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THE UNIQUENESS OF MEROMORPHIC FUNCTIONS WITH
THEIR DERIVATIVES
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Abstract

In this paper, we deal with the problem of uniqueness of meromorphic functions
that share one finite value with their derivatives and obtamn some theorems which
mprove a result given by Ramer Briick.

1. Introduction and main results

By a meromorphic function we shall always mean a function that is
meromorphic in the whole complex plane. It is assumed that the reader is
familiar with the notations of the Nevanlinna theory such as T'(r, f), m(r, f),
N(r,f), N(r, f), S(r, f) and so on, that can be found, for instance, in [1]. And
Nyy(r,1/f) denotes the counting function of the simple zeros of f; N(r,1/f) =
N(r,1/f) = Ny(r,1/f). Let f and g be meromorphic functions and a be a
complex constant, we say that f and g share the value a IM (ignoring multi-
plicity), if f —a and g —a have the same zeros, they share the value a CM
(counting multiplicity), if f —a and g —a have the same zeros with the same
multiplicity.

In 1979, E. Mues and N. Steinmetz proved the following theorem in [2].

THEOREM A. Let f be an entire function which is not constant. If f and f'
share two distinct values a, b, then f' =f.

In 1996, Rainer Briick proved the following in [3]

THEOREM B. Let f be an entire function which is not constant. If f and f’
share the value 1 CM, and if N(r,1/f") = S(r,f), then

(1) —— =c

for some non-zero constant c.
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In this paper, we prove the following results which are improvements of
Theorem B.

THEOREM 1. Let f be a non-constant meromorphic function. If f and f' share
the value 1 CM, and if

@ N0+ V(1) < (ot oD)TC. 1)
for some real constant 1€ (0,1/2), then f and f' satisfy (1).

Remark 1. Tt is clear that if f and f” satisfy the condition of Theorem 1,

then f = Ae”“ + 1 — (1/c), where A, ¢ are non-zero constants. And obviously the
condition is necessary.

THEOREM 2. Let f be a non-constant meromorphic function, k be a positive
integer. If f and f%) share the value 1 CM, and if

(3) 2N(r, f)+1_\7(r,%/) ( f(k)) < (A+o(1))T(r, f®)
for some real constant A€ (0,1), then
f9-1_

for some non-zero constant c.

Remark 2. 1t is easy to see from (4) that if f and f*) satisfy the condition
of Theorem 2, then f = Ae** + 1 — 1/c, where A, ¢ are non-zero constants, and u
is any k-th roots of ¢. And the condition is necessary.

From Theorem 2, we can obtain the following corollaries:

COROLLARY 1. Let f be a non-constant meromorphic function, k be a positive
integer. If f and f*) share the value 1 CM, and if

5) 2N (r, f) +]\_/'<r,%,) ( f(k)) < (14 o(1)T(r, f)
for some real constant A€ (0,2/5), then f and f% satisfy (4)

COROLLARY 2. Let f be a non-constant meromorphic function, k be a positive
integer. If f and f®) share the value 1 CM, and if

(6) (k+1)N(r f)+2N( f,><(l+o(1))T(r,f)

for some real constant A€ (0,2/5), then f and f*) satisfy (4).
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COROLLARY 3. Let f be a non-constant entire function, k be a positive
integer. If f and f® share the value 1 CM, and if

= 1
N(r,f—,) <(A4+o(I)T(r,f)
for some real constant )€ (0,1/4), then f and f® satisfy (4)
Obviously Theorem B is included in Corollary 3.

Remark 3. Factly, the real constant Ae (0,2/5) in Corollary 1 and
Corollary 2 can be stated A€ (0,(k+1)/(2k + 3)) instead, that is easy to see
from the following proving.

2. Proof of main results

The following two lemmas are neened in the following proving.

LeMMA 1 (see [4]). Let f be a non-constant meromorphic function, k be a
positive integer, then

(7) N(r,f(lk—)> <N(r,})+k1—\7(r,f)+S(r,f).

LeMMA 2. Let f be a non-constant meromorphic function, k be a positive
integer, if f and %) share the value 1 CM, then

®) 10.0) < (24 557 76 79) + 50,1,
Especially when f is an entire function, then
9) T(r, f) < 2T(r, f®) + S(r, f).

Proof. By Milloux inequality (see [1] or [5]) for f — 1, we have

(10) T(r,f)<]\7(r,f)+]_\7( fl )+N( f(k)l )+S(r,f).
Since f and f%) share the value 1 CM, and

T(r, f®) > N(r, f®) > (k + 1)N(r, )

o (8) holds. (9) can be got immediately from (10). This lemma is thus proved.
Now we turn to prove the theorems. Theorem 1 is the particular case of
Theorem 2, so we need only to prove Theorem 2. Define

_f(k+2) _ﬂ ) f(k+l) o f/
_f(k+1) f’ f(k) -1 f —1°
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Firstly assume that F # 0, then m(r, f) = S(r f ) No(r, 1/f%*+1)) denotes
the counting function corresponding the zeros of f**1) which are not the zeros
of f/, f%) and f® — 1 with the multiple zeros are counted multiplicity times,
]Vo(r, 1/f%+)) denotes that case the multiple zeros are only counted one
time. Since f and f*) share the value 1 CM, it is easy to see by calculating that
the zeros of f — 1 are not the poles of F, so we have

N(r,F) < N(r,f) +]V(r,fl/> —]\_/(Z(r,fi—a +1\_/(2( f(")) +No( ,ﬁi—l))
And noticing that m(r, F) = S(r, f) and

N 1 1
Ve (”f = 1) Ne (”f(k )
then

a  TeH <) +N(fl) + N ) + Mo(r )

- Ne(rp—) + 5.1

By calculating it can be shown that the simple zeros of f — 1 are the zeros of
F. And as f and f® share the value 1 CM, we have

1 1 1
Combining (11) and (12) we obtain

— 1 1 — 1
(13) N(r,/w_—l) = Nl) <r,f——(k) _ 1) +N(2 (r,f——(k) — 1)

<N, f) +JV< f’) +N(2( f(k)> + Ny <r,f(k1+1 ) + 8(r, f).

By using the second fundamental theorem for f*), we have

(14) T(r, f®) <N )+ N (’f%) * N(r’f(’rl——l)

1 k
—NO( f(k+1)>+S( f( ))
From Lemma 2 we can get S(r, f) = S(r, f®)). Combining this and (13) and

(14) and
/1) - 1 1
N (”f@) t ‘2( f<k>> <N ( f<k>>
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we get

— —f 1 1
(k) — —
1) TS <280 ) 4R (rg) + N (rigg) + 50,12
By (15) and (3) we have T(r,f%®))=S(r,f), and from (8) we conclude
T(r,f)=S(r,f) which is a contradiction.
Therefore, we have F = 0, and integration yields

f ;’”_—1 1)2

f(k+l)

(16) c =(

where C is a non-zero constant.

We assume that f*+1)/f’ is not constant. From (16) and that f and f*)
sharing the value 1 CM, it is clear that f*+1)/f" has no zeros and no poles, so

If zo is a simple zero of f—1, we know by calculating that

(f® =1)/(f = 1) |,op =f**D(20)/f"(20), and from (16) thus f&*+1)(zg)/
f'(z0) = C, so zo is also the zero of (f*+1)/f") - C, then

1 1 (k+1)
Nl)(r,f—_—1> SN(T,m) ST(V,Lf—I—')'FO(l):S(r,f)
77

therefore
— 1 — 1 1 — 1
T(rmr=r) =¥ () = 9 (rs) + W)
— 1
< N<r’f—’) +S(r, f)
this implies that (13) still holds. Similarly we can get the contradition T'(r, ) =

S(r, ) again. Then f**+1)/f’ is a constant, and so the proof of Theorem 2 is
finished.

Corollary 1 can be obtained by Theorem 2 and (8).
By Lemma 1 we get

(17) N(r,f—(lk—)> < N(r,j—}—,) + (k= 1)N(r, f) + S(r, f)

from this and Corollary 1 we obtained Corollary 2.
Corollary 3 can be obtained by Theorem 2 and (9) and (17).
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