(©2010 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 62, No. 3 (2010) pp. 867-894

doi: 10.2969/jmsj/06230867

Tagged particle processes and their non-explosion criteria
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Abstract. We give a derivation of tagged particle processes from unla-
beled interacting Brownian motions. We give a criteria of the non-explosion
property of tagged particle processes. We prove the quasi-regularity of Dirich-
let forms describing the environment seen from the tagged particle, which were
used in previous papers to prove the invariance principle of tagged particles of
interacting Brownian motions.

1. Introduction.

Interacting Brownian motions (IBMs) in infinite dimensions are diffusions
X; = (X})icz consisting of infinitely many particles moving in R? with the effect
of the external force coming from a self potential ®: R? — RU{oc} and that of the
mutual interaction coming from an interacting potential ¥: R x R? — RU {co}
such that ¥(x,y) = ¥(y, ).

Intuitively, IBMs are described by the infinitely dimensional stochastic differ-
ential equation (SDE) of the form

dXidef—%Vé(Xf)dt—% > VU(X{X])dt (i€ Z). (1.1)
JEZ j#i

The state space of the process X; = (X{)icz is (R?)Z by construction. Let X be
the configuration valued process given by

Xe=) Ox: (1.2)

i€Z

Here §, denotes the delta measure at a and a configuration is a Radon measure
consisting of a sum of delta measures. We call X the labeled dynamics and X the
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unlabeled dynamics.

The SDE (1.1) was initiated by Lang [10], [11]. He studied the case ® = 0,
and ¥(z,y) = ¥(z — y), ¥ is of C3(R?), superstable and regular in the sense of
Ruelle [21]. With the last two assumptions, the corresponding unlabeled dynamics
X has Gibbsian equilibrium states. See [22], [5] and [24] for other works concerning
on the SDE (1.1).

In [14] the unlabeled diffusion was constructed by the Dirichlet form approach.
This method gives a general and simple proof of construction, and allows us to
apply singular interaction potentials such as Lennard-Jones 6-12 potential, hard
core potential and so on. See [27], [1] [25], and [26] for other works concerning
on the Dirichlet form approach to IBMs.

In this paper we are interested in the property of each labeled particle of the
unlabeled particle system given by the Dirichlet form. Such labeled particles are
called tagged particles. By construction the unlabeled IBMs X are conservative
since they have invariant probability measures and their state spaces are equipped
with the vague topology. However, each labeled particle may explode under the
Euclidean metric on R? in general. The first purpose of the paper is to give a
criteria for the non-explosion of the labeled particles (Theorem 2.5).

Let us next assume the total system is translation invariant in space. More
precisely, we assume the stationary measure p and the energy form &*# of the
Dirichlet space are translation invariant. Then the process X starting from g is
translation invariant in space. The above assumption means, for Ruelle’s class
potentials [21], ® = 0 and ¥(x,y) = U(x — y).

This type of infinite-dimensional diffusions has been studied by the motiva-
tion from the statistical physics. One of the archetypical problem in this field is to
investigate the large time property (the diffusive scaling limit, say) of tagged par-
ticles in the stationary system. This problem was solved for the simple exclusion
process, which is a lattice analog of the hard core Brownian balls, by Kipnis-
Varadhan [9]. For this they establish the celebrated Kipnis-Varadhan invariance
principle.

As for the tagged particle problem of IBMs, Guo [6], Guo-Papanicolau [7]
initiate the problem. Later De Masi et al. [2] study the problem for IBMs by
using the Kipnis-Varadhan invariance principle. In [15], we convert the Kipnis-
Varadhan invariance principle to the Dirichlet form theory. As a result, we weaken
the assumption on the L2-integrability of the mean forward velocity. This enables
us to apply the invariance principle to hard core Brownian balls [15] and [16].

In [15] we consider Dirichlet forms describing the tagged particle process and
the environment process. These two Dirichlet forms are necessary to apply the
Kipnis-Varadhan theory to IBMs. Although we gave the out line of the proof of
the quasi-regularity of these Dirichlet forms and the relation between these two
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processes and the original unlabeled diffusion, the details were postponed. The
second purpose of the paper is to give these details (Theorems 2.4, 2.6 and 2.7).

We establish the quasi-regularity of the Dirichlet forms of k-labeled dynamics
(Lemma 2.3) and prove the identity between k-labeled dynamics and additive
functionals of unlabeled dynamics (Theorem 2.4). The 0-labeled dynamics are
simply the unlabeled dynamics; the k-labeled dynamics are the processes of the
form (X},... ’th’zjaélw,k 5X£)' The quasi-regularity of the Dirichlet form of
the O-labeled dynamics has been already proved in [14]. Although Lemma 2.3 is a
straightforward generalization of it, we give a proof here for reader’s convenience.
On the other hand, the proof of Theorem 2.4 is complicated because there is no
simple transformation between Dirichlet spaces of the 0-labeled dynamics and the
k-labeled dynamics. Theorem 2.4 plays an important role not only in the present
paper but also in [19]. In [19], Theorem 2.4 is used to solve the infinite-dimensional
SDE (1.1) describing IBMs.

The organization of the paper is as follows: In Section 2, we give a set up
and main results. In Section 3, we introduce a transformation of Dirichlet spaces.
In Section 4, we prove the identity between unlabeled dynamics and the labeled
dynamics (Theorem 2.4). In Section 5, we prove the quasi-regularity of tagged
particle processes and environment processes (Theorems 2.6 and 2.7). In Section
6, we study a non-explosion criteria and prove Theorem 2.5. In Section 7, we
prove the quasi-regularity of Dirichlet forms describing the k-labeled and other
unlabeled particles.

2. Set up and main results.

Let S be a connected closed set in R such that S = (Sint); that is, S coincides
with the closure of the open kernel of S. Let & be the set of the configurations on
S, that is,

6= {5 = Zési;s(K) < oo for all compact sets K C S}. (2.1)
i

We endow & with the vague topology. Then & becomes a Polish space because S
is a Polish space (see [20]). Let p be a probability measure on (&, %(S)).

We say a non-negative permutation invariant function p™ on S* is the n-
correlation function of p if

o s(A)!
P (x1, ... xp)de "'dInZ/ ——————du 2.2
/A’fl X x Al (= o 5 };[1 (s(A;) — ki)t (22)
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for any sequence of disjoint bounded measurable subsets A;,...,4,, C S and a
sequence of natural numbers k1, ..., k,, satisfying k1 + --- + k,,, = n.

For a subset A C S we define the map m4 : & — & by ma(s) = s(AN-).
We say a function f: S — R is local if f is o[r4]-measurable for some compact
set A C S. We say f is smooth if f is smooth, where f((s;)) is the permutation
invariant function in (s;) such that f(s) = f((s;)) for s = 3, ds,.

Let 2, be the set of all local, smooth functions on &. For f,g € D, we set
Dif,9]:6 — R by

1

DIf.gl(s) = 5 3 (Vo Vi) o (23)
Here V,, = (388“ e, %) and s; = (Si1,...,8iq) € S and s = >, J,,. Moreover,

(, )ga is the standard inner product of R?. For given f and g in %,, it is easy to
see that the right hand side depends only on s. So D|[f, g] is well defined.
Let L?(u) = L*(&, ). We consider the bilinear form (&*, 2¢') defined by

E(f.g) = /6 DI/, gldp. (2.4)

Pt ={f € DN L*(n); E*(f, f) < oo} (2.5)

We now assume

(M.1.0) (&*, 2Y) is closable on L?(p).

(M.2) The n-correlation function p™ of u is locally bounded for all n.
We collect some known results.

LEMMA 2.1 ([14]). Assume (M.1.0) and (M.2). Let (8", P") be the closure
of (&*, Z5) on L?(u). Then we have the following.

(1) (&#, 2", L2(u)) is a quasi-regular Dirichlet space.
(2) There exists a diffusion P* = ({Ph}scs, X) associated with (&, 2, L*(p)).
(3) The diffusion P* is reversible with respect to fu.

Proor. (1) follows from [14, Theorem 1]. In [14, Theorem 1] we assume
S = R the generalization to the present case is easy. (2) follows from (1) and
the general theory of Dirichlet forms [12]. (3) is clear because P* has an invariant
probability measure p and the Dirichlet form (&, 2*) is u-symmetric. O

Let Cap" denote the capacity associated with the Dirichlet space
(&F, D*, L2 (1)). We refer to [4, p. 64] for the definition of the capacity. We remark
that the diffusion P# in Lemma 2.1 (2) is unique up to quasi everywhere (q.e.).
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Namely, if P# = ({P4};cs, X) is another diffusion associated with (&%, 2%, L?(p)),
then there exists a set & such that Cap”(&¢) = 0 and that P¥ = P¥ for all s € &.
We assume:

(M.3) Cap”(&§,g.) = 0
Here Ggingle = {5 € &;8(z) <1 for all z € S, s(x) # 0 for some = € S}.

LEMMA 2.2.  Assume (M.1.0), (M.2), and (M.3). Then there exists a subset
Gsingle such that

6single - 6single7 (26)
Cap” (&Snge) = 0, (2.7)
PY(%; € Ggingle for allt) =1 for all s € Ggpngle- (2.8)

Proor. By (M.3) and the general theory of Dirichlet forms we have
PY(X; € Ggingle for all t) =1 for q.e. 5 € Ggingle-

Hence by taking a suitable version of P* we get a subset ésingle satisfying (2.6),
(2.7), and (2.8). O

We now introduce Dirichlet forms describing k-labeled dynamics. For this we
recall the definition of Palm measures. Let z = (z1,...,7;) € S*. We set

,umzu(~—zk:6m|s(xi)21fori:1,...,k:). (2.9)
i=1
Let v* be the measure defined by

VP = g p®(z)d. (2.10)
Here p*:S* — R is the k-correlation function of y as before, and dx = dx1 - - - dxy,

is the Lebesgue measure on S*. We set v = v! when k = 1.
Let 9% = C5°(S*) @ 9s. For f,g € ¥ let V¥|[f, g] be such that

k
VLl 8) = 5 DV S (0,8), Va9 (211)

i=1
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where V,, = (afil,..., 8:?7:(1) and z = (x1,...,21) € S¥. We set D* by
D"[f,g)(z,5) = V*[f,g](z,s) + D[f(z,), g(z,)](s). (2.12)

Let L2(vF) = L2(S* x &,vF). We set (éa”k, @C‘,’k) by replacing D, p and %,
in (2.4) and (2.5) with D*, v* and 2%, respectively. For k € N we consider the
assumption analogous to (M.1.0).

(M.1.k) (@@”k, @gk) is closable on L2(vF).

LEMMA 2.3.  Assume (M.1.0), (M.1.k), and (M.2). Let (&, 2"") be the
closure of (co‘"”k,%i’k) on L2(v*). Then (cg’”k,.@”k) is a quasi-regular Dirichlet
form on L2(v¥).

By Lemma 2.3 there exists a diffusion P** = ({le;s)}(x,s)eskxevxl) asso-
ciated with the Dirichlet space (cg”’k7 @”k,LQ(V’“) . Here we set X! = (X,X) €

)
C(]0,00); S¥ x &). By construction (z,5) = X} = (X0, Xo) P(”;}s)-a.s.

Let x : S¥ x & — & be such that k(z,s) = 25:1 0y, + 5, where x =
(21,...,2). By the correspondence k((X, X)) = {Zle Oxi + X:} we regard
% as the map from C([0,00); S* x &) to C([0,00); &). We also denote by x the
map £: 5% U Y 22, S¥ — & such that x((z;)) = Y, 0s,, and regard x as the map
from C([0,00); 5% U Y p2, S¥) to C([0,00); &). For simplicity we denote these
maps by the same symbol k.

Let 7:Ggingle — S U 220:1 S% be a measurable map such that & o j is the
identity map. We call this map a label map. Indeed, this map means labeling all
the particles. We remark that plural maps satisfy the condition as above. So we
choose any 7 of such maps in the sequel.

Once we fix a label map j, we can naturally extend the label map 7 to the
map from C([0,00); Ggingle) to C([0,00); 5% U S 7 | S*). Indeed, for a path X =
{%:} € C([0,00); Gsingle), there exists a unique {(X;)} € C([0,00); S®UY 7=, S¥)
such that (X§) = j(Xo) and that ), 6xi = X for all ¢ € [0,00). We write this
map by the same symbol . l

THEOREM 2.4. Assume (M.1.0), (M.1.k), (M.2), and (M.3). Assume

P‘;( sup |X}| < oo for all uJEN) =1 forgq.e.s. (2.13)
0<t<u

Here we initially label the process X as Xy = Z;’io 5X3' Let k and j be maps given
before Theorem 2.4. Let ésingle be as in Theorem 2.2. Then there exists a set &
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satisfying
S C Gaingle, (2.14)
Cap"(&°) =0, (2.15)
PHX, €6 forallt)y=1 foralse6, (2.16)
and for all k € N
k _ ~
Y= Pg(sk) o077t for all s* € §(&), (2.17)
Py = P;’(ks) ok~ forallse 6. (2.18)

REMARK 2.1.

(1) Since 7 is any measurable map satisfying x o 3 = id., we see by (2.18) that
Py = PZ: ok~ for all s* € k™1(s).

(2) Let Cap"k denote the capacity associated with (cg”"k, @”k,LQ(yk)). Then by
(2.15) and Lemma 4.1, we deduce

Cap”" (k= 1(&)%) = 0. (2.19)

We recall that P* is conservative as a diffusion on & equipped with the vague
topology. However, each of the tagged particles may explode under the usual
metric on R?. So (2.13) does not hold in general. Next we prepare a sufficient
condition for (2.13).

THEOREM 2.5.  Assume (M.1.0), (M.1.1), (M.2), and (M.3). Assume there
exists T > 0 such that for each R > 0

1%101.#{/&% pl(x)da:} w(@) 0, (2.20)

where {(z) = (2m)~1/2 f;o e~ /2dx. Then we obtain (2.13).

REMARK 2.2. (2.20) is satisfied if there exists a positive constant ¢o 1 such
that

sup pt(z)e" 2117l < o0, (2.21)
z€S
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We next proceed to the environment process. So we assume S = R?. Let
¥4:6 — & denote the translation defined by 94 (3, 0z,) = >, dz;—a. We assume:
(M.4) p is translation invariant, that is, g o9, = yu for all a € R%.

By (M.4) we can and do choose the version pu, in such a way that j, = p o 9, *
for all x € R%. Here p, is the conditional probability given by (2.9) with x € R?.

Let V; = (%, e 824)' Let D: 9, — (%,)¢ such that
Df(s) = {ZV,f} fors € & (f is same as (2.3)). (2.22)

Note that D is the generator of the group of the unitary operators on L?(u)
generated by the translation {9,}. Let V = (3%1, e B—‘zd) be the nabla on R.
Let (D —V): 2} — (21)? be such that

(D - V)f(;v,s) = {Df(:b‘, )}(5) - {Vf(,s)}(a:) for (xvﬁ) € 61' (2'23)

We set
DY[f.g] = %(Df, Dg)ge + 2D, 4] for f.g € 7.,
(2.24)
DYV [f,g)= 3 (D~ V)£,(D ~ V)g)gs +2DIf.g] for fg € 7.
Here for f,g € 2} we set D[f,g](x,s) = D[f(x,-),g(z,)](s). Let
EV(f,9) = / DY [f, gldpo, (2.25)
&
EXY(f,9) = / DXY[f, gldxdp. (2.26)
R¥x&
Let L?(po) = L?(6, o) and L?(dz x po) = L2(R? x &,dx x pg). Let
2 = {9 € 20 L*(10); ¥ (9,9) < oo}, (2.27)
25X ={h e 2} N L*(dx x po); XY (h, h) < o0} (2.28)

THEOREM 2.6.  Assume (M.1.0), (M.1.1), (M.2), (M.3), and (M.4). Then



Tagged particle processes and their non-explosion criteria 875

(1) The form (Y, 2Y) is closable on L*(uo). There exists a diffusion PY asso-
ciated with its closure (&Y, 2Y) on L*(pg). Moreover, (§Y,2Y) is a quasi-
regular Dirichlet form on L?(juo).

(2) The form (&XY, 2XY) is closable on L*(dz x po). There exists a diffusion
PXY associated with its closure (§XY,2XY) on L?(dx x pg). Moreover,
(XY, 9XY) is a quasi-regular Dirichlet form on L?(dx x p).

REMARK 2.3. Fattler and Grothaus [3] prove the quasi-regularity of
(&Y, DY, L% (o)) and (XY, 2%V L%(dx x po)) for grand canonical Gibbs mea-
sures p with translation invariant interaction potentials which are differentiable
outside the origin. Their method is different from ours.

By (2.8) we can write X € C([0,00); &) as

X = Zéxti PE-a.s. for all s € ésingle, (2.29)

where X* € C(I;; R?) and I; is the maximal interval in [0, c0) of the form [0, ) or
(a, b) satistying the representation (2.29). Write s(z) = s({z}) and let

6, ={s € &;s(zx) = 1}. (2.30)

If Xo = s € &,, then there exists an i(x,s) such that Xé(z’s) = x and such R%-
valued path Xi(@#) = { X"V is unique. For each s € &, we regard (X (@) PY)
as the tagged particle starting at . Let 2)* be the process defined by

Dy = Z Oyi_yites) under Pt fors € &,. (2.31)
i#£i(x,5)

The process 2 describes the environment seen from the tagged particle X#(*:5),
Let PXY be the diffusion associated with (&XY, 2XY L2(dz x pg)). The
following clarifies the relations among the diffusions P#, PXY and PY.

THEOREM 2.7.  Assume (M.1.0), (M.1.1), (M.2), (M.3), and (M.4). Let
X@5) and YP* be as above. Let X' = (X,X) € C([0,00); R x &). Then (a
version of ) PXY satisfies for each v € R?

PL(X'™®) € ) =P os (X €4) foralls € G,, (2.32)

PLY" € ) =PEYy osn(X€) =Py o5, Joralse&, (233
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REMARK 2.4. The total system of interacting Brownian motions is a priori
given by the diffusion P#. The diffusion PY associated with (&Y, 2", L?(uo))
describes the motion of the environment seen from the tagged particle, and the
diffusion PXY associated with (XY, XY L2(dxx u10)) corresponds to the motion
of the coupling of the tagged particle and the environment seen from the tagged
particle. Theorems 2.6 and 2.7 were used for the proof of the diffusive scaling limit
of tagged particles of such translation invariant interacting Brownian motions in
[15].

EXAMPLE 2.1.

(1) Let & be a canonical Gibbs measure with upper semicontinuous potentials.
Assume the interaction potentials are super stable and regular in the sense of
Ruelle. We refer to the reader [21]. Then p satisfies (M.1.k) for all & and
(M.2). (M.3) is satisfies if d > 2 or the interaction potential has repulsive
enough. See [8] for the necessary and sufficient condition for this when the
number of particles are finite. Since the Dirichlet forms of the infinite particle
systems are decreasing limits of the finite particle systems [14], Inukai’s result
gives a sharp sufficient condition of (M.3).

(2) Let p be the Dyson’s model in infinite dimension. This is a translation in-
variant probability measure on the one dimensional configuration space. Its
correlation functions are given by the determinant of the sine kernel and re-
lated to the random matrices called GUE (see [23], [13]). This measure sat-
isfies (M.1)—(M.4). Here (M.1) is the assumption that means (M.1.k) hold for
all k =0,1,.... We refer to [18] and [17] for the proof of (M.1) and (M.2),
respectively.

(3) Let p be the Ginibre random point field. This is a translation invariant prob-
ability measure on the two dimensional configuration space. Its correlation
functions are given by the determinant of the exponential kernel and related
to the random matrices called Ginibre Ensemble (see [23]). This measure
satisfies (M.1)—(M.4). (see [18], [17]).

(4) In [18] we introduce the notion of quasi Gibbs measures. This class contains
all above examples. Measures in this class satisfies (M.1).

3. Transfer of Dirichlet spaces.

This section is devoted to the preparation of the proof of Theorem 2.4. We
begin by considering the relation x and v* under the map x:S* x & — & defined
before Theorem 2.4. Since these measures p and v* are not directly related by
the map x:S* x & — &, we consider the finite volume cut off of these measures
instead.

Let S, = {x € S;|z| < r} and &,,, = {s € &;5(S,) = m}. We define the
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k kN k k,N
measures v, v, uy, and pot by

vk = /lsr(x)duk, vEN = /13,;(35) > e, (8)dv", (3.1)
: : m=1
pk=vk okt N = e N o =1 (3.2)

Let m® = m(m —1)--- (m — k + 1). Then it is not difficult to see that
Z ml* (NG m) Z mlF (-NGym). (3.3)

Let 05, = {|z| = r} and 06, = {s € &;5(0S,) > 1}. We remark &, ,, are
k
open sets and their boundaries 06, ,, are contained in 06,. We define 2t in a
similar fashion to 2% ' by replacing v* by pF. Let

Db =1{f €D f(s)=0if s € 06,},

N
iy ={re 2 s —oitsg Y- 60,

m=1

N
@f;’Dz{fegff’";f(s)zoifsEGGT ors&ZGnm}. (3.4)

orD—{hE@ﬁ, (z,5) =0if x ¢ SF or s € 96, },

N-1
20 = {n e pinee) ~vits g 3 o (35)
m=0
Let (&%, 7)) denote the closure of (6, 2, ;) on L?(u). We define the closures
(€, @ﬁg\f)a (&7, @f%N) &, 9 D) and (", @:D’ ) similarly.
For an h € @”TD we set hsym Sk TD by

heym (2, ) Z h<x0(1 A Te()s 5%(1,)) ifse 6™k (3.6

G'ES i=k+1

Here z = (z1,...,2;) € SF, 5 = >y 0y € &™~F and S, is the set consisting
of the permutations of (1,...,m).
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If h = heym € .@(‘)’};D, then one can regard h as h € 2!, and we denote it

by hY. Indeed, h is defined by hO(Z?Zl bz, +8) :=h(x,s) on >, & and by
RO =0ifs ¢ > >, ™. We remark hl, ok = heym by construction.

sym

Let hy; and hy € 95,’;}]3. Assume hg sym = ho. Then we have

/ hhodi® — / B sy o = / B sy h3RE, (3.7)
Skx & Skx & s
& (hi,h2) = " (M1 sym, ho) = E%7 (1 4. B). (3.8)

Let us take h; = h and hg = hgym in (3.8). Then we have

k

& (hyhaym) = " (heym, hsym) = 67 (W ). (3.9)
Applying Schwarz’s inequality to the first equality of (3.9) yields

" (h,h) 2 6" (Rsym, hsym).

Hence we can define hgym not only for h € @;’;D but also for h € 9; ];3 as the limit
of the {éol”k}l/Q—norm. Moreover, by (3.7) and (3.9) we have

(W mih € Dln)} = D%, (3.10)
Similarly as (3.10) we have
(Womih € 20N} = 2157, (3.11)
Since p(-) < k() < Nu(-) on 22:1 S,,m by (3.3), we obtain
7! = v, (3.12)

4. Identities among k-labeled diffusions.

In this section we assume (M.1.0), (M.1.k), (M.2) and (M.3). The purpose
of this section is to prove the identity between the diffusions associated with the
Dirichlet spaces (&%, 2%, L2(p)) and (7", 2", L*(v*)) introduced in Section 2.
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This identity is a key to the proof of Theorem 2.6.

LEMMA 4.1. Let A C S* x & be such that k1 (k(A)) = 2A. Then
Cap”(k(A)) = 0 implies Cap”]c () = 0. Here we regard x as k:S* x & — &.

PrOOF. Without loss of the generality we can and do assume 2 C S*_ | x &
and AN (S* x 6,.) = () for some r € N. Since the capacity of a set B is given by
the infimum of the capacity of the open sets including B, we can assume without
loss of generality that «(2() is an open set. Then 2 becomes an open set. So by
definition we have

Cap"(k()) = inf {&'(f, f); f € D", [ >1 prae. on ()}, (4.1)
Cap”k () = inf {é”l”k (9,9);9 € @”k, g>11vFae on Ql} (4.2)

Here &*(f, f) = &*(f, ) + (f, f)L2(u) as usual and we set za@l”k similarly.
Since A C S¥ | x & and AN (S* x 96,.) = (), we deduce that

Cap”(k()) = inf {&"(f, f); f € P! p, [>1 p-ae on K(2A)}. (4.3)
If f €9/, p then for € 2"". Combining this with (4.1)—(4.3) and the assump-
tion Cap”(x(21)) = 0 completes the proof. O

We consider parts of P# and P*. We refer to [4] for the definition of a part
of Dirichlet space and related results.
Let 0S5, = {|z| =r} and 96, = {s € &; §(9S,) > 1} as before. Let

od(X) = inf{t > 0;X; € 96, }, (4.4)
N
O’S’N(:f) = inf {t >0;%, €06, 0or X; & Z GT,m}, (4.5)
m=1

o} (X') =inf {t > 0; X; & S¥ or X; € 06, }, (4.6)
N—k

o) n(X') = inf {t >0:X; ¢ SFor X, €06, or X, & Y e,ﬂ’m}, (4.7)
m=0

where X € C([0,0); &) and X! = (X, X) € C([0,00); S* x &).
Let X7 = {000} and define X77~, X127, and X%~ in a similar fash-

. 0 0 0 ko1 ko1 L.
ion. Let P*7r = ({Pf{l}ecs,Xr). Set PHrn~  PY% and P” 7N simi-
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larly. Then P“"’S, P“’”ng, P”k"’i, and P9~ are diffusions associated with
the Dirichlet spaces (6%, 2/, L* (1)), (6, 2!, L* (), (67", 2%, L)), and
k 0 0
(éz”’k,@:’D’N,L%Vk)), respectively. Let PY7" = PL(X7" € ). We set Py 7",
k 1 l/k 1
Pl('gC 5, and P, :)N similarly. We note that these are the distributions of P47,
P“"’ng, P”k"’}“, and P”k"’}“vN, respectively. Let Cap“’”g and Cap““’g’N be the

s 0 0 .
capacities of P*“r and P#*“7.~ respectively.

LEMMA 4.2.  Assume (M.1.0), (M.1.k), (M.2), and (M.3). Then there exists
Ar C Sk x & such that

T (R(AR) = A, K(AF) C Gyingle, (4.8)
Cap 7" (k(SF x &)\k(2F)) =0, (4.9)
Pg{;i) (%X € k(AF) for all t) =1 for all (z,s) € Ak, (4.10)
Pgi‘;?s) = P'(j;;j)i okt forall (x,5) € AL (4.11)

Proor. If for each N € IN there exists a set QIf’N C Sk x Ez;g S,.m such
that

R (52 ) = Ar s B(ALN) C Gaingle, (4.12)
. N—k
Cap™ry </€ (Sf X Z GT’m> \m(Q{fN)) =0, (4.13)
m=0
O’O
PZ(ET;)V (%t € H(Qlfw) for all t) =1 forall (z,s) € Qlfny, (4.14)
/J,O'BYN uk,ai N _1 &
Pn(z,s) = P(m,s) SOk for all (z,s) € A N, (4.15)

then 2AF := liminfx_ o 2[’737N satisfies (4.8)—(4.11). Hence it only remains to prove
such an Ql:f y exists for each V.

Recall that P*" 7%~ is the diffusion associated with ((g”’k , QZ%N, L2(W%)). Let

k k
T:D’ftv be the semigroup associated with P¥":9.~ . Then for fand g€ @Z]ﬁN

t
/ T:;’ff'gdu’f—/ f~gdy’“+/ & (T:gle,g)du:(). (4.16)
skxe SEx S 0 D,
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Now suppose gsym = g. Then by (3.7) and (3.8) we have

VA
/ (TTV,D,,t f) : god/’bf - / fspym : gole'lrC
S sym S

t ulﬁ I/k,N 0 0 .
+]e (T2 1) oy 9 ) = 0. (4.17)

k k
Let T fff)”]tv be the semigroup associated with (65' “ﬁ, .@z BN) on L?(u¥). Then by
(3.11) and (4.17) we have
0

):7N I/k,N
T:,LDJ ( gym) = (Tr)D,t f) (418)

sym

Let Cap“l’f’“?‘ﬂ and PH7 97~ be the capacity and the diffusion associated with the
. k

Dirichlet space (éa”i, QzBN, L?(uk)), respectively. Then by (4.18) together with

(M.3), we deduce that there exists 2% \ C SF x Zﬁ;g S,.,m satisfying (4.12) and

N—k
Cap#r7r.x (Ii <S7If X Z GT,m) \R(QLEN)> =0, (4.19)

m=0
k O'U
P:E‘;’;)’N (X¢ € H(Q[ZZN) forall t) =1 for all (z,s) € Qlf’N, (4.20)
wk o0 vF ol
P ;)N =P, ’E)T'N ok~ forall (z,5) € AF . (4.21)

Recall that the diffusions P/~ and PHronn in (4.15) and (4.21) are as-
N k
sociated with the Dirichlet spaces (éa“,Qﬁfgv,LQ(u)) and (é"“ﬁ,.@:frD’N,Lz(uf)),
k
respectively. Note that 2/ g\f = @;L]S’N by (3.12). Moreover, these two Dirichlet

spaces have the common state space Zﬁzl S, m. On each connected component
{S&,.m} of the state space, the measures p and u¥ are constant multiplication
of each other. Hence the associated diffusions are the same until they hit the
boundary. Since these Dirichlet forms enjoy the Dirichlet boundary conditions,
we see that eventually these two Dirichlet spaces define the same diffusion. This
combined with (4.19)—(4.21) we obtain (4.13)—(4.15), respectively.

We therefore deduce that AF v (N € N) satisfy (4.12)-(4.15), which com-
pletes the proof of Lemma 4.2. O

Let r(z) = r if i is odd, and r(i) = r + 1 if 7 is even. Let for i > 2
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o)(X) =inf {t > &)_1; X, € 06,y }, (4.22)
5 (X") =inf {t > 5] ; X, € IS}, or X, € 06,1}, (4.23)

where we set 6¢ = o (a = 0,1). For X = {}_,dx:} € C([0,00); &) satisfying
Xt € Ggingle for all t and Xo =), 6,,, we choose the first k-particles

(X} ={(X}.....X})} € C([0,00); 5%)

such that Xo =z = (71,...,7;) and that X; = E?Zl (5th' + Zj>k Oy
Let QY = {w;XC—,? (w) € SF} and Q} = {w; X51(w) € Sk}, Let

=9, &% =1lma! (a=0,1). (4.24)

Since X51 € SFon QF, Sk c Sk, and S¥, , NOSE | =0, we deduce that

Xi(w) € Sk, forall 0 <t<al(w), forallwe QL. (4.25)

LEMMA 4.3.  Assume (M.1.0), (M.1.k), (M.2), and (M.3). Let A be as in
Lemma 4.2. Then for all (z,5) € A¥ the following holds.
(1) 3% = oo for PK)(J, 5)( 109 )-a.e. w,

o0

(2) 7L, = o0 for P xs)( QL )-a.e. w.

o0

PrROOF. Let 06, = {s;5(0S,) > 1} as before. Then by the continuity of
the sample paths, (4.22) and (4.24), we deduce

X50, = lim X5 € 06, N 06,41 on {52, < oo} (4.26)
Suppose Pﬁ(w 5)(0'20 < 00;2%)) > 0. Then by (4.26) we have
Plo (Xo0 €06,N06,11:95%) > 0. (4.27)

Hence fG (0o8,n06,,, < oo)u(ds) > 0, where 0ps,nos,,, is the first hitting
time to the set 96, N 0&,41. By the general theory of Dirichlet forms (see [4,
Theorem 4.2.1. (ii)]) it follows from this that

Cap" (06, N 06,41) > 0. (4.28)
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On the other hand, since the n-correlation functions p™ of u are locally
bounded by (M.2), it is not difficult to see that Cap” (06, N 9&,41) = 0. This
contradicts (4.28). Hence we obtain P’;(z 5)(5&) < 00;9%) = 0, which implies (1).

The proof of (2) is similar to that of (1). O
Let

1. (X) = inf {t > 0; X, € 9SF}, (4.29)

mH(X') =inf {t > 0; X; € 0S}'}. (4.30)

REMARK 4.1. The stopping times 57, &} and 7! are the hitting times to
the subsets of the state spaces. So one can relate the stopped processes to the
parts of Dirichlet forms. However, TB’I is not a hitting time to any subset in the
state space &. So one can not relate the associated stopped process to a part of
the Dirichlet form, which is the reason we prepare Lemma 4.2 before Lemma 4.4.

LEMMA 4.4.  Assume (M.1.0), (M.1.k), (M.2), and (M.3). Let A be as in
Lemma 4.2. Then

7_0 I/k 7_1
PZ’(;’:) =P 0 k™Y for all (z,5) € A NAX ;. (4.31)
Let 78, , =lim, oo 7, and 75, = lim, o 7). Then
Hﬂ'o z vk ol 1 . . k
Plloey =Pu ok forall (x,8) € liminf 2. (4.32)

PROOF. Suppose w € QL . Then by (4.25) and Lemma 4.3 we have X} €
Sk 1 x & forall 0 <t < oco. In particular, X; € S¥ ; for all 0 < ¢ < co. Hence

T

by using Lemma 4.2 with r and r 4+ 1 combined with the strong Markov property
repeatedly, we obtain for all (z,s) € AF NAF |

PLt (+59%) =PI (-50k) on™!

o0

Jok for all i. (4.33)

Hence by Lemma 4.3 we have

PM

k(z,s)

(-:0%) = ’(’;_’5)( Q) okt forall (z,8) € A Ak, (4.34)

Next suppose w ¢ QL . Then there exists an i such that X,: ¢ S* and
X, 1 € Sk for all j < i. Let ), denote the collection of such w:
J
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Ql, = {w; X5 (w) & SF, Xp1(w) € SF (V5 <i)}.
By Lemma 4.2 and the strong Markov property we have

-0 k -1
P (5% =P % (9L ) ok forall (z,s) e AN nAL, . (4.35)

k(z,s) (z,5)
By construction 7%, < ¢ (a = 0,1). Hence (4.35) implies

‘r(?z l/k,‘l'i,z _
plre (. ;) = Py (+39Q4)or™" forall (z,5) eArnAX, . (4.36)

k(x,s)

We now see that Q% = Q2% + 32, Q% (a =0,1). Hence (4.31) follows from
(4.34) and (4.36). (4.32) follows from (4.31) immediately. O

PROOF OF THEOREM 2.4. Let & = (), p{liminf, . A~X}. Then by (4.9)
we have (2.15). Moreover, by (2.13) we deduce that 73, , = oo for P{-a.s. for all

s € & such that s(z) = 1. Hence by (4.32) of Lemma 4.4 we obtain (2.17) and
(2.18). O

5. Tagged particle processes.

In this section, we prove Theorems 2.6 and 2.7. So we take S = R? and k = 1.
We set v = v, Let ¢ be the transformation on R? x & defined by

W(z,s) = (z,9,(s)). (5.1)
Then by (M.4) we deduce that
vou t =dr x . (5.2)

We regard ¢ as the transformation on C([0,00); R? x &), denoted by the same
symbol ¢, by «(X*) = {«(X})}.

LEMMA 5.1.  Assume (M.1.0), (M.1.1), (M.2)-(M.4). Then we have the
following.

(1) The bilinear form (XY, 9XY) is closable on L?(dz x pp).
(2) Let (8XY,2XY) be the closure of (8%, 2XY) on L*(dx x po). Let

P =Pl g0t (5.3)

v (x,s
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Then PXY = ({Pé?;)}(m,ﬁ)eRdX@, XY) is a diffusion associated with the
Dirichlet space (&Y, 2XY | L2(dx x po)).
(3) The Dirichlet space (XY, 2XY  L2(dx x o)) is quasi-regular.

PrOOF. By (5.2) we have
(fotr,got)2w) = (f+9)L2(dwx o) (5.4)

We next calculate the transformation of D' under the change of coordinate induced
by ¢. By a straightforward calculation we see that

Dl[fOL,goa]:(DXY[f,g])OL for f,g € 21 (5.5)

By (5.2) and (5.5) we obtain the isometry of the bilinear forms (&, 2Y) and
(XY 2XY) under the transformation induced by ¢. Indeed, the map ¢*: XY —
Y defined by *(f) = f o is bijective and

é”’(fOL,gOL):é"XY(f,g). (5.6)

By (5.4) and (5.6) the closability of (&XY, 2XY) on L?(dx x pg) follows from that
of (¥, 9Y) on L?(v), which is given by (M.1.1). We have thus proved (1).

Since ¢ is the transformation on R? x &, it is clear that PXY is a diffusion
with state space R? x &. Recall that Pfi};) =P/ 10 v~ ! and that P¥ is the
diffusion associated with (£”, 2", L?(v)). By (5.4) and (5.6) the Dirichlet spaces
(&Y, 2", L*(v)) and (&XY, 2XY | L2(dx x pg)) are isometric. Hence we conclude
{Péi)} is associated with the Dirichlet space (XY, 2XY | L2(dx x uo)).

By the theorem due to Albeverio-Ma-Rockner (see [12, Theorem 5.1]), the
quasi-regularity of the Dirichlet space follows from the existence of the associated
diffusion. Hence (3) follows from (2) immediately. O

LEMMA 5.2. Let Cap™Y be the capacity associated with the Dirichlet space
(XY, XY [ L2(dx x pg)). Let PXY be the associated diffusion as in Lemma 5.1.
Then there exists a subset = C R x & such that

PR (X e ) =PLN (X e-) forall (x,5), (y,8) €E, (5.7)
Cap™Y (2¢) = 0. (5.8)

Here we set X! = (X,X) € C([0,00); S x &) as before.
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PRrROOF. It is clear that for each a € R

(f( - a, *)79(' - a, *))L2(dz><uo) = (fa g)L2(dIX[LQ)7
gXY(f(. - a, *)79(' —-a *)) = éaXY(fag)'

Hence we see that the equality in (5.7) holds for a.e. (z,s), (y,5) € R? x &.

We next strength the equality in (5.7) from a.e. to all on E for some = satis-
fying Cap™Y (2°) = 0.

For each Borel set 2 of the form A = {¥;, € A;,..., %, € A;}, where
A€ B(6) (j=1,...,1), we see that Pf’;)(f{ € 20) is quasi-continuous in (z,s).
Hence there exists a subset Z C R? x & such that Cap™” (2¢) = 0 and that = =
U,~, K, for some increasing sequence of closed set and, moreover, the restriction
of P();};)(X € A) on K, is continuous in (z,s) for all n. This means, with a help
of the monotone class theorem, (5.7) holds for E as above. O

LEMMA 5.3.  Assume (M.1.0), (M.1.1), (M.2)-(M.4). Then we have the

following.

(1) The bilinear form (&Y, 2Y) is closable on L*(pp).
(2) Let Z be as in Lemma 5.2. Let {PY }sce be the family of probability measures
on C([0,00); &) defined by

Py = P&, 5)(.'{ €-) if (x,5) € E for some x € RY,

PY (%, =5 forallt)=1 otherwise.

Then PY = ({PY }ices, X) is a diffusion.
PROOF. Let p € C°(R?) and f € 2Y. Then
o ® fllL2(dwxue) = @l 22wy 1 F 12 (0> (5.9)

1
E (e ® £,0@ f) = ollLown & (£ ) + SIVENL @) 1 £ T2y (5:10)
Indeed, (5.9) is a straightforward calculation. As for (5.10) we see

Vel ® 2

5 —(¢Ve, fDf)ga.  (5.11)

DX [p@ f,o® f]=p*®@ DY[f, f] +

Then integrating over R x & by dx X jio and noticing
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/ (¥, I D) ade x 1o = ( / PV, / foduo> 0,
Rix& R4 e R4

we obtain (5.10).

By (5.9) and (5.10) the closability of (&Y, 2Y) on L?(ug) follows from the
one of (XY, 2XY) on L?(dx x ), which has been already obtained in Lemma
5.1 (1). We thus prove (1).

We next prove (2). By (5.7) we see that for any A € Z(C([0,0);&))

PY(x e A) =P} " ((X,%) € C([0,00); R) x A) for all (z,5) € . (5.12)

(z,5)

We remark PXY is a diffusion on R? x & and Z° is an exceptional set, that is,
Pfg’;)(agc < o0) = 0 for q.e. (z,5) because of Cap™¥ (2¢) = 0. Hence we deduce
from (5.12) that PY is a diffusion with state space &. O

LEMMA 5.4. Let (8Y,92Y) be the closure of (&Y, 2Y) on L*(uo).

(1) The diffusion PY in Lemma 5.3 is associated with (&Y, 2Y) on L*(ug).
(2) The Dirichlet form (8Y,2Y) on L?(uo) is quasi-regular.

PROOF. Let EY denote the expectation with respect to PY. Let {T)Y}
be the semigroup defined by TY f = EY[f(X;)]. Let {TXY} be the semigroup
associated with the Dirichlet space (XY, 2XY L2(dx x po)). Then we deduce
that

Lo (T f) =T/ (1)) (5.13)

Let p(z) = c51(1 + |22@+4))~1/2 such that [ pdx = 1, where c51 is the
normalizing constant. Let L2(p) = L?(R? x &, p?dx x pg) and

EXN(f.9) = EXV(£.0°9) + A(f+9)12(0)- (5.14)

Then there exists Ao such that (& /;)S\Y, 2}) is positive and closable on L?(p) for all

A > Ao (see [15, Lemma 2.1] for proof). We fix such a A and denote by {7} the
semigroup associated with the closure (é”;f/\y7 2XY) of (é”p)f/\y, 2L) on L*(p). 1t is
known that (see [15, p.234])

T (1@ f) =M1 o f). (5.15)

By a direct calculation we see that



888 H. Osapa
ngY(1®f>1®f):éay(faf)+)\(f7f)L2(,uo) (516)

Let 2" be the domain of the Dirichlet space associated with {TY} on L2 (o).
By (5.13) and (5.15) we obtain f € 2Y if and only if 1 ® f € .@fy. By (5.16)
we see that 1 ® f € @fy if and only if f € 2. Collecting these we obtain that
¥ =Y.

Let 1 € C§°(R?) be such that [¢p*dx # 0. Then we have for any f,g € 2V

lim a2</ooe_at{1®f—TtXY(1®f)}dt, w®g)
0

a— 00

L2(p)

- /R g 8 (]g). (5.17)

By using (5.13) and (5.17) and then by dividing the both sides by [g. p*dz, we
obtain

lim 042(/000 efo‘t{f — TtYf}dt, g>L2( : =&Y(f,9). (5.18)
Ko

a— 00

This implies {T)Y } is the semigroup associated with the Dirichlet form (&Y, 2Y) on
L?(o) (see Lemma 1.3.4 in [4]). So we conclude PY is associated with (&Y, 2Y)
on L?(po).

(2) is immediate from (1) similarly as Lemma 5.1. O

PROOF OF THEOREM 2.6. (1) follows from Lemmas 5.3 and 5.4. (2) follows
from Lemma 5.1. O

PROOF OF THEOREM 2.7. (2.32) follows from Theorem 2.4 and Lemma 5.1
(2). (2.33) follows from Theorem 2.4, Lemmas 5.1 and 5.3 immediately. O

6. Non-explosion of tagged particles.

Throughout this section we set v, = v} and p, = pl. In this section we
prove Theorem 2.5. By (4.32) in Lemma 4.4 the non-explosion property of tagged
particles follows from the conservativeness of the diffusion P¥. Then we apply a
result in [4] to prove this as follows.

LEMMA 6.1.  Assume (M.1.0), (M.1.1), (M.2), and (M.3). Assume (2.20).
Then P 1is conservative.
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PROOF. Applying Theorem 5.7.2 in [4] to the diffusion P¥ yields Lemma
6.1. O

We next prepare several notations used in the rest of this section.

Let X € C([0,00); Gsingle). We write X = {37, dx;} and set X' € C(I;; RY).
We take I; to be the maximal interval. By construction we deduce that I; is of
the form [0, b;) or (a;,b;). Let I = {i;I; =[0,b;)} and J = {i; I; = (a;, b;)}. Then
X= Z¢615X§ +Zi€J5X;: = xT +xJ.

We relabel X7 as XT = {3 6xs}, where € S is such that X§ = x. Let

&¥(%) = inf {t > 0; Osgggt | X7 = oo}7 (6.1)
£,(%) = inf {t > 0; min € (%) < t} (r e N U{oo}), (6.2)
A, = {s € G;PL(& < o0) >0} (6.3)

For a path X! = (X, X) we define the stopping time 1 by

n(X') = inf {t > 0; sup |X;| = oo}. (6.4)

0<s<t

LEMMA 6.2.  Suppose [g o P, oy (n < o0)dvy =0. Then u(2A,) = 0.

x,5)

PROOF. Let p, be as in (3.2). For m > 1 let ¢g.1 be a constant such that
ﬂ(' N Gr,m) < Cﬁ.l,Ufr(' N 6T,m)-

Then we see that

/. PHE < co)uld) < L X pue <o)

mmog(x)>1, |x|<r

< cox /G S PEE < o) (ds)

mmog(x)>1, |x|<r

06.1/ Pl (€ < 00)vr(drds)
SxG&7

06,1/S Gm_1P’(’9675)(77< oo)v,(dxds) by (4.32). (6.5)
s
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Hence we have fGTm P{ (& < oo)u(ds) = 0 for all m > 1 by assumption. This

equality also holds for m = 0 because P4 (¢, < o) = 0 for s € &Y. Hence by
S =306, we deduce

| Pre < soputas) =0, (6.6)

By (6.3) and (6.6) obtain u(2,) = 0. O
LEMMA 6.3.  Suppose u(,) = 0. Then Cap”(2,) =0.

PrOOF. It is known that Cap”(2,) = sup{Cap’(K);K C ., K is
compact} (see [4, (2.1.6) in p.66]). So let K be a compact set such that K C 2,..

Let ox = inf{t > 0;X, € K} be the first hitting time to K. Since K is
compact, we deduce X,, € K if ox < 0.

Suppose s € A,.. Then P (&, < 00) =0 by (6.3). Hence for s & 2,

0="PHE <oojok <& < 0) :/ Pl (X, € ds';ox < 00)PL (& < 00).
K

This combined with (6.3) and K C 2. yields
P (Xo, € Kjox <o0) =0 for s ¢ 2A,. (6.7)
Since PY(X,, € K;0x < o) = Pt (0x < ), we deduce from (6.7) that
Plog <o0) =0 fors &,. (6.8)

By (6.8) and u(2,) = 0 we have [§P%(ox < oo)du = 0. From this we deduce
Cap”(K) = 0. We therefore obtain Cap”(2,.) = 0. O

PrOOF OF THEOREM 2.5. By Lemma 6.1 we see that P” is conservative.
Hence [q, o P{, (n < c0)dv, = 0. Then by Lemmas 6.2 and 6.3 we obtain
Cap”(2,) = 0 for all »r € N, which yields Cap” () = 0. Here

Ao = {8;P¥(Eoe < 00) > 0}.

By Cap" (o) = 0 together with (6.1) and (6.2) we deduce (2.13). O
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7. Quasi-regularity: Proof of Lemma 2.3.

In this section we prove the quasi-regularity of k-labeled Dirichlet forms. So
we begin by recalling the definition of quasi-regular by following [12].

Let E be a Polish space. A Dirichlet form (&, 2) on L?(E,m) is called quasi-
regular if it satisfies the following:

(Q.1) There exists an increasing sequence of compact sets {K,} such that
U, Z(K,) is dense in Z w.r.t. gll/z—norm. Here 2(K,,) is the set of
the elements f of 2 such that f(z) = 0 ae. z € K¢, and 511/2(f) =
E(f.HV2+ I fll2(2,m)-

(Q.2) There exists a 6"11/ ®_dense subset of 2 whose elements have & -quasi contin-
uous m-version.

(Q.3) There exist a countable set {u, }nen having &-quasi continuous m-version

U, and an exceptional set .4 such that {Gy},cn separates the points of

Let (&*, 9*) be the closure of (&, 24') as before. By (M.2), (&, ) satisfies
the quasi-regularity as seen in Lemma 2.1. We remark that (&*, 2*) enjoys more
strict conditions than the quasi-regularity. Indeed, we quote:

LEMMA 7.1 ([14]). Assume (M.2). Then we have the following.

(1) There exists a compact subset {K,}nen such that |, Zo(K,) is {&'}1/2-
dense in 9. Here 9(K,) = {f € Po; f(s) =0 for alls € K:}.

(2) There exists countable elements {u, }nen of Db that separate the points of &.

(3) If (&+, 2Y) is closable L*(p), then the closure (&, P*) is quasi-reqular.

REMARK 7.1.

(1) We remark Z,(K,) C 2. Indeed, D|[f,g] with f,g € Z,(K,) is bounded
because D]f,g] is continuous and K, is compact.

(2) Suppose (&#, DY) is closable L?(11). Then we see that (1) implies (Q.1). Since
D(Ky) C C(6), (1) is more strict than (Q.1). Moreover, (Q.2) is trivially
satisfied in the above case because 2* is the closure of 2% and 25 C C(6).
We see that (2) implies (Q.3) because 25 C 2*. The condition (2) is also
more strict than (Q.3) in the sense that all {u,} are continuous and {u,}
separate all the points of G.

LEMMA 7.2. There exists an increasing sequence of compact sets {K, n}
k k
such that |, Zo(K,,) is dense in D5™ with respect to the {&'" }1/2-norm.

PrOOF. By (M.2) uF becomes a finite measure. So the associated Dirichlet
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space is same as the Dirichlet space with the probability measure (¥ (&))~1 k. We

note here the measures in the energy form &1 and in the L2-space are common.
Applying Lemma 7.1 to the measure (1*(&))~!u¥ yields Lemma 7.2. O

Recall that 7% = C3°(S*) @ P and 2¢" = {f € D% & (f, f) < oo}

LEMMA 7.3. U2 _, C5°(S*) ® Zo(K,.,,) is dense in 2" with respect to the

r,n=1
{éﬁ”k /2 norm.

PROOF. Let ¢ € C3°(S¥) and f € P, such that ¢® f € 2¢". It is sufficient
for Lemma 7.3 to show that for such an f and all € > 0 there exists f, , such that
frm € Do(K,,n) and that

glyk(90®(f_fr,n)7§0®(f_fr,n)) <e. (71)

Since ¢ € C§°(S*), there exists an r such that ¢ = 0 on (S¥)¢. Hence there
exists a constant ¢7.1 = ¢7.1(p) such that

Vg, pl(z) < cralgr(w), P2 (z) < cralgr(z) forallz € Sk, (7.2)
We write V[p] = Vg, ¢| and D[f] = DI[f, f]. By a direct calculation we have
& (0 (f = frn) 9 ® (f = frn)
= /9k s {V[QO] ® ‘f - fr,n|2 + 902 ®D[f - fr,n] +§D2 ® |f - fr,n|2}dl/lc

§267.1 /Sk 61®{|f_fr,n‘2+D[f_fr,n]}de

— %14 /6 {1 = fonl> + DI — frn]}dph by (3.2)

k
= 207.15){% (f - fr,’ru f - fr,n)~ (73)
By Lemma 7.2 we can take n and f,, € Zo(K, ) in such a way that

3

EF = fomof — frm) <

= 271

This combined with (7.3) yields (7.1). O
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ProOOF OF LEMMA 2.3. (Q.1) follows from Lemma 7.3. (Q.2) is clear since

2" is the closure of 2¥" and 2¢" C C(S* x &).

k
For r € N let {u,,} be a countable subset of 25" that separates the points

of . We can obtain this by applying Lemma 7.1 (2) to pu*. We used here that
(M.2) for u* follows from that for .

Let {¢m} be a countable subset of C5°(S*) that separates the points S*.

Then by the same calculation as (7.3) we have

k k
édly (@m Q Uy Pm @ Ur,n) < 207.151,% (Ur,na ur,n)-

Here c7.1 is a constant satisfying (7.2) for ¢,,,. Hence ¢, ® 4y, € @g’“. Since

{om @ u,n} separates the points of S* x &, we obtain (Q.3). O
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