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Abstract

In this paper, we investigate the Hyers–Ulam stability of a class of fractional linear

di¤erential equations. Applying the Laplace transform method, we prove that a class of

fractional linear di¤erential equations with Riemann–Liouville fractional derivatives is

Hyers–Ulam stable. The results improve and extend some recent results.

1. Introduction and preliminaries

In 1940, the first stability problem concerning group homomorphisms was
raised by Ulam [24]. Let G1 be a group and let G2 be a metric group with a
metric dð� ; �Þ. Given any � > 0, does there exists a d > 0 such that if a func-
tion h : G1 ! G2 satisfies the inequality dðhðxyÞ; hðxÞhðyÞÞ < d for all x; y A G1,
then there exists a homomorphism H : G1 ! G2 with dðhðxÞ;HðxÞÞ < � for all
x A G1?

In the following years, Hyers a‰rmatively answered the question of Ulam
for the case where G1 and G2 are Banach spaces (see [7]). Furthermore, the
result of Hyers was generalized by Rassias (see [21]). Since then, the stability of
many algebraic, di¤erential, integral, operatorial, functional equations have been
extensively investigated (see [1], [2], [3], [4], [6], [8], [9], [14], [17], [18], [19], [20],
[23], [25], [29], [30], [31], [32], [33] and the references therein).

In recent years, many people have paid more and more attention to Hyers–
Ulam stability of di¤erential equations, and gained a series of results. S.-M.
Jung investigated the Hyers–Ulam stability of some linear di¤erential equations
(see [11], [12], [13]), and in [22], H. Rezaei, S.-M. Jung and Th. M. Rassias
discussed Hyers–Ulam stability of linear di¤erential equations by applying Laplace
transform method. D. Popa and I. Raşa proved the generalized Hyers–Ulam
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stability of the linear di¤erential equation in a Banach space (see [19]). In [16],
N. Lungu and D. Popa discussed Hyers–Ulam stability of a first order partial
di¤erential equation, and in [5], M. E. Gordji, Y. Cho, M. Ghaemi and B.
Alizadeh investigated stability of the second order partial di¤erential equations.
J. Wang and Y. Zhou ([26], [27], [28]) proved the stability of fractional evolution
equations and the stability of nonlinear di¤erential equations with fractional
integrable impulses, and they also introduced some new concepts about the
stability of fractional di¤erential equations. In [10], R. W. Ibrahim presented
Hyers–Ulam stability of Cauchy di¤erential equation of fractional order in the
unit disk. However, the theory of Hyers–Ulam stability of fractional di¤erential
equations is still in the initial stages.

The main purpose of this paper is to prove the Hyers–Ulam stability of the
following fractional linear di¤erential equation with Riemann-Liouville fractional
derivative by applying the Laplace transform method

DauðtÞ þ duðtÞ ¼ qðtÞ; t A ð0;T �;
t1�auðtÞjt¼0 ¼ u0;

�
ð1:1Þ

where 0 < T < þy, d is a constant in C, q A Cð½0;T � � CÞ, and Da is Riemann–
Liouville fractional derivative of order 0 < a < 1 defined by

DauðtÞ ¼ 1

Gð1� aÞ
d

dt

ð t

0

ðt� sÞ�a
uðsÞ ds ¼ d

dt
I 1�auðtÞ;ð1:2Þ

here

I 1�auðtÞ ¼ 1

Gð1� aÞ

ð t

0

ðt� sÞ�a
uðsÞ dsð1:3Þ

is Riemann-Liouville fractional integral of order 1� a (see [15]).
For the sake of coherency we recall a few basic definitions, notions and

properties about the Laplace transform of the fractional derivative. The Laplace
transform of a function uðtÞ of a real variable t A ð0;yÞ is defined by

ðLuÞðsÞ ¼ L½uðtÞ�ðsÞ :¼
ðy
0

e�stuðtÞ dt ðs A CÞ:ð1:4Þ

If the integral (1.4) is convergent at the point s0 A C, then it converges absolutely
for s A C such that <ðsÞ > <ðs0Þ. One of the most useful properties of the
Laplace transform is the convolution property

LfuðtÞ � vðtÞg ¼ L

ð t

0

uðt� xÞvðxÞ dx
� �

¼ LfuðtÞgLfvðtÞg:ð1:5Þ

The following results are some basic properties about the Laplace transform
of the fractional derivatives.
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Lemma 1.1 ([15]). If a > 0, and let m be the smallest integer greater than or
equal to a, then

LfDauðtÞg ¼ saLfuðtÞg � Sm�1
k¼0 s

m�k�1Dk�mþauð0Þ:ð1:6Þ

Remark 1.2. In fact, if the initial conditions have the following form:

Dk�mþauð0þÞ ¼ lim
t!0þ

Dk�mþauðtÞ ðk ¼ 0; 1; . . . ;m� 1Þð1:7Þ

exist, then

LfDauðtÞg ¼ saLfuðtÞg � Sm�1
k¼0 s

m�k�1Dk�mþauð0þÞ:ð1:8Þ

Remark 1.3. When 0 < a < 1; we have m ¼ 1, one can get

LfDauðtÞg ¼ saLfuðtÞg �D�ð1�aÞuð0þÞ ¼ saLfuðtÞg � I 1�auð0þÞ;ð1:9Þ

here D�ð1�aÞuð0þÞ ¼ I 1�auð0þÞ, I 1�auðtÞ is defined in (1.3).

The Mittag–Le¿er function Ea;bðzÞ is defined by

Ea;bðzÞ ¼
Xy
k¼0

zk

Gðak þ bÞ ðz; b A C; <ðaÞ > 0Þ;ð1:10Þ

when a ¼ b ¼ 1, we can see that E1;1ðzÞ ¼ ez. More detailed information about
the function can be found in [15].

Lemma 1.4 ([15]). If <ðsÞ > 0, l A C, jls�aj < 1, then

Lftb�1Ea;bðltaÞgðsÞ ¼
sa�b

sa � l
;ð1:11Þ

where Ea;bðltaÞ is the Mittag–Le¿er function.

Remark 1.5. When a ¼ b, we have Lfta�1Ea;aðltaÞgðsÞ ¼
1

sa � l
.

The following result will play an important role in our next analysis.

Lemma 1.6 ([15]). Let 0 < a < 1 and let uðtÞ A C1�a½0;T � ¼ fu A Cð0;T �;
t1�au A C½0;T �g.

(a) If limt!0þ½t1�auðtÞ� ¼ c, c A C, then

I 1�auð0þÞ ¼ cGðaÞ:ð1:12Þ
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(b) If I 1�auð0þÞ ¼ b, b A C, and if there exists the limit limt!0þ½t1�auðtÞ�,
then

lim
t!0þ

½t1�auðtÞ� ¼ b

GðaÞ :ð1:13Þ

2. Hyers–Ulam stability of di¤erential equations of first order

The following definition can be found in [22].

Definition 2.1. The di¤erential equation jðq; u; u 0; . . . ; uðnÞÞ ¼ 0 has Hyers–
Ulam stability if for given e > 0 and a function u such that jjðq; u; u 0; . . . ; uðnÞÞj
a e, there exists a solution ua of the di¤erential equation such that juðtÞ � uaðtÞj
aKðeÞ and lime!0 KðeÞ ¼ 0. If the preceding statement is also true when we
replace e and KðeÞ by FðtÞ and CðtÞ, where F , C are appropriate functions not
depending on u and ua explicitly, then we say that the corresponding di¤erential
equation has the generalized Hyers–Ulam stability.

Theorem 2.2. Let d be a scalar. If a function u : ð0;yÞ ! C satisfies the
inequality

ju 0ðtÞ þ duðtÞ � qðtÞja eð2:1Þ
for all t A ð0;yÞ and for some e > 0, then there exists a solution ua : ð0;yÞ ! C of
the di¤erential equation

u 0ðtÞ þ duðtÞ ¼ qðtÞð2:2Þ
such that

juðtÞ � uaðtÞja etE1;2ðjdjtÞð2:3Þ
for all t A ð0;yÞ, where E1;2ðjdjtÞ is the Mittag–Le¿er function.

Proof. Let vðtÞ ¼ u 0ðtÞ þ duðtÞ � qðtÞ; for t A ð0;yÞ, we get

LfvðtÞg ¼ sLfuðtÞg � uð0Þ þ dLfuðtÞg � LfqðtÞg;ð2:4Þ
and so

LfuðtÞg ¼ LfvðtÞg
sþ d

þ uð0Þ þ LfqðtÞg
sþ d

:ð2:5Þ

Setting

uaðtÞ ¼ uð0Þe�dt þ ðE�d � qÞðtÞ;ð2:6Þ
where E�dðtÞ ¼ e�dt, one can check that ua is a solution of (2.2). Since

LfE�d � vg ¼ Lfu� uag;ð2:7Þ
so we have uðtÞ � uaðtÞ ¼ ðE�d � vÞðtÞ:
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By the condition (2.1), it follows that

juðtÞ � uaðtÞj ¼ jðE�d � vÞðtÞjð2:8Þ

¼
ð t

0

e�dðt�sÞvðsÞ ds
����

����
¼

Xy
n¼0

ð t

0

ð�dÞnðt� sÞn

n!
vðsÞ ds

�����
�����

a
Xy
n¼0

ð t

0

ð�dÞnðt� sÞn

n!
vðsÞ

����
���� ds

a e
Xy
n¼0

jdjn

n!

ð t

0

ðt� sÞn ds

¼ e
Xy
n¼0

jdjntnþ1

Gðnþ 2Þ

¼ etE1;2ðjdjtÞ;

which completes the proof.

Remark 2.3. In a recent result ([22], Theorem 3.3), the following control
function of the equation (2.2) was obtained

et ðfor <ðdÞ ¼ 0Þ;
eð1� e�<ðdÞtÞ

<ðdÞ ðfor <ðdÞ0 0Þ:

8><
>:ð2:9Þ

In Theorem 2.2, we replace the control function by an expression related to
Mittag–Le¿er function. When d ¼ 0, by a simple calculation, we have
E1;2ð0Þ ¼ 1, so in this case the result coincides with (2.9). When <ðdÞ < 0,
one can get

etE1;2ðjdjtÞ ¼ e
Xy
k¼0

jdjktkþ1

ðk þ 1Þ! ¼
eðejdjt � 1Þ

jdj a
eðejdjt � 1Þ
j<ðdÞjð2:10Þ

¼ eð1� ejdjtÞ
<ðdÞ a

eð1� e�<ðdÞtÞ
<ðdÞ ;

here
eð1� e�<ðdÞtÞ

<ðdÞ is the control function in (2.9) when <ðdÞ0 0.

Corollary 2.4. Let d be a scalar. If a function u : ð0;yÞ ! C satisfies the
inequality

ju 0ðtÞ þ duðtÞ � qðtÞjaFðtÞð2:11Þ
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for all t A ð0;yÞ and for some F ðtÞ > 0, then there exists a solution ua : ð0;yÞ
! C of the di¤erential equation (2.2) such that

juðtÞ � uaðtÞjaF ðtÞtE1;2ðjdjtÞð2:12Þ

for all t A ð0;yÞ, where E1;2ðjdjtÞ is the Mittag–Le¿er function.

Example 2.5. Consider the following di¤erential equation

u 0ðtÞ þ 2uðtÞ ¼ e�2t:ð2:13Þ

The function u1ðtÞ ¼ �e�3t satisfies

ju 0
1ðtÞ þ 2u1ðtÞ � e�2tja 1

e2t
� 1

e3t
;ð2:14Þ

and the initial value is u1ð0Þ ¼ �1.

By (2.6) and initial value u1ð0Þ ¼ �1, we obtain an exact solution of the
equation (2.13)

uaðtÞ ¼ �e�2t þ te�2tð2:15Þ

with uað0Þ ¼ �1 ¼ u1ð0Þ. By Corollary 2.4, the control function of u1ðtÞ is
1

2

1

e2t
� 1

e3t

� �
ðe2t � 1Þ. A simple calculation shows that

ju1ðtÞ � uaðtÞj ¼
1

e2t
� 1

e3t

� �
t

1� e�t
� 1

� �
a

1

2

1

e2t
� 1

e3t

� �
ðe2t � 1Þð2:16Þ

for all t > 0, thus, the error of the approximate solution u1ðtÞ can be estimated.

3. Hyers–Ulam stability of fractional linear di¤erential equations

In this section, we will extend Theorem 2.2 to the case of fractional linear
di¤erential equations.

Definition 3.1. The fractional di¤erential equation jðq; u;Da1u; . . . ;DanuÞ
¼ 0 has Hyers–Ulam stability if for given e > 0 and a function u such that
jjðq; u;Da1u; . . . ;DanuÞja e, there exists a solution ua of the di¤erential equation
such that juðtÞ � uaðtÞjaKðeÞ and lime!0 KðeÞ ¼ 0. If the preceding statement
is also true when we replace e and KðeÞ by F ðtÞ and CðtÞ, where F , C are
appropriate functions not depending on u and ua explicitly, then we say that the
corresponding di¤erential equation has the generalized Hyers–Ulam stability.

Some other concepts about stability of fractional di¤erential equations can
be found in [27] and [28].
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Theorem 3.2. Let d be a scalar, 0 < a < 1, 0 < T < þy. If a function
u : ð0;T � ! C satisfies the inequality

jDauðtÞ þ duðtÞ � qðtÞja eð3:1Þ
for all t A ð0;T � and for some e > 0, then there exists a solution ua : ð0;T � ! C of
the fractional di¤erential equation

DauðtÞ þ duðtÞ ¼ qðtÞð3:2Þ
such that

juðtÞ � uaðtÞja etaEa;aþ1ðjdjtaÞð3:3Þ
for all t A ð0;T �, where Ea;aþ1ðjdjtaÞ is the Mittag–Le¿er function.

Proof. Let vðtÞ ¼ DauðtÞ þ duðtÞ � qðtÞ for t A ð0;T �, by the initial value
condition of (1.1), Lemmas 1.1 and 1.6, we have

LfvðtÞg ¼ saLfuðtÞg �Da�1uð0þÞ þ dLfuðtÞg � LfqðtÞgð3:4Þ
¼ saLfuðtÞg � u0GðaÞ þ dLfuðtÞg � LfqðtÞg
¼ ðsa þ dÞLfuðtÞg � u0GðaÞ � LfqðtÞg:

Thus

LfuðtÞg ¼ LfvðtÞg
sa þ d

þ u0GðaÞ þ LfqðtÞg
sa þ d

:ð3:5Þ

Setting

uaðtÞ ¼ u0GðaÞta�1Ea;að�dtaÞ þ
ð t

0

ðt� sÞa�1
Ea;að�dðt� sÞaÞqðsÞ ds;ð3:6Þ

then

t1�auaðtÞ ¼ u0GðaÞEa;að�dtaÞ þ t1�a

ð t

0

ðt� sÞa�1
Ea;að�dðt� sÞaÞqðsÞ ds;ð3:7Þ

when t ! 0 in (3.7), we obtain

t1�auaðtÞjt¼0 ¼ u0;ð3:8Þ
so uaðtÞ satisfies the initial value condition.

By the property of convolution and Lemma 1.4, we get

LfuaðtÞg ¼ Lfu0GðaÞta�1Ea;að�dtaÞgð3:9Þ

þ L

ð t

0

ðt� sÞa�1
Ea;að�dðt� sÞaÞqðsÞ ds

� �

¼ u0GðaÞLfta�1Ea;að�dtaÞg þ Lfta�1Ea;að�dtaÞgLfqðtÞg

¼ u0GðaÞ þ LfqðtÞg
sa þ d

:
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By (3.9) and Lemma 1.1 we obtain

LfDauaðtÞ þ duaðtÞg ¼ LfqðtÞg:ð3:10Þ
Since L is one-to-one, it follows that DauaðtÞ þ duaðtÞ ¼ qðtÞ, so uaðtÞ is a solution
of (3.2). Applying (3.5) and (3.9), we get

LfuðtÞg � LfuaðtÞg ¼ LfvðtÞg
sa þ d

:ð3:11Þ

By Lemma 1.4, we have

Lfðta�1Ea;að�dtaÞÞ � vðtÞgðsÞ ¼ Lfta�1Ea;að�dtaÞgLfvðtÞg ¼ LfvðtÞg
sa þ d

:ð3:12Þ

Hence

LfuðtÞ � uaðtÞg ¼ Lfðta�1Ea;að�dtaÞÞ � vðtÞg;ð3:13Þ
so,

uðtÞ � uaðtÞ ¼ ðta�1Ea;að�dtaÞÞ � vðtÞ:ð3:14Þ
Therefore, from (3.1), it follows that

juðtÞ � uaðtÞj ¼ jðta�1Ea;að�dtaÞÞ � vðtÞjð3:15Þ

¼
ð t

0

ðt� sÞa�1
Ea;að�dðt� sÞaÞvðsÞ ds

����
����

¼
ð t

0

Xy
k¼0

ð�dÞkðt� sÞakþa�1

Gðak þ aÞ vðsÞ ds
�����

�����
¼

Xy
k¼0

ð t

0

ð�dÞkðt� sÞakþa�1

Gðak þ aÞ vðsÞ ds
�����

�����
a

Xy
k¼0

ð t

0

ð�dÞkðt� sÞakþa�1

Gðak þ aÞ vðsÞ ds
�����

�����
a

Xy
k¼0

ð t

0

ð�dÞkðt� sÞakþa�1

Gðak þ aÞ vðsÞ
�����

����� ds

a e
Xy
k¼0

jdjk

Gðak þ aÞ

ð t

0

ðt� sÞakþa�1 ds

¼ e
Xy
k¼0

jdjktakþa

Gðak þ aþ 1Þ

¼ etaEa;aþ1ðjdjtaÞ;

which completes the proof.
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Remark 3.3. When a ¼ 1, we can see that Theorem 3.2 coincides with
Theorem 2.2, so Theorem 3.2 generalizes Theorem 2.2. In fact, the control
function which at the right side of the inequality (3.3) includes more information
about Hyers–Ulam stability of fractional linear di¤erential equations.

Corollary 3.4. Let d be a scalar, 0 < a < 1, 0 < T < þy. If a function
u : ð0;T � ! C satisfies the inequality

jDauðtÞ þ duðtÞ � qðtÞjaFðtÞð3:16Þ
for all t A ð0;T � and for some F ðtÞ > 0, then there exists a solution ua : ð0;T � ! C
of the fractional di¤erential equation (3.2) such that

juðtÞ � uaðtÞjaF ðtÞtaEa;aþ1ðjdjtaÞð3:17Þ
for all t A ð0;T �, where Ea;aþ1ðjdjtaÞ is the Mittag–Le¿er function.

Example 3.5. Consider the following fractional di¤erential equation

D1=2uðtÞ þ 7uðtÞ ¼ 16

5
ffiffiffi
p

p t5=2 þ 7t3 þ 1

20
;ð3:18Þ

where a ¼ 1
2 , d ¼ 7, qðtÞ ¼ 16

5
ffiffiffi
p

p t5=2 þ 7t3 þ 1

20
.

For e ¼ 1
10 , the function u1ðtÞ ¼ t3 satisfies

D1=2u1ðtÞ þ 7u1ðtÞ �
16

5
ffiffiffi
p

p t5=2 � 7t3 � 1

20

����
����< 1

10
;ð3:19Þ

and initial value of u1ðtÞ is t1=2u1ðtÞjt¼0 ¼ 0:
By (3.6) and t1=2u1ðtÞjt¼0 ¼ 0, we can construct an exact solution of equation

(3.18)

uaðtÞ ¼
ð t

0

ðt� sÞ�1=2
E1=2;1=2ð�7ðt� sÞ1=2Þ 16

5
ffiffiffi
p

p s5=2 þ 7s3 þ 1

20

� �
ds:ð3:20Þ

By Theorem 3.2, the control function of u1ðtÞ is 1
10

ffiffi
t

p
E1=2;3=2ð7

ffiffi
t

p
Þ, thus

ju1ðtÞ � uaðtÞj <
1

10

ffiffi
t

p
E1=2;3=2ð7

ffiffi
t

p
Þ;ð3:21Þ

and the error of the approximate solution u1ðtÞ can be estimated.
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[18] D. Popa and I. Raşa, The Fréchet functional equation with applications to the stability of

certain operators, J. Approx. Theory 164 (2012), 138–144.
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