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ON THE POLAR QUOTIENTS OF AN ANALYTIC PLANE CURVE

Janusz Gwoździewicz and Arkadiusz PŁoski

Abstract

We give explicit formulae in terms of characteristics and intersection multiplicities

of branches for the polar quotients of a plane many–branched singularity.

Introduction

We use standard notations: CfX ;Yg is the ring of convergent power series,
ord f is the order of f ¼ f ðX ;Y Þ A CfX ;Yg, ð f ; fÞ0 denotes the intersection
multiplicity of f with f. Recall that ð f ; fÞ0 b ðord f Þðord fÞ with equality if
and only if f ; f are transverse. We put ord 0 ¼ þy and use usual conventions
on the symbol þy.

Let f ¼ f ðX ;YÞ A CfX ;Yg be a reduced power series (i.e. without multiple
factors) and let t ¼ tðX ;Y Þ A CfX ;Yg be a regular parameter (i.e. a series of
order 1) such that t does not divide f . We consider the set of polar quotients of
f with respect to t:

Qð f ; tÞ ¼ ð f ; fÞ0
ðt; fÞ0

: f is an irreducible factor of
qðt; f Þ
qðX ;YÞ

� �
:

The polar quotients were studied by many authors ([T], [M], [E], [Eph],
[Ca], [LMW1], [LMW2], [Ga], [D], [LP]). Recently, an explicit formula for the
maximal polar quotient qð f ; tÞ ¼ sup Qð f ; tÞ has been given ([P], Theorem 1.3).
In this note we give similar formulae for all polar quotients. Like in [P] our
main tool is the Kuo–Lu lemma ([KL], Lemma 3.3 and Section 2 of this paper).
Instead of using Puiseux’ trees (see [KL], [E]) we make our calculations by means
of Puiseux’ date (Section 3). The notion of symmetric power explained in [Wh],
Appendix V turns out very useful.

Let A be a nonempty set. Then Ap
sym is the set of all p-tuples regarded as

unordered. If a ¼ ha1; . . . ; api A Ap
sym then jaj ¼ fa1; . . . ; apg is the set corre-

sponding to a. We put deg a ¼ p. If a ¼ ha1; . . . ; api and b ¼ hb1; . . . ; bqi
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then al b ¼ ha1; . . . ; ap; b1; . . . ; bqi. Clearly jal bj ¼ jajU jbj and degðal bÞ ¼
deg aþ deg b. For every positive integer m we put ma ¼ al � � � l a (m
times). Instead of m1ha1il � � � lmphapi ¼ h a1; . . . ; a1|fflfflfflfflfflffl{zfflfflfflfflfflffl}

m1 times

; . . . ; ap; . . . ; ap|fflfflfflfflfflffl{zfflfflfflfflfflffl}
mp times

i we
write ha1 : m1; . . . ; ap : mpi.

1. Main result

The semigroup G0ð f Þ of an irreducible power series f A CfX ;Yg is the
set of all intersection numbers ð f ; fÞ0 where f runs over all power series f A
CfX ;Yg such that f does not divide f. Let t ¼ tðX ;YÞ be a regular param-
eter. Put p ¼ ðt; f Þ0. Let b0; . . . ; bh be the p-minimal system of generators of
G0ð f Þ determined by conditions

(i) b0 ¼ p,
(ii) bk ¼ minðG0ð f ÞnðNb0 þ � � � þNbk�1ÞÞ for k ¼ 1; . . . ; h,

(iii) G0ð f Þ ¼ Nb0 þ � � � þNbh.

Let Bk ¼ GCDðb0; . . . ; bkÞ be the greatest common divisor of b0; . . . ; bk.

Proposition 1.1 ([M], [Eph]). Let f A CfX ;Yg be an irreducible power
series with ord f > 1. Then

Qð f ; tÞ ¼ Bk�1bk

b0
: k ¼ 1; . . . ; h

� �
:

The above formula was given by Merle ([M], Théorème 3.1) in transverse
case. Then Ephraim ([Eph], Lemma 1.6) observed that Merle’s result holds also
for polar quotients with respect to a regular parameter t. In Section 4 we give a
new proof of (1.1). Recall that the sequence Bk�1bk=b0 is strictly increasing.

If ord f ¼ 1 then Qð f ; tÞ ¼ j if f ; t are transverse and Qð f ; tÞ ¼ f1g if f ; t
are not.

Remark 1.2. Using the inversion formulae for plane branches (see [P], proof
of Proposition 1.1) one can calculate the polar quotients of a branch f ¼ 0
in terms of the minimal system of generators b0; . . . ; bg of G0ð f Þ. Let ek ¼
GCDðb0; . . . ; bkÞ for k ¼ 0; 1; . . . ; g. Then

Qð f ; tÞ ¼ ek�1bk

b0
: k ¼ 1; . . . ; g

( )
UOð f ; tÞ

where Oð f ; tÞ ¼ j if ð f ; tÞ0 ¼ b0 or ð f ; tÞ0 ¼ b1 and Oð f ; tÞ ¼ ford f g otherwise.

Let f;c A CfX ;Yg be irreducible power series. The contact coe‰cient (in
the sense of Hironaka) with respect to a regular parameter t A CfX ;Yg is the
rational number

hðf;c; tÞ ¼ ðf;cÞ0
ðt;cÞ0
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In [LMW1] this notion is introduced in the case where t and c are transverse.
Then hðf;c; tÞ ¼ ðf;cÞ0=ord c and we write hðf;cÞ instead of hðf;c; tÞ.

Let us consider a reduced power series f ¼ f1 � � � fr with r > 1 irreduc-
ible factors. Fix i A f1; . . . ; rg. For every real number t > 0 we put JiðtÞ ¼
f j A f1; . . . ; rg : hð fi; fj; tÞa tg and JiðtÞc ¼ f1; . . . ; rgnJiðtÞ.

By convention hð fi; fi; tÞ ¼ þy, hence i A JiðtÞc. We put

qiðtÞ ¼
1

ðt; fiÞ0

X
j A JiðtÞ c

ðt; fjÞ0

0@ 1Atþ
X

j A JiðtÞ
ð fi; fjÞ0

8<:
9=; for t > 0:

To write the above formula more explicitly suppose i ¼ 1 and assume
hð f1; fr; tÞa hð f1; fr�1; tÞa � � � a hð f1; f2; tÞ < hð f1; f1; tÞ ¼ þy. Then

q1ðtÞ ¼

8>>>><>>>>:
ðt; f1 � � � fjÞ0

ðt; f1Þ0
tþ ð f1; fjþ1 � � � frÞ0

ðt; f1Þ0
if hð f1; fjþ1; tÞa t < hð f1; fj; tÞ; j < r

ðt; f Þ0
ðt; f1Þ0

t if t < hð f1; fr; tÞ

It is easy to see that the functions qi are piecewise linear, continuous and strictly
increasing. Note that qi is determined by the intersection multiplicities of i-th
branch fi ¼ 0 with the remaining branches and with the smooth curve t ¼ 0. Let
Hið f ; tÞ ¼ fhð fi; fj; tÞ : j0 ig be the set of contact coe‰cients of the branch fi ¼ 0
with branches fj ¼ 0 ð j0 iÞ. The main results of this paper is

Theorem 1.3. Let f ¼ f1 � � � fr be a reduced power series with r > 1 irreduc-
ible factors. Then

Qð f ; tÞ ¼ 6
r

i¼1

qiðQð fi; tÞUHið f ; tÞÞ:

We give the proof of (1.3) in Section 4. We put Qið f ; tÞ ¼ qiðQð fi; tÞU
Hið f ; tÞÞ and call the elements of Qið f ; tÞ polar quotients associated with the
branch fi ¼ 0.

A polar quotient can be associated with more than one branch. From
Theorem 1.3 it follows that the polar quotients of the curve f ¼ 0 with respect to
a regular parameter t depend only on the equisingularity type of the curve tf ¼ 0.

If t and f are transverse then the polar quotients of f ¼ 0 do not depend
on the regular parameter t and are determined by the equisingularity type of
the curve f ¼ 0. Then we write Qið f Þ instead of Qið f ; tÞ and Qð f Þ instead of
Qð f ; tÞ.

Using (1.3) we obtain easily the formula for the maximal polar quotient
qð f ; tÞ ¼ sup Qð f ; tÞ given in [P]. Obviously qð f ; tÞ ¼ maxr

i¼1fmax Qið f ; tÞg,
hence it su‰ces to calculate the maximal polar quotients associated with
branches.
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Corollary 1.4.

max Qið f ; tÞ ¼ max qð fi; tÞ;max
j0i

fhð fi; fj; tÞg
� �

þ 1

ðt; fiÞ0

X
j0i

ð fi; fjÞ0:

Proof. Let ti ¼ maxðQð fi; tÞUHið f ; tÞÞ ¼ maxfqð fi; tÞ;maxj0ifhð fi; fj; tÞgg.
Then JiðtiÞ ¼ f1; . . . ; rgnfig and qiðtiÞ ¼ ti þ ð1=ðt; fiÞ0Þ

P
j0ið fi; fjÞ0. We get

then max Qið f ; tÞ ¼ qiðtiÞ for qi is an increasing function.
Note that for every i A f1; . . . ; rg the rational numbers qð fi; tÞ þ ð1=ðt; fiÞ0Þ �P

j0ið fi; fjÞ0 (provided that qð fi; tÞ0�y) and maxj0ifhð fi; fj; tÞg þ ð1=ðt; fiÞ0Þ �P
j0ið fi; fjÞ0 are polar quotients of f ¼ 0.

Corollary 1.5. If f ¼ f1 � � � fr ðr > 1Þ with transverse factors fi; fj for i0 j
then

Qð f Þ ¼ 6
r

i¼1

fti þ ord f � ord fi : ti A Qð fiÞgU ford f g:

Proof. Let us calculate Q1ð f Þ. It is easy to see that J1ðtÞ ¼ f j A f2; . . . ; rg :
ord f1 a tg. Hence J1ðtÞ ¼ j if t < ord f1 and J1ðtÞ ¼ f2; . . . ; rg if tb ord f1.
Obviously H1ð f Þ ¼ ford f1g. Therefore we get

q1ðtÞ ¼
tþ ord f � ord f1 if tb ord f1

ord f

ord f1
t if t < ord f1

8><>:
For every t1 A Qð f1Þ one gets t1 b ord f1. Consequently Q1ð f Þ ¼ fq1ðt1Þ : t1 A
Qð f1ÞgU q1ðord f1Þ ¼ ft1 þ ord f � ord f1 : t1 A Qð f1ÞgU ford f g and the corol-
lary follows.

To give another application of the main result we calculate polar quotients
of ‘‘diagonal curves’’ introduced by Delgado [D].

Corollary 1.6. Let f ¼ f1 � � � fr be a reduced power series. Suppose that
G0ð fiÞ and ðt; fiÞ0 do not depend on i A f1; . . . ; rg, G0ð fiÞ ¼ hb0; b1; . . . ; bhi and

ð fi; fjÞ0 ¼ Bh�1bh þ c with c > 0, for i0 j. Then

Qð f ; tÞ ¼ r
Bk�1bk

b0
: k ¼ 1; . . . ; h

� �
U r

Bh�1bh þ c

b0

� �
:

Proof. By Proposition 1.1 we get Qð fi; tÞ ¼ fBk�1bk=b0 : k ¼ 1; . . . ; hg on

the other hand Hið f ; tÞ ¼ fðBh�1bh þ cÞ=b0g. It is easy to check that qiðtÞ ¼ rt if

t < ðBh�1bh þ cÞ=b0 and qiðtÞ ¼ tþ ðr� 1ÞðBh�1bh þ cÞ=b0 if tb ðBh�1bh þ cÞ=b0.
Now we get (1.6) from Theorem 1.3.
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2. Zeros of a derivative

Let CfXg� ¼ 6
nb1

CfX 1=ng be the ring of Puiseux series. If f ¼ f ðX ;Y Þ A
CfX ;Yg is a power series Y-regular of order p > 0 i.e. such that ord f ð0;YÞ ¼ p
then the equation f ðX ;YÞ ¼ 0 has in CfXg�

p roots y1 ¼ y1ðX Þ; . . . ; yp ¼ ypðXÞ
of positive order counted with multiplicities. We put Zer f ¼ hy1; . . . ; ypi. Let
SHCfXg� be a set of Puiseux series. If y1; . . . ; yq A S and yqþ1; . . . ; yp B S
then we put Zer f VS ¼ hy1; . . . ; yqi. Let us recall

The Kuo–Lu Lemma ([KL], Lemma 3.3). Suppose that f ¼ f ðX ;YÞ is
Y-regular of order p > 1. Let Zer f ¼ hy1; . . . ; ypi and Zerðqf =qY Þ ¼
hz1; . . . ; zp�1i. Then for every i A f1; . . . ; pg:

hordðz1 � yiÞ; . . . ; ordðzp�1 � yiÞi

¼ hordðy1 � yiÞ; . . . ; dordðyi � yiÞordðyi � yiÞ; . . . ; ordðyp � yiÞi:

It is convenient to prove the lemma for formal power series with coe‰cients
in CfXg�. Replacing f ðX ;YÞ by f ðX ;Y þ yiÞ we may assume yi ¼ 0. Then
the series f ðX ;YÞ=Y and qf =qY have the same Newton diagram (see [Wa],
Chapter IV) and the lemma follows from the fact that the Newton diagram
determines the orders of roots and the number of roots of given order. For
more details see [GP1].

For every u A CfXg� and r > 0 we put

Sðu; rÞ ¼ fv A CfXg� : ordðu� vÞ ¼ rg;
Bðu; rÞ ¼ fv A CfXg� : ordðu� vÞ > rg;
Bðu; rÞ ¼ fv A CfXg� : ordðu� vÞb rg:

According to the given definitions degðZer f VSÞ is equal to the number of
roots counted with multiplicities of the equation f ðX ;YÞ ¼ 0 lying in the set S of
Puiseux series. If jZer f jVS ¼ j then we put degðZer f VSÞ ¼ 0.

Lemma 2.1. Suppose that f ¼ f ðX ;YÞ is Y-regular of order p > 1. Then
for every y A Zer f and for every r > 0

(i) degðZer f VSðy; rÞÞ ¼ degðZerðqf =qY ÞVSðy; rÞÞ,

(ii) degðZer f VBðy; rÞÞ ¼ degðZerðqf =qY ÞVBðy; rÞÞ þ 1,

(iii) degðZer f VBðy; rÞÞ ¼ degðZerðqf =qY ÞVBðy; rÞÞ þ 1.

Proof. The part (i) is a reformulation of the Kuo–Lu lemma, (ii) and (iii)
follow from (i).

Proposition 2.2. Under assumptions of Lemma 2.1:
(i) for every z A jZerðqf =qYÞj there exist y1; y2 A Zer f , y1 0 y2 such that

ordðz� y1Þ ¼ ordðy1 � y2Þb ordðz� yÞ for all y A jZer f j,

on the polar quotients of an analytic plane curve 47



(ii) for every y1; y2 A Zer f , y1 0 y2 there exists z A jZerðqf =qYÞj such that
ordðz� y1Þ ¼ ordðy1 � y2Þb ordðz� yÞ for all y A jZer f j.

Proof. (i) Fix z A jZerðqf =qY Þj. Let y1 A jZer f j be such that ordðz� y1Þ ¼
maxfordðz� yÞ : y A jZer f jg. By the Kuo–Lu lemma there exists y2 A jZer f j
such that ordðz� y1Þ ¼ ordðy1 � y2Þ and we are done.

(ii) Suppose y1 0 y2 are given roots of the equation f ðX ;YÞ ¼ 0.
Let B ¼ Bðy1; ordðy1 � y2ÞÞ. Let B1; . . . ;Bs be a sequence of pairwise

disjoint balls such that 6s

i¼1
Bi ¼ 6fBðy; ordðy1 � y2ÞÞ : y A jZer f jVBg.

Note that
1) sb 2 for Bðy1; ordðy1 � y2ÞÞVBðy2; ordðy1 � y2ÞÞ ¼ j,
2) Bi HB ði ¼ 1; . . . ; sÞ because the center of Bi belongs to B and Bi, B have

the same radius.
3) 6s

i¼1
ðBi V jZer f jÞ ¼ BV jZer f j for Bi cover BV jZer f j and are pairwise

disjoint.
Using Lemma 2.1 we calculate degððBn6s

i¼1
BiÞVZerðqf =qYÞÞ ¼

degðBVZerðqf =qYÞÞ �
Ps

i¼1 degðBi VZerðqf =qY ÞÞ ¼ ðdegðBVZer f Þ �1Þ
�
Ps

i¼1ðdegðBi VZer f Þ � 1Þ ¼ degðB VZer f Þ �
Ps

i¼1 degðBi VZer f Þ þ
ðs� 1Þ ¼ s� 1 > 0.

Therefore the set ðBn6s

i¼1
BiÞV jZerðqf =qYÞj is nonempty. Let z A

ðBn6s

i¼1
BiÞV jZerðqf =qYÞj. Then ordðz� y1Þb ordðy1 � y2Þb ordðz� yÞ for

all y A jZer f jVB. In particular ordðz� y1Þ ¼ ordðy1 � y2Þ. If y A jZer f jnB
then ordðy� y1Þ < ordðy1 � y2Þ ¼ ordðz� y1Þ. Hence we get ordðz� y1Þb
ordðz� yÞ for all y A jZer f j. Thus (ii) follows.

For given y1; y2 A jZer f j, y1 0 y2 we put

Ly1;y2 ¼ jZer f jVBðy1; ordðy1 � y2ÞÞ;
Lc
y1;y2

¼ jZer f jnLy1;y2 ;

ly1;y2 ¼
X

y ALc
y1 ; y2

ordðy1 � yÞ þ ð]Ly1;y2Þ ordðy1 � y2Þ:

Theorem 2.3. Let f ¼ f ðX ;YÞ be a reduced Y-regular power series with
ord f ð0;YÞ > 1. Then fly1;y2 : y1; y2 A jZer f j; y1 0 y2g ¼ ford f ðX ; zðXÞÞ : z A
jZerðqf =qY Þjg.

Proof. For every z ¼ zðXÞ A CfXg� without constant term one has

ord f ðX ; zðXÞÞ ¼
X

y A jZer f j
ordðz� yÞ ¼

X
y ALc

y1 ; y2

ordðz� yÞ þ
X

y ALy1 ; y2

ordðz� yÞ:(1)

Let y1; y2 A Zer f and z A jZerðqf =qYÞj be such that ordðz� y1Þ ¼ ordðz� y2Þb
ordðz� yÞ for all y A jZer f j. We will check that

ordðz� yÞ ¼
ordðy� y1Þ if y A Lc

y1;y2

ordðy2 � y1Þ if y A Ly1;y2

�
ð2Þ
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Indeed, if y A Lc
y1;y2

then ordðz� yÞ ¼ ordðy� y1Þ for ordðy� y1Þ < ordðy2 � y1Þ
¼ ordðz� y1Þ.

If y A Ly1;y2 then

ordðz� yÞbminfordðz� y1Þ; ordðy1 � yÞg ¼ minfordðy2 � y1Þ; ordðy1 � yÞg
¼ ordðy2 � y1Þ:

On the other hand ordðz� yÞa ordðz� y1Þ for all y A jZer f j and ordðz� yÞa
ordðy2 � y1Þ. Hence ordðz� yÞ ¼ ordðy2 � y1Þ for y A Ly1;y2 . Now, Theorem 2.3
follows from (1), (2) and Proposition 2.2.

3. Puiseux’ date

We use the notations and definitions from [P], Section 3. Let f ¼
f ðX ;Y Þ A CfX ;Yg be an irreducible power series Y-regular of order p > 0. Let
ðb0; . . . ; bhÞ be the characteristic of f . We put Bk ¼ GCDðb0; . . . ; bkÞ for

k ¼ 0; 1; . . . ; h and bk ¼ bk þ ð1=Bk�1Þ
Pk�1

i¼1 ðBi�1 � BiÞbi for k ¼ 0; 1; . . . ; h.
Then the sequence b0 ¼ p, b1; . . . ; bh is the p-minimal system of generators of
the semigroup G0ð f Þ (see [P], Proposition 3.2). We put Pð f Þ ¼ hb1=b0 :
B0 � B1; . . . ; bh=b0 : Bh�1 � Bh;þy : 1i and call Pð f Þ Puiseux’ date of the branch
f ¼ 0. Clearly jPð f Þj ¼ fb1=b0; . . . ; bh=b0;þyg. If p ¼ 1 then Pð f Þ ¼ hþyi.

Proposition 3.1. Let Zer f ¼ hy1; . . . ; ypi. Then for every i A f1; . . . ; pg:
hordðy1 � yiÞ; . . . ; ordðyp � yiÞi ¼ Pð f Þ:

Proof. It is a reformulation of Proposition 3.1 from [P].

The following notation will be useful. Let a A Rp
sym and let K > 0 be a

real number. Write a ¼ ha1; . . . ; aq; aqþ1; . . . ; api where a1; . . . ; aq < K and K a

aqþ1; . . . ; ap. Then we put aK ¼ ha1; . . . ; aq;K ; . . . ;Ki A Rp
sym with K repeated

p� q times. We let aðþyÞ ¼ a. Clearly ðal bÞK ¼ aK l bK and ðaKÞK 0 ¼
aminðK ;K 0Þ.

Let g ¼ gðX ;Y Þ A CfX ;Yg be an irreducible Y-regular power series. Let
Zer g ¼ hz1ðXÞ; . . . ; zqðXÞi. Then the order of contact of f and g is defined to
be

contð f ; gÞ ¼ maxfordðyiðX Þ � zjðXÞÞ : 1a ia p; 1a ja qg:
Note that for every K > 0

Pð f ÞK ¼ b1

b0
: B0 � B1; . . . ;

bk�1

b0
: Bk�2 � Bk�1;K : Bk�1

� �
where k > 0 is the smallest integer such that K a bk=b0. We put bhþ1=b0 ¼ þy.

Proposition 3.2. Let z ¼ zðXÞ A jZer gj. Then

hordðz� y1Þ; . . . ; ordðz� ypÞi ¼ Pð f Þcontð f ;gÞ:
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Proof. It is easy to check that max
p
i¼1fordðz� yiÞg ¼ contð f ; gÞ. We may

assume that contð f ; gÞ ¼ ordðz� ypÞ. Then

hordðz� y1Þ; . . . ; ordðz� ypÞi ¼ hordðy1 � ypÞ; . . . ; ordðyp � ypÞiordðz�ypÞ

and (3.2) follows from (3.1).

For every a ¼ ha1; . . . ; api A Rp
sym we put

P
a ¼

Pp
i¼1 ai. Clearly

P
ðal bÞ ¼P

aþ
P

b. Note that K 7!
P

aK is strictly increasing for K > 0.

Proposition 3.3. Let f ¼ f ðX ;Y Þ A CfX ;Yg and g ¼ gðX ;YÞ A CfX ;Yg
be irreducible Y-regular power series. Suppose f is of characteristic ðb0; . . . ; bhÞ.
Then

(i)
P

Pð f Þbk=b0 ¼ Bk�1bk=b0,

(ii)
P

Pð f Þcontð f ;gÞ ¼ ð f ; gÞ0=ðX ; gÞ0,
(iii) ðX ; f Þ0PðgÞcontð f ;gÞ ¼ ðX ; gÞ0Pð f Þcontð f ;gÞ,
(iv) if Ka contð f ; gÞ then

P
PðgÞK ¼ ððX ; gÞ0=ðX ; f Þ0Þ

P
Pð f ÞK .

Proof. Property (i) follows from the definitions. To check (ii) recall that
ð f ; gÞ0=ðX ; gÞ0 ¼ ord f ðX ; zðXÞÞ where z¼ zðX Þ A jZer gj.

Hence ð f ; gÞ0=ðX ; gÞ0 ¼
Pp

i¼1 ordðzðX Þ � yiðXÞÞ ¼
P

Pð f Þcontð f ;gÞ by Prop-
osition 3.2.

Let k > 0 be the smallest integer such that contð f ; gÞa bk=b0 and let us
consider the characteristic ðb 0

0; . . . ; b
0
h 0 Þ of g. Then ka h 0, contð f ; gÞa b 0

k=b
0
0

and b 0
i=b

0
0 ¼ bi=b0 for i < k. Consequently b 0

0Bi ¼ b0B
0
i for ia k and (iii) fol-

lows. Property (iv) is an easy consequence of (iii).

Remark 3.4. Properties (i), (ii) and (iii) listed in Proposition 3.3 are equiv-
alent to the classical formula for the intersection multiplicity of two branches
(see [P]).

Consider a reduced power series f ¼ f1 � � � fr with r > 1 factors. For every
i A f1; . . . ; rg we put Kij ¼ contð fi; fjÞ if i0 j and Kii ¼ þy. We define Puiseux’
date Pið f Þ of f with respect to the irreducible factor fi by putting

Pið f Þ ¼ Pð f1ÞKi1
l � � � lPð frÞKir

:

Proposition 3.5 justifies our definition of Puiseux’ date.

Proposition 3.5. With the notation introduced above
(i) jPið f Þj ¼ jPð fiÞjU fKi1; . . . ;Kirg,
(ii) Let yi A jZer fjj for some j A f1; . . . ; rg. Then

hordðyi � y1Þ; . . . ; ordðyi � yiÞ; . . . ; ordðyi � ypÞi ¼ Pjð f Þ:

Proof. We have jPið f Þj ¼ 6r

j¼1
jPð fjÞKij

j ¼ 6r

j¼1
jPð fiÞKij

j by Proposition

3.3(iii). Let b0; . . . ; bh be the characteristic of the branch fi. Then jPð fiÞKii
j ¼
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jPð fiÞj ¼ fb1=b0; . . . ; bh=b0;þyg and jPð fiÞKij
j ¼ fb1=b0; . . . ; bkð jÞ�1=b0;Kijg where

kð jÞ is the smallest integer k > 0 such that Kij a bk=b0. Summing up we get
jPð fiÞj ¼ fb1=b0; . . . ; bh=b0;Ki1; . . . ;Kirg which proves (i). Part (ii) follows from
(3.1), (3.2) and from the definition of Pjð f Þ.

4. Proof

A local isomorphism F is a pair of power series without constant term such
that Jac Fð0; 0Þ0 0. It is easy to check the following

Lemma 4.1. Let F be a local isomorphism. A rational number q is a polar
quotient of f with respect to a regular parameter t if and only if q is a polar
quotient of f �F with respect to t �F.

Therefore to prove (1.1) and (1.3) it su‰ces to consider the case t ¼ X .

Proposition 4.2. Let f ¼ f1 � � � fr be a reduced power series with irreducible
factors fi. Suppose that f is Y-regular of order p > 0 and let pi : Rþ ! R be
given by the formula

piðKÞ ¼
X

Pið f ÞK for K > 0:

Let piðjPið f ÞjÞ ¼ fpiðKÞ : K A jPið f ÞjVRg. Then Qð f ;X Þ ¼ 6r

i¼1
piðjPið f ÞjÞ.

Proof. Let Zer f ¼ hy1; . . . ; ypi and Zerðqf =qY Þ ¼ hz1; . . . ; zp�1i. It is
easy to see that Qð f ;XÞ ¼ ford f ðX ; z1ðXÞÞ; . . . ; ord f ðX ; zp�1ðX ÞÞg. Indeed, if
f is an irreducible factor of qf =qY and zi ¼ ziðX Þ A Zer f then ð f ; fÞ0=ðX ; fÞ0 ¼
ord f ðX ; ziðXÞÞ.

Let lyi ;yj ði0 jÞ be the quantities introduced in Section 3 of this paper. It is
easy to see that

lyi ;yj ¼
X

hordðyi � y1Þ; . . . ; ordðyi � ypÞiordðyi�yjÞ

for i0 j.
Now suppose that yi A jZer f1j and let K1 ¼ ordðyi � yjÞ for a j0 i. By

Proposition 3.5 we get

lyi ;yj ¼
X

P1ð f ÞK1
¼ p1ðK1Þ

and consequently flyi ;yj : j0 ig ¼ fp1ðK1Þ : K1 A jP1ð f Þjg ¼ p1ðjP1ð f ÞjÞ.
Similarly flyi ;yj : j0 ig ¼ pkðjPkð f ÞjÞ if yi A jZer fkj for k ¼ 2; . . . ; r.

Therefore by Theorem 2.3 we get Qð f ;XÞ ¼ flyi ;yj : j0 ig ¼ p1ðjP1ð f ÞjÞU � � � U
prðjPrð f ÞjÞ.

Now we can give

Proof of Proposition 1.1. We assume t ¼ X . Let f be an irreducible power
series Y-regular of order p > 1. Let ðb0; b1; . . . ; bhÞ be the characteristic of f .
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According to Proposition 4.2 we have Qð f ;X Þ ¼ pðjPð f ÞjÞ where p : Rþ ! R
is given by the formula pðKÞ ¼

P
Pð f ÞK for K > 0. Recall that jPð f Þj ¼

fb1=b0; . . . ; bh=b0;þyg and pðbk=b0Þ ¼
P

Pð f Þbk=b0 ¼ Bk�1bk=b0 by Proposition

3.3(i). Therefore Qð f ;XÞ ¼ fBk�1bk=b0 : k ¼ 1; . . . ; hg.

Proof of Theorem 1.3. We assume t ¼ X . We need to calculate piðjPið f ÞjÞ
for i ¼ 1; . . . ; r. Without restriction of generality we assume i ¼ 1. Let K > 0.
By definition of Puiseux’ date we get

P1ð f ÞK ¼ Pð f1ÞminðK ;K11Þ l � � � lPð frÞminðK ;K1rÞ

Therefore

p1ðKÞ ¼
X

P1ð f ÞK ¼
Xr

j¼1

X
Pð fjÞminðK ;K1jÞ

� �
¼

Xr

j¼1

ðX ; fjÞ0
ðX ; f1Þ0

X
Pð f1ÞminðK ;K1jÞ

� �
by Proposition 3.3(iv).

Recall that K1j aK if and only if
P

Pð f1ÞK1j
a

P
Pð f1ÞK . On the other

hand by Proposition 3.3(ii) we getX
Pð f1ÞK1j

¼ ð f1; fjÞ0
ðX ; fjÞ0

:

Let p11ðKÞ ¼
P

Pð f1ÞK . Thus K1j aK if and only if ð f1; fjÞ0=ðX ; fjÞ0 a
p11ðKÞ. By definition of the set J1ðtÞ we see that K1j aK if and only if
j A J1ðp11ðKÞÞ. Then, we can rewrite the formula for p1ðKÞ as follows

p1ðKÞ ¼
Xr

j¼1

ðX ; fjÞ0
ðX ; f1Þ0

X
Pð f1ÞminðK ;K1jÞ

� �

¼
X

j A J c
1
ð p11ðKÞÞ

ðX ; fjÞ0
ðX ; f1Þ0

X
Pð f1ÞminðK ;K1jÞ

� �
þ

X
j A J1ð p11ðKÞÞ

X
Pð f1ÞminðK ;K1jÞ

� �

¼
X

j A J c
1
ð p11ðKÞÞ

ðX ; fjÞ0
ðX ; f1Þ0

p11ðKÞ þ
X

j A J1ðp11ðKÞÞ

ðX ; fjÞ0
ðX ; f1Þ0

ð f1; fjÞ0
ðX ; fjÞ0

¼
X

j A J c
1
ðp11ðKÞÞ

ðX ; fjÞ0
ðX ; f1Þ0

0@ 1Ap11ðKÞ þ
X

j A J1ðp11ðKÞÞ

ð f1; fjÞ0
ðX ; f1Þ0

¼ q1ðp11ðKÞÞ:

Recall that jP1ð f Þj ¼ jPð f1ÞjU fK12; . . . ;K1rg. Thus p11ðjP1ð f ÞjÞ ¼
p11ðjP1ð f ÞjÞU fp11ðK12Þ; . . . ; p11ðK1rÞg ¼ Qð f1;XÞUH1ð f ;X Þ by Proposition

3.3(i), (ii) and p1ðjP1ð f ÞjÞ ¼ q1ðp11ðjP1ð f ÞjÞÞ ¼ q1ðQð f1;XÞUH1ð f ;X ÞÞ. Analo-
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gously we get piðjPið f ÞjÞ ¼ qiðQð fi;X ÞUHið f ;XÞÞ for i ¼ 2; . . . ; r and the the-
orem follows from Proposition 4.2.
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