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Abstract. We study the formal neighborhoods at rational non-
degenerate arcs of the arc scheme associated with a toric variety. The first
main result of this article shows that these formal neighborhoods are gener-

ically constant on each Nash component of the variety. Furthermore, using
our previous work, we attach to every such formal neighborhood, and in fact
to every toric valuation, a minimal formal model (in the class of stable iso-
morphisms) which can be interpreted as a measure of the singularities of the

base-variety. As a second main statement, for a large class of toric valuations,
we compute the dimension and the embedding dimension of such minimal for-
mal models, and we relate the latter to the Mather discrepancy. The class

includes the strongly essential valuations, that is to say those the center of
which is a divisor in the exceptional locus of every resolution of singularities
of the variety. We also obtain a similar result for monomial curves.

1. Introduction.

1.1. In [23], Nash introduced an intriguing connection between the arc scheme

associated with an algebraic variety and the singularities of the variety (see Subsec-

tion 2.1, Remark 2.1 for details and references). Since this seminal work, the study of

the geometry of arc scheme has become a current prominent topic in the broad field of

singularity theory. One approach is to investigate the singular locus of the arc scheme

itself by considering the analytic type of its singularities, in other word to study formal

neighborhoods of arcs over the singular locus.

The first breakthrough in this way has been obtained by Reguera in [25]. The

present work can be linked, in spirit, to the subsequent work [22].

1.2. In this article, we focus on the two following questions. The first one states

the problem of the behaviour of the isomorphism class of the formal neighborhoods of

the arc scheme under the variations (over the singular locus) of the considered arc.

Question 1.1. Let k be a field. Let V be a k-variety. Denote by L∞(V ) the

arc scheme associated with V , and, for every arc γ ∈ L∞(V ), by L∞(V )γ the formal

neighborhood of γ in L∞(V ). How does L∞(V )γ vary when γ runs over the arcs whose

center is in the singular locus of V ? Can one relate this variation with the singularities

of V ?
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In general, one can observe on specific examples that the formal neighborhood varies

with the arc γ over the singular locus (see [1]). The second question completes the first

one.

Question 1.2. Let k be a field. Let V be a k-variety. Let γ be an arc over the

singular locus. What part of the information of the singularities of V is carried on the

formal neighborhood L∞(V )γ?

1.3. The aim of this article is to study these two questions when V is a toric variety

and γ a rational non-degenerate arc, i.e., not contained in the arc scheme associated with

the singular locus of V . The study of this specific class of arcs is motivated in particular by

a theorem of Drinfeld and Grinberg-Kazhdan (see [15],[12] or [1]) which, for every such

arc γ, constructs an affine pointed k-variety (S, s), with s ∈ S(k), and an isomorphism

of formal k-schemes:

L∞(V )γ ∼= Ss⊗̂kk[[(Ti)i∈N]]. (1.1)

Every noetherian formal k-schemes of the shape Ss with (S, s) as before and which realizes

isomorphism (1.1) is called a finite dimensional formal model of the formal neighborhood

L∞(V )γ (or of the arc γ). Such a formal k-scheme Ss is said to be non-cancellable if

there does not exist an affine pointed k-variety (S′, s′) such that Ss
∼= S′

s′⊗̂kk[[T ]]. If

(S, s) and (S′, s′) are pointed k-varieties, the formal k-schemes Ss and S′
s′ are said to be

stably isomorphic if there exist positive integers n and m such that Ss⊗̂kk[[T1, . . . , Tn]] ∼=
S′
s′⊗̂kk[[T1, . . . , Tm]]. As proved in [1], thanks to a cancellation lemma due to Gabber (see

loc. cit.), there exists (up to isomorphism) a unique non-cancellable finite dimensional

model of γ, such that every finite dimensional formal model of γ is stably isomorphic to

it: we call this model the minimal (finite dimensional ) formal model of γ.

In particular, for the class of non-degenerate arcs, the study of the formal neighbor-

hood L∞(V )γ is equivalent to that of its minimal formal model, which, as a noetherian

object, is likely to be more tractable. Moreover, as justified in [4], the minimal formal

model can be understood as a measure of the singularity of V at the origin of γ. More

precisely, in loc. cit, the authors proved that the minimal formal model is trivial if and

only if the branch at γ(0) (which contains γ) is formally smooth.

1.4. Let us explain in more details the content of the present article (see Subsec-

tion 2.1 for details on the terminology and notation used here in the description of the

Nash problem). In the direction of Question 1.1, we show the following statement (see

Theorem 4.2 for a more precise statement).

Theorem 1.3. Let k be a field. Let V be an affine toric k-variety. Let D be an

exceptional divisor of a toric resolution π : W → V . Let ND ⊂ L∞(V ) be the associated

Nash set. Then there exists a Zariski non-empty open subset U of ND such that OL∞(V ),γ

(hence also ̂OL∞(V ),γ ) is constant when the arc γ runs over U(k).

Let us stress that this theorem relates, in an original manner, the formal neighbor-

hoods in the arc scheme of non-degenerate rational arcs to the Nash components, hence to

the Nash problem. More generally, we may wonder whether this kind of statements may
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reflect some deep “equisingularity property” for the arc scheme (see also Remark 4.4).

In the direction of Question 1.2 we prove in particular the following result.

Theorem 1.4. Let k be a field of characteristic zero. Let V be an affine toric k-

variety. Let ν be a strongly essential toric valuation. Then the minimal formal model of

a sufficiently generic rational non-degenerate arc lying in the Nash set associated with ν

is of dimension zero, and its embedding dimension coincides with the Mather discrepancy

of ν.

Such a result can be compared to [22], where Reguera and Mourtada have obtained

similar results in the computation of the embedding dimension of other types of formal

neighborhoods in arc schemes.

1.5. Let us explain the organization of the paper. After a recollection on toric

geometry in section 2, we establish a technical lemma dealing with toric valuations as-

sociated with arcs on toric varieties in section 3, making a crucial use of results of Ishii

([16]) and Ishii–Kollár ([18]). This lemma is used for proving Theorem 4.2 which answers

Question 1.1 in the toric case for rational non-degenerate arcs. The proof of Theorem 6.3

is based of an alternative proof of the Drinfeld–Grinberg–Kazhdan theorem in the toric

case, which exploits the binomial nature of ideals defining toric varieties and which we

explain in section 5. Though both proofs share some tools such as the use of the Weier-

strass division theorems, our approach produces a finite dimensional formal model which

differs from the one computed by Drinfeld’s and turns out to be much more suited to the

computation of the minimal formal model and its embedding dimension. Theorem 6.3

identifies a large class of toric valuations for which one also obtains an explicit description

of the minimal formal model, with a result for the embedding dimension. This allows

us to show that the dimension of the minimal formal model of a rational non-degenerate

arc may be arbitrarily large, even when restricting to 3-dimensional varieties. (See Sub-

section 8.1.) In the end, let us note that this approach also works more generally in the

context of binomial varieties, in other words for non-normal toric varieties. For the sake

of simplicity, we have not written up the full details, but as an illustration, we use similar

arguments in section 7 to compute, for every monomial curve singularity, the minimal

formal model at a primitive arc and its embedding dimension, generalizing in particular

results of [3]. In the end, in section 8, we provide various examples and further problems

in the direction of the present work.

Acknowledgements. We would like to thank Shihoko Ishii for her kind expla-

nations on the Mather discrepancy. We also thank the referee for his/her careful reading

and his/her corrections and remarks.

Convention, notation.

In this article, we fix a field k of arbitrary characteristic. A k-variety is a k-scheme

of finite type. The non-smooth locus of the structural morphism of a k-variety V is the

singular locus of V and its associated reduced k-variety is denoted by Vsing. To every

k-variety V (or more generally to every scheme), one attaches its arc scheme L∞(V )

(e.g., see [26] for a precise definition). A point in L∞(V ) is an arc. An arc of V which

does not belong to L∞(Vsing) is called a non-degenerate arc of V . The k-scheme L∞(V )



808(120)

808 D. Bourqui and J. Sebag

is endowed with a canonical morphism of V -scheme π0 : L∞(V ) → V which sends every

arc γ to its base point γ(0). For every subset Z ⊂ V , we denote by L∞(V )Z the subset of

L∞(V ) formed by the arcs of V whose base-point belongs to Z, i.e., L∞(V )Z := π−1
0 (Z).

A test-ring (over k) is a local k-algebra (A,mA), whose residue field is (k−)isomorphic to

k and whose maximal ideal is nilpotent. Let us note that, for every arc γ ∈ L∞(V )(k),

the formal neighborhood L∞(V )γ is determined by the restriction of its functor of points

to the category of test-rings. For every test-ring (A,mA), an A-deformation of γ is an

element γA ∈ L∞(V )γ(A). It will be useful to keep in mind that such an A-deformation

corresponds to one of the following (equivalent) commutative diagram:

OL∞(V ),γ
γA //

��

A

mod mA

��
k k

OV,v
γA //

γ

��

A[[T ]]

��
k[[T ]] k[[T ]],

ÔV,v
γA //

γ

��

A[[T ]]

��
k[[T ]] k[[T ]],

(1.2)

(E.g., see [1] for details.)

2. Recollection on the Nash problem and toric geometry, terminology.

In this section, we recollect various useful material and fix the used terminology.

2.1. We recall important definitions and properties about the Nash problem and

related concepts (see [18] for more details). Let k be a field and V be an algebraic

k-variety which admits resolution of singularities. An exceptional divisor over V is a

divisorial valuation νD defined by an irreducible exceptional divisor D of a resolution

of singularities π : W → V . The Nash set ND attached to D is the closure in L∞(V )

of the set L∞(π)(L∞(W )D); it depends only on νD and not on the choice of the pair

(W,D). Since L∞(W )D is irreducible, so is ND. An essential divisor over V (resp. a

strongly essential divisor over V ) is an exceptional divisor ν over V such that for every

resolution of singularities π : W → V the center of ν on W is an irreducible component

(resp. an irreducible component of codimension 1) of the exceptional locus π−1(Vsing).

We shall also speak of (strongly) essential valuations on V . A Nash component of V is

an irreducible component of L∞(V )Vsing \L∞(Vsing). For every Nash component C, one

shows that there exists a unique essential divisor D over V such that ND \L∞(Vsing) =

C. The so-called Nash problem may be stated as the problem to determine whether

ND \ L∞(Vsing) is a Nash component for every essential divisor D over V .

Remark 2.1. When the field k is assumed to be of characteristic zero, one knows

that the answer to the above question fails to be true, in general, for varieties of dimension

≥ 3. (e.g., see [20] for details and references, and [18] for the first counterexample in

dimension 4.) In positive characteristic, the question is open even in dimension two. By

[18], we also know that this problem has a positive answer for the specific case of toric

varieties.

Remark 2.2. For the notion of essential divisors, we follow the terminology of [18].

Beware that in the works [8], [7], to be mentioned later, the slightly different terminology
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of Nash in [23] is followed. Thus what we call here an essential divisor is called there

an essential component, whereas what we call here a strongly essential divisor is called

there an essential divisor.

2.2. We now recall some standard facts about toric geometry, fixing along the

way some notation used in the rest of the paper. (For more details on the suject, we

refer to [10].) Let k be a field, T be a split algebraic k-torus of dimension d and

N := Hom(Gm,k, T ) the group of its cocharacters. It defines a free abelian group of rank

d. Let σ be a strictly convex N -rational polyhedral cone in N ⊗Z R, in other words σ

is the convex cone generated by finitely many elements of N , which moreover does not

contain any line. Let M := N∨ = Hom(N,Z) (which also is a free abelian group of

dimension d) and V (σ) := Spec(k[σ∨ ∩M ]) be the associated affine normal toric variety

(often denoted by V if the cone σ is clear from the context). For every m ∈ M we denote

by χm the rational function on V (σ) defined by m. Let Mσ ⊂ σ∨ ∩M be the minimal

finite set generating the semigroup σ∨ ∩M , which then forms a generating system of the

Q-vector space M ⊗Z Q.

2.3. There is a natural bijection between the set of faces of σ and the set of T -

orbits in V . The orbit orb(τ) associated with a face τ has codimension dim(τ). In

particular orb({0}) is the open orbit (which is isomorphic to T ) and orb(σ) is the only

T -invariant k-point on V . Moreover x ∈ V is smooth if and only if it belongs to an orbit

orb(τ) with τ a N -regular face of σ (that is to say, τ may be generated by a part of a

basis of N).

2.4. Recall that a N -primitive element of N is an element n ∈ N such that the

only elements of N which admit n as a multiple are n and −n. Each N -primitive element

n of σ∩N determines a toric (i.e., torus-invariant) divisorial valuation on V , which maps

the element of k(V ) corresponding to the character m ∈ M to ⟨m, n⟩ (We stress that

for us a divisorial valuation has multiplicity 1.). We shall frequently identify n and the

associated toric valuation, thus speaking for example of (strongly) essential primitive

elements of σ ∩N .

2.5. We now recall from [18] (resp. [7], [8]) the description of the essential divisors

(resp. strongly essential divisors) of the affine toric variety V = V (σ). First we introduce

some terminology and notation, and make some remarks. Define a partial order on σ∩N

by n ≺σ n′ if and only if n′ ∈ n+ σ. Set

Sing(σ) :=
∪
τ≺σ

τ singular

τ◦.

Example 2.3. If d := dim(X) = 2 and V is singular, one has Sing(σ) = σ◦.

Definition 2.4. Let n ∈ σ ∩ N . We say that n is indecomposable if for every

decomposition n = n1 + n2 with n1, n2 ∈ σ ∩N one has either n1 = n or n2 = n.

Remark 2.5. Let n ∈ σ ∩N be a nonzero element. Then n is indecomposable if

and only if n is a minimal element of (σ∩N)\{0}. In particular if n is an indecomposable
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element of Sing(σ)∩N then n is a minimal element of Sing(σ)∩N . But in general there

are minimal elements of Sing(σ) ∩N which are not indecomposable.

Example 2.6. Let N be a free Z-module with basis {e1, e2, e3} and σ be the cone

of N ⊗ZR generated by e1, e2, f1 := e1+ e3 and f2 = e2+ e3. Let n = e2+ f1 = e1+ f2.

Then Sing(σ) = σ◦ and n is a minimal element of Sing(σ)∩N , yet n is not indecompos-

able.

Theorem 2.7. Let n ∈ Sing(σ)∩N be a N -primitive element. Then n is essential

if and only if n is a minimal element of Sing(σ) ∩ N with respect to the order ≺σ.

Moreover n is strongly essential if and only if n is indecomposable.

Proof. The first assertion follows from [18, Section 3] and the second assertion

is a consequence of [8, Theorem 1.10] and [7, Theorem 1.2]. □

3. Toric valuations and stratifications on non-degenerate toric arcs.

In this section we recall some facts about toric valuations attached to arcs on toric

varieties following [16], [18], and we prove a useful technical lemma (Lemma 3.6).

3.1. Let V := V (σ) be an affine toric variety associated to the cone σ. We retain

the previously introduced notation. We set L ◦
∞(V ) := L∞(V ) \ L∞(V \ T ). Let us

consider γ ∈ L ◦
∞(V )(k). As an element of L∞(V )(k), the rational arc γ corresponds to

a k-algebra morphism k[σ∨ ∩M ] → k[[T ]], or equivalently to a morphism of semigroups

γsg : σ
∨ ∩ M → k[[T ]]. Composing γsg with T 7→ 0 gives the base-point γ(0). Since γ

does not lie in L∞(V \ T ) and since the ideal of V \ T in k[σ∨ ∩M ] is generated by the

product of the {χm}m∈Mσ , no χm lies in Ker(γ). In other words, for every m ∈ σ∨ ∩M ,

one has γsg(m) ̸= 0. Thus one may compose γ with the usual map ordT and obtain a

morphism of semigroups

ord(γ) : σ∨ ∩M → N.

In this way, we observe that the functional ord(γ) in fact belongs to σ ∩ N . More

generally, for every arc γ ∈ L ◦
∞(V ), one can define ord(γ) ∈ σ ∩ N by considering the

element of L ◦
∞(V )(κ(γ)) induced by γ.

Remark 3.1. For every arc γ ∈ L ◦
∞(V ), the functional ord(γ) determines in

particular the toric stratum to which γ(0) belongs. Indeed, by [18, Proposition 3.9(i)],

for every face τ of σ, one has γ(0) ∈ orb(τ) if and only if ord(γ) ∈ τ◦.

3.2. Since the torus T acts on V , the group scheme L∞(T ) acts on L∞(V ). This

action has been studied in particular by S. Ishii, who proved the following result.

Lemma 3.2 ([16, Theorem 4.1(ii)]). Let γ1, γ2 ∈ L ◦
∞(V )(k). Then ord(γ1) =

ord(γ2) if and only if there exists t ∈ L∞(T )(k) such that γ1 = t · γ2.

In [16], the base field k is assumed to be algebraically closed; here k is arbitrary but

due in particular to the fact that one works with split toric varieties, the arguments in



811(123)

Finite formal model of toric singularities 811

[16] are easily seen to be still valid.

Since for every t ∈ L∞(T )(k), γ 7→ t · γ is an automorphism of L∞(V ), we deduce

the following consequence:

Corollary 3.3. Let γ ∈ L ◦
∞(V )(k). Then the local ring OL∞(V ),γ , depends only

on ord(γ). In particular the completion ̂OL∞(V ),γ depends only on ord(γ).

Definition 3.4. For n ∈ σ ∩ N , we denote by Sn the minimal formal model of

any element γ of L ◦
∞(V )(k) such that ord(γ) = n.

Remark 3.5. In section 5, we shall give another proof of the result concerning
̂OL∞(V ),γ in Corollary 3.3. This proof in fact will provide an explicit description of a

finite dimensional formal model at every arc γ such that ord(γ) = n. Moreover, we will

show that this description gives the minimal formal model Sn in case n is a strongly

essential valuation, as well as in some other cases.

3.3. For every integer µ ∈ N and every m ∈ σ∨ ∩M , the set {n ∈ σ, ⟨m, n⟩ ≤ µ}
will be simply denoted by {⟨m, ·⟩ ≤ µ} (similar definition and notation with ≤ µ replaced

with ≥ µ). For every n ∈ σ ∩ N , we set L ◦
∞(V )n := {γ ∈ L ◦

∞(V ), ord(γ) = n}. More

generally, for every A ⊂ σ, we set L ◦
∞(V )A := {γ ∈ L ◦

∞(V ), ord(γ) ∈ A}. Recall that a
constructible subset of a separated and quasi-compact scheme S is a finite union of subsets

of the form O1 ∩ (S \O2) for quasi-compact open subsets O1, O2 of S. A proconstructible

subset of S is an intersection of constructible subsets. By construction, the arc scheme

associated with S is separated and quasi-compact.

Lemma 3.6. For every integer µ ∈ N, L ◦
∞(V ){⟨m, ·⟩≤µ} is a constructible open

subset of L ◦
∞(V ) and L ◦

∞(V ){⟨m, ·⟩≥µ} is a constructible closed subset of L ◦
∞(V ). For

every n ∈ σ ∩ N , the set L ◦
∞(V )n is a dense constructible open subset of L ◦

∞(V )n+σ,

and the set L ◦
∞(V )n+σ is a proconstuctible closed subset in L ◦

∞(V ).

Proof. Note that for m ∈ σ∨ ∩ M and γ ∈ L ◦
∞(V ), the integer ⟨m, ord(γ)⟩ is

nothing else but ordT (χ
m(γ)). This shows the first assertion.

Let n ∈ σ ∩N . Since the set Mσ is finite (see Subsection 2.2), and since we have

L ◦
∞(V )n = L ◦

∞(V )n+σ ∩

( ∩
m∈Mσ

L ◦
∞(V )⟨m, ·⟩≤⟨m,n⟩

)
,

we deduce that L ◦
∞(V )n is a constructible open subset of L ◦

∞(V )n+σ. By [16, proposi-

tion 4.8], the closure of L ◦
∞(V )n is L ◦

∞(V )n+σ.

On the other hand, the equality

L ◦
∞(V )n+σ =

∩
m∈Mσ

L ◦
∞(V )⟨m, ·⟩≥⟨m,n⟩

shows that L ◦
∞(V )n+σ is a proconstructible closed subset in L ◦

∞(V ). □
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3.4. For the convenience of the reader, we quickly provide a general definition

of the notion of Mather discrepancy. Complements can be found, e.g., in [17], [19],

[13], [11]. If V is a k-variety of dimension d, if π : W → V is a resolution of the

singularities of V which factorizes through the Nash blow-up of V , then the image of

the canonical morphism π∗Ωd
V/k → Ωd

W/k is an invertible sheaf, and thus may be written

as Ωd
W/k(−K̂W/V ), where K̂W/V is a divisor called the Mather discrepancy divisor. This

divisor is supported on the exceptional locus of π. For every exceptional divisor ν, one

calls the Mather discrepancy along ν the integer K̂ν := ordD(K̂W/V ) where π : W → V

is a resolution of the singularities of V which factorizes through the Nash blow-up and

such that the center D of ν on W is an exceptional divisor.

Let us consider the particular case where V = C is an integral unibranch curve at

the singular point x (with k assumed to be algebraically closed for simplicity). Let x̄ be

the preimage of x in the normalisation C̄ of C . Then the so-called multiplicity mult(C , x)

of the germ (C , x) may be defined as the positive integer m such that Tm generates the

image of the maximal ideal mC ,x of OC ,x by the composition γ∗ of the morphisms

OC ,x → OC̄ ,x̄ → ÔC̄ ,x̄
∼= k[[T ]].

In particular, one has γ∗(dmC ,x) = Tmult(C ,x)−1k[[T ]]dT which shows that K̂x̄ =

mult(C , x)− 1.

In the toric case, one has an explicit formula for the Mather discrepancy in terms

of the combinatorial data. We recall it here since it will be an ingredient in the proof of

Theorem 6.3.

Lemma 3.7 ([11, Lemma 5.2]). Let V = V (σ) be an affine toric k-variety of

dimension d. Let n be an N -primitive element of σ ∩ N , as before identified with a

toric divisorial valuation on V . Then, the Mather discrepancy K̂n of n is given by the

following formula

K̂n = min
(m1,...,md)∈Md

σ

{mj} Q-linearly independent

(
− 1 +

d∑
j=1

⟨mj , n⟩

)
.

4. Generic behaviour of formal neighborhood of non-degenerate arcs on

the Nash components of a toric variety.

In the direction of a comprehensive study of the formal neighborhoods of non-

degenerate rational arcs, a challenging question is to understand how these formal neigh-

borhoods change with the involved arcs. One of the motivation of this problem is the

situation in the case of curves explained in Subsection 4.1. The main result of this sec-

tion can be interpreted as a higher dimensional analog in toric geometry of the curves

situation. In particular, Corollary 4.2 establishes the generic behaviour of the formal

neighborhoods of arc schemes at rational non-degenerate arcs on the Nash components

(see Subsection 2.1 for definitions.)
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4.1. Let C be an integral curve defined over an algebraically closed field k of char-

acteristic zero. Let x ∈ C (k) be a singular point. The set of the irreducible components

of π−1
0 (x) coincides with that of the sets Ny where y runs over the preimages of γ(0)

in the normalization of C , i.e, the set of arcs on C which factorizes through the corre-

sponding branch By (which is defined as an irreducible component of ÔC ,x). For every

non-constant arc γ ∈ L∞(C ), with base-point γ(0) = x, the ideal generated by the image

of the attached morphism of complete local k-algebras

γ∗ : ÔC ,x → k[[T ]]

is of the form Tmγk[[T ]]. In this way, one constructs a map

mult : π−1
0 (x) \ {x} → N

which sends γ to mγ ; in the above formula, in the expression {x}, one identifies x

with its image by the zero section C → L∞(C ). Let γy ∈ L∞(C )(k) be a primitive

parametrization of C at x corresponding to a formal branch By of C at x (see, e.g., [9]).

Let mx := mult(γy). When C is unibranch at x, this integer is a possible definition for

the so-called multiplicity of the germ (C , x) (see also Subsection 3.4). The constructible

subset mult−1(mx) of L∞(C ) induces a constructible open subset U of the irreducible

component of π−1
0 (x) corresponding to γy (or By), i.e., Ny, since on this component the

integer mx is the minimal possible value of the map mult. Every rational arc of U is a

primitive parametrization of By which can be deduced from γ by a reparametrization of

T induced by an automorphism of k[[T ]]. As proved in [1], for every γ′ ∈ U(k), we have

L∞(C )γy
∼= L∞(C )γ′ .

4.2. Let us consider a toric resolution of singularities π : W → V of the affine toric

variety V = V (σ). Its exceptional divisors correspond to one-dimensional cones lying in

σ. If D is such an exceptional divisor, we denote by nD the primitive generator of the

corresponding one-dimensional cone.

Lemma 4.1. Let D be an exceptional divisor of a toric resolution π : W → V ,

τD ⊂ σ be the corresponding one-dimensional cone and nD be the primitive generator of

τD. Then one has ND ∩ L ◦
∞(V ) = L ◦

∞(V )nD+σ (see Section 3.3 for a definition). In

particular L ◦
∞(V )nD

is a dense open subset of ND.

Proof. By [18, Proposition 3.9(ii)], one has L∞(π)(L∞(W )orb(τD) \ L∞(W \
T )) = L∞(V )◦τ◦

D
. Since W is assumed to be smooth and orb(τD) is open in D (see

2.4), we conclude that L∞(W )orb(τD) \L∞(W \ T ) is a dense open subset of L∞(W )D.

Thus, we deduce that L∞(V )τ◦
D
is dense in L∞(π)(L∞(W )D), hence in ND by the very

definition of ND. But one has

L ◦
∞(V )nD ⊂ L ◦

∞(V )τ◦
D
⊂ L ◦

∞(V )nD+σ

and by Lemma 3.6, L ◦
∞(V )nD is a dense open subset of L ◦

∞(V )nD+σ. We infer that

L ◦
∞(V )nD+σ is dense in ND, hence in ND ∩ L ◦

∞(V ). But again by Lemma 3.6,
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L ◦
∞(V )nD+σ is closed in L ◦

∞(V ), thus ND ∩ L ◦
∞(V ) = L ◦

∞(V )nD+σ as claimed. Since

L ◦
∞(V )nD

is a dense open subset of L ◦
∞(V )nD+σ and ND ∩ L ◦

∞(V ) is open in ND, we

conclude that L ◦
∞(V )nD

is a dense open subset of ND. □

Theorem 4.2. Retain the previous notation. Let D be an exceptional divisor of a

toric resolution π : W → V (σ). Then there exists a Zariski non-empty open subset U of

ND ∩ L ◦
∞(V (σ)) such that OL∞(V ),γ (hence also ̂OL∞(V ),γ ) is constant for γ ∈ U(k).

Proof. By Lemma 4.1 and Corollary 3.3, it suffices to take U := L ◦
∞(V (σ))nD .

□

4.3. Regarding Theorem 4.2, the case where ND is a Nash components of V is

thus of particular interest, since it allows us to understand “generically” the minimal

formal model of arcs in L ◦
∞(V )Vsing(k) \ L∞(Vsing). By [18, Theorem 3.16], if D is an

exceptional divisor over V , we know that ND is a Nash component of V if and only if D

is an essential divisor of V (In other words, the Nash problem has an affirmative answer

for toric varieties), and then D is necessarily a toric (i.e., torus-invariant) divisor.

Remark 4.3. It seems to us an interesting problem to understand whether Theo-

rem 4.2 extend to arbitrary varieties.

Remark 4.4. In [6], [5], [24], various statements for a global version of the

Drinfeld–Grinberg–Kazhdan have been established. It seems to us interesting to un-

derstand, at least in the toric framework, the precise link between these statements and

Theorem 4.2. We strongly believe that this will be connected to equisingularity properties

of L∞(V ).

5. A computation of finite dimensional formal models for binomial va-

rieties.

In this section, we provide an alternative proof of the Drinfeld–Grinberg–Kazdhan

theorem for varieties defined by binomial ideals. It produces a presentation of a finite

dimensional formal model different from the one given by Drinfeld’s general approach.

The presentation that we obtain turns out to be much more suited to the determination

of the minimal formal model and its embedding dimension. For the sake of simplicity,

we focus on the case of toric varieties. In section 7, we shall explain how this approach

allows to study the minimal formal model of monomial curve singularities.

5.1. Let us fix first some definitions and notation. If d ≤ e are integers,

we denote by Jd, eK the set {n ∈ Z, d ≤ n ≤ e}. Let I and J be finite sets,

(dj) ∈ NJ be a family of non-negative integers and (Πi)i∈I be a family of elements

of k[(Xj)j∈J ] such that, for every element i ∈ I, one has Πi((T
dj )j∈J ) = 0. We de-

fine the affine k-scheme W ((dj)j∈J , (Πi)i∈I) as the closed subscheme of the affine space

A := Spec(k[(pj,a) j∈J
a∈J1,djK]) whose ideal is generated by all the coefficients with respect

to the variable T in the polynomials
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Πi

((
T dj +

∑
a∈J1,djK pj,aT

dj−a

)
j∈J

)
(5.1)

for i ∈ I. Note that this ideal is contained in the ideal ⟨(pj,a) j∈J
a∈J1,djK⟩ which is the origin

o of the scheme A. We denote by W ((dj), (Πi)) the formal completion of W ((dj), (Πi))

along this origin o. If j0 ∈ J , we define W (j0)((dj), (Πi)) to be the closed subscheme

of W ((dj), (Πi)) whose ideal is generated by the image of pj0,1 in O(W ((dj), (Πi))). Its

formal completion of W (j0)((dj), (Πi)) along the origin o is denoted by W (j0)((dj), (Πi)).

Lemma 5.1. Assume char(k) and dj0 are coprime. Let j0 ∈ J and (Qj,a) j∈J
a∈J1,djK

be the family of elements of k[(pj0,a) j∈J
a∈J1,djK] defined by

T dj +
∑

a∈J1,djK pj,aT
dj−a =

(
T − pj0,1

dj0

)dj

+
∑

a∈J1,djKQj,a ·
(
T − pj0,1

dj0

)dj−a

(in particular Qj0,1 = 0).

Then the automorphism of k-algebras of k[(pj,a) j∈J
a∈J1,djK] mapping pj,a to pj,a for

(j, a) = (j0, 1) and pj,a to Qj,a for any other value of the pair (j, a) induces isomorphisms :

W ((dj), (Πi)) ∼= W (j0)((dj), (Πi))×k A1
k

and

W ((dj), (Πi)) ∼= W (j0)((dj), (Πi))×̂kDk.

Proof. This comes from the fact that, setting U = T − (pj0,1)/(dj0), expres-

sion (5.1) may be rewritten

Πi

(
Udj0 +

∑
a∈J2,dj0 KQj0,aT

dj0−a,

(
Udj +

∑
a∈J1,djKQj,aU

dj−a

)
j∈J\{j0}

)
. (5.2)

□

5.2. We keep the notation introduced in the previous sections. In particular,

V (σ) designates an affine toric variety of arbitrary dimension d. Let I be a finite set and

(αi) ∈ (ZMσ )I be a finite collection of nontrivial integral linear relations between the

elements of Mσ that is to say, for every i ∈ I,∑
m∈Mσ

αi,mm = 0, (5.3)

such that moreover
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m∈Mσ
αi,m>0

Xαi,m
m −

∏
m∈Mσ
αi,m<0

X−αi,m
m

}
i∈I

is a set of binomial generators of the kernel of the morphism k[(Xm)m∈Mσ ] → k[σ∨ ∩M ]

sending Xm to χm.

5.3. Let (νm) ∈ NMσ be a family of non-negative integers such that, for every

element i ∈ I, ∑
m∈Mσ

αi,mνm = 0.

Then there exists a unique n ∈ σ ∩N such that, for every m ∈ Mσ, we have

⟨m, n⟩ = νm.

This may be deduced from the fact that Mσ necessarily contains a Z-basis of M (consider

a M -regular subdivision of σ∨, which exists by [14, Section 2.6]).

5.4. Let M̃σ ⊂ Mσ be a subset of cardinality d whose elements are Q-linearly

independent. In particular M̃σ is a Q-basis of M ⊗Z Q. (See Subsection 2.2.) Thus,

every m ∈ Mσ \ M̃σ is a Q-linear combination of elements of M̃σ. Then, for every

m ∈ Mσ \ M̃σ, there exists a positive integer α such that αm is a Z-linear combination

of elements of M̃σ. We enlarge I by this kind of relations. Thus from now on the set I is

such that relations (5.3) verify that, for every m ∈ Mσ \ M̃σ, there exists i ∈ I such that

{m′ ∈ Mσ, αi,m′ ̸= 0} \ M̃σ = {m}.

5.5. Let n ∈ σ ∩N . We set

Wn := W

(
(⟨m, n⟩)m∈Mσ ,

( ∏
m∈Mσ
αi,m>0

Xαi,m
m −

∏
m∈Mσ
αi,m<0

X−αi,m
m

)
i∈I

)
. (5.4)

and, for every m0 ∈ Mσ such that ⟨m0 , n⟩ ≥ 1,

W (m0)
n := W (m0)

(
(⟨m, n⟩)m∈Mσ ,

( ∏
m∈Mσ
αi,m>0

Xαi,m
m −

∏
m∈Mσ
αi,m<0

X−αi,m
m

)
i∈I

)
. (5.5)

Let us state and prove the main theorem of this section.

Theorem 5.2. Let n ∈ σ ∩ N and γ ∈ L ◦
∞(X)n(k). Then, the formal k-scheme

Wn (defined by formula (5.4)) is a finite dimensional formal model of L∞(V )γ .

The proof given below provides in particular an alternative proof of the Drinfeld–

Grinberg–Kazdhan theorem for γ ∈ L ◦
∞(X)n(k). Note also that Theorem 5.2 allows us to

recover the fact (obtained in Corollary 3.3) that the completion ̂OL∞(V ),γ only depends
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on ord(γ). Furthermore, by Lemma 5.1, we directly obtain the following consequence.

Corollary 5.3. Let n ∈ σ ∩ N and γ ∈ L ◦
∞(X)n(k). Let m0 ∈ Mσ such that

⟨m0 , n⟩ ≥ 1. Assume that ⟨m0 , n⟩ and char(k) are coprime. Then, the formal k-scheme

W
(m0)
n (defined by formula (5.5)) is a finite dimensional formal model of L∞(V )γ .

Proof. (of Theorem 5.2) Recall that γ corresponds to the datum of a morphism

of semigroups

γsg : σ
∨ ∩M → k[[T ]]

such that γ−1
sg ({0}) = ∅ and ordT (γsg(m)) = ⟨m, n⟩ for every m ∈ σ∨ ∩M . Composing

γsg with T 7→ 0 gives the base-point γ(0). Let τ ≺ σ be the unique face such that n ∈ τ◦.

Thus, the arc γ corresponds to the datum of a family (γm(T ))m∈Mσ of elements of

k[[T ]] \ {0} such that, for every m ∈ Mσ, one has ordT (γm) = ⟨m, n⟩ and, for every

i ∈ I, ∏
m∈Mσ
αi,m>0

γm(T )αi,m =
∏

m∈Mσ
αi,m<0

γm(T )−αi,m .

Moreover, for every m ∈ τ⊥, one has γm(0) = k×. Thus, for every test-ring A, an A-

deformation of γ is a collection (γm,A(T ))m∈Mσ of elements of A[[T ]] such that, for every

m ∈ Mσ,

γm,A(T ) = γm(T ) (mod mA[[T ]]) (5.6)

and, for every i ∈ I, ∏
m∈Mσ
αi,m>0

γm,A(T )
αi,m =

∏
m∈Mσ
αi,m<0

γm,A(T )
−αi,m . (5.7)

Let (γm,A(T ))m∈Mσ be a collection of elements of A[[T ]] such that formula (5.6) holds.

For m ∈ Mσ, let

γm,A(T ) = pm,A(T )um,A(T )

be the Weierstrass decomposition of γm,A(T ) (see [21, IV, Theorem 9.2]). In particular,

the polynomial pm,A(T ) is a Weierstrass polynomial (see loc. cit.) with degree ⟨m, n⟩
and um,A(T ) ∈ A[[T ]]×. In case m ∈ τ⊥, one has pm,A = 1 and γm,A(T ) = um,A(T ).

By the uniqueness in the Weierstrass decomposition, the deformation

(γm,A(T ))m∈Mσ satisfies relation (5.7) if and only if the following relations hold

true:

∀i ∈ I
∏

m∈Mσ
αi,m>0

pm,A(T )
αi,m =

∏
m∈Mσ
αi,m<0

pm,A(T )
−αi,m (5.8)

and
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∀i ∈ I
∏

m∈Mσ
αi,m>0

um,A(T )
αi,m =

∏
m∈Mσ
αi,m<0

um,A(T )
−αi,m . (5.9)

Now, the functor on the category of test-rings defined by identifying T i-coefficients

in relations (5.9) is isomorphic to A 7→ mN
A . Indeed, relations (5.9) describe the A-

deformations of the arc γ̃ := (γm(T )/T ⟨m,n⟩), whose origin lies in T and is therefore

a non-singular point of V , which implies ̂OL∞(V ),γ̃
∼= Spf(k[[(Ti)i∈N]]). Relations (5.8)

define Wn(A) by formula (5.4). Thus the functor A 7→ Defγ(A) is isomorphic to the

functor A 7→ Wn(A)×mN
A . That concludes the proof. □

Example 5.4. We consider the toric surface

S = Spec(k[X0, X1, X2, X3]/⟨X0X2 −X2
1 , X1X3 −X3

2 ⟩

and the arc γ(T ) = (T, T, T, T 2). Using Corollary 5.3 we obtain a finite formal model of

γ whose presentation in Spf(k[[p0,0, p1,0, p3,1, p3,0]]) is given by the T -coefficients of the

polynomials

T (T + p0,0)− (T + p1,0)
2 and (T + p1,0)(T

2 + p3,1T + p3,0)− T 3.

After identification and elimination, we find that this finite model is isomorphic to

Spf(k[[p1,0]]/⟨p21,0⟩), hence is minimal.

6. Minimal formal model of toric singularities.

Theorem 5.2 and Corollary 5.3 explain how to compute finite dimensional formal

models for toric singularities. In this section, we apply this result to provide a first

element of answer in the direction of Question 1.2 in toric geometry. (See Theorem 6.3.)

6.1. Let us begin by a useful technical lemma.

Lemma 6.1. Let I1, I2 be two non-empty disjoint finite sets. For every j ∈ {1, 2},
let (dℓ)ℓ∈Ij (resp. (αℓ)ℓ∈Ij ) be two families of non-negative (resp. positive) integers such

that ∑
r∈I1

drαr =
∑
s∈I2

dsαs =: N.

Let A := Z[(pi,a)i∈Ij , j∈{1,2},
a∈J1,diK ]. Consider the polynomial of A[T ] given by

∏
r∈I1

(
T dr +

∑
a∈J1,drK pr,aT

dr−a

)αr

−
∏
s∈I2

(
T ds +

∑
a∈J1,dsK ps,aT

ds−a

)αs

. (6.1)

Then, for every element i ∈ I1 and every b ∈ J1, diK, there exists a polynomial Qi,b ∈ A,

whose expression does not contain the variable pi,b, such that the TN−b-coefficient of

polynomial (6.1) reads
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αipi,b +Qi,b.

Proof. Let CN−b be the TN−b-coefficient of polynomial (6.1). By a direct

computation, we observe that the monomial αipi,b appears in CN−b. Let us set

Qi,b := CN−b − αipi,b. We have to prove that the variable pi,b does not appear in

the expression of CN−b. If we attribute the weight a to pi,a (in particular each variable

has a positive weight), polynomial (6.1) (as a polynomial in A[T ]) is isobaric of weight

N . So, every monomial appearing in CN−b has weight b = weight(pi,b). This shows the

result. □

6.2. For every element n ∈ σ ∩ N , by a decomposition of n we mean a decom-

position of n into a sum of a finite number of elements of the semigroup σ ∩ N . We

shall sometimes identify a decomposition of n with a finite family (ni)i∈I of elements

of σ ∩ N such that
∑

i∈I ni = n. We denote by ℓ(n) the maximal number of terms in

a decomposition of n. For example, we observe that n is indecomposable if and only

if ℓ(n) = 1. We introduce the following partial order ≺ on the set of decomposition of

n: if D1 : n =
∑r

i=1 ni and D2 : n =
∑s

j=1 nj are two decompositions of n, we say that

D2 ≺ D1 if there exists a partition of J1, sK into r non empty sets J1, . . . , Jr such that

for every i ∈ J1, rK one has ni =
∑

j∈Ji
nj . In particular, with respect to this order, the

minimal decompositions of n are the decompositions of n into a sum of indecomposable

elements. We say that property Pn is satisfied if the supremum of the set of the minimal

decompositions of n is the trivial decomposition n = n.

Example 6.2. If n is indecomposable, property Pn is satisfied. The decomposable

element n described in Example 2.6 also satisfies property Pn.

6.3. We state and prove the main result of this section.

Theorem 6.3. Assume that the base-field k is of characteristic zero. Let n ∈ σ ∩N

be a N -primitive element. Let Mσ,n ⊂ Mσ be a set of Q-linearly independent elements

with cardinality d and such that K̂n = ⟨
∑

m∈Mσ,n
m,n⟩ − 1 (see Subsection 3.4). Let

m0 ∈ Mσ,n such that ⟨m0 , n⟩ ≥ 1. Let

Yn := W (m0)

(
(⟨m, n⟩)m∈Mσ ,

( ∏
m∈Mσ
αi,m>0

Xαi,m
m −

∏
m∈Mσ
αi,m<0

X−αi,m
m

)
i∈I

)

(resp. Yn := W (m0)(. . . ), resp. Ỹn := W (. . . ), resp. Ỹn := W (. . . )).

1. One has embdim(Yn) = K̂n.

2. Assume that n is indecomposable. Then, the formal k-scheme Yn has dimension

0; in particular it is non-cancellable.

3. Assume that n satisfies property Pn. Then, the formal k-scheme Yn has dimension

ℓ(n)− 1, and it is non-cancellable.
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By Theorem 5.2, Corollary 5.3, the formal k-scheme Yn is a finite formal model of

L∞(V )γ for every arc γ ∈ L ◦
∞(X)n. Then, Theorem 6.3 implies the following corollary.

Corollary 6.4. Let n ∈ Sing(σ)∩N be a N -primitive element satisfying property

Pn. Then the minimal finite formal model Sn is of dimension ℓ(n) − 1 and embedding

dimension K̂n.

By Theorem 2.7 and Example 6.2, the conclusion holds in particular if n is strongly

essential.

Remark 6.5. Let us note that Theorem 6.3 presents analogies with the main result

of [22].

Proof. (of Theorem 6.3) Recall that Ỹn (resp. Yn) is the closed subscheme of

Spec(k[(pm,a) m∈Mσ

a∈J1,⟨m,n⟩K])
whose ideal IỸn

(resp. IYn) is generated by (resp. pm0,1 and) all the coefficients with

respect to the variable T in the polynomials∏
m∈Mσ
αi,m>0

pm(T )αi,m −
∏

m∈Mσ
αi,m<0

pm(T )−αi,m , i ∈ I,

where

pm(T ) := T ⟨m,n⟩ +
∑

a∈J1,⟨m,n⟩K pm,aT
⟨m,n⟩−a.

Moreover Ỹn = Spf(k[[(pm,a)]]/IỸn
) =: Spf(B̃) (resp. Yn = Spf(k[[(pm,a)]]/IYn) =:

Spf(B)) is the completion of Ỹn (resp. Yn) along the origin, and by Lemma 5.1, one

has Ỹn
∼= Yn×̂kDk.

(1) We show the statement on the embedding dimension. If A is a complete local

k-algebra, one has embdim(A[[T ]]) = embdim(A) + 1. Thus it suffices to show that

embdim(Ỹn) = K̂n +1. We claim that the maximal ideal mB̃ is generated by the classes

of the elements of the set

P := {pm,a} m∈Mσ,n

a∈J1,⟨m,n⟩K.
Indeed, for every m ∈ Mσ \ Mσ,n, Lemma 6.1 and Section 5.4 allow to eliminate the

variables {pm,a}a∈J1,⟨m,n⟩K.
Let us now show that the classes of the elements of P constitute a basis of mB̃/m

2
B̃,

which will prove the claimed statement about the embedding dimension by the very

definition of Mσ,n. Let A be the test ring k[S]/⟨S2⟩ and s be the image of S in A.

It suffices to show that the following property, called condition C, is satisfied: for every

µ ∈ Mσ,n and every b ∈ J1, ⟨µ , n⟩K there exists a morphism from B̃ = k[[(pm,a)]]/IỸn
to A

satisfying the following property, called condition Cµ,b: it maps pµ,b to s and p ∈ P \{pµ,b}
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to 0.

For a ∈ J0, max
m∈Mσ

⟨m, n⟩ − 1K, set
M+

σ,n,a := {m ∈ Mσ,n, a ≤ ⟨m, n⟩ − 1} and M−
σ,n,a := Mσ,n \M+

σ,n,a.

Let (xm,a) m∈Mσ

a∈J1,⟨m,n⟩K be a family of elements of k and consider the morphism

φ : k[[(pm,a)]] → A defined by φ(pm,a) = xm,as. Let µ ∈ Mσ,n and b ∈ J1, ⟨µ , n⟩K
(such that b ̸= 1 in case µ = m0). The morphism φ factorizes through B̃ and induces a

morphisme B̃ → A satisfying condition Cµ,b if and only if, for every i ∈ I, the following

identities holds in A[T ]:∏
m∈Mσ
αi,m>0

(T ⟨m,n⟩ + s
∑

a∈J1,⟨m,n⟩Kxm,aT
⟨m,n⟩−a)αi,m

=
∏

m∈Mσ
αi,m<0

(T ⟨m,n⟩ + s
∑

a∈J1,⟨m,n⟩Kxm,aT
⟨m,n⟩−a)−αi,m

and moreover the following conditions hold:
xm,a = 0 ∀m ∈ Mσ,n \ {µ} ∀a ∈ J1, ⟨m, n⟩K
xµ,a = 0 ∀a ∈ J1, ⟨µ , n⟩K \ {b}
xµ,b = 1.

Now, expanding the above polynomial relations in A, it is easy to see that condition C
is equivalent to the following property: for every a ∈ J0, max

m∈Mσ

⟨m, n⟩ − 1K, for every

µ ∈ M+
σ,n,a, there exists a solution (xm,⟨m,n⟩−a) m∈Mσ

a≤⟨m,n⟩−1
with values in Q to the linear

system with constraints

∑
m∈Mσ

a≤⟨m,n⟩−1

αi,mxm,⟨m,n⟩−a = 0, i ∈ I and

{
xm,⟨m,n⟩−a = 0 if m ∈ M+

σ,n,a \ {µ}
xµ,⟨µ , n⟩−a = 1

.

(6.2)

Since Mσ,n is a Q-basis of M ⊗Z Q, there certainly exists ñ ∈ N ⊗Z Q such that{
⟨m, ñ⟩= 0 if m ∈ M+

σ,n,a \ {µ}
⟨µ , ñ⟩= 1

. Let m′ ∈ Mσ such that ⟨m′ , n⟩ < a+ 1. Let us show

that ⟨m′ , ñ⟩ = 0. Assume that ⟨m′ , ñ⟩ ≠ 0. Then

{m}m∈Mσ,n\{µ} ∪ {m′}

is a family of elements of σ ∩ M which constitute a Q-basis of M ⊗Z Q. But since

⟨m′ , n⟩ < a+ 1 ≤ ⟨µ , n⟩, one has
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m′ +

∑
m∈Mσ,n\{µ}

m, n

⟩
<

⟨ ∑
m∈Mσ,n

m, n

⟩

which contradicts the definition ofMσ,n. Thus for everym ∈ Mσ such that ⟨m, n⟩ < a+1

one has ⟨m, ñ⟩ = 0. In particular, for every i ∈ I, one has

0 =
∑

m∈Mσ

αi,m ⟨m, ñ⟩ =
∑

m∈Mσ

a≤⟨m,n⟩−1

αi,m ⟨m, ñ⟩

hence (xm,⟨m,n⟩−a) := (⟨m, ñ⟩) provides an adequate solution to the system with con-

straints (6.2).

(2) Let us now assume that n is indecomposable and show that dim(Yn) = 0. It

suffices to show that for every k-extension K, the set Yn(K) is a singleton. So let

{pm,a} m∈Mσ

a∈J1,⟨m,n⟩K be a family of elements of K by an element of Yn(K). In particular,

we have pm0,1 = 0. For every m ∈ Mσ, we set

πm,n(T ) := T ⟨m,n⟩ +
∑

a∈J1,⟨m,n⟩K pm,aT
⟨m,n⟩−a ∈ K[T ].

Let x be a root of πm0,n in an extension of K. For every m ∈ Mσ, let µm(x) be

the multiplicity of x as a zero of πm,n(T ). In particular one has, for every m ∈ Mσ,

µm(x) ≤ ⟨m, n⟩, and, for every i ∈ I,∑
m∈Mσ
αi,m>0

αi,mµm(x) =
∑

m∈Mσ
αi,m<0

αi,mµm(x).

By Subsection 5.3, one may find n1(x), n2(x) ∈ σ ∩N such that, for every m ∈ Mσ,

⟨m, n1(x)⟩ = µm(x), ⟨m, n2(x)⟩ = ⟨m, n⟩ − µm(x).

In particular, we deduce that n = n1(x) + n2(x). Since n is indecomposable and

⟨m0 , n1(x)⟩ = µm0(x) > 0, one necessarily has n1(x) = n; hence, µm(x) = ⟨m, n⟩ =

deg(πm,n(T )) for every m ∈ Mσ. In other words, the element x is a zero of maximal

multiplicity of every polynomial πm,n(T ). So, we conclude that πm,n(T ) = (T − x)⟨m,n⟩

for every m ∈ Mσ. Since pm0,1 = 0, one necessarily has x = 0; hence, for every m ∈ Mσ,

πm,n(T ) = T ⟨m,n⟩. It implies that all the pm,a’s are zero. This shows the second assertion

of the theorem.

(3) Next we study the dimension of the irreducible components of Yn. It suffices

to study the dimension of the minimal prime ideals of A := k[(pm,a) m∈Mσ

a∈J1,⟨m,n⟩K]/IYn

contained in mA := ⟨pm,a⟩.
Let B be an integral k-algebra. A morphism φ : A → B corresponds to the datum

of a family of polynomials
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pm,n,φ(T ) := T ⟨m,n⟩ +
∑

a∈J1,⟨m,n⟩Kφ(pm,a)T
⟨m,n⟩−a ∈ B[T ].

such that φ(pm0,1) = 0 and∏
m∈Mσ
αi,m>0

pm,n,φ(T )
αi,m =

∏
m∈Mσ
αi,m<0

pm,n,φ(T )
−αi,m , i ∈ I.

Let K be an extension of Frac(B) splitting all the polynomials {pm,n,φ(T )}. Then there

exists a finite subset K(0) of K and a unique decomposition Dec(φ) := (nx)x∈K(0) of n

such that, for every x ∈ K(0) and every m ∈ Mσ, the multiplicity of x in pm,n,φ(T ) is

⟨m, nx⟩ and, for every x ∈ K \K(0) and every m ∈ Mσ, the element x is not a root of

pm,n,φ(T ). Note that the set Dec(φ) does not depend on the choice of the extension K.

Let D be a decomposition of n and

BD := k[(Xν)ν∈D]/⟨
∑
ν∈D

⟨m0 , ν⟩Xν⟩.

Let us denote by pD the kernel of the unique morphism of k-algebras φD : k[(pm,a)] → BD
mapping pm,a to the T ⟨m,n⟩−a-coefficient of

∏
ν∈D(T−Xν)

⟨m, ν⟩. By the very definition,

the ideal pD is a prime ideal containing IYn
and contained in mA. In the sequel, we will

identify pD with its image in A. Moreover, if ν ∈ D and m ∈ Mσ is such that ⟨m, ν⟩ ̸= 0,

the image of Xν in BD is a root of the monic T -polynomial
∏

ν∈D(T −Xν)
⟨m, ν⟩, whose

coefficients are the φD(pm,a). Thus BD is an integral extension of φD(A). In particular,

dim(A/pD) = dim(BD) = card(D) − 1. Moreover the polynomial pm,n,φD splits over

Frac(BD) and one has Dec(φD) = D.

We claim that, for every integral k-algebra B and every morphism φ : A → B, the

ideal Ker(φ) contains pD if and only if one has D ≺ Dec(φ). First assume that Ker(φ)

contains pD. Pick a prime ideal q of the B-algebra BD ⊗φD(A) B (which is integral over

B) whose trace on B is ⟨0⟩, and note that the polynomials {pm,n,φ} split in the Frac(B)-

extension K := Frac((BD ⊗φD(A) B)/q). Moreover, denoting by xν the image of Xν in

K for ν ∈ D, one has in K[T ]

pm,n,φ(T ) =
∏
ν∈D

(T − xν)
⟨m, ν⟩.

By the definition of Dec(φ), this shows that D ≺ Dec(φ).

Now assume that D ≺ Dec(φ). In particular, there exist an extension K of Frac(B)

and a family {xν}ν∈D of elements of K satisfying

pm,n,φ(T ) =
∏
ν∈D

(T − xν)
⟨m, ν⟩

for every m ∈ Mσ and
∑

ν∈D ⟨m0 , ν⟩xν = 0. Now consider the morphism A → K

obtained by composing φD with the morphism BD → K mapping Xν to xν : its kernel

contains pD, its image is contained in B and the induced morphism A → B is φ.

Let D, D′ be two decompositions of n. Let us now show that D ≺ D′ if and only if
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pD ⊂ pD′ . First assume D ≺ D′. If φD,D′ is the morphism BD → BD′ mapping Xν to

Xν′ where ν′ is the unique element of D′ containing ν, it is clear that φD′ = φD,D′φD
hence pD ⊂ pD′ . Now assume pD ⊂ pD′ . Then D ≺ Dec(φD′) = D′.

In particular for every decomposition D of n one has pD ⊂ p{n} = mA and the

minimal prime ideals of A contained in mA are exactly the pD where D is a minimal

decomposition of n. This shows that the irreducible components of Spf(ÂmA) are in one-

to-one correspondence with the minimal decompositions of n; the irreducible component

corresponding to the minimal decomposition D has dimension card(D)− 1.

Let us assume that propery Pn holds, in other words that the supremum of the

minimal decompositions of n is {n}. This property implies that∑
D minimal

pD = p{n} = mA.

On the other hand if one had an isomorphism ÂmA
∼= C[[T ]], the variable T would not

contained in the sum of the minimal prime ideals of ÂmA , in other words the intersection

of all the irreducible components would be of dimension ≥ 1. Hence Spf(ÂmA) is non-

cancellable. □

7. Minimal formal model of monomial curves singularities.

7.1. Let N ≥ 2 be an integer, (dj)j∈J1,NK be an increasing sequence of coprime

positive integers, with d1 ≥ 2, I be the kernel of the k-algebra morphism k[(Xj)]j∈J1,NK →
k[T ] sending Xj to T dj . We set C := Spec(k[(Xj)j∈J1,NK]/I). We then observe that

the origin o of AN
k is a singular point of C , and that k[(Xj)j∈J1,NK]/I → k[T ] is the

normalization morphism. In particular, one has mult(C , o) = d1 (see Subsection 3.4)

and (T dj )j∈J1,NK is a primitive arc of the germ (C , o). The germ (C , o) is called a germ

of monomial curve (see, e.g., [27]).

Let I be a finite set and (αi) ∈ (ZN )I be a finite collection of nontrivial integral

linear relations between the dj ’s, that is to say, for every i ∈ I,∑
j∈J1,NKαi,jdj = 0, (7.1)

such that moreover { ∏
j∈J1,NK
αi,j>0

X
αi,j

j −
∏

j∈J1,NK
αi,j<0

X
−αi,j

j

}
i∈I

(7.2)

is a set of binomial generators of I. Upon enlarging I, one may and shall assume that,

for every integer j ∈ J2, NK, this set of generators contains Xdj

1 −Xd1
j .

Remark 7.1. Let (νj)j∈J1,NK be a family of integers such that, for every i ∈ I, we

have
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j∈J1,NKαi,jνj = 0.

Then, by our assumption, we conclude that, for every integer j ≥ 2 one has djν1 = d1νj .

Let p be a prime divisor of ν1 and r be the p-adic valuation of ν1. Since the (dj) are

coprime, there exists j ≥ 2 such that p does not divide νj . Hence pr must divide d1. We

conclude that ν1 divides d1, and finally that dj divides νj for every j ∈ J1, NK.
7.2. Let us state and prove the main theorem of the section.

Theorem 7.2. Keep the notation of Subsection 7.1. Assume that the base-field k

has characteristic zero. Let γ be a primitive k-parametrization of C at o. Let

Y := W (1)

(
(dj)j∈J1,NK,

( ∏
j∈J1,NK
αi,j>0

X
αi,j

j −
∏

j∈J1,NK
αi,j<0

X
−αi,j

j

)
i∈I

)

and Y be the completion of Y along the origin o. Then, the formal k-scheme Y is

the minimal formal model of γ. It is of dimension zero and of embedding dimension

mult(C , o)− 1.

Proof. The first assertion is proved using the same kind of argument than in the

proof of Theorem 5.2.

◦ Let us show the assertion on the embedding dimension. Recall that the k-scheme

Y is the closed subscheme of

Spec(k[(pj,a)j∈J1,NK
a∈J1,djK])

whose ideal IY is generated by p1,1 and all the coefficients with respect to the variable

T in the polynomials ∏
j,αi,j>0

pj(T )
αi,j −

∏
j,αi,j<0

pj(T )
−αi,j (7.3)

for every i ∈ I, where

pj(T ) = T dj +
∑

a∈J1,djK pj,aT
dj−a.

Moreover Y = Spf(k[[(pj,a)]]/IY ) =: Spf(B) is the completion of Y along the origin.

We claim that the maximal ideal mB is generated by the classes of the elements of

the set P := {p1,a}a∈J2,d1K. Indeed, for every j ∈ J2, NK, Lemma 6.1 and the fact that

X
dj

1 −Xd1
j is in the set (7.2) allow to eliminate the variables {pj,a}a∈J1,djK.

Let us now show that the classes of the elements of P constitute a basis of mB/m
2
B,

which will prove the claimed statement about the embedding dimension, since d1 =

mult(C , o). Arguing similarly as in the toric case, we see that it boils down to show the
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following: for every integer a0 ∈ J2, d1K, there exists a solution (xj,a)j∈J1,NK
a∈J1,djK with values

in Q to the linear system∑
j∈J1,NK
dj≥a

αi,jxj,a = 0, i ∈ I, a ∈ Jd1,max(dj)K (7.4)

with constraints {
x1,a0 = 1

x1,a = 0 if a ∈ J1, d1K \ {a0} . (7.5)

Thanks to (7.1), such a solution is given as follows: for j ∈ J1, NK, set xj,a0 = (dj)/(d1)

and take all the other variables xj,a equal to zero. Here we use that d1 = min(dj), thus

in particular for every j one has a0 ≤ dj ; if it were not the case, in case d1 ≥ a0 > dj for

at least one j, the non-trivially solvable part of the above system with constraints would

read ∑
j∈J1,NK
dj≥a0

αi,jxj,a0 = 0, i ∈ I (7.6)

and the above solution does not work due to the restriction dj ≥ a0.

◦ Let us show that dim(Y ) = 0. Arguing similarly as in the toric case, we see

that it suffices to show that for every family (πj(T ))j∈J1,NK of monic polynomials with

coefficients in a field satisfying deg(πj) = dj and∏
j,αi,j>0

πj(T )
αi,j =

∏
j,αi,j<0

πj(T )
−αi,j ,

and for every root x of the polynomial π1, then for every j ∈ J1, NK the multiplicity

µj(x) of x in πj(T ) is dj . But under the previous assumptions one has for every integer

j ∈ J1, NK, the inequality µj(x) ≤ dj , and, for every i ∈ I, the formula∑
j∈J1,NKαi,jµj(x) = 0.

Now, since µ1(x) > 0, we deduce by Remark 7.1 that µj(x) = dj = deg(πj(T )) for every

integer j. □

Example 7.3. Let k be a field of characteristic zero, Let us consider the affine

plane cusp C = Spec(k[X0, X1]/⟨X3
0 − X2

1 ⟩ and γ(T ) = (T 2, T 3). Using Theorem 7.2,

one may check that the minimal formal model is Spf(k[[p0,0]]/⟨p20,0⟩).

Example 7.4. Let k be a field of characteristic zero. Let C be the k-curve de-

fined by the datum of the polynomials X2
1 − X0 X2, X1 X2 − X3

0 and X2
2 − X2

0 X1 in

k[X0, X1, X2], o be the origin of A3
k and γ be the primitive arc (T 3, T 4, T 5). Note that

the monomial curve singularity (C , o) does not satisfy the Gorenstein relation, thus it
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is not plane. Using Theorem 7.2, we deduce after performing suitable eliminations that

the minimal formal model is isomorphic to Spf(k[[p0,0, p0,1]]/⟨p20,0, p30,1, p0,0p0,1⟩).

8. Further comments, examples and problems.

We conclude the article by various comments, examples and problems.

8.1. If one puts no particular restriction on the dimension of the varieties under

consideration, a variant of a construction of Drinfeld in [12] shows that there exist

rational non-degenerate arcs the minimal formal model of which has arbitrarily large

dimension (see [2]). Using Corollary 6.4, one can obtain the following new result: there

exist rational non-degenerate arcs the minimal formal model of which has arbitrarily

large dimension, even when restricting to arcs on 3-dimensional (toric) varieties. Indeed,

let us consider N = Z3, D be a positive integer and σ be the cone generated by (1, 0, 1),

(1, 2, 1), (0, 0, 1) and (D, 1, 0). One checks that (1, 0, 1), (1, 1, 1), (0, 0, 1) and (D, 1, 0)

are indecomposable elements of the semigroup σ ∩ N . Let n be the primitive element

(D, 1, D). Since

n = (D, 1, 0) +D(0, 0, 1) = (1, 1, 1) + (D − 1)(1, 0, 1),

property Pn holds and ℓ(n) ≥ D + 1. Thus by Corollary 6.4 the minimal formal model

Sn is of dimension ℓ(n)− 1 ≥ D.

8.2. If n ∈ σ ∩ N is a primitive element such that Pn holds, one saw that the

minimal formal model Sn is of dimension ℓ(n)− 1 and may be obtained from the formal

model Wn (defined by formula (5.4)) by the cancellation described by Lemma 5.1. Note

that in case one has ℓ(n) ≥ 2, the arguments show in particular that the minimal formal

model Sn is not irreducible. More generally, it may happen that Pn does not hold (even

if n is a minimal element of Sing(σ) ∩ N) but one still obtains Sn from Wn by the

cancellation described by Lemma 5.1 (and in particular the embedding dimension of Sn

will still equal the Mather discrepancy K̂n); on the other hand, Sn may be irreducible

even if it has positive dimension. Let us give a specific example in N = Z3. We consider

the cone σ generated by (1, 0, 0), (0, 1, 0), (0, 0, 1) and (−1, 1, 2). One checks that these

four elements generate the rays of σ and form a Hilbert basis of the semigroup σ ∩ N .

One also checks that Sing(σ) = σ◦, that n := (0, 1, 1) is the unique minimal element

of Sing(σ) ∩ N and that n = (0, 1, 0) + (0, 0, 1) is the only decomposition of n. In

particular property Pn does not hold. On the other hand, a presentation of the toric

variety V (σ) is Spec(k[X0, X1, X2, X3, X4]/⟨X2
4 −X0X3, X0X2−X1X4, X1X3−X2X4⟩)

and γ(T ) := (T, T, T, T, T ) satisfies ord(γ) = n. Thus, after the cancellation of Wn

corresponding to T 7→ T + p4, we obtain a finite formal model of γ whose presentation

in Spf(k[[p0, p1, p2, p3]]) is given by the T -coefficients of the polynomials

T 2−(T +p0)(T +p3), (T +p0)(T +p2)−(T +p1)T and (T +p1)(T +p3)−(T +p2)T.

One easily eliminates p2 and p3 and obtains that the latter model is isomorphic to

Y := Spf(k[[p0, p1]]/⟨p20, p0p1⟩. It is thus irreducible of dimension 1. Let us show

that it is non cancellable, in other words that Y = Sn. If one has an isomorphism
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θ : k[[p0, p1]]/⟨p20, p0p1⟩ ∼= A[[u]], one may assume after a k-linear transformation on u

that θ(p0) = u or θ(p1) = u. But this contradicts the fact that u is not a zero divisor in

A[[u]].

8.3. As a matter of fact, for a general primitive element n of σ ∩N , the minimal

formal model Sn may not always be obtained from the formal model Wn (defined by

formula (5.4)) by the cancellation described by Lemma 5.1. One obvious obstruction is

the existence of a non-trivial toric splitting, that is to say, denoting by τ the minimal

face of σ containing n, the existences of non-trivial lattices N1, N2 and cones τ1 in N1,

and τ2 in N2 such that N ∩ Vect(τ) ∼= N1 ×N2 and τ ∩N ∼= τ1 ∩N1 × τ2 ∩N2. In this

case, one reduces to a computation on each factor thus one may perform at least two

cancellations described by lemme 5.1. Note however that such a situation can not occur

when n is a minimal element of Sing(σ) ∩ N . It would be interesting to know whether

Sn may always be obtained from the formal model Wn by a single cancellation in case n

is a minimal element of Sing(σ) ∩N (which would imply in particular that in this case

the embedding dimension coincides with the Mather discrepancy K̂n).

8.4. On the other hand, let us give an example showing that even when there is

no non-trivial toric splitting, it may happen that at least two cancellations (or more)

are necessary to obtain Sn from Wn; in particular the embedding dimension of Sn no

longer coincides with the Mather discrepancy K̂n. Let us consider N = Z2, q a positive

integer, σ be the cone generated by (1, 0) and (1, 2) and n := (q, 1). One has V (σ) ∼=
Spec(k[X0, X1, X2]/⟨X0X2−X2

1 ⟩) and γ(T ) = (T, T q, T 2q−1) satisfies ord(γ) = n. Thus,

after the cancellation of Wn corresponding to T 7→ T + p0,0 we obtain a finite formal

model of γ whose presentation in Spf(k[[p1,0, . . . , p1,q−1, p2,0, . . . , p2,2q−1]]) is given by

the T -coefficients of the polynomial

T

(
T q +

2q−1∑
i=0

p2,iT
i

)
−

(
T q +

q−1∑
i=0

p1,iT
i

)2

.

One easily eliminates the p2,i and obtains a finite formal model isomorphic to

Spf(k[[p1,0, . . . , p1,q−1]]/⟨p21,0⟩) which is cancellable; the minimal formal model is

Spf(k[[p1,0]]/⟨p21,0⟩).

References

[ 1 ] D. Bourqui and J. Sebag, The Drinfeld–Grinberg–Kazhdan theorem for formal schemes and sin-

gularity theory, Confluentes Math., 9 (2017), 29–64.

[ 2 ] D. Bourqui and J. Sebag, The local structure of arc schemes, to appear in the proceedings of the

conference, Arc schemes and singularities, World Scientific.

[ 3 ] D. Bourqui and J. Sebag, The minimal formal models of curve singularities, Internat. J. Math.,

28 (2017), 1750081, 23pp.

[ 4 ] D. Bourqui and J. Sebag, Smooth arcs on algebraic varieties, J. Singul., 16 (2017), 130–140.

[ 5 ] A. Bouthier and D. Kazhdan, Faisceaux pervers sur les espaces d’arcs, preprint,

arXiv:1509.02203v5, 2017.
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