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ON HEISENBERG’S INEQUALITY AND BELL’S INEQUALITY
MASAO NAGASAWA

1. Introduction

(i) Heisenberg’s uncertainty principle in quantum mechanics is formulated,
following Kennard (1927), as

“The product of deviation of the x-component of position and deviation of
the x-component of momentum is not smaller than %h”.

This inequality allows no exception. We will call this “Heisenberg-Kennard
inequality”.
There is a well-known proof of Heisenberg-Kennard inequality by Robertson
(1929), who used Schwarz’s inequality.
We will, however, prove that Heisenberg-Kennard inequality follows from
Robertson’s inequality only in a very special case, but doesn’t in general.
More precisely, let y(t,x) = eRV+SEX) be a solution of Schrodinger
equation
0 1
i% +§(;2A¢ — V(t,x)y = 0.
Then Heisenberg-Kennard inequality follows from Robertson’s inequality if and
only if

JVR -VSu, dx =0,

where 1, = [y/(1,x)|?, or equivalently

oR 1,
J{E—i—?a AS}u, dx = 0.

Hence, there exists no proof for Heisenberg-Kennard inequality up to now
except for the above special case. Moreover, we will indicate that there is a
counter example against Heisenberg-Kennard inequality. Therefore, Heisenberg’s
uncertainty principle in quantum mechanics is false.

(i) Bell’s claim “no local hidden variable model can explain the quantum
mechanical correlation” in Bell (1964) will be shown to be false. Bell’s claim

Received April 15, 2011; revised May 12, 2011.

33



34 MASAO NAGASAWA

was based on Bell’s inequality. We will show that Bell’s inequality concerns
neither locality nor non-locality at all. Hence Bell’s claim doesn’t follow from
Bell’s inequality. We will show in addition that Bell’s inequality holds only
under Bell’s additional dependence condition, but doesn’t in general. We will
moreover give a local spin correlation model, which is a counter-example against
Bell’s claim.

2. The expectation and variation

(i) The expectation
In probability theory the expectation P[X] of a random variable X (w) is
defined by

In quantum mechanics, for a self-adjoint operator A4, the inner product of
and Ay

b, Ay

is interpreted as the expectation of A, where ¥ is an element of a Hilbert space H
with ||y = 1.

If we handle a single bounded operator A4, then there exists a random
variable /14(w) and a probability measure ux such that

W, Ay = JhA () dps.

In fact, if B is a Banach algebra of bounded commutative self-adjoint operators,
then there exist a compact Hausdorff space Q and an isometry 6 from the
Banach algebra B onto the space C(Q). Namely for each 4 € B there exists
h4 € C(Q) such that hy = 04 and ||h4|| = ||4||, where the norm of hy is ||h]| =
Sup,,colha(w)], cf. Nagasawa (1959). Moreover, for a linear functional defined
by

Wl(/’lA) = <f7 Af>a hA € C(Q)7

there exists a probability measure u such that
(k) = [ a(eo)

by Riesz-Markov-Kakutani theorem, cf. Yosida (1965).

Hence the interpretation of the inner product (i, A}y> as the expectation of
A is reasonable.

However, if we treat a set of (non-commutable) self-adjoint operators, we
need further consideration.
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DeriniTION 2.1, Let H be a Hilbert space. For € H with the norm
]l =1, and a set F of self-adjoint operators (physical quantities), if there exists
a probability space {Q,#,P} and a random variable /&4(w) such that

(2.1) Y, Ay = JhA(w)P[dco], for any A € F,

then we will call the random variable hy(w) a function representation (hidden
variable) of the self-adjoint operator 4 € F, and {(Q,7,P);h4,A € F} will be
called a function representation (hidden variable) of {F,}.

It should be remarked here that the function representation is not uniquely
determined. In fact, if a random variable g(w) is with mean zero, we can take
h4(w) + g(w) as another function representation instead of /i4(w).

Therefore, when sets of physical quantities are involved in a context, we
must carefully choose hidden variables so that they are physically meaningful,
and consistent with physical quantities we handle.

(ii) The variance
In probability theory the variance of a random variable X is defined by

(2.2) Var(X) = J(X(co) - JX d,u>2 du.

In quantum mechanics Robertson (1929) gave a definition of variance of a
self-adjoint operator A4 by

(2.3) W, (A — P, AP ).

However, first of all, it is not at all clear what physical quantity the operator
(4 - <¢,Ax//>)2 is, and no reasonable physical explanation for this has been
given. Moreover, the inner product by equation (2.3) is not variance of A, but
something else, except for a very special case, as will be shown below.

To clarify this point we consider:

(ili) The case of Schrodinger operator
On a Hilbert space H = L*(R®) we consider Schrodinger operator (momen-
tum)

h
D == V.
i
We take a set of operators
F = {x7 p7 p2}7
and a Schrodinger function (wave function)

() = eRE01503)

)

with ||{,|| = 1, and consider a function representation of {F,,}.
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We first take the operator p. Then

by =1 [0 0 v
=h J ¥, (x) (% VR(t, x) + VS(t, x)) W, (x) dx

= Jh G VR(t,x)+ VS(t, x)),u,(x) dx,
where

1(x) = (P (x) = R,

as usual in quantum mechanics. Since p is a self-sdjoint operator, the inner
product {y,, py,> is real, and hence

(2.4) Jh(VR(z, )i (x) dx = 0.
Therefore, we can write an equality

2.5) Pl = [ VR ) + VS (1. 0) ()
and take

(2.6) hy, = K(VR(, x) + VS(1, x))

as a function representation of the momentum operator p =-V.
i

Remark. Because of equation (2.4) one can take 7#VS(¢,x) as a function
. h
representation of the momentum operator p =—V. But we won’t. The reason
i

is 7I(VR(t,x)+VS(t,x)) has a good physical meaning as the momentum of
stochastic processes of dynamic theory of random motion in quantum physics, cf.
Nagasawa (1993, 2000, 2002, 2007). But #VS(¢,x) has no such a good physical
meaning.

h 2
We now take p? = <— V) . Then

jsz,(x)(pzw,(x)) dx = | 29, (0) Vi, (x) dx

= | A3 (x)(VR(£,2))* + (VS(1,)) ")y (x) dx

= | PP ((VR(1,))* + (VS(t,x))*)a,(x) dbx,
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where u, = Y, Thus we have

W 20 Jh2«VR> +(V8) ) (x) d.

Therefore, we can take

(2.7) hy> = B*((VR)* + (VS)?)

. . noY
as a function representation of the operator p> = (—, V) .
i

Remark. There is a good reason to do so, since
1
—h*((VR)* + (VS)?
S IP((VR)? + (VS)?)
. . 1 . .
is the kinetic energy m p* of stochastic processes of dynamic theory of random
motion in quantum physics, cf. Nagasawa (1993, 2000, 2002, 2007).
THEOREM 2.1 (Nagasawa (2009)). Let
lp,(X) _ eR(l,x)-HS(t,x)

be a Schrodinger function (wave function). Let hy, = h(VR+VS) be a funcllon
representation of the momentum operator p, and hy, = 1*((VR)> + (VS)?) be a
function representation of p>.

If
JVR - VSu,(x) dx # 0,

ie. if VR and VS has correlation, then

(28) [ 2510 s [y e 00

where p,(x) = e*R(:¥),

Proof. Since the function representation of momentum operator p is
hp(t,x) = hV(R(t,x) + S(t,x)), we have

(2.9) (hp)? = B*((VR)? + (VS)?) 4 21°VR - VS.
By comparing equation (2.9) with equation (2.7), we can complete the proof.

Remark. If VRVS # 0, then (h,,)2 # Ny

THEOREM 2.2. Let (t,x) = eRETS0Y) satisfy the Schrodinger equation

(2.10) %‘p +50 >Ny — V(t,x)y = 0.
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Then the equality

j(h,»z(a Wiy (x) dx = Jh,,zu, V)i (x) dx

holds, if and only if

R 1
(2.11) J{%—[—FEJZAS}M dx = 0.

Proof. Substitute (1, x) = eREX4S0Y) in equation (2.10), and divide the
resulting equation by . Then it is easy to see that from the imaginary part we

have
oR 1
—+-0’AS +0’VS-VR=0.
or 2

Therefore, by Theorem 2.1 we can complete the proof.

Remark. The equality

2
(hy)* = by
holds, if and only if
0R 1
2.12 —+4+-0’AS =0.
(2.12) 2 37 S=0

THEOREM 2.3. Let ,(x) = eR6¥+S0Y) pe g Schridinger function.

Then:
(i) Only when VR and VS has no correlation, or equivalently (2.11) holds,
(2'13) <‘//tv (1) - <l//zal'%>)2¢z>

gives the variance of the function representation h, = h(VR + VS) of the momen-
tum operator p.

(i) Hence the expectation of the operator (p — Oy pUD)? in (2.13) is in
general not variance, but something else.

Proof- For the momentum operator p

<lﬁ,7 (P - <l//,,plﬂ,>)2lﬁ,> = (lﬁ,,pzlh) - (<Wza1"pt>)2
2
= Jhpz(t, x)u,(x) dx — (J hp (2, x) 11,(X) dx) )

the right hand side of which is, if [VRVSy, dx # 0,

" J(h,,)z(t, )y (x) dx — (Jhp(n ), (x) dx)27
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by Theorem 2.1. Namely, <y, (p — {¥,, plpt>)21//,> is not equal to the variance
of the function representation /s, = #(VR+ VS) of the momentum operator p,
when VR and VS has correlation. This completes the proof.

3. Heisenberg’s inequality
Robertson (1929) put
X = (x =YW Y = (px = <y YD),
in Schwarz’s inequality
G.) VXSV T3 2 KK ¥ <Y, 0
and gets

() VW (e Wt 00N Wi (0 — U p IV = 31

(Robertson (1929)). Robertson claimed that the inequality (3.2) implies the
Heisenberg-Kennard inequality:

“The product of deviation of the x-component of position and deviation of
the x-component of momentum is not smaller than %h”,

that is, Heisenberg’s uncertainty principle (Kennard (1927)).
However, Robertson’s claim is false, because

\/<lﬁzv (Px — <l//nl’xl//z>)2%>

in Robertson’s inequality (3.2) coincides with the deviation of the x-component of
momentum only for very special y, by Theorem 2.3.
Therefore, there is no proof for the Heisenberg-Kennard inequality.
Moreover we have

THEOREM 3.1 (Nagasawa (2009)). Heisenberg’s uncertainty principle doesn’t
hold.  In other words, there is no positive minimum for the product of the deviation

Var(x) of the x-component of position and the deviation \/Var(h,,) of the x-
component p, of momentum in general.

Proof. Let y(t,x) = eR9+HSEY) and fix R(t,x). Then /Var(x) is fixed.
The function representation of p, is

oR . 0S
h]’,\’ - h E + h$7
and the variance of #, is
oR  0SY a8 ?
— |52 222 _ il
(3.3) Var(h,,) = Jh ((3x + 6x> u, dx (Jh it dx) )

2R

where u, = Yy, = ¢*R is the distribution density.
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If we choose, for instance, S = —¢R, then Y (¢, x) = eRV)+S() i a solution
of the Schrodinger equation with an appropriately chosen potential function.
Then, since the second integral of the right hand side of equation (3.3) vanishes,
we have

2
Var(h,,) = (1 — ¢)? JeZha (g—i) dx,

which can be arbitrary small, by choosing ¢. Therefore, \/Var(x)\/Var(h,,) can
be arbitrary small. This complete the proof.

4. Inequality for the product of the expectation of Kinetic energy
and the variance of position

As an application of Schwarz’s inequality we have

THEOREM 4.1. Let x = (x, y,z), and p = (px, py,p-). Then for each coor-
dinate x, y, z

, 1 11
@) o= et (Vg pP) = § 3

that is, the product of the expectation of kinetic energy and the variance of each

11
component of position is bounded away from zero by a positive constant 1 %hz.

Proof. We set X = (x — (Y, xyy,)), and Y = py, in Schwarz’s inequality
(3.1). Then

i (= o) U W 205 = 310 (e = p I
Since
/]
(pxx — Xp )Y, = ?lpta

for arbitrary ,, we have

A (X - <WI,X%>)2‘M><%P§%> = %hz

Moreover, since

Qs (3 = s P 0) W > P2 = 0,

and

Qs (= < X)W >l P2 = 0,
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by adding the above three equations, we get inequality (4.1). This completes the
proof.

Inequality (4.1) has significant physical applications. In fact, the inequality
shows that if the kinetic energy becomes small (say, in the ground state), then
there is a lower limit for the valiance of position.

As an example, we consider Bose-Einstein condensation, cf. Mewes et al.
(1996), D. S. Jin (1996). Suppose the condensation goes on and the kinetic
energy approaches the ground state. Then we can predict that explosion occurs,
since the variance of position can’t be small by inequality (4.1). The explosion is
actually observed, for this see Cornish et al. (2001), Ueda-Saito (2002).

5. Locality of function representations

We consider a pair of particles with spin created at the origin. They fly
to locations A and B which are far away separated of each other, and are
detected by Stern-Gerlach magnets at the locations A and B. We denote the
orientation of Stern-Gerlach magnets at A and B by {a,b}, where a = (a;, a2, a3)
and b = (b1,by,b3) are vectors with the norm 1.

Let o = (0y,0y,0.) be the spin matrix, where

/01 (0 i /10
Ox = 1 0) Oy = i 0 ) 0; = 0o —1)

S(a,1)=ca®1, S(1,b)=1Qcb.

and set

Then S(a,1) =ca®1 and S(1,b) =1® ob are commutative matrices on a
Hilbert space H = R?> x R?.
We set

Ut @Qu —u @ut

(5.1) = 7 ,

r-(0) =)

In physics the operators S(a,1) =ca®1 and S(1,b) =1® ob are inter-
preted as the spin of particles detected at the locations A and B, respectively.

We give a physical interpretation of our model as follows.

We consider a pair of particles with spin created at the origin. They fly to
locations A and B which are far away separated of each other.

The operator S(a,1) = ga ® 1 represents spin of a particle detected by Stern-
Gerlach magnets settled at the locations A.

where
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The operator S(1,b) = 1 ® ab represents spin of another particle detected by
Stern-Gerlach magnets settled at the locations B.

The vectors a = (aj,ay,a3) and b = (b,by,b3) are orientations of Stern-
Gerlach magnets at the locations A and B, respectively.

After a pair of particles are created at the origin, spin of the particles will
not change.

Equation (5.1) means that spin is up | or down |.

We now compute {},ca® 1y> and <{y,1 ® abyy>. We have

as ay — azi 1
+ + 1.0 —
U oau ( ’ )(a1+a2i —as )(0) %,
_ _ as ay — axl 0
= (0,1 =—
u cgau ( ) )<al + i —a3 > <1> as,
_ as ar—axi\ (0 .
+ = (1,0 =a; —
u oau (1, )<611 fai —a ) <1> a) — ai,

_ as ay —axi 1 .
t=(0,1 = .
u~oau (0, )(a1+a2i s ><0> ap + ayi
Therefore

(52) Woa®@ 1Y) =0, 1@ aby) =0,

This means that the expectation of spins of the particles detected at the locations
A and B are equal to zero.
Moreover, we have

(5.3) W, (0a ® 1)(1® ob)yr> = —ab,

where ab = a1b| + axbs + azb;.  This means that operators S(a,1) =ca® 1 and
S(1,b) =1® ob have correlation. This correlation of spins of the pair of
particles was induced at the origin, when the particles were created.

An important point in our discussion is the so-called locality of the function
representation of {F,y}. This was the key point of Einstein-Podolsky-Rozen
(1935) (cf. also [2] of Bell (1964).)

DerINITION 5.1. Let F be a set of three operators
F ={S(a,1),S(1,b),S(a,1)S(1,b)},
and Y be given by (5.1). A function representation
{Q, Py ha 1,1y v, ha 11w}

of {F,y} is local, and h, | and hy are local hidden variables, if the following
locality condition is satisfied:

(L) The random variable 7, ; does not depend on the orientation b of Stern-
Gerlach magnet at the location B which is separated from the location A, and the
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random variable /4, does not depend on the orientation a of Stern-Gerlach
magnet at the location A which is separated from the location B.

We emphasize here that locality is defined for a single experiment with fixed
orientations {a,b} of Stern-Gerlach magnets at the locations 4 and B. If several
experiments with different orientations of Stern-Gerlach magnets are involved in a
context, we require locality for each experiment.

We now consider Bell’s discussion in Bell (1964) on spin correlations.

Bell’s discussion involves the spin correlations of the following four experi-
ments with different orientations of Stern-Gerlach magnets at the locations A
and B:

(Experiment 1) The orientations of Stern-Gerlach magnets are {a,b}.
(Experiment 2) The orientations of Stern-Gerlach magnets are {a,c}.
(Experiment 3) The orientations of Stern-Gerlach magnets are {b,c}.
(Experiment 4) The orientations of Stern-Gerlach magnets are {b,b}.

We assume that these experiments are independently done and have no
influence of each-other.
To discuss the experiments above we take a set of operators

(5.4) F = {st(a, 1), s 1,p), st (a, 1)s1 (1, b);
52 (a, 1), 81, ¢), 5 (a,1)51 (1, ¢);

SBHb, 1), 8841, ¢), sBHb, 1) (1, ¢);
St (b,1), 4 (1,b), S (b, 1)SH# (1, b))},

where {1}, {2}, {3} and {4} indicate Experiments 1, 2, 3 and 4, respectively, and
consider {F,} with ¢ given in (5.1).
We then consider a function representation of {F,y}:

(5.5) {Q,P;hy, AeF).

As we have already remarked, such a function representation is not uniquely
determined. Hence, we must carefully settle function representations, by distin-
guishing the above four experiments.

We will introduce function representations (hidden variables) to fix notations
in the following, where non-uniquness of function representations will have no
influence. As a matter of fact, explicit forms of function representations will be
given in section 7, in which the existence of local function representations
{Q,P;hy,A e F} will be discussed.

For Experiment 1, we denote function representations of operators St!}(a, 1)
and S{(1,b) as

W (), (o).

We assume they take values +1.
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Since 11,‘{1_11} (w) and hilg(w) are function representations of S{!}(a,1) and
S (1,b), we have '

because of equation (5.2). Moreover, we have
1},{1
Plh, {hi}y] = —ab,

because of equation (5.3).
For Experiment 2, we denote function representations of operators S12}(a, 1)
and S} (1,¢) as

W), W (o).

We assume they take values +1.
Since hizl} (w) and hizc} (w) are function representations of S%*(a,1) and
SH(1,¢), we have '

P =0, P =0,
because of equation (5.2). Moreover, we have
P[ha{f%hi,zc}] = —ac,

because of equation (5.3).
Since Experiments 1 and 2 are independently done, function representations
hill} and hizl} are independent of each other, and

1 2
(5.6) ni'l # ni.

For Experiment 3, we denote function representations of operators St} (b, 1)
and S¥!(1,¢) as

3 3

i), hlo).
We assume they take values +1. Then we have

3 3

Pn1=0, P =0,
because of equation (5.2). Moreover, we have
3}, (3
P[hé}hlli,c}] = —bc,

because of equation (5.3).
Since Experiments 2 and 3 are independently done, function representations
hi‘zc} and hﬁ} are independent of each other, and

(5.7) 2l # nl

For Experiment 4, we denote function representations of operators S1* (b, 1)
and S™(1,b) as

W), (o).
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We assume they take values +1 and

4 4

I @ () = -1.
Then we have
4 4
Pl =0, PhY =0,

because of equation (5.2), and

Pl thi] = —1,

because of equation (5.3).

Since Experiments 3 and 4 are independently done, function representations
hl‘?l} and hl{)jll} are independent of each other; and also hﬁ‘& and hi}g are independent
of each other, since Experiments 4 and 1 are independently done. Therefore

(5.8) Wl #ht and Ay all).
We assume that hidden variables

(5.9) a0y, Pl Al and (nYaly

a,l’ a1l

of Experiments 1, 2, 3 and 4 satisfy locality.

6. Bell’s inequality

Bell (1964) used hidden variables given by (5.9) in discussing correlations of
hidden variables for Experiments 1, 2, 3 and 4, but he made an additional
assumption on relations between hidden variables of these experiments.

Namely, Bell required
(6.1) n=n"t nPh=nll o nt =nt and Al =nll.

By (6.1) Bell rejects all of (5.6), (5.7) and (5.8). This means that he requires
dependence between hidden variables of Experiments 1, 2, 3, and 4.

We will call (6.1) Bell's additional condition, or Bell’s dependence.

(As a matter of fact, in his paper Bell (1964) he simply neglected and didn’t
write the superscript {1}, {2}, {3} and {4} of hidden variables in (6.1). More-
over, he confused Bell’s dependence in (6.1) with locality. This was his error.)

We note that Bell’s dependence in (6.1) has nothing to do with locality (L) of
Definition 5.1. Locality is, in fact, a notion on each single experiment.

PROPOSITION 6.1.  Assume Bell’s dependence in (6.1). Then
1}, {1 2}, {2 3}, (3
(62) [Pl AES) = PRI < 1+ PUR AL,

Proof. Since hl{ﬁ hﬁ‘i = —1, we have

1 1 2},{2 1 1 2}, {2}, {4}, {4
(6.3) Bty = bR = W Ry + b
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By Bell’s dependence in (6.1), equation (6.3) can be rewritten as
1},{1 2}, {2 1}, {1 13743} {3}, {1
Bty = A= ! hy + b h A
and hence we have
1}, {1 3}, {3
=+ e, P ae.
Because hill}hilg <1,
hR — P <1+ nnPl P - ae.

Taking the expectation of both sides, we get (6.2). This complete the proof.

Inequality (6.2) is called Bell’s inequality. In the proof of Proposition 6.1,
the locality (L) of Definition 5.1 is not used, but applied is Bell’s dependence in
(6.1). Hence, Bell’s inequality has nothing to do with locality at all.

PROPOSITION 6.2.  Bell’s dependence in (6.1) is inconsistent with the random
variables {hill} ,hi}g,hii} ,hi‘_zc}, ...} in (5.9) to be function representations of Experi-
ments 1, 2, 3 and 4 of spin correlation.

Proof.  Let {hi‘ll}ﬁi}g,hfl},/f{{i}, ...} in (5.9) be a function representation of
four experiments of spin correlation, and assume Bell’s dependence in (6.1). We
then get Bell’s inequality (6.2), and reach a contradiction. In fact, we take vectors

b = (b1,b3,b3) and ¢ = (c1,¢2,¢3) being orthogonal. Then
Pl th{Yl] = —be = 0.
Therefore, the right hand side of inequality (6.2) is equal to 1. Since
Pl!Ih'y) = —ab,  PRAZ = —ac.

if we set a—;c we get
b —c||’
2
1,01 2}, 2 b—c
PR~ PRI = —a(b — ¢ = 1P =<l
b —cll
— el = V2

Thus, by (6.2), we reach a contradiction v/2 < 1. This completes the proof.

Remark. Aspect-Dalibard-Roger (1982) showed experimentally that Bell’s
inequality doesn’t hold. Their experiment implies that Bell’s dependence in (6.1)
is inconsistent with their experiment.

Bell claimed that, if hidden variables are local, they must satisfy Bell’s
inequality (6.2); therefore “no local hidden variable model can explain the
quantum mechanical correlation”, since inequality (6.2) induces a contradiction.
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However, Bell’s claim is false, because of Proposition 6.1. In fact, Bell’s
inequality (6.2) concerns neither locality nor non-locality at all. It follows from
Bell’s dependence assumption in (6.1) which has nothing to do with locality.

7. A local spin correlation model
We consider

(Experiment 1) the orientations of Stern-Gerlach magnets are {a,b};
(Experiment 2) the orientations of Stern-Gerlach magnets are {a’,b’};
(Experiment 3) the orientations of Stern-Gerlach magnets are {a” b”};

and so on.

We assume that these experiments are independently done, and have no
influence of each other.

To discuss these experiments we take a set of operators

(7.1) F ={S(a,1),S(1,b),S(a,1)S(1,b); {a,b} is arbitrary}.

An important point here is the so-called locality of the function represen-
tation of {F,y}, cf. Einstein-Podolsky-Rozen (1935), Bell (1964).
We denote a function representation of {F,y} as

(7.2) {Q, p;nn hiabb},hialb}hiabb}, {a,b} is arbitrary}

where superscript {a,b} of h{a * and h{ b} dlStlngUIShCS an experiment with
vectors a and b at the location A and B from others, i.e. each superscript {a,b}
indicates each independent experiment. We repeat the definition of locality of
the function representation in (7.2).

DeriNiTION 7.1. Let F be the set of operators given by (7.1) and ¥ be given
by (5.1). A function representation in (7.2) of {F,y} is local, if it satisfies the
following locality condition: For each experiment with {a, b},

(L) the random variable h{ %2 does not depend on the vector b of Stern-
Gerlach magnet at the locatlon B, and the random variable h’i bb} does not
depend on the vector a of Stern- Gerlach magnet at the location A. Namely,
hi?’b and h b} are local hidden variables.

THEOREM 7.1. Let F be the set of operators given by (7.1) and \ be given by
(5.1). Then there exists a local function representation of {F,y} such as in (7.2).

Proof. We first set W ={0,1} x {0,1}, and define functions /;(i,j) and
hy(i, j) on W by
(73) /11(0,j):1, hl(laj)zfla J=0.1,
and

(7.4) hy(i,0) = —1, hy(i,1) =1, i=0,1.
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The function /%;(i, j) does not depend on the second variable, and the function
hy(i, j) does not depend on the first variable. Namely they are locally defined.

We then define the product space

Q= H Qa b}
{a,b}

where Qg py = W. An element of Q is
O=(...,Wab;-, Dy s---)
where ..., wap € Qap)y-- - Oay € Qe g - - -
For each {a,b}, we define functions /" (w) and hff‘l’,b}(w) on the product
space Q by '

(7.5) hif'ib}(w) = hi(wap), where @ = (...,Wap,. .., Oq1y,--.),

hf‘l"jb}(w) = hy(wap), where @ = (...,Wap,. .., Oxty,---),
where the functions /; and h, are given by (7.3) and (7.4), respectively.

The random variable hif"lb} (w) depends only on w,p € Q,py and equals to
hy given by (7.3), and hence hif“lb} (w) does not depend on vector b. The random
variable hﬁl’,b}(w) depends only on w,p€Q,py and equals to sy given by
(7.4), and hence hﬁl')b}(w) does not depend on vector a. Therefore, the random
variables hf:ib} and A% satisfy the locality condition (L) of Definition 7.1.

Let p={p;;i,j=0,1} be a probability measure on W ={0,1} x {0,1}
given by

1+ ab 1 —ab
(7~6) Poo = P11 = 4 Po1r = Pio = Y

We define the product measure

(7.7) P= H Piapy, Where pgp = p,
{a,b}

on the product space Q = H{a,b} Qqy by, cf. eg. Halmos (1950), p. 158 (2).

The probability measure P i1s common for all pairs {a,b}, and a wuniversal
probability measure for discussing the problem of spin correlations.

Since the measure P is the direct product, if we change the orientation of
Stern-Gerlach magnets at the locations A and B, namely, if {a,b} # {a’,b’}, then
a set of random variables

b b b b
(A AP A
and a set of random variables
8 b b} {2
Y Y Ry

are independent.
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Moreover, the expectation of the random variables hi?ib}(w) and hif‘l’,b} ()
given by (7.5) are '

[ et wypide) 0. [43 (@) Plas) =0,

and the correlation is

[ e @ty () Pide] = —ab,

where P is the universal probability measure given by (7.7).
Therefore, comparing them with equations (5.2) and (5.3), we have, for each

pair {a,b},
W.ra® 19> = [#¥ (@)Pldo)

(7.8) W1 ® abyd = Jh{‘j‘l;"} (w)Pldw),

W, (ea@ (1@ ab)yy = Jhif‘i"} (@)} (o) Pldo).
Thus we have shown
{Q, P; hi?ib} , hi‘f‘l’)b}, hi?’lb}hﬁ)b}; {a,b} arbitrary}

is a function representation of {F,}, where F is given by (7.1) and  is given by
(5.1).

We have already shown that the random variables hif'ib}(w) and hif‘l’)b}(w)
given by (7.5) are local hidden variables. Therefore, our function representation
in (7.2) is local. This completes the proof.

Remark. What the equality in (7.8) means is that the left and right hand
sides of the equation coincide for each pair {a,b}. One can see also that the
right hand side follows from the left hand side. In fact, let y be given by (5.1).
Then the left hand side of equation (7.8) is

f, (ea®@1)(1 @ ab)y ) = %{(u*aau*)(u’abu’) + (uoau”)(uTabu™)

— (utoau ) (u obu") — (u caut)(utobu)}

1 0
+ — - —
where u —(0), u —<1>,

= —ab
which can be decomposed as

_1+ab+1—ab+1—ab_1+ab
4 4 4 4
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and with the functions 5 (i, j) and hy(i,j) given by equations (7.3) and (7.4),
respectively, one gets
1+ab 1 —ab

= m(0,0)h(0,0) — * hi(0,1)h>(0,1) 1

- !
4ab+h1(17 Dio(1, 1)1

-‘rhl(l,O)hz(l,O)

moreover, by definition (7.6) of the probability measure p = {p;;i,j=0,1}
= h1(0,0)h2(0,0) poo + 11(0, 1)12(0, 1) poy
+h1(1,0)h2(1,0) pro + 7 (1, 1) (1, 1) p1y

then according to definitions (7.5) and (7.7)

— |1 @it @)Pldo)

which is the right hand side of equation (7.8).

About the relation of Theorem 7.1 to other hidden variable theories, cf.
Nagasawa (1997), and Nagasawa-Schroder (1997).

As a special case of Theorem 7.1 we have

THEOREM 7.2. For Experiments 1, 2, 3 and 4 take the set of operators F
given in (5.4), and  in (5.1). Then there exists a local function representation

{Q, P; h{l} hil} h{l}hil}'h{z} hiz} h{Z}h{2}~h,{fl},h{3}

a,1>""1,b>""a, 1""1,b> "*a, 1> ""1,¢> ""a,1""1,¢? 1,¢»

3}, {3} {4} {4} {4}, {4
RIS WA NNIINS

of {F, vy} Pairs ({1 nY, O E (3 nEYY and (B Y sadisty -
cality (L) of Definition 1.1, that is, they are local hidden variables.
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