v € S;;. If K,,, =
C for some i, then Gp, has a factor of the form Rk, /F,(H le,) that has rank at
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least 2, which contradicts v € S;. If K,,;, >~ R for each i, then H K., has rank 1 for
some i and so Hy ~has rank 1 as well; thus G" has F-rank 1.

If v € S and w; € Sy; for some i, then H I/(u, has higher rank and thus so does
G}v. Moreover, if K,,, ~ C for some i, then ’G/ also has F,-rank at least 2 be-
cause Rkwl/pv(H’) does. Thus, we may assume that no w; is in S;; and no w; has
K,, >~ C. This gives that at least two w; are in S;, = S;,,, so G has appropriate
F,-rank. [

Notice that SL{(D) and SU(D, t) are simply connected and have no F-defined
proper semisimple subgroups for deg(D) = p prime. The following lemma
strongly limits the possible simple subgroups Rk,r(G) when G has no semi-
simple K -defined subgroups.

LEMMA 6.2.  Suppose that G = Rgr(H), where H is defined over K, is simply
connected and has no proper semisimple subgroups defined over K. Then every
F-simple proper subgroup of G is isomorphic to Rpjp(H') for F C P C K,
where H'is defined over P and Hy, is isomorphic to Hg. In particular, if G has
proper F-simple subgroups, then H admits descent to a subfield P C K.

Proof. Suppose that G’ < G is a nontrivial proper semisimple subgroup of G as
before. Let K @ K >~ K x K’, where K’ is an étale extension of K and Gx =~
Hg x Rgyk(Hy) for some H; defined over K. Let 7 be the projection Gx —»
Hg. Then 7 (Gy) is a semisimple subgroup of Hg, so w(Gy) is either trivial or
all of Hg.

Assume that the image of G 1’( under 7 is trivial. Over K, G £ becomes

Hg x---x Hg

with I' = Gal(K/K) permuting the components of G transitively. Let 1 # g =
(81,---,8n) € GIQ(IE) and suppose that g; # 1. Because I" permutes the compo-
nents of G transitively, there exists a ¢ € I such that the first component of o'(g)
iso(g;). Thenw(o(g)) = o(g;) # 1,buto(g) € G;(K) because G’ is F-defined
and so w(o(g)) = 1, a contradiction.

If G’ is absolutely simple then the kernel of 7 is finite; hence, setting H' = G’
and P = F, we have that 7 is a finite covering of Hx by Hj. By the assumption
that H is simply connected, we obtain that 7 is an isomorphism.

If G’ is not absolutely simple, then G’ = Rpyr(H') for some H’ absolutely
simple over F'. Suppose F' ®r K >~ K| x --- x K, with K;/K finite field exten-
sions. Then

GI/( ~ RKI/K(HI/(I) X - X RK&/K(HI,Q)'

Let m; be the composition Ry, /x(H, [’Q) — Gy Zs Hg. If the images of all of
the 7r; are trivial then the image of 7 is trivial, which is impossible. Therefore,
since H contains no proper semisimple subgroups and since the R,k (Hy) are
K -simple, it follows that some 7; is an K -defined isogeny. By the assumption that
Hy is simply connected, we get that 7r; is an isomorphism. If K;/K is a nontrivial
field extension, then ; is an isomorphism between one group that is absolutely



Minimal Anisotropic Groups of Higher Real Rank 391

simple and one that is not, which is impossible. Hence K; = K and 7; is an iso-
morphism Hy —> Hg. Identifying P with the image of F’in K; = K, we see
that H' is defined over P and G’ = Rp/x(H'), as required. O

This lemma allows us to handle several cases, as follows.

PrOPOSITION 6.1.  If G = Rk r(SL{(D)) for a central division algebra D/K of
prime degree p > 3, then G is minimal if and only if D does not descend to any
subfield F C P C K.

Proof. Assume that D does not descend. By Lemma 6.2, G contains no proper
F-simple subgroups in this case. If D does descend, then H = Rp/r(SL{(D"))
is a proper F-simple subgroup of appropriate real rank. Indeed, by the assump-
tion that D’ has prime degree p > 3, we must have that D' is split over P, for all
w e VDZ,R. O

ProOPOSITION 6.2.  If G is of the form Rk ,r(SL{(D)) for D a quaternion alge-
bra over K, then G is minimal if and only if, for every F C P C K such that D
descends to P, there exists a vy € Sg such that:

* ifvg € S;, then Py, ~ R and D' @p P,,, >~ H for all w; lying over vy; and
* if vg € S, then there is at most one w; lying over v such that either P,, ~ C
or D' ®p Py, >~ M>(R).

Proof. Using Lemma 6.2, we find that all possible F-simple subgroups corre-
spond to F C P C K such that D descends to P. Then the conditions imposed
upon such P exactly yield that the corresponding subgroup cannot have appropri-
ate real rank. UJ

ExaMPLE. Let K = Q(i/ﬁ,«/?), D = (-1,-1), F = Q,and G =
Rg/@(SL1(D)). Then K has two real and two complex completions, so

Gr >~ SLi(D) x SL1(D) X Rc/r(SL2(C)) x Re/r(SL2(C))

has R-rank 2. For any field Q@ C P C K we have that D descends to P, but P has
at most one complex completion; hence Rp;q(SL{(D)) has R-rank at most 1 and
so, by Lemma 6.2, G is minimal.

PRrOPOSITION 6.3.  If G = Rg/r(SU(D, 7)) for D a central division algebra of

degree p > 3 over K'/K quadratic with involution of the second kind t such that

K'" = K, then G is minimal if and only if, for all F C P C K such that D de-

scends to a central simple algebra (D', t") over a quadratic extension P'/P with

involution of the second kind t’ with P’ v = P, there exists a vo € Sg such that

P,, >~ Rand P,, ® P' >~ C for all w; lying vy and such that either:

(1) ifvo € S; then (D' ®p Py, T/ ® 1) = (M,(C), £(1,...,1)) for all w; lying
over vg; or

(2) ifvo eSS then (D' ®p Py, T’ ® 1) = (M,(C),=(1,—1,1,...,1)) for at most
oneiand (D' ®p Py,,;, 7' @ 1) ~ (M,(C),x(1,...,1)) for all others.
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Proof. Using Lemma 6.2, we find that all possible simple subgroups correspond
to F C P C K such that D’ exists as before. Once again, the conditions imposed
upon such P exactly guarantee that the corresponding subgroup cannot have ap-
propriate real rank. O

It remains to consider the restrictions of absolutely simple groups of the form
SU;(K’, f) for K'/K a quadratic extension and f a 3-dimensional hermitian form
over K'. Notice that there do exist proper, nontrivial, K -simple subgroups H <
SU3(K', f); however, because A, does not contain a root system of type A; X Ay,
these subgroups can only be of absolute rank 1.

PROPOSITION 6.4.  Let G be of the form Rg;r(SU3(K', f)) for K'/K quadratic,
and let f be hermitian over K'3. Then G is minimal if and only if the following
statements hold.

(1) For any F C P C K such that SU3(K', f) descends to P, there exists a
vo € Sg such that P, >~ R for all w; lying over vy and:
(a) if SU3(K/, f) descends to SU3(P’, f'), where f' = (1,a3,as), then
Py, ® P' >~ C for every w; and
(1) ifvo € S then the image of a; in P, is positive for all i, or
(ii) if vo € S then the image of a; in P,, is negative for at most one i;
and
(b) if SU3(K', f) descends to SU(D, t), where D is a central division alge-
bra of degree 3 over P'/P quadratic with involution t of the second kind,
then P' @ P,, ~ C for every i and
(i) ifvoe S; then (D @ Py, T ® 1) =~ (M3(C),0), where 6(X) = X7,
for every w;, or
(ii) if vo € S then (D ® Py, T ® 1) =~ (M3(C),0) for all but at
most one w; and, for at most one w;, (D ® P,,, 71 ® 1) = (M3(C),
o o Int(diag(1, —1, 1))) or (M3(C), o o Int(diag(1, —1, —1))).
(2) Forany F C P C K such that a subgroup SL{(D") < SU3(K’, f) descends
to SL(D) over P, there exists a vg € Sg such that:
(@) if vo € S;, then P,,, ~Rand D ® P, ~ H for all w; over vy; or
(b) ifvo € S;, then Py, =~ Cor D® P, = M>(R) for at most one w; over vg.

Proof. Arguing as in the proof of Lemma 6.2, let G’ < G be an F-defined,
F-simple subgroup and let Gx = SU3(K', f) x Rgyk(H). Let m: Gx —
SU3(K’, f) be projection on the first component. If 7(Gg) = 1 then, as be-
fore, G’ = 1—a contradiction. This means that 7w (G,) is either all of SU3(K’, f)
or isomorphic to SL(D) for a quaternion algebra D defined over K. If 7(G) <
SL(D) < SU3(K/, f) and if g = (g1,...,8n) € G,’((I?) then, for any g;, there
exists a 0 € I such that o(g;) is the first component of o(g). Because SL(D)
and G are K-defined, we therefore have that g; € SL{(D). This means that
G’ < Rk/r(SL1(D)), so we can apply Lemma 6.2 to find that G’ is isomorphic
to Rpyr(SL1(D’)) for some D’ over P. The conditions listed in item (2) are ex-
actly what is necessary to ensure that no subgroup of this form has appropriate
real rank.
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Assume that 7 (Gy) = SU3(K’, f). If G is absolutely simple then 7 is an iso-
morphism, and by setting F' = P we see that the conditions in 1 ensure that any
such subgroup does not have appropriate real rank. If G’ is not absolutely simple,
then G’ >~ Rpyp(H’) for some absolutely simple H’. Hence

GI/( = RK]/K(H[/(I) X e X RKm/K(HI/(,,,)'

Let 7; be the restriction of 7 to RK,./K(HI’Q). Because the RK,-/K(HI/(,-) are K-
simple, we must have that ker(;) is either finite or all of Rk, x(H ,’Q). Assume
that some 7; is surjective. Then 7; is an isomorphism because SU3(K’, f) is sim-
ply connected. Arguing as in Lemma 6.2 gives K; = K and H; ~ SU;(K’, f),
and the conditions listed in item (1) are exactly those required to ensure that G’
does not have appropriate real rank.

Assume that 7; is not surjective for any i. Then the image of ; cannot be triv-
ial for all 7, else the image of 7 would be trivial; thus there exists some i for which
the image of m; is SL (D) for some quaternion algebra D over K. This means
that H,’(l_ has type Ay, so 7;: Rg,/xk(SLi(D1)) — SL{(D) is a surjection with fi-
nite kernel. As a result, 77; must be an isomorphism and G’ is again of the form
Rp/r(SLi(D)) for a quaternion algebra D. The conditions listed in item (2) are
exactly what is required for such a subgroup not to have appropriate real rank. [J
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Appendix: Isotropy of Hermitian Forms
over Finite Field Extensions

V. CHERNOUSOV & A. MERKURIJEV

Let A be a central, finite-dimensional division algebra over a field F. For any ele-
ment a € A, we denote by A, the set of all elements in A of the form [a,x] =
ax — xa where x € A. Clearly, A, is an F-subspace in A.

LEMMA A.l. LetneNandx € A. Then [a",x] € A,.

Proof. We have
[a",x] =a"x — xa"

xa — xa"

=a"x —a" "xa+a""
=a(@" 'x) = (@" %)a+a"Y(xa) — (xa)a" .
By induction, a”~!(xa) — (xa)a"~' € A, and so the result follows. O
Let F[t] and A[t] be the polynomial rings over F' and A, respectively.
LEMMA A.2. Let ¢(t) € F[t] and (t) € A[t]. Then
(Y () (a) —p(a)P(a) € Ag.

Proof. We may assume without loss of generality that ¢(¢#) = bt" and ¥(t) =
ct™, where be F and c € A. Then

(p(OY())(a) — p(a)y(a) = bea"™™ — ba"ca™
= b((ca™)a" — a"(ca™)).

Since b € F and (ca™)a™ — a"(ca™) € A, by Lemma A.1, we are done. O

Let o be an involution of the first kind on A, V a right A-module, and /4 a hermit-
ian form on V.

LEMMA A.3.  Assume that a is o-symmetric; that is, o(a) = a. Let v(t),v'(t) €
V[t] and let p(t) = h(v(t),v'(t)). Then

@(a) —h(v(a),v'(a)) € A,.

Proof. We may assume that v(t) = vt" and v'(z) = v’t™, where v, v’ € V. Then
@(t) = h(v,v")t"™™ and so, setting x = h(v,v’), by Lemma A.l we have

¢(a) — h(v(a),v'(@)) =xa"™™ —a"xa™ = [a", —xa™] € A,

as required.
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Let L C A be a maximal separable subfield.

LEMMA A4, Let wy,...,w, € L be a basis of L over F and let vy,...,v, € V. If
Yr vi-b-w; =0 forallbeA,thenv; =0 foralli =1,...,n.

Proof. Clearly, we may assume without loss of generality that dimV = 1 and so
we may identify V = A. Assume the contrary. Then the condition ) ;_, v;-b-w; =
0 also holds for all b€ A = A ®p E, where E/F is an arbitrary field extension.
Replacing F by an algebraic closure of F, we may assume that A is split (i.e., A =
M,(F)). Since L is a split étale subalgebra in A up to conjugation, we may also
assume that L consists of all diagonal matrices and that

1 0 --- 0 00 --- 0

00 --- 0 00 --- 0

wp = . . . . s ey Wy = . . . .

00 --- 0 00 --- 1
Then the condition )!_, v; - b - w; = 0 is equivalent to saying that, for all i =
1,...,n, the ith column of the matrix v; - b is zero for all b € M,(F'). This can
happen only if v; = 0. U

THEOREM A.l. Let A be a central, finite-dimensional division algebra over a
field F, o an involution of the first kind on A, V a right A-module, h a hermitian
formonV,and L C A a maximal separable subfield. If h is isotropic over L, then
there is a I-dimensional A-subspace U C V such that h|y is isotropic over L.

Proof. By the theorem on extensions of involutions, there is an involution of the
first kind o’ on A that is the identity on L. Replacing o by o', we may assume
that every element in L is o-symmetric. Choose a generator a of L over F' and
let f(t) € F[¢t] be its minimal polynomial. The element £ = 1 ® a is in the center
of Ay = A ®f L. Since h is isotropic over L, there is a polynomial v(t) € V[¢]
such that v(&) # O and A(v(€),v(§)) = 0. Then k(v (¢), v(¢)) is divisible by f(¢);
that is,

h(v(t),v(1)) = f(1) - g(1) (A

for some g(t) € A[t]. Note that we can replace v(¢) with v(z) - b for any nonzero
beA Letv(t) = vo+ vt + -+ + v,_1t"), where v; € V and n = deg A.
By Lemma A .4, there exists a b € A such that " v; - b - a’ # 0. Replacing v(t)
with v(¢) - b, we may assume that v(a) # 0 in V. We shall now show that the
1-dimensional subspace U in V generated by v(a) has the required property. Con-
sider the polynomial

g(t) = M eL[t] C Alt].
t—a

Clearly, g(¢) - (¢ —a) = 0 and v(a) - g(&) is a nonzero vectorin V;, =V ®p L.
Since g(&§) - & = g(&) - a,in A, we have

g@®la,x] = g)ax — g)xa = g()éx — g(E)xa =gE)x(§ —a). (A2)
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By Lemmas A.2 and A.3 applied to ¢ (¢) = f(t), we have ¢/ (¢) = g(¢) and v'(z) =
v(t). Now taking (A.l) into consideration, we find that there is an x € A such that
h(v(a),v(a)) = [a, x].
Finally, taking into account (A.2) and that g(§) is o-symmetric, we obtain
h(v(a) - g(&),v(a) - g(&)) = g©) - h(v(a),v(a)) - g(§)

=(g®) [a,x])-g®
=g&)-x-(E—a) g

=0.
Thus, the 1-dimensional subspace U = (v(a)) in V is isotropic over L. U
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