ON CONVOLUTION OF POWER SERIES

By Yisaku KoMATU

1. In their recent paper [3] Polya and Schoenberg have stated a con-
jecture on power series mapping a circle onto a convex domain. Let & be
the class of analytic functions which are regular in the unit circle and map
it univalently onto convex domains. They then state

CONJECTURE. If both functions
f (z)=§‘,}anz" and g(z):ilbnz"
belong to R, also the function defined by
h(z)= g}lanbnz”
belongs to K.

In the present note, considering a related class, it will be shown that an
analogous proposition is affirmatively verified. Let R be the class of analytic
functions @(z) regular in the unit circle and characterized by

RP(z) >0 for |z|<1 and P0)=1.
We will then establish the following

THEOREM 1. If both functions
f)=1 +2§}1anz" and ¢g()=1+ 27§1bnz"
belong to R, also the function defined by
h@) =1+23 a,b,2"

belongs to R.

Proof. Based on the integral representation valid for the class R, we
may put

where u(f) is a real-valued function defined for — = <6 <z which is increas-
ing and has the total variation equal to unity; ecf. e.g. [1]. Consequently,
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the coefficients in the expansion of g(z) are represented by
b, = S" o~ m0du(f).

Hence, for |z] <1, we have

h(z)=1+2§]anznj

Tt a

e—zned,u(ﬁ) = j f(ze-m) dﬂ(ﬁ)r

-7

whence follows

Rh(2) = j RF (ze-%) du(d) > 0 (2] <1).

-t

It may be noted by the way that if we substitute also the integral re-
presentation of a, the function A(z) can be written in the form

kg k. (et y)
ne) =" |7 e Tk )

where A(0) is such a function associated to f(z) as u(f) to g(z). It is further
transformed into

_ (7 e°+z
h(z) 5»7\: 60— 5 dp(8)
with

p(0) = j 20 — ) du(s)

where A(¢) is regarded to be continued beyond the original interval of defini-
tion in such a manner that A(¢) —¢/(27) has the period 2z. Since p(f) is an
increasing function with the total variation equal to unity, the last expres-
sion of h(z) gives its proper representation as a member of .

2. As an evident consequence of theorem 1 we can formulate the fol-
lowing

THEOREM 2. If functions f(z) and g(z) defined by
Ig f'(z)=2 i Inn and g g’ (=2 i i"fz"
n=1 N n=1 N
belong to &, also the function h(z) defined by
Ig W(z) =23 %0n g
n=1 n
belongs to K.
Proof. 1t is well known that a function F'(z) defined by

lg F'(z)=2 j; ~‘3L"»z"
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belongs to & if and only if the function

2F"'(2)
F'(2)

belongs to R. Hence, theorem 2 results readily from theorem 1.

D=1+ =142 iAnz"

A proposition equivalent to theorem 2 may be formulated in terms of
star-like mapping. Let ©t be the class of analytic functions vanishing at
the origin which are regular in unit circle and map it univalently onto do-
mains star-like with respeet to the origin. We then have

THEOREM 3. If functions f(z) and g(z) defined by

f(z) _2% an n and g g(z) 2 7bn zn

n=1 n=1 N
belong to ©t, also the function h(z) deﬁned by
h(z)

u]j/’g

belongs to ©t.

Proof. In general, f(z)e&t is equivalent to r(f(z)/z)dzeﬁ or also
to 2f/(2)/f(z) € R.

3. In a previous paper [2] we have dealt with mean distortions for
the class R={0(2)} of analytic functions which are single-valued and of
positive real part in an annulus (0<)g<|z|<1 and further normalized by
the conditions

Rd(z)=1 along |z|=¢ and 2177 5" D(qe®)df = 1.

We can now establish an analogue of theorem 1 for Laurent expansions of
functions of this class.

THEOREM 4. If both functions
_ S Qa n —149 SV b a
f®@ 1+2”=2_w1_q2nz and g(z) + ngm 1_q2nz
belong to R, also the function defined by
nb n
W =1+237 T g
belongs to N. Here the prime means that the summand with n =0 is to be
omitted.

Proof. We can proceed quite similarly as in the proof of theorem 1. In
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fact, we have only to replace the Poisson kernel

—e:: T2 142 i 2"e
e —2z n=i
by the Villat kernel
zne—lnﬂ
n=_w”1 — g

2-<C(i lgz+0)— 7 (ilg z+0>> =1+2 3y PO
7 T

(Iz|<1)

(e¢=lz1<1)

in which the notations on elliptic functions concern the Weierstrassian theory
constructed with the primitive periods 2w, =2r and 2ws; = — 27 1g q; cf. [2].
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