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1. Introduction and statement of result.
Let R™ be the n-dimensional Euclidean space (n=2), and set
Ri={x=(x", x,)ER"'XR*; x,>0}.
For £€0R?, y=1 and a>0, define
T, a)={(x', x)ERL; |(x', 00— <axi/T}.

Recently Cruzeiro [2] proved the existence of lim u(x) as x—§, x&T,(§, a), for
a harmonic function u with gradient in L™(R?). In this note we are concerned
with polyharmonic functions in R?, and our purpose is to give a generalization
of her result to the polyharmonic case.

For a nonnegative integer m, denote by A™ the Laplace operator iterated m
times ; in particular, A° denotes the identity operator. A function u=C*(R?) is

said to be polyharmonic of order m in R? if

A™u=0 on RZ%.

For ueC™(R?) and x=(x;, -+, x,)ER?, define
[Vnu(x)|={ 3 [D*u(x)|3?
12l=m
where A=(4,, ---, 4,) denotes a multi-index with length |2|=24,+ -+ +4, and

D*=(0/0x,)*1++(0/0x ).

THEOREM. Let m be a positive integer and u be a function which is poly-
harmonic of order m-+1 n R% and satisfies

(1) SGleu(x)[px’,’de<OO, p>1, a<mp—1,

Jor any bounded open set G in RI. Suppose (a-+1)/p 15 not a positive integer.
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ON THE BOUNDARY LIMITS OF POLYHARMONIC FUNCTIONS 193

(1) If n—mp+a>0, then for each y>1 there exists a set E,CORY such that
Hr(n—mp+a)(Er):0 and
(2) lim u(x)

x—»é,zeTr(E.a)

exists and is finite for any a>0 and any E€0RI—E,.

(ii) If n—mp+a=0, then there exists a set ECOR} such that B, ,(E)=0
and (2) exists and is finite for any a>0, any y>1 and any £€0R?—E.

(iii) If n—mp+a<0, then lim wu(x) exists and s finite for any ESORY.

z-¢,z€R}

Here H, denotes the /-dimensional Hausdorff measure, and B, , the Bessel
capacity of index (/, p) (see Meyers [4]). Note the following results (cf. [4]):

(@) If H,-,(E)<co, then By, ,(E)=0 for any p>1;

(b) If By o(E)=0 for some p>1, then H,.(E)=0 for any /’>n—/.

In the case where (a+1)/p is a positive integer, we have the next theorem.

THEOREM'. Let u be a function which 1s polyharmonic of order m+1 in R%
and satisfies (1) for any bounded open set G in R, where p>1 and (a+1)/p 1s a
positive integer smaller than m.

(i) If n—mp+a>0, then for each y>1 there exists a set E,CORY such
that E, has Hausdorff dimension at most y(n—mp-+a) and (2) exists and 1s finite
for any a>0 and any £€0R?—E,.

(ii) If n—mp+a=0, then there exists a set ECOR? such that E has Haus-
dorff dimension 0 and (2) exists and is fimte for any a>0, any y>1 and any
£=0R?—E.

(iii) If n—mp+a<0, then lm wu(x) exists and s fimute for any E<OR%Y.

z-&, teRT

If e zlér%ll " a)u(x) exists and is finite for any ¢ >0, then u is said to have
a nontangential limit at & If » is a function which is polyharmonic of order
m+1 in R? and satisfies (1) with p>1 and a<mp—1 for any bounded open set
G in R?, then u has a nontangential limit at any £€9R% except for those in a
set E with Bo_a/p, »(E)=0; this result is best possible as to the size of the
exceptional set in the following sense: If ECOR?, Bn-a/po(E)=0 and —1<a«
<mp—1, then we can find a harmonic function % in R? which satisfies (1) with
G=R? such that lim wu(x)=oc0 for any &=E (see [8; Theorems 1 and 2]).

z—»é,zERSL_
Thus (ii) of the theorem gives an improvement of [8; Theorem 1], and also the
best possible result as to the size of the exceptional set.

2. Lemmas.

First we prepare several properties of polyharmonic functions. Let B(x, »)
denote the open ball with center at x and radius ». For ECR™, denote the

closure of E by E.
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LEMMA 1. Let u be a function which s polyharmomc of order m-1 n RY.
Then there exist constants ¢, independent of u such that

r"'”g Au(y)dS(y)= % 7?2 A u(x)
OB (x,T) 1=1

whenever B(x, r)C RZ.
Proof. By a result in [9; p. 189], there exist harmonic functions v; in
B(x, ') such that
Au(y)= 57__'1,‘1 |y—x]220,(v) on B(x, ),

where B(x. r’JCR™ Then we note that A'u(x)=clv;(x), so that

peel sudS= B ertuo= 3 crmau

oB(x

for r with 0<r<r’. The constants c;, ¢/ and ¢, depend only on : and the
dimension n.

LEMMA 2. Let u be a function which 1s polyharmonic of order m—+1 in R%,

and let B(x, r)CR?. Then for each nonnegative integer 1, i=m, there exist con-
stants a$® independent of u, x and r such that

(3) Mu@=r B e -x)iDiu)dy.

0y 21Em

Proof. In view of [3; (15)],

sun="Sap*| () sutx+po)dS(o)
u(x)—k=oakp aBm,n(ap waTeo 7

with constants a,. We introduce a differential operator

n )
Y= ]_Z)l(yj—x])by—.

J
Letting I denote the identity operator, we note that
vEA =AY v—2{1)*%,
so that

pﬂ-lAlu(x):"i’akS VEA()dS(y)
k=0 0)

0B (z,
=7nE"akS A w— 21 u(3)dS(») .
i= 3Bz p)

0

Integrating both sides with respect to p over the interval (0, r), we obtain
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Au=r" e, Ae-2D )y

k=0 B(xz, 1)
:-r'"’lmz_]zaf,g VA (y—2i 1) u(y)dS(y)
k= dB(z,r)

0
:f-"-l'gaggm A =2 DD—2D u(5)dS().
Repeating this process, we finally obtain

Alu(x)=r'"'“f‘§:agg Yy—2D) (= 2= D=2 ul(3)dy

B(zx, T
which is of the form (3).
The following fact can be proved easily (cf. [6; Lemma 5]).

LEMMA 3. Let u be a function in C*(R%}) such that
Safvluu);p_xgdmoo, p>1,
Jor any bounded open set G in RZ. Then
galu(ﬁ')]px,’idx<oo

for any bounded open set G n R, where B=a—p 1f a>p—1 and f>—1 :f
a=p-—1.

By [6; Lemma 4] we have

LEMMA 4. Let k be e positive wnteger, p>1 and B<p—1. Let u be a func-
twon in C*(R%) such that

S0|Vku(x)lpxﬁdx<oo
Jor any bounded open set G wn RL. If we set

a={ecarr; | 6= x1*" | Vyu(y) | dy=co},

n
B¢ DNRY

1hen Bk-‘g/pyp(A>:O.

LEMMA 5. Let f be a nonnegative measurable function on R such that

Scf(;v)dy<oo for any bounded open set G in RZ, and define

Bi={gcart; | (&= e () yhdy=co]

B¢ DNRY
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where (=0 and y=1. Then H,(Bs)=0 for any 6>0; in case (=0, this implies
that B;s is empty.

Proof. Suppose H,(B;>0. Then by [1; Theorems ! and 3 in §1[]J we
can find a nonnegative measure p with compact support in dR% such that

#(Bs)>0 and
u(B(x, r)=rt for any x and r.

Then g(lf/—y/l27+y%t)_(l+5)/2d#(§)§COnSt.y;5 for yERﬁ, Hence
OO:S{SB@_mRn(IE'—y'l27+y%)"“"”Zf(y)y‘ldy}dp(é)
§SG{S(]$/_3}/]2r+y3L)—(l+o‘)/2d#(s)}f(y)y5ndy

<const. SGf(Y)dy<oo ,

which is a contradiction. Here G= \U B(§, 1)N\R%
&Esupp ¢

LEMMA 6. Let k be a positive integer, p>1 and B<p—1. Let K be a Borel
measurable function on R™ such that |V, K(x)|<|x|*"" on R*— {0} for [=0, 1,
-+, k=1, and define

u(r)=| Ktr— ) f()dy

for a nonnegative measurable function f on R™ such that Slx—ylk‘”f(y)d_ys_too
and Saf(y)”fynlﬁdy<oo for any bounded open set GCR™. Set

E[,,:{geaRi; lim sup IVu(y)| Py "dy>0 for some a>0}

z-E, xETr(e,mSB(x,x,l/m
for y=z1 and =1, -+, k—1. Then H,q_ppsp(E:1)=01f n—kp+p>0, and E, ,
15 empty 1f n—kp+B=0.
Proof. Define

E,:{SeaRi; limwsup r”“"ﬂ'"’g F)?lyalfdy >0}

B¢,

for y=1. Then, in view of [7; Lemma 2], we see that H,-sp+p(E)=0 if
n—kp+p>0 and E, is empty if n—Ekp-+p=0.
Let / be a positive integer such that /<k. Then for almost every x,

1V,u(x)] §§ |x— 3|1 F(3)d y=U(x)+Us(x)+-Us(x)

where
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U=, . 1=yl ody,  0<e<1ys,

B(z,cx

Udn=| |x=31* " (5)dy,

B(,21z-¢))~-B(x,cxp)

Uw=| [x= 31+ ()

RT-B(,21z-§D)

We first note from Hoélder’s inequality that

H k-n —

TVO

197

if £€0R?—E, and hence if £€0R?—E,. Setting ¢()= sup r”‘"gms )f(y)dy for

0<rsy

»>0, we have

U3(x)§const.g [y—=&l 5" f(y)dy

RM-B(,21x~£1)

=<const. {S
RN-B¢, )

Consequently, lim supg
z»é,zERi’_ B(z,20,/2)

lim S Us(x)Pxipmd =0 .
z—»é,zeRff_ B(z,25/2)

By Holder’s inequality,

1/p
Ul(x)éconst.x#"”?'{g 1x~y|k""”f(y)”dy} ,

B(z,czp)

so that

S Ux)PxtP-"dx
B(z,24/2)

<const. z;”‘”p/p'”p‘"g
Bz, (1+30)27,/2)

§const.z’;?‘ﬂ‘"g FPlyalfdy.
B, 212-€D

Therefore if n—kp+5>0 and £€0R}—E,, then

im S Uyx)?xtP"dx=0;
28, zETT(G, a)JB(z,2,/2)

if n—kp+p=0, then

lim S U (x)Pxte=nd x =0 .
z—»é,zeRﬁ B(z,2,/2)

| y=E 14t f(9)dy+e(m) x—E1

Uy(x)PxtP-"dx<const. e(n)?. This implies that

o], 1x=ylrdaldy
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Letting »=2|x—&| and M-—‘S )f(y)?’]y,,lﬂdy, we have by [7; Lemma 5],
7

B,
xG-Dp-B-npf if (k—Dp—p—n<0,
Uy x)?<const.{ [log(nxz'+2)]?"*M  if (k—Dp—p—n=0,
77(la—l)p—ﬁ-n]M if (k—l)jb—ﬁ—n>0'

If zeTW& a)NB(, 1) and x€B(z, z,/2), then there exists a’>0 such that
xeTy& a’). Hence we obtain

- if (k—Dp—p—n<0,
Sm Uax)raiprda=sconst. | ziflog(pza’ +2177°M i (k—0)p—p—n=0,

z,z2p/2
Zﬁpﬂ(k-”p‘ﬂ—nM it (k—=Dp—p—n>0,

which tends to zero as z—¢, zeT,(¢, a), if kp—B—n<0 and £&F,, and as
z—¢ if kp—pB—n=0. Thus we proved that E, ,CE, if n—kp+5>0 and E,;
is empty if n—kp+B=<0. The proof is now complete.

COROLLARY. Let k, p and B be as in the lemma. Let u be a function in
C*(R?) such that Sglvku(x)lpxﬁdx<oo for any bounded open set G in R, and
define E;,; as in the lemma. Then Hy-ppip(Er)=0if n—kp+>0 and E, ,;
is empty 1f n—kp+pB=0.

Proof. Let g=p if f<0and 1<g<p/(B+1)if f>0. By Holder’s inequality
we have

Salvku(x)]qu<00

for any bounded open set G in R% By Theorem 5 and its proof in [10; Chap.
VI], we can find a function ve LL.(R") such that v=u a.e. on RZ,

SGIVkv(x)qux<oo and SGIVkv(x)Ip]xnlﬁdx<oo

for any bounded open set G in R", where the derivatives are taken in the sense
of distributions.

We shall show that Hi-rpsp(Er,,NBO, #))=0 if n—kp+>0 and E, ;N
B(0, ») is empty if n—kp-+B=0 for any »>0. Let »>0 be fixed, and take a
function ¢=CF(R™) such that ¢=1 on B(0, 2r). Set w=¢v. Then by [5; Theo-
rem 4.17,

— (_f:y)z 2 n
w(x)—m k‘“SIx—yI"D w(y)dy  a.e. on R",

Since w is considered to be continuously £ times differentiable on R?, the right
hand side is also continuously % times differentiable on R? and the equality is

L
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considered to hold at every point of R?. Further,
Ly [T 7] 3l Py < co.
B(0, 1)

Thus the proof of Lemma 6 shows that H; - sp+p(E:, ,NBQ, »))=0 if n—kp-+ 8
>0 and E; ,NB(0, r) is empty if n—kp+B=0. By noting the arbitrariness of
r, we conclude the proof.

3. Proof of the theorem.

Let u be as in the theorem. If a<p—1, we let £=1, and if a=p—1, then
we let £ be a positive integer such that (k—1)p—1<a<kp—1. Define f=a—
(k—1)p. Then B<p—1, and, in view of Lemma 3,

| [Ty 22577 < co

for any bounded open set G in R? and /=0, 1, ---, 2—1.
Let g=p if B=0 and 1<g<p/(B+1) if §>0. By Holder’s inequality we
have

|1 prunjodx <o

for any bounded open set G in R%. As in the proof of the corollary to Lemma
6, we can find a function ve L% (R™) such that v=u a.e. on K%,

SG|Vm—k+1U<X)qux < co
and

jGwm-Mv(xMxnlﬂdx«o

for any bounded open set G in R™.
Define

geRy; || (&= ym I T pp()]dy=co]

B¢, 1)

A={
El,7:<$eaR1; lim sup IVou(y) [Py~ "dy>0 for some a>0},

z-§, ZETy (€, a)SB(x,zn/z)

FV

Il

)lvm-kﬂzz(ywyn{»"dy>o} for 7>0,

¢, r

{Se&RZﬁ ; lirxgwsup r"/SB
{

Fo={ecaRY; tim sup(ogr7| | [T sit(3)17] 34 Py >0}
740 T

B,
and

EI-_—_AU(L(:'LJ]El,]v>UF7(n—mp+(r) for n—mp+a=0.
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We shall show below that : llerilﬁl " )u(x) exists and is finite for any §€oRY—E,
-5, T 7, a

and any a>0; in case n—mp+a<0, our proof below shows that u(x) has a
finite limit as x—&, x=R?, for any £€0R%.
By Lemma 4, Bm_a/p p(A)=0. In view of Lemma 5,

S [Viulx)|PxP-"dx<co, l=m—k+1, -, m,
Tr(f,a)ﬂB(f,l)

for any a>0 and any £=0R?} except for a set B, such that H,,-mpra)(B;)=0
if n—mp-+a>0 and B, is empty if n—mp+a=0, so that

Hin-mprar(Er,)=0 if n—mp+a=0 and [=m—~k+1, -, m.

The corollary to Lemma 6 implies that Hyn-mp+ar(E,;)=0 if n—mp+a>0 and
(=1, .-, m—k, and E,, is empty if n—mp+a=0 and /=1, ---, m—£Ek. Thus,
with the aid of [7; Lemmas 2 and 3], we see that H,c-mpraer(E,)=0 if
n—mp+a>0, and B,/ p, p(Fe)=0 if n—mp+a=0, where E.= rUMEr:AUFO.

Let £=0R?—FE,, and take a function = C§(R™) such that ¢=1 on B(§, 2).
Write m—k+1=2s+s* where s and s* are nonnegative integers such that
0=s*=<1. Setting w=¢v, we have the following integral representation (cf. [5;
Theorems 4.1 and 4.27]):

[Kudx—n)atwindy it s*=0,
w(x)=U(x; w)=

2 (0Kp5ie 0 s . _

JQS*B—XJ—(X*AJ)<5;A w(y))dy if s*=1,

holds for almost every x&=R", where K, (x)=C;|x[?"" if 2/<n or n is odd,
and K, (x)=C;|x|* ™log|x| if 2/=n and = is even; the constants C, are chosen
so that U(x; ¢)=¢ for any ¢=Cy(R™). Since w is infinitely differentiable on
R?%, U(x; w) is continuous on R? and w(x)=U(x ; w) holds for any x<R%.

We shall prove the theorem only in the case s*=1; the case s*=0 can be
proved similarly. Write U(x; w)=U,(x)+U,(x)+U;(x), where

vo=3[ e
J=1JB(x, xq/2) X,

(x—y)(aiy]A”w@))dy ,

& 0Kss510 . 0 s

Uz(x)_ nggB(z.w—fUZ)—B(z,rn/z) ax] (x y>< 83:, A w(y)>dy ’
& aK2s+2 0 s

ECEP I Pl e )2

Since &€ A by our assumption, S{Vlem(E—y)l [Vaseiw(y)|dy<oo, so that

Lebesgue’s dominated convergence theorem implies that lim U,(x) exists and is
finite as x—&, x=R%.
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Define W(x)= [Vass1w()|?]v,]fdy. As in [7; Lemma 5], we have

SB(E,‘ZiI—El)

Jx}{”"“‘"W(x) if n—mp4+a>0,
|Uy(x)|P=<const. {1og("‘ <l +2)}" Wiy if n—mpra=0,

[x—=&|mPmem[log(|x—&['4+2)1P W (x) if n—mp+a<0.
Since w(x)=v(x) on B(§, 1), e, zleuTn o U,(x)=0 for any a>0.

Set ky(r)=K,s42(x), Where r=| xl If n—mp+az=0, then 2s+1=m—k+1<n.
First suppose 2s+2=<n. Then

Ui(x)=— Zn) ks(x"/2)5 ~i Au(y)- yj ) dS(y)

J=1 GB(x,xp/2) ay [ ,

-+

Kosro{x—3)A  u(y)dy

B(x,zq/2)

J
j (X)) Kopeol = 2 A u(3)d y

B(z,Zp/2)

Tynl2
== xar2—ren {( atuasofdr
== S e 2 k) e
:—mg:céA”su(x)x%””

T _ ini
=5t B oal o G-niDiuGds

0<igism

by Lemmas 1 and 2, where x< B(&, 1)N\R?%, so that u(x)=w(x) there. Hence it
follows from Holder’s inequality that

|U,(x)] =const. E(S V()| 7 yie- ”dy)l/p,

B(Z,T,/2)

which tends to zero as x—&, xT,(&, a), since & LUEM. Thus the proof of
=1
the theorem is complete.

4. Further results and remarks.

Let D be a special Lipschitz domain as defined in Stein [10; Chap. VIl.
Then similar results can be shown to hold for » which is polyharmonic of order
m-+1 in D and satisfies
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SDIVmu(x)lpd(x)”dx <o, p>1, a<mp—1,

if we replace T,(&, a) by the set {x&D; |x—§&|<ad(x)""}. Here d(x) denotes
the distance from x to the boundary 0D.

Finally we give an open problem: If u is a function which is polyharmonic
of order m+1 in K% and satisfies (1) with p>1 and a=mp—1 for any bounded
open set G in R?%, then does there exist a set E such that H,-,(E)=0 and u
has a nontangential limit at any £€0R?—E ? By a well known result [10;
Theorem 4 in Chap. VII], this is true for a harmonic function » in R7? satisfy-
ing (1) with 1<p=2 and a=p—1 for any bounded open set G in R?. In view
of the proofs of [8; Theorem 1] and our theorem, we have the following result :
If u is a function which is polyharmonic of order m—+1 in R? and satisfies (1)
with p>1 and a=mp—1 for any bounded open set G in R?, then there exists
a set ECOR? such that H,_(E)=0 and

CE&; u, l=C&; u, Tu(E, a))

for any a>0 and any £€0R?—E, where C(&; u, F)= Qu(FﬂB(E, 7)) for a set
>0
FCR? and = {£+(0, ---, 0, £); t>0}.
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