A THEOREM ON CONTINUOUS FUNCTIONS

By Tatsuo HOMMA

In the present paper we call an
ot ~function” a function fx) ,
continuous in 4 g x &/ , such
that

{(o)_.__o fQ) =/

and

08 $x £/ (0 < X <1),

Detfinition 1. A functlon is
called nowhere constant, if there
exists no interval on which it
remains constant,

We now begin with the rollowing

Theorem 1, Let f¢x) and j§¢x)
be nowhere constant o« -functions,
then there exist o -functions

<x) and $x) such that

FCPN=g(x) .

I we consider a subset M of
the euclidean plane, defined by
M = (_cx, Y $9 = 9N
0£X, 4% , then Theorem 1 is
equivalent to the existence of a
continuous curve in connecting
the polnts ¢o0,0) and (1,1) .

T.Minagawa showed me an example
(see the figure below), illustra-
ting the Theoresm 1 is not always
true if the given functions are
not nowhere constant.

Detinition 2. We say that a
closed interval €&, b1 is an
"« -interval of f«xy ", if

$ —~ ¥ 1 fwr= 4ep

;m.n xel:“:‘u “= 14 Al

Ne shall first prove the fol-

lowing lermas A), B), C), con-
cerning nowhere constant « -func-
tions. In these lemmas, $x)
denote a nowhere constant &-
function.
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W), M={eg); fw=p)
£ )

For any € >0

Lemma A. N
there exists a 4 >0 sucn that
ya—-b] <& provided

0 - <.
0,50 b fo0 <

Lerma B. Let Cre, PJ1 be an
arbitrary closed interval of
I=Co, 1] . Let p, be a8
maximum point of §<x) in
tp,,pl, let P2 be a minimum point
of ;(X) in cPl , P2 N let Pz
be a maximum point in [p., pJ ,
and so on. Then the sequence

{p} converges to p .

Lemma C. For any £r>0
there exist a finite number of
points a. (i=1,1, , n-1) such
that 0 S ai-au <€ (=l v n, gy=0,0,=1)
and that every closed interval
L, @2 1s an « -interval of
§¢x) e

Lemmas A and B can easily be
proved, so we shall give a proot
of Lemma C., First we prove it
for &€= % ., By Lemma B, we can
construct two convergent sequen-
ces:

o-rcihéhﬁ" b d

Imfedf2§2

e o

where all L Per, P, €%, §3
are o« =-intervals of 4{f(x» . If
there exlst positive integers

m ,n  such that fu= h-"" then
the points, o w pPo, P, P,

P -1‘,",1.,5, fo=1, are the



Otherwlse, suppose

required ones.
then

Pm <+ for m =1, 1,. R
there exists a positive 1rit;eger
m such that < pu¥< .
Lemma B, we can again construct
anothex- convergent sequence:
=%'34 2 - Pm , where every
closed interval c¢;, .3 is
an &« -interval of f(x) . Now
#e can readily see that there exi-
sts a positiJe integer m such
that §n = pm , Since fm 1is a
maximum or minimun point oI’ F(x)
in CPm, +1 . hen the points;:
0= Po,Pi, -, =i, .8 ,8/=/ are
the requirea pcints. KRepeating
the above process in each interval,
we obtaln the uesired points ror

e= (g0 , and thus we can, by
induction, complete the prooi ot
Lemnma C.

From

Lemma 1. Under the conaition
that  $x) and Jx) are both
polygonalized - linear on L =101}
except a rinite number of points |,
Theorem 1 is true.

Lemma 2, It 4¢®
nalized, then Theorem 1

is polygo-
is true.

The prcot of Lerma 2 may be
omitted, since we shall later de-
rive Theorem 1 by means of Lerma
2 and this lermma 1itsell can be
quite similarly derived irom Lerma
1.

Prcof of Lemma 1. At uny point

4 of M {¢x,4) ;O Fex) = gy,
o0& X, y&!} except at two points
€0, 0) and (1, 1) has a

neighborhood ot P which is ho-
meomorphic with an lsolated point,
or an open line-segment, or a
cross point ol two open line-
segments. At the points (o0,0)
and ¢, 1) , M has a neighbor-
hood which is homeomorphic with a
half~ open linesegment (i.e. {x;
@& x <b)) and the point (o,0)
or (I,1) corresponds to tne closed
endpoint & or the halr-open line-
sagment. Moreover M consists
ot a rinite number or line-seg-
ments. Hence we can conclude by
the unicursal principle that there
exists a polygon in M ccnnecting
(6,0) and (l,l) We ex-
press the polygon oy (9(1) Yet)) )
p0&t2l, Ywetoxo, go=fy=1. Then
Pex) and W(x), 0 sx &1
are parametric tunctions which are
required in Lerma 1.

Proot or Theorem l. We shall
construct, Ior each positive in-
teger m , a set o' & -lunc-
tions Pam, #(x) and coun-
table disjoint open intervals
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{ Ine=(idn, &ac)} of L= to,1d
satist'ying the following relations:

(n.1)  $efpuxd) = 0¥ 02) xeI-(UL)-A,
(ne2) foehu®, $0=h& 2éa,,;
(ne3)  Apd>Anq |

Tw= [, 0571 ape
intervals of ¢, x»

Y X) mE N o

The intervals ( ¥, (da) Tt 1)
and  Chin), hidy) ],
=43, -~ , are « -intervals
or $09 and ’(0 , re-
spectively;

(n.4) « -

and

(n.5)

(ne6) | 9 Cay) - Tl § -,-';
Put G ) wf(X)=x, xel g4

{lp }_ {”’”} s, ana suppose that

there exist, for any ;€& m ,
a set of o, ¢x) and the
countable intervals {1;.} sa-
tisfying the relations (j.l),
(je2)y eee,(jeb)s We then con-
struct a set of  Pue s (X) fuyix)
and  { Iwe} as rollows: From
Lemma C, we cen see lor any
that there exlsts a set of points

{oe, 0y, «--. ag} in the closed
interval [?“ldld P can) =1,
such that N

Gom ‘f‘(q“) Qg = ‘fx‘“;\-_ ),

]
| Rwme ~aml &5 , M=i2,. ';ﬂl
Chwma ,8w] gre an & -
interval or FX), mela, A,

Ne then construct, ror each { ,
a new polygonalized continuous
function §, ) on I,

= [Fu@n) , Bl ] as rollows:

f(Aw) = felaw) |, M= 0, 42 ., 4

]

fox) is linear on Iw, ex-

cept at the points @s,a,, . , ag.
As we agsume the validity of

Lemma 2 we can t'ind twc continuous
functions @, (x) and %) on
T ™ T 8ng, ®h 2 such tnat
i) = Jlh () xe I,
s L,

Prtim) = R, K () = ¢, ’

Bl W) = Talihn), Fapnn) = Yo (d,) |



Since a set C¢ dertned by
Ci= (x5 fuW=tun=i£}is a closed
subset of Ta, , the open set
Iy~ Co consists ol countable
open intervals. Moreover, we can
see that these open intervals con-
sist of the rollowing systems of
countable open intervals {‘F*,féﬁ
and {(r,}7ﬁ,s where

?‘AL(F“) = ‘f,‘(r;‘)u [ 9 , ,m_—["‘_. ,

Py (T =a¢ ) f-..;(?,’,.,)—'-ﬁtﬁl ,m=13 ..

Thus we can I'ind a point fm
of the interval (fm pa) and a
point a’y ol the interval

(4,, ase ) such that
flas) = § Chul f:;)’,
Cas ,#1 1is an « -interval

of ’(x) >

[ Yu, o), Yo tfm0], D tpl), 4, ()]
are « =-intervals of f(x)
Let us put {I“*la}
= L, T0) , (fm :é¥£4’,(ﬂ§?‘,,f;)},
ma 1,2, 0,
Ne shall construct
as tollows:

Taer 09, frppex)

Pots () =B (XD, Hugi (X = FtX) |
xe An,
xm(x)= ?‘l(x) , (’k“"(*) = ﬁ{x)’

xec;,

te /a2, /
+ &
%‘_"(lm_z_b) = a,

fair (2R = Fa (g

= 2,

'f]ﬁ-‘ (x) and Y‘ﬂ (x)
are linear on the intervals

Upm, (235 1, CEHR, 547 and
L‘-,’;] *

It can easlly be seen that the
functions Y ae (), faer (x) and
the system of intervals {I.,, }
satisr'y the conditions (a+t.1),
(ntt. ¢) + The continuity of
Pt (x) and Fotr €X) fol-
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lows 1rom that of P (X) and

P (X) and the condition
(n.4). Next wec shall show the
unirorm convergence ol two sequen-
ces {fuex2} and { Yat)} .
The uniform convergence of {fner }
follows irmediately from the con-
diticns (nw2}), (n.4), (n.6) and
tae continulty ct each Pntx) .
To prove the unirorm convergence
of {Y¥.tm} , we shall show that

for any £>0 there exists
a positive integer ¥  such
that for ~ > N

(M. &) Ptnldm) —~ H (&) ] < €,

By Lemma A there exists a positive
number § such that le~bj <€
provided ,#f$090 - if 40 <8 ang
I'rom the uniform continuity of

$ex) we can see that there
exlsts a positive integer W~ such
that [4¢x2 = §05[<d for l1z-x"I<w .
From the condition (n.6) we have

N | [
[ futdn) = Lrar)le 7 <w

for any w >N , and hence

571 5 lhn) = § (B e 0 |
=19 (¥t aad] = § (K (i) |

. pup u0 - wf 400
XL %), o ) el KlAa) 30T,

Thus we can say | ?\(““ﬂ’”h‘“49’<€

Theretrore {tw(x)} satisries the
condition (n.6'). The conditions
(n.2), (n.4), {(n.6') and the con-
tinuity o1 each %.tx)  guaran-
tee the unirorm convergence of

{42y . Now we denote by fo
and ¢(x) the limit itunctions
of {¢uw} and  {$ux2} , then

Y(x) and ¢¢x) are the re-
quired functions. We have con-
pleted the proor of Theorem 1. We
can extend Theorem 1 to the tol-
lowing one:

Let F¢x), fux, o frx)
be nowhere constant & -tunctions.
Then there exlist such & -func-
tions yu«x) ¢, . , Puix) that

Theoren 2.

fig ey = ful Rt = . = £ (y.x))

ror any x ¢ I B

Prcof. By 1induction. Suppose
Theorem 2 1s true when the number



of given functions is =-lI ;

Then there exist n-l & -func-
tions tf,‘tx) ﬁ x), , fuq (¥}, such
that f (9."(:)) = fa(g" (x)) = & ) tor
any xe¢l . Furthernore we can
assume that ®'w, §%»), , fo-i(x) are
nowhere constant functions, because,
ir otherwise, we can replace them
by nowhere constant functions.

Let g (x) = $09* x)) , so 3

is a nowhere constant o -function.
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By Theorem 1 there exist two & -
functions ?(x),fLLX) sufh t?%t)

Fal facx)) xel . Let #%x
3‘72(;33))‘& ‘f fiz)),  Bat)=hiYar)
then ¢,ex), fucx), - 5’.:):) are the
required iunctions.
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