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Abstract. At each prime number p, the homotopy groups p��L2S
0� of the vÿ12 BP-

localized sphere spectrum play an crucial role to understand the category of vÿ12 BP-

local spectra. For p > 3, they are determined by using the Adams-Novikov spectral

sequence (ANSS), which collapses in this case.

At the prime 3, p��L2V�1�� is also determined by using the ANSS, in which Ey �

E10 in this case. Here V�1� denotes the Toda-Smith 4-cells spectrum. In this paper,

we determine the homotopy groups p��L2V�0�� of the mod 3 Moore spectrum from

p��L2V�1�� by the Bockstein spectral sequence (BSS). Actually, we ®rst compute the

E2-term of the ANSS by the BSS and then study the Adams-Novikov di¨erentials, and

obtain Ey � E10 as well.

§1. Introduction.

Let Sp denote the category of p-local spectra for each prime number p and BP

the Brown-Peterson spectrum at p. Then we have the Bous®eld localization functor Ln :

Sp !Sp with respect to vÿ1n BP for the generator vn of BP� � Z�p��vi : i > 0�. The

category LnSp is easier to be understood than Sp itself and re¯ects some properties of

it. LnSp is, in a sense, generated by the Ln-localized sphere spectrum LnS
0, because

LnX � X 5LnS
0 for any spectrum X by the smash product theorem [10, Th. 7.5.6].

Besides, we have the chromatic convergence theorem due to Hopkins and Ravenel [10,

Th. 7.5.7], which says that holim
 �

n

LnX � X for a ®nite spectrum X. Therefore it is very

important to compute the homotopy groups p��LnS
0�. So far we know the homotopy

groups p��LnS
0� for n < 2 given in [8] and for n � 2 and p > 3 in [12]. The next place

to study is the case where n � 2 and p � 3. They are computed by using the Bockstein

spectral sequences p��LnV�k�� ) p��LnV�k ÿ 1��, where V�n� denotes the Toda-Smith

spectrum, and is known to exist if n < 4 and p > 2n (cf. [9]). (For LnV�k�, we have

some other existence theorems in [13] and [14 ].) Note that V�ÿ1� � S0 and V�0� is the

mod p Moore spectrum. On the other hand, p��LnV�nÿ 1�� is computed by Ravenel

(cf. [9]) in case of n < 4 and n < pÿ 1, by Mahowald [5 ] in case of n � pÿ 1 � 1,

and by the author [11] and Henn and Mahowald [4] in case of n � pÿ 1 � 2. In this

paper we study the Bockstein spectral sequence p��L2V�1�� ) p��L2V�0�� and determine

p��L2V�0�� at the prime number 3. Our main tool is the Adams-Novikov spectral
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sequence. In [6] Miller, Ravenel and Wilson introduced the chromatic spectral sequence

converging to the E2-term of the Adams-Novikov spectral sequence for computing

the homotopy groups p��V�n��. We use here the modi®ed chromatic spectral sequence

which converges to the E2-term of the Adams-Novikov spectral sequence E �;�
2 �L2V�0�� )

p��L2V�0�� based on E�2� with E1-terms H �M 1
1 and H �M 0

1 . Here E�2� denotes the

Johnson-Wilson spectrum with coe½cient E�2�� � Z�3��v1; v
G1
2 �;M 0

1 � vÿ1
1 E�2��=�3� and

M 1
1 � E�2��=�3; v

y
1 � are the E�2��E�2�-comodules and H �M � Ext�E�2��E�2��E�2��;M�.

H �M 0
1 was determined by Ravenel [7], and so it su½ces to determine H �M 1

1 for the

E2-term E
�;�
2 �L2V�0��. In the ®rst half of this paper, we actually determine H �M 1

1

by using the Bockstein spectral sequence H �K�2�� ) H �M 1
1 , where K�2�� � M 0

2 �

E�2��=�3; v1� and H �K�2�� is determined by Ravenel [7 ]. The structure of H �M 1
1 is

stated in Theorem 2.5, and obtain the E2-term E
�;�
2 �L2V�0�� in Theorem 2.6. In

[6 ] H 0M 1
1 is determined, and we studied H 1M 1

1 in [1]. Unfortunately Theorem 4.4 of

[1] is incorrect, and so are Proposition 5.2 and Theorem 1.1 consequently. Here we

replace it by Lemma 4.2, which is proved in §7, and obtain H 1M 1
1 . In the second half

of this paper, we determine the Adams-Novikov di¨erentials dr on E�;�
r �L2W� with

E
�;�
2 �L2W� � H �M 1

1 , and then the homotopy groups p��L2W� which are described in

Theorem 2.8. Here W denotes a co®ber of the localization map V�0� ! holim
�!
a

V�0� for

the Adams map a : S 4V�0� ! V�0�. The homotopy groups p��L2V�0��, which is our

main result, are obtained in Theorem 2.11 as a corollary of Theorem 2.8. The results

would have applications. Here we treat the b-family of the homotopy groups of

p��L2S
0� at the prime 3. We note that though the result of [2] depends on a result of

[1], it remains correct since the proof does not require the incorrect part.

This paper is organized as follows: In the next section, we state our results. Then

we prove Theorem 2.5 in §3 assuming the behavior of the connecting homomor-

phisms ds : H sM 1
1 ! H s�1K�2�� which will be studied in the following sections. In §4,

assuming the behavior of the di¨erential of the cobar complex W�E�2�� which will

be studied in §§6 and 7, we prove Proposition 3.4 which determines the di¨erentials

of the Bockstein spectral sequence and is the key lemma to determine the E2-term

E
�;�
2 �L2V�0��. In order to study the di¨erential of the cobar complex W�E�2��, we need

some relations in E�2��E�2�, which is given in §5. In §8, we compute the di¨erentials

of the Adams-Novikov spectral sequence, and prove Theorem 2.8. The last section is

devoted to applications for b-elements.

§2. Statement of results.

Throughout this paper everything is localized at the prime 3. Let V�0� denote the

mod 3 Moore spectrum and W be the co®ber of the localization map V�0� ! L1V�0�.

Since L1V�0� � holim
�!
a

V�0� for the Adams map a : S 4V�0� ! V�0�, we can de®ne

W as follows: Let V�1�j denote a co®ber of a j
: S 4jV�0� ! V�0�. In particular, V�1�1

� V�1�, the Toda-Smith spectrum. Then we have the canonical maps pj : V�1�j !

V�1�jÿ1 and ij : V�1�j ! V�1�j�1. We de®ne W � holim
�!
ij

V�1�j. By de®nition, we have

co®ber sequences V�1� �!
v
jÿ1

1
V�1�j �!

pj
V�1�jÿ1, whose homotopy colimit yields another
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one

V�1� �!
i

W �!
v1

W :�2:1�

Apply the Johnson-Wilson homology E�2���ÿ� with coe½cient E�2�� � Z�3��v1; v
G1
2 � to

the co®ber sequence (2.1), and we have a short exact sequence

0 �! K�2�� �!
i�

M 1
1 �!

v1
M 1

1 �! 0;�2:2�

where K�2�� � �Z=3��vG1
2 �;M 1

1 � E�2��=�3; v
y
1 � and i��x� � x=v1. Note that K�2�� is

the coe½cient ring of the second Morava K-theory K�2���ÿ�, and M 1
1 consists of

elements of the form x=v j
1 for x A K�2�� and j > 0, with k�1�� � �Z=3��v1�-action given

by the relation: v l1�x=v
j
1 � � x=v jÿl

1 if j > l, and � 0 otherwise. Apply the functor

H ��ÿ� � Ext�E�2��E�2��E�2��;ÿ� to the exact sequence (2.2), and we obtain the Bockstein

spectral sequence

E
�;�
2 �L2V�1�� � H �K�2�� ) H �M 1

1 � E
�;�
2 �L2W�:

Here E
�;�
2 �X� denotes the E2-term of the Adams-Novikov spectral sequence converging

to the homotopy groups p��X�.

In [3], Henn computed the E2-term H �K�2�� as follows:

Theorem 2.3 (cf. [11, Th. 5.8, Prop. 5.9].). The E2-term E
�;�
2 �L2V�1�� � H �K�2�� is

isomorphic to the K�2���b10�-module

F nK�2���b10�nL�z2�:

Here F � �Z=3�f1; h10; h11; b11; x;c0;c1; b11xg. Besides, we have relations:

h10h11 � 0; h10x � 0; h11x � 0;

v22h10b10 � h11b11; v2h11b10 � ÿh10b11;

b11x � v2h10c1 � v2h11c0; b10x � ÿh10c0 � vÿ1
2 h11c1;

v32b
2
10 � ÿb211; b10c1 � ÿvÿ1

2 b11c0; and b10c0 � vÿ2
2 b11c1:

The bidegrees of these generators are as follows:

kv2k � �0; 16�; kh10k � �1; 4�; kh11k � �1; 12�; kb10k � �2; 12�;

kb11k � �2; 36�; kxk � �2; 8�; kc0k � �3; 16�; kc1k � �3; 24�:

In this paper, we ®rst deduce the Adams-Novikov E2-term E
�;�
2 �L2W� from

Theorem 2.3 by using the Bockstein spectral sequence. In order to state the E2-term,

consider k�1��-modules

F � E�2; 1��fv
G1
2 =v1; v2h10=v

2
1 ; v

2
2h11=v

2
1 ; v

G1
2 b11=v1g

F � � E�2; 1��fx=v
2
1 ; v

2G1
2 c0=v1; v

G1
2 c1=v1; b11x=v

2
1g

Fn � E�2; n� 2��fv
G3n�1

2 =v4�3
nÿ1

1 ; v3
n�1

2 h10=v
6�3 n�1
1 ;

v8�3
n

2 h10=v
10�3 n�1
1 ; v

3 n�5G3���3 nÿ1�=2
2 x=v4�3

n

1 g:

�2:4�
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Here kv1k � �0; 4� and E�2; n�� � �Z=3��v1; v
G3 n

2 �. We also use the notation K�1�� �

vÿ1
1 k�1�� � �Z=3��vG1

1 �. Then

Theorem 2.5. The E2-term E
�;�
2 �L2W� � H �M 1

1 of the Adams-Novikov spectral

sequence converging to p��L2W� is isomorphic to the direct sum of k�1��-modules

�K�1��=k�1���nL�h10; z2�,
X

nV0

Fn nL�z2�; and �F lF ��n �Z=3��b10�nL�z2�:

The short exact sequence associated to the co®ber sequence V�0� ! L1V�0� ! W

yields the long exact sequence

H �E�2��=�3� ! H �M 0
1 ! H �M 1

1 !
q
H��1E�2��=�3�;

in which M 0
1 � �Z=3��vG1

1 ; vG1
2 � and the structures of H �M 0

1 is determined to be K�1�� n

L�h10� by Ravenel [7 ]. Observing the exact sequence, we obtain the E2-term from

Theorem 2.5:

Theorem 2.6. The E2-term E
�;�
2 �L2V�0�� � H �E�2��=�3� is isomorphic to the direct

sum of the k�1��-modules K�1��=k�1��fq�z2�gnL�h10�,

k�1�� nL�h10� and L�z2�n q
X

nV0

Fn l �F lF ��n �Z=3��b10�

 !

:

In order to state the homotopy groups p��L2V�0��, we introduce more notations:

~F0 � E�2; 2��fv
3
2=v

2
1 ; v

ÿ3
2 =v31 ; v

3
2h10=v

6
1 ; v

8
2h10=v

10
1 ; v82x=v

4
1 ; v

2
2x=v

3
1g

~F1 � E�2; 3��fv
G9
2 =v111 ; v92h10=v

18
1 ; v242 h10=v

31
1 ; v16G9

2 x=v111 g

~Fn � E�2; n� 2��fv
G3 n�1

2 =v4�3
nÿ1

1 ; v3
n�1

2 h10=v
2�3 n�1

1 ;

v8�3
n

2 h10=v
10�3 n

1 ; v
3 n�5G3���3 nÿ1�=2
2 x=v4�3

nÿ1
1 g �nV 2�

~F � B5�2; 2��fv2=v1; v2h10=v
2
1g

lB4�2; 2��fv
5
2h11=v

2
1 ; v

4
2b11=v1g

lB3�2; 2��fv
2
2=v1; v

5
2=v1; v

7
2h10=v1g

lB2�2; 2��fv2h10=v1; v
2
2h11=v1; v

5
2h11=v1; v

5
2b11=v1; v

ÿ1
2 b11=v1g

~F � � B5�2; 2��fv
7
2c1=v1g

lB4�2; 2��fv
3
2x=v

2
1 ; v

3
2c0=v1; v

6
2b11x=v

2
1g

lB3�2; 2��fv
ÿ1
2 c1=v1g

lB2�2; 2��fx=v1; v
2
2c1=v1; v

4
2c0=v1; v

3
2b11x=v1; v

7
2c0=v1; v

6
2b11x=v1g

l
X

nV1

�B3�2; n� 2��fv
9u�3
2 x=v1 j u A Z ÿ I�n�g

lB2�2; n� 2��fv
9u�3
2 x=v1 j u A I�n�g�;

�2:7�
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where Bk�2; n�� � �Z=3��v1; v
G3 n

2 ; b10�=�b
k
10�, and

I�n� � fx A Zjx � �3nÿ1 ÿ 1�=2 or x � 5 � 3nÿ2 � �3nÿ2 ÿ 1�=2g:

Studying the Adams-Novikov di¨erentials d5 and d9 by results of [4 ] and [11], we

obtain the following

Theorem 2.8. The homotopy groups p��L2W� are isomorphic to the tensor product

of the exterior algebra L�z2� and the direct sum of k�1��-modules �K�1��=k�1���nL�h10�,
P

nV0
~Fn and ~F l ~F �.

For describing more homotopy groups, we further introduce the k�1��-modules:

F 0 � E�2; 2��fv1v
2
2h10; v

ÿ4
2 h10; v1v2x; v1v

5
2x; v

6
2c1; v1c1g

F 1 � E�2; 3��fv
G9ÿ3
2 h10; v1v

4
2x; v

16
2 x; v1v

12G9
2 c1g

F n � E�2; n� 2��fv
G3 n�1ÿ3n

2 h10; v1v
�3 n�1ÿ1�=2
2 x;

v1v
5�3 n��3 nÿ1�=2
2 x; v1v

3 n�1�1G 1��3�3 nÿ1�=2
2 c1g �nV 2�

F � B5�2; 2��fh11; b10glB4�2; 2��fv
3
2b11; v

3
2h11b11g

lB3�2; 2��fv2h11; v
4
2h11; v1v

6
2b10g

lB2�2; 2��fv1b10; v1b11; v1v
3
2b11; v

4
2h11b11; v

ÿ2
2 h11b11g

F � � B5�2; 2��fv
7
2xb10glB4�2; 2��fv

2
2c0; v2b11x; v

6
2c1b10g

lB3�2; 2��fv
ÿ1
2 xb10g

lB2�2; 2��fv1v
ÿ1
2 c0; v

2
2xb10; v

2
2b11x; v1v

3
2c1b10; v

5
2b11x; v1v

6
2c1b10g

l
X

nV1

�B3�2; n� 2��fv1v
9u�2
2 c0 j u A Z ÿ I�n�g

lB2�2; n� 2��fv1v
9u�2
2 c0 j u A I�n�g�;

�2:9�

where M is isomorphic to ~M for M � Fn;F ;F
� as k�1��-modules while there is one

dimension shift. Furthermore, put k�1�5� � lim
 �
j

k�1��=�v
j
1 �. Since holim

 �
j

L2V�1�j �

LK�2�V�0� by observing K�2�� homology, the above theorem implies

Theorem 2.10. The homotopy groups p��LK�2�V�0�� are isomorphic to the tensor

product of the exterior algebra L�z2� and the direct sum of k�1��-modules �k�1�5� �n

L�h10�;
P

nV 0F n and F lF �.

Observing the co®bration L2V�0� ! L1V�0� ! L2W and the homotopy groups

p��L1V�0�� � K�1��nL�h10�, we have

Theorem 2.11. The homotopy groups p��L2V�0�� are isomorphic to the direct sum

of k�1��nL�h10�; �K�1��=k�1���qz2 nL�h10�;
P

nV0F n nL�z2� and �F lF ��nL�z2�.
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Here recall the conjecture due to Ravenel on the b-elements: bs A p��S
0� if and only

if s1 0; 1; 2; 3; 5; 6 mod 9. (See §9 for the de®nition of b-elements.) `Only if ' part is

shown in [11], in which we also show that bs A p��L2S
0� if s1 0; 1; 5 mod 9. On this

conjecture, we have a supporting evidence:

Theorem 2.12. bs A p��L2S
0� if and only if s1 0; 1; 2; 3; 5; 6 mod 9.

In the E2-term, the b-elements of the form ba=b are de®ned [6] for integers a; b > 0

such that bU 3n�a� if n�a�U 1 and b < 4 � 3n�a�ÿ1 otherwise, where the integer n�a� denotes

the maximal power of 3 that divides a. Then we have homotopy b-elements:

Theorem 2.13. In the Adams-Novikov spectral sequence E �
2 �L2S

0� ) p��L2S
0�, we

have the following:

(a) The element ba with n�a� � 0 is permanent if a1 1; 2; 5 mod 9.

(b) The element ba=b with n�a� � 1 is permanent if n�aÿ 3�V 2 and b < 3, or if

n�a� 3�V 2 and bU 3.

(c) Every element ba=b with n�a�V 2 is permanent.

§3. Proof of Theorem 2.5.

The proof of Theorem 2.5 is based on the following lemma due to [6, Remark 3.11].

To state the lemma, we set up notations: Let K denote a Z=3-basis of the submodule

F nK�2���b10� of H
�K�2�� given in Theorem 2.3, and x=v j

1 denote an element of H �M 1
1

such that v
jÿ1
1 �x=v j

1 � � x=v1 for an element x A K and an integer j > 0. Consider the

maps i� and ds in the long exact sequence associated to the short one (2.2)

� � � �! H sK�2�� �!
i�

H sM 1
1 �!

v1
H sM 1

1 �!
ds

H s�1K�2�� �! � � � :�3:1�

Note that i��x� � x=v1. For each base x A KHH sK�2��, de®ne an integer j�x� by

j�x� � j if ds�x=v
j
1 �0 0, and j�x� � y otherwise. De®ne a k�1��-submodule B of

H �M 1
1 by

B � k�1��fx=v
j�x�
1 j x A K and i��x�0 0 A H �M 1

1 g:

Here note that an element of the form x=vy1 generates a k�1��-module isomorphic to

K�1��=k�1�� whose �Z=3�-basis is fx=v j
1 j j > 0g.

Lemma 3.2. For the submodule B de®ned above, H �M 1
1 � BnL�z2� if B satis®es

the condition that the set fd�x=v
j�x�
1 �jx A K ; i��x�0 0; j�x� < yg is linearly independent.

Therefore, we will study the connecting homomorphism ds : H sM 1
1 ! H s�1K�2�� to

®nd j�x� for each x A K . Note that if x B Im ds, then i��x�0 0 in H s�1M 1
1 . Thus a

computation of ds shows us all information that we need. We will not distinguish x and

x in the sequel. The following is our key lemma:

Lemma 3.3. The connecting homomorphism ds : H sM 1
1 ! H s�1K�2�� acts as follows:
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1. On Fn �nV 0�,

d0�v
3 n�1

2 =v4�3
nÿ1

1 � � lv2�3
n

2 h10 �l � 1 if n � 0; l � ÿ1 if n > 0�

d1�v
3 n�1

2 h10=v
6�3 n�1
1 � � �ÿ1�nv

�3 n�1ÿ1�=2
2 x

d1�v
8�3 n

2 h10=v
10�3 n�1
1 � � ÿv

5�3 n��3 nÿ1�=2
2 x

d2�v
3 n�5G 3���3 nÿ1�=2
2 x=v4�3

n

1 � � Gv
3 n�1�1G1��3�3 nÿ1�=2
2 c1Hv

3n�1�1G1���3 n�1ÿ1�=2
2 xz2:

2. On F,

d0�v2=v1� � h11

d1�v2h10=v
2
1� � b10

d1�v
2
2h11=v

2
1� � b11

d2�v2b11=v1� � v22h10b10

3. On F �,

d2�x=v
2
1� � ÿvÿ1

2 c0

d3�v2�v
ÿ1
2 c0�=v1� � v2�v

ÿ3
2 b11x�

d3�v2c1=v1� � v2xb10

d4�b11x=v
2
1� � c1b10:

This gives rise to all the di¨erentials of the Bockstein spectral sequence. In fact,

suppose that ds�x=v
j
1 � � y in the above lemma. Then for an element a A H tE�2��=

�3; v j
1 �, we have ds�t�ax=v

j
1 � � ay. Take a to be an element of E�2; n��=�v1� �

�Z=3��vG3 n

2 �HH 0E�2��=�3; v
j
1 � with j < 4 � 3nÿ1, or b t

10z
e
2 A H2t�eE�2��=�2; v

j
1 � for tV 0

and e � 0; 1. Then we have

ds�2t�e�v
3 nu
2 xb t

10z
e
2=v

j
1 � � v3

nu
2 yb t

10z
e
2;

for an integer u. Therefore, we see that

Proposition 3.4. The connecting homomorphism ds : H sM 1
1 ! H s�1K�2�� acts as

follows:

d0�v
3tG1
2 =v1� � Gv3tÿ1G1

2 h11

d0�v
3�3tG1�
2 =v31� � Gv9tÿ1G3

2 h10

d0�v
3 n�3tG1�
2 =v4�3

nÿ1ÿ1
1 � � Hv

3nÿ1�9tÿ1G3�
2 h10 �n > 1�

d1�v
3t�1
2 h10=v

2
1� � v3t2 b10

d1�v
3n�3t�1�
2 h10=v

2�3 n�1
1 � � �ÿ1�nÿ1

v
3 n�1t��3 nÿ1�=2
2 x �n > 0�
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d1�v
3n�9t�8�
2 h10=v

10�3 n�1
1 � � ÿv

3 n�2t�5�3 n��3 nÿ1�=2
2 x �nV 0�

d1�v
3t�2
2 h11=v

2
1� � v3t2 b11;

d2�v
3tG1
2 b10=v1� � Gv3tÿ1G1

2 h11b10

d2�v
3tG1
2 b11=v1� � Gv3t�1G1

2 h10b10

d2�v
3t
2 x=v

2
1� � ÿv3tÿ1

2 c0

d2�v
3 n�9t�5G3���3 nÿ1�=2
2 x=v4�3

n

1 � � Gv
3 n�1�3t�1G1��3�3 nÿ1�=2
2 c1

Hv
3 n�1�3t�1G1���3 n�1ÿ1�=2
2 xz2 �nV 0�;

d2s�3�v
3t�2
2 h11b

s�1
10 =v21� � v3t2 b11b

s�1
10

d2s�3�v
3t�1
2 h10b

s�1
10 =v21� � v3t2 b

s�2
10

d2s�3�v
3tG1
2 �vÿ1

2 c0�b
s
10=v1� � Gv3tG1

2 �vÿ3
2 b11x�b

s
10

d2s�3�v
3tG1
2 c1b

s
10=v1� � Gv3tG1

2 xb s�1
10 ;

d2s�4�v
3tG1
2 bs�2

10 =v1� � Gv3tÿ1G1
2 h11b

s�2
10

d2s�4�v
3tG1
2 b11b

s�1
10 =v1� � Gv3t�1G1

2 h10b
s�2
10

d2s�4�v
3t
2 xb

s�1
10 =v21� � ÿv3tÿ1

2 c0b
s�1
10

d2s�4�v
3t
2 b11xb

s
10=v

2
1� � v3t2 c1b

s�1
10

for n; sV 0 and t A Z.

Corollary 3.5. The map i� : H sK�2�� ! H sM 1
1 sends each of the following ele-

ments in K to a non-zero element:

h10; v3
ks

2 h10; v3tÿ1
2 h11;

for s; t A Z with s1 1 (3) or s1 8 (9).

v3tG1
2 b10; v3tG1

2 b11; vu2x;

for t; u A Z with u A 3Z or u � 3n�9t� 5G 3� � �3n ÿ 1�=2.

v3tÿ1
2 h11b

s�1
10 ; v3t�1

2 h10b
s�1
10 ; v3tÿ1G1

2 c0b
s
10; v3tG1

2 c1b
s
10

for s; t A Z with sV 0.

These elements in Corollary 3.5 form the set B, and Lemma 3.2 shows Theorem 2.5.

§4. Computation of the connecting homomorphism.

In this section, we will prove Lemma 3.3 by assuming some results on the cobar

complex W�E�2�� which will be shown in the following sections.

Let �E�2��;E�2��E�2�� denote the Hopf algebroid associated to the Johnson-

Wilson spectrum E�2�. For an E�2��E�2�-comodule M with coaction c : M !
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MnE�2��
E�2��E�2�;H

�M � Ext�E�2��E�2��E�2��;M� is given as the cohomology of the

cobar complex W�M with WsM � MnE�2��
E�2��E�2�

ns and the di¨erential ds : WsM !

W s�1M de®ned by ds�xn y� � c�x�n y�
Ps

i�1�ÿ1� ixn y1 n � � � nD�yi�n � � � n

ys � �ÿ1�s�1
xn yn 1 for x A M and y � y1 n � � �n ys A E�2��E�2�

ns. Consider the

connecting homomorphism ds : H sM 1
1 ! H s�1K�2�� associated to (2.2). By de®nition,

we see that

�4:1� if ds�x�1 v
j
1 ymod �3; v j�1

1 � in Ws�1E�2��, then ds��x=v
j
1 �� � �y�.

Here �x� denotes a cohomology class represented by a cocycle x.

Now we state several lemmas:

Lemma 4.2.�� There exists a cochain x�8 � 3n� A W1E�2�� for each nV 0 such that

x�8 � 3n�1 v8�3
n

2 t1 mod �3; v1� and

d1�x�8 � 3
n��1ÿv10�3

n�1
1 v

5�3 n��3 nÿ1�=2
2 X mod �3; v10�3

n�2
1 �:

Here X denotes a cocycle that represents x.

Lemma 4.3. In the cobar complex W3E�2��, we have cochains fi �i � 0; 1� such that

fi represents ci in E �
2 �L2V�1�� and

d3� f0�1 v1v
ÿ2
2 b11 nX mod �3; v21�;

d3� f1�1 0 mod �3; v21�:

Lemma 4.4. There exist cochains X�0�;X�2� and X�8� A W2E�2�� such that X�n�1

vn2X mod �3; v1� and

(a) d2�X �0��1ÿv21v
ÿ1
2 f0 mod �3; v31�;

(b) d2�X �2��1 v41z
3 nX 3 ÿ v41v

ÿ3
2 f 3

1 mod �3; v51� and

d2�X �8��1ÿv41v
3
2z

3 nX 9 � v41v
ÿ6
2 f 91 mod �3; v51�;

for the elements fi �i � 0; 1� of Lemma 4.3. Here z represents z2.

Assuming these lemmas we will prove Lemma 3.3 by which we obtain Proposition

3.4.

Proof of Lemma 3.3. In [6, Prop. 5.4], it is shown that d0�v2�1 v1t
3
1 mod �3; v31�,

d0�v
3
2�1 v31v

2
2 t1 mod �3; v41� and d0�v

3 n

2 �1ÿv4�3
nÿ1ÿ1

1 v2�3
nÿ1

2 t1 mod �3; v4�3
nÿ1

1 � for nV 2,

which implies the ®rst equations in the parts 1 and 2 of Lemma 3.3. In fact, h1i � �t3
i

1 �.

Besides, we see that d2�v2b11�1 v1t
3
1 n b11 mod �3; v31�, since d2�b11�1 0 and d0�v2�1

v1t
3
1 . Therefore the fourth one in the part 2 follows from the relation h11b11 � v22h10b10

of Theorem 2.3.

In [1, Prop.s 5.2, 5.3], it is shown that

d1�x�1��1 v21b10 mod �3; v31�; d1�y�2��1 v21b11 mod �3; v31�;

d1�x�3
n��1ÿ�ÿ1�nv6�3

nÿ1�1
1 v

�3 nÿ1�=2
2 X mod �3; v6�3

nÿ1�2
1 � �n > 0�;

��This is the correction of the last congruence in [1, Prop. 5.2].
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where x�n� and y�n� are elements such that

x�n�1 vn2 t1 and y�n�1 vn2 t
3
1 mod �3; v1�:

These show the second equation in the part 1 and the second and the third ones in the

part 2. The third one in the part 1 follows from Lemma 4.2. Since f 3 n

1 1 v
3�3 nÿ1�=2
2 f1

and X 3n

1 v
�3 nÿ1�=2
2 X mod �3; v1� up to homology by Theorem 2.3, we see the fourth one

of the part 1 from Lemma 4.4 (b).

Now turn to the part 3. By Lemma 4.4 (a) we obtain the ®rst one. The fourth

one also follows from it, since b10c1 � ÿvÿ1
2 b11c0 by Theorem 2.3. The second one

follows immediately from Lemma 4.3. Since d0�v2�1 v1t
3
1 and d3� f1�1 0mod �3; v21� by

Lemma 4.3, we see that d3�v2 f1�1 v1t
3
1 n f1 mod �3; v21�, which is homologous to

v1v2X n b10 by the relation h11c1 � v2b10x � v2xb10 of Theorem 2.3. This shows the

third equation. r

§5. Some relations in E�2��E�2�.

Note that in E�2��E�2� we have the following relations (cf. [1, (3.8), (3.9)]):

t91 � vÿ1
2 t1hR�v

3
2� ÿ v1v

ÿ1
2 t32 ÿ v21v

ÿ1
2 V � v91v

ÿ1
2 t2

1 v22 t1 ÿ v1v
ÿ1
2 t32 � v21v2t

3
1 � v31�v

ÿ1
2 t101 � t61� ÿ v41v2t1 � v51 t1 mod �3; v51�

t9n 1 v3
nÿ1

2 tn ÿ v1v
ÿ1
2 t3n�1 mod �3; v21�;

�5:1�

in which hR�v
3
2� � v32 � v31 t

9
1 ÿ v91 t

3
1 and

V � ÿv22 t
3
1 ÿ v1v2t

6
1 � v21v

2
2 t1 ÿ v31v2t

4
1 � v41 t

7
1 ÿ v51v2t

2
1 ÿ v61 t

5
1 :�5:2�

Therefore we see the following relation in the cobar complex W�E�2��:

c9 1 v2t2 c mod �3; v1�;�5:3�

for a cochain c A W�;4tE�2��.

Note that d0 : E�2�� ! E�2��E�2� is computed by d0�x� � hR�x� ÿ x. Since hR�v2�

1 v2 � v1t
3
1 ÿ v31 t1 mod (3) by Landweber's formula, we compute the following mod

�3; v81�,

d0�v
2
2�1ÿv1v2t

3
1 � v21 t

6
1 � v31v2t1 � v41 t

4
1 � v61 t

2
1

d0�v
4
2�1 v1v

3
2 t

3
1 � v41t

3 � v51v
2
2 t

3
1 � v61v2t

6
1 ÿ v71v

2
2 t1

d0�v
5
2�1ÿv1v

4
2 t

3
1 � v21v

3
2 t

6
1 ÿ v31v

2
2 t

9
1 � v41v2t

3
2

� v51�ÿv32 t
3
1 � t31 t

3
2 � t151 � � v61�v

2
2 t

6
1 � v32 t

2
1� � v71 t

13
1

d0�v
7
2�1 v1v

6
2 t

3
1 � v31v

4
2 t

9
1 ÿ v41v

3
2�t

3
2 � t121 � � v51v

5
2 t

3
1 � v61v

4
2 t

6
1 � v71 t

21
1

d0�v
8
2�1ÿv1v

7
2 t

3
1 � v21v

6
1 t

6
1 mod �3; v41�;

�5:4�

where t � t41 ÿ t2.
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Moreover, we have

(5.5) (cf. [9]) For d1 : E�2��E�2� ! E�2��E�2�
n2

;

d1�t1� � 0

d1�t2� � ÿt1 n t31 ÿ v1b10;

where b10 � ÿt1 n t21 ÿ t21 n t1.

Lemma 5.6. There exist cochains T 0
;T , and T in W

1E�2�� such that

d1�T
0�1ÿt91 n z9 ÿ b11 ÿ vÿ9

2 g90 mod �3; v31�;

d1�T�1ÿv2t
9
1 n z9 ÿ v2b11 ÿ vÿ8

2 g90 � v1v
ÿ27
2 t31 n �t93 ÿ t811 t92� mod �3; v31�;

d1�T�1ÿv2z
9 n t91 ÿ v2b11 ÿ vÿ26

2 g 09
0

� v1v
ÿ27
2 t31 n �t93 ÿ t91 t

27
2 � ÿ v31v

ÿ27
2 t1 n �t93 ÿ t91 t

27
2 � mod �3; v61�:

Here

z � vÿ1
2 t2 � vÿ3

2 t32 ÿ vÿ3
2 t121 ; b11 � ÿt31 n t61 ÿ t61 n t31 ;

g0 � t1 n t2 ÿ t21 n t31 and g 0
0 � t32 n t1 ÿ t31 n t101 :

Proof. First consider the cochains t̂3 � t3 ÿ t91 t2 and ~t3 � t3 ÿ t1t
3
2 . Then we see

d1�t̂3�1ÿv32 t1 n zÿ v2b11 ÿ v22g0 mod �3; v1� and

d1�~t3�1ÿv32zn t1 ÿ v2b11 ÿ g 0
0 mod �3; v1�;

by computing

d1�t3�1ÿt1 n t32 ÿ t2 n t91 ÿ v2b11

1ÿt1 n t32 ÿ v22 t2 n t1 ÿ v2b11;

d1�ÿt91 t2�1 t101 n t31 � t1 n t121 � t91 n t2 � t2 n t91

1ÿv22g0 � t1 n t121 ÿ v22 t1 n t2 � t2 n t91 ;

d1�ÿt1t
3
2�1 t41 n t91 � v31 n t101 � t1 n t32 � t32 n t1

1 t121 n t1 � t1 n t32 ÿ g 0
0 ÿ t32 n t1

mod �3; v1�.

Now put T 0 � vÿ27
2 t̂ 93 , and 9-th power of d1�t̂3� yields d1�T

0�. In fact, by (5.3) we

see that b911 1 v182 b11 mod �3; v61�.

We de®ne T � v2T
0 and compute d1�T�1 d1�v2T

0�1 v1t
3
1 nT 0 ÿ vÿ26

2 �v272 t91 n z9 �

v92b
9
11 � v182 g90�mod �3; v31�.

In the same manner we verify that the element T � v2T 0 for T 0 � vÿ27
2

~t 93 satis®es the

last congruence. r
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§6. Proofs of Lemmas 4.3 and 4.4.

Let x denote a cochain that represents x in H 2K�2��, and de®ne X A W2E�2�� by

X � vÿ4
2 x9

:

Lemma 6.1. The element X is a cocycle of W�K�2�� that represents x in H 2K�2��,

and it satis®es the following in the cobar complex W3E�2��:

d2X 1ÿv1v
ÿ1
2 t31 nX ÿ v41v

ÿ4
2 t3 nX ÿ v51v

2
2 t

3
1 nX mod �3; v61�:

Proof. By de®nition with (5.4) we see that

01 d2�x
9�1 d2�v

4
2X�

1 v1v
3
2 t

3
1 nX � v41t

3 nX � v51v
2
2 t

3
1 nX

� v61v2t
6
1 nX � v42d2�X� mod �3; v71�: r

As we noted in [1, (5.1)], we have an element w such that d1�w� � x3 � v2x

in W�K�2��. Since x9 � v42x by (5.3), we obtain that d1�w
3 ÿ v32w� � 0, that is w3 ÿ v32w

is a cocycle. Theorem 2.3 shows that w3 ÿ v32w is bounded, but nothing bounds it by

degree reason. Therefore, w satis®es

d1�w� � x3 � v2x and w3 � v32w in W�K�2��:�6:2�

By this, we have d1�w
9�1 x27 � v92x

9 1 v122 X 3 � v132 X mod �3; v91�, and so by (5.4),

d1�v
ÿ12
2 w9�1ÿv31v

ÿ15
2 t91 nw9 � v61v

ÿ18
2 t181 nw9 � X 3 � v2X�6:3�

mod �3; v91� since d0�v
ÿ12
2 �1 vÿ18

2 �d0�v
2
2��

3.

Since h10x � 0 in H 3K�2�� by Theorem 2.3, we have cocycles y0 such that d2�y0�

� t1 n x in W3K�2��. De®ne y1 � ÿvÿ1
2 �y30 � t31 nw�. Then d2�y1� � ÿvÿ1

2 �t31 n x3 ÿ

t31 n �x3 � v2x�� � t31 n x.

Put Y0 � vÿ6
2 y90 and Y1 � vÿ10

2 y91 . Then we have

Lemma 6.4. Yi1 yi mod �3; v1� �i� 0; 1� and Y 3
0 1ÿv2Y1ÿvÿ18

2 t271 nw9 mod �3; v91�.

Besides,

d2�Y0�1 t1 nX � v1v
ÿ3
2 t3 nX � v21v

ÿ1
2 t31 nX mod �3; v31�; and

d2�Y1�1 t31 nX ÿ v1v
ÿ1
2 �t31 nY1 ÿ t61 nX � � v31�v

ÿ3
2 t91 nY1 ÿ vÿ6

2 t92 nX � mod �3; v41�:

Proof. The ®rst one follows from (5.3). By de®nition, Y 3
0 � vÿ18

2 y270 1ÿvÿ9
2 y91 ÿ

vÿ18
2 t271 nw9 � ÿv2Y1 ÿ vÿ18

2 t271 nw9 mod �3; v91�.
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A direct computation with (5.1) shows the following:

d2�v
ÿ6
2 y90�1 vÿ6

2 t91 n x9 1 vÿ4
2 �t1 ÿ v1v

ÿ3
2 t32 � v21v

ÿ1
2 t31�n v42X

1 vÿ4
2 hR�v

4
2��t1 ÿ v1v

ÿ3
2 t32 � v21v

ÿ1
2 t31�nX mod �3; v31�;

and hR�v
4
2� � v42 � d0�v

4
2� is read o¨ from (5.4).

For Y1, noticing that d0�v
ÿ10
2 �1 vÿ18

2 d0�v
8
2� mod �3; v41�, we compute with (5.4) the

following:

d2�v
ÿ10
2 y91�1ÿv1v

ÿ11
2 t31 n y91 � v21v

ÿ12
2 t61 n y91 � vÿ10

2 t271 n x9

1ÿv1v
ÿ11
2 t31 n v102 Y1 � v21v

ÿ12
2 t61 n v102 Y1

� vÿ4
2 t31 n v42X ÿ v31v

ÿ13
2 t92 n v42X

1 t31 nX ÿ v1v
ÿ1
2 �t31 nY1 ÿ t61 nX�

� v31v
ÿ3
2 t91 nY1 ÿ v31v

ÿ9
2 t92 nX mod �3; v41�: r

Proof of Lemma 4.3. De®ne ®rst f 0
0 � t21 nX � t1 nY0 and f 0

1 � t1 nY1 ÿ

t2 nX . Then Lemma 6.4 shows that f 0
i represents ci � hh10; h1i; xi for each i � 0; 1.

By Lemmas 5.6, 6.1 and 6.4 with (5.3) we compute

d3� f
0
0�1ÿv1�v

ÿ3
2 t1 n t3 nX ÿ vÿ1

2 t21 n t31 nX�

1 v1�t1 n znX ÿ vÿ1
2 g0 nX �

d3�ÿv1v
ÿ3
2 T nX�1 v1v

ÿ3
2 �v32 t1 n z� v2b11 � v22g0�nX

d3�v1znY0�1ÿv1zn t1 nX

d3�ÿv1zt1 nX�1 v1zn t1 nX � v1t1 n znX

mod �3; v21�. Then we have the ®rst one by putting f0 � f 0
0 ÿ v1v

ÿ3
2 T nX � v1znY0

ÿ v1zt1 nX .

Similarly, we compute

d3� f
0
1�1ÿt1 n t31 nX � v1v

ÿ1
2 t1 n �t31 nY1 ÿ t61 nX �

� t1 n t31 nX � v1b10 nX ÿ v1v
ÿ1
2 t2 n t31 nX

d3�v1v
ÿ1
2 t2 nY1�1ÿv1v

ÿ1
2 t1 n t31 nY1 ÿ v1v

ÿ1
2 t2 n t31 nX

d3�v1v
ÿ9
2 T

3
nX �1 v1v

ÿ9
2 �ÿv92zn t31 ÿ v92b10 ÿ g 03

0 �nX

d3�ÿv1znY1�1 v1zn t31 nX

mod �3; v21�. Notice that v1v
ÿ1
2 �t2 n t31 ÿ t1 n t61� � v1v

ÿ9
2 g 03

0 , and we obtain the second

one by setting f1 � f 0
1 � v1v

ÿ1
2 t2 nY1 � v1v

ÿ9
2 T

3
nX ÿ v1znY1. r
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Proof of Lemma 4.4. (a) Set X � X � v1v
ÿ1
2 Y1 and f0 � vÿ1

2 �t31 nY1 � t61 nX �,

and we obtain

d2�X�1 v21v
ÿ1
2 f0 mod �3; v31�

by the computation:

d2�X�1ÿv1v
ÿ1
2 t31 nX

d2�v1v
ÿ1
2 Y1�1ÿv21v

ÿ2
2 t31 nY1 � v1v

ÿ1
2 t31 nX ÿ v21v

ÿ2
2 �t31 nY1 ÿ t61 nX �

mod �3; v31�. Indeed, these are seen by using Lemmas 6.1 and 6.4 and the congruence

d0�v
ÿ1
2 �1ÿv1v

ÿ2
2 t31 mod �3; v21� seen by (5.4).

For a while, we argue in the E2-term E
�;�
2 �L2V�1��. Notice that f0 represents an

element in vÿ1
2 hh11; h11; xi, and c0 is an element of hh10; h10; xi. By a relation of the

Massey products, we see that h11hh11; h11; xi � hh11; h11; h11ix and hh11; h11; h11i � ÿb11.

Therefore, h11� f0� � ÿvÿ1
2 b11x � ÿh11c0 by a relation in Theorem 2.3, and so � f0� �

ÿc0 mod Ker h11. Theorem 2.3 also shows us that Ker h11 HE3; 16

2 �L2V�1�� is gen-

erated by h10b10. Therefore we have an integer k A Z=3 such that � f0� � ÿc0 � kh10b10
and a cochain e0 such that d2�e0� � f0 � f0 ÿ kt1 n b10 for f0 given in the proof of

Lemma 4.3. Furthermore the relation v22h10b10 � h11b11 certi®es the existence of a

cochain B such that d1�B� � v22 t1 n b10 ÿ t31 n b11.

Putting X�0� � X � kv1v
ÿ1
2 b11 ÿ v21�v

ÿ1
2 e0 � kvÿ3

2 B� leads us to the desired congru-

ence.

(b) Put X �2� � v2X
3 ÿ v1Y

3
0 ÿ v31v

ÿ2
2 Y 3

1 and note that f1 1 t1 nY1 ÿ t2 nX

mod �3; v1� for f1 in the proof of Lemma 4.3. We then obtain d2�X�2�� from

computation

d2�v2X
3�1 v1t

3
1 nX 3 ÿ v31 t1 nX 3 ÿ v31v

ÿ2
2 t91 nX 3

1 v1t
3
1 nX 3 � v31�t1 � v1v

ÿ3
2 t32�nX 3

d2�ÿv1Y
3
0 �1ÿv1t

3
1 nX 3 ÿ v41v

ÿ9
2 t9 nX 3

d2�ÿv31v
ÿ2
2 Y 3

1 �1ÿv41v
ÿ3
2 t31 nY 3

1 ÿ v31v
ÿ2
2 t91 nX 3

1ÿv41v
ÿ3
2 t31 nY 3

1 ÿ v31�t1 ÿ v1v
ÿ3
2 t32�nX 3

mod �3; v51� by Lemmas 6.1 and 6.4.

By de®ning X�8� � v42X
9 ÿ v1v

ÿ3
2 Y 9

1 , we compute that

d�v42X
9�1 v1v

3
2 t

3
1 nX 9 � v41t

3 nX 9

d�ÿv1v
ÿ3
2 Y 9

1 �1 v41v
ÿ6
2 t91 nY 9

1 ÿ v1�v
3
2 t

3
1 ÿ v31v

ÿ6
2 t92�nX 9

mod �3; v51�. Since t3 � vÿ6
2 t92 1ÿv32z

3 ÿ vÿ6
2 t92 , we have the result. r

§7. Proof of Lemma 4.2.

In this section, we correct [1, Th. 4.4], whose X should be replaced by our x�8�.
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Lemma 7.1. There exists an element x�7� such that x�7�1 v72 t1 mod �3; v1�, and

d1�x�7��1 v21b
3
11 ÿ v71v

5
2X mod �3; v81�;

for a cocycle X that represents x.

Proof. Put x�7� 0 � v52 t
9
1 ÿ v1v

4
2 t

3
2 � v31v

2
2 t

18
1 ÿ v21T

03 ÿ v1v
7
2z

9 ÿ v41v
4
2 t

9
1z

9 � v41v
3
2T ÿ

v51v
3
2 t

3
2 ÿ v61v

ÿ4
2 T 3 for T 0, T and T given in Lemma 5.6. Using (5.3), (5.4), (5.5) and

Lemma 5.6, we compute the following mod �3; v81�:

d1�v
5
2 t

9
1�1 �ÿv1v

4
2 t

3
11

� v21v
3
2 t

6
1 �a1�

ÿ v31v
2
2 t

9
1 2

� v41v2t
3
2 c

� v51�ÿv32 t
3
1 6

� t31 t
3
2 � t151 � � v61�v

2
2 t

6
1 e

� v32 t
2
1 d

� � v71 t
13
1 ��n t91

d1�ÿv1v
4
2 t

3
2�1ÿv1�v1v

3
2 t

3
1 �a1�

� v41t
3 � v51v

2
2 t

3
1 e

� v61v2t
6
1�n t32

� v1v
4
2 t

3
1 n t91 1

� v41v
4
2b11 3

d1�v
3
1v

2
2 t

18
1 �1ÿv41v2t

3
1 n t181 c

� v51 t
6
1 n t181 � v61v2t1 n t181 d

� v71 t
4
1 n t181 � v31v

2
2 t

9
1 n t91 2

d1�ÿv21T
03�1 v21 t

27
1 n z9

b
� v21b

3
11 � v21v

ÿ27
2 g270 a

d1�ÿv1v
7
2z

9�1ÿv21v
6
2 t

3
1 n z9

b
ÿ v41v

4
2 t

9
1 n z9

4
� v51v

3
2 t

3
2 n z9

� v51v
3
2 t

12
1 n z9 ÿ v61v

5
2 t

3
1 n z9

7
ÿ v71v

4
2 t

6
1 n z9

d1�ÿv41v
4
2 t

9
1z

9�1ÿv51v
3
2 t

3
1 n t91z

9 � v41v
4
2 t

9
1 n z9

4
� v41v

4
2z

9 n t91 5

d1�v
4
1v

3
2T�1 v71 t

9
1 nT � v41v

3
2�ÿv2z

9 n t91 ÿ v2b11 ÿ vÿ26
2 g 09

0

� v1v
ÿ27
2 t31 n �t93 ÿ t91 t

27
2 � ÿ v31v

ÿ27
2 t1 n �t93 ÿ t91 t

27
2 ��

1 v41v
3
2�ÿv2z

9 n t91 5
ÿ v2b113 ÿ vÿ26

2 g 09
0 c

� v1v
ÿ27
2 t31 n �t93 ÿ t91 t

27
2 ��

d1�ÿv51v
3
2 t

3
2�1 v51v

3
2 t

3
1 n t91 6

d1�ÿv61v
ÿ4
2 T 3�1 v61v

5
2 t

3
1 n z9

7
� v61v

5
2b10 d

� v61v
2
2g

3
0 e

� v71v
ÿ5
2 t31 nT 3

:

The elements underlined with the same number are cancelled each other. Since the sum

of the elements underlined with �a1� is ÿv21v
3
2g

3
0 and g90 1 v102 g0 ÿ v1�v

9
2 t

4
1 n t2 � v2t1 n t33

� v72�t
3
2 n t2 � t1t

3
2 n t31��, the sum of the elements underlined with �a1� and a is:

v21v
ÿ27
2 g270 ÿ v21v

3
2g

3
0 1ÿv51�t

12
1 n t32 � vÿ24

2 t31 n t93 � vÿ6
2 �t92 n t32 � t31 t

9
2 n t91��:

Besides, the underlined parts with b, c and d are computed as follows:
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v21 t
27
1 n z9 ÿ v21v

6
2 t

3
1 n z9 1ÿv51v

ÿ3
2 t92 n z9

v41v2t
3
2 n t91 ÿ v41v2t

3
1 n t181 ÿ v41v

ÿ23
2 g 09

0 1 v71�v
2
2 t3 n t1 ÿ v42 t2 n t21�; and

v61�v
3
2 t

2
1 n t91 � v2t1 n t181 � � v61v

5
2b10 1ÿv71v

2
2�t

2
1 n t32 ÿ t1 n t1t

3
2�

using (5.1). Now we obtain

d1�x�7�
0�1 v21b

3
11 � v51Z � v71x

0

for

Z � �t31 t
3
2 � t151 �n t91 A

ÿ t3 n t32 C
� t61 n t181 � v32 t

3
2 n z9

D

� v32 t
12
1 n z9

D
ÿ v32 t

3
1 n t91z

9

B
� vÿ24

2 t31 n �t931
ÿ t91 t

27
2 B

�

ÿ �t121 n t32 C
� vÿ24

2 t31 n t931
� vÿ6

2 �t92 n t32 C
� t31 t

9
2 n t91 A

�� ÿ vÿ3
2 t92 n z9

D

x 0 � t131 n t91 � t41 n t181 ÿ v42 t
6
1 n z9 � vÿ5

2 t31 nT 3

� v22 t3 n t1 ÿ v42 t2 n t21 ÿ v22�t
2
1 n t32 ÿ t1 n t1t

3
2�:

We introduce an element w � ÿzÿ vÿ1
2 t2 � vÿ1

2 t41 � vÿ1
2 t2 ÿ vÿ3

2 t32 . Notice that z9 1

z3 mod �3; v31�. Then the parts underlined with A, B, C and D amount to v32 t
3
1 n

t91�wn 1�, v32 t
3
1 n t91�1nw�, v32w

3 n t32 and v62w
3 n z3 mod �3; v31�, respectively, and so we

have

Z1 v32 t
3
1 n t91�w

3 n 1� 1nw3� � t61 n t181 ÿ v62w
3 nw3:

Since we have d1�v2w�1 t1 n t31 mod �3; v1� by (5.5), we obtain

d1�v
6
2w

6�1ÿ�v32 t
3
1 n t91�w

3 n 1� 1nw3� � t61 n t181 ÿ v62w
3 nw3�

mod �3; v31� by (5.3). Therefore the cochain x�7� � x�7� 0 � v51v
6
2w

6 satis®es the desired

congruence by putting x 0 � ÿv52X . In fact, x is represented by a cocycle whose leading

term is vÿ3
2 t1 n t3 � vÿ10

2 t33 n t31 , and moreover T is congruent to t3 ÿ t91 t2 mod �3; v1�.

r

Proof of Lemma 4.2. Put x�8� � ÿV 3 � v41x�7� for V in (5.2). Lemma 7.1 implies

the lemma for n � 1, since V 3 1ÿv82 t1 mod �3; v1� by (5.1) and (5.2), and d1�V�1

v21b11 mod �3; v81� by [1, (3.7)]. For a large n, use (6.3) to obtain the lemma. r

§8. The Adams-Novikov di¨erentials on E
�;�
2 �L2W�.

In this section, we compute the Adams-Novikov di¨erential dr : E s; t
r �L2W� !

E s�r; t�rÿ1
r �L2W� for rV 2. Note that E �

2 �L2W� is given in Theorem 2.5 and that

dr � 0 unless r1 1mod 4 by degree reason.

Proposition 8.1. For all rV 2, dr � 0 on K�1��=k�1�� nL�h10; z2�.

Proof. Suppose that there are elements x A L�h10; z2� and y A E s�r
r �L2W� with ®lt

x � s for integers 0U sU 2, r > 4 and j > 0, such that du�x=v
j
1 � � 0 for u < r and

dr�x=v
j
1 � � y0 0:
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Then dr 0�x=v
j�1
1 � � y 0 0 0 for some r 0 U r and y 0 A E s�r 0

r 0 �L2W�. Since r is ®nite, we

may assume that for each kV 0, du�x=v
j�k
1 � � 0 for u < r and

dr�x=v
j�k
1 � � y=vk1 0 0 A E s�r

r �L2W�

from the beginning. Thus y generates a module isomorphic to K�1��=k�1�� in

E s�r
r �L2W�. On the other hand, Theorem 2.5 shows that E s�r

2 �L2W� � H s�rM 1
1 does

not contain such a module since s� rV r > 4. This is a contradiction. r

In the following, an equation dr�x� � y means not only the indicated one but also

ds�x� � 0 for s < r.

Lemma 8.2. Suppose that dr�x� � y on an element x of Fn or F lF �, then we get

dr�xb
s
10z

e
2� � ybs

10z
e
2

for sV 0, e � 0; 1 and xbs
10z

e
2 A E

�;�
2 �L2W�.

Proof. Since b10 represents the homotopy element b1, the relation dr�x� � y implies

dr�xb
s
10� � ybs

10.

The same proof that shows dr�x� � y in the spectral sequence for p��L2W� works to

show dr�xz2� � yz2 in it, since the proof depends on the result of the di¨erentials of the

spectral sequence for p��L2V�1�� in which it is shown in [11] that dr�x� � y if and only

if dr�xz2� � yz2. r

For the di¨erentials on F lF � and Fn, we study the exact sequence

� � � �! E
s;�
2 �L2V�1�� �!

i�
E

s;�
2 �L2W� �!

v1
E

s;�
2 �L2W� �!

ds
E

s�1;�
2 �L2V�1�� �! � � �

associated to the co®ber sequence (2.1) in order to use the results on E
�;�
2 �L2V�1��:

(8.3) ([11, Prop.s 8.4, 9.13], [4]) The di¨erential d5 of the spectral sequence for

p��L2V�1�� acts as follows:

d5�v
3t�1
2 � � ÿtv3tÿ1

2 h11b
2
10; d5�v

3t�1
2 b11� � ÿ�tÿ 1�v3t�1

2 h10b
3
10;

d5�v
3t�3
2 c0� � ÿtv3t2 b11xb

2
10; d5�v

3t�1
2 c1� � ÿ�t� 1�v3t2 xb

3
10;

d5�v
3tÿ1
2 � � ÿ�t� 1�v3tÿ3

2 h11b
2
10; d5�v

3tÿ1
2 b11� � ÿtv3tÿ1

2 h10b
3
10;

d5�v
3t�1
2 c0� � ÿ�t� 1�v3tÿ2

2 b11xb
2
10 d5�v

3tÿ1
2 c1� � ÿ�tÿ 1�v3tÿ2

2 xb310;

d5�v
3t
2 b10� � ÿtv3tÿ2

2 h11b
3
10; d5�v

3t
2 b11� � ÿ�tÿ 1�v3t2 h10b

3
10;

d5�v
3tÿ1
2 c0� � ÿ�tÿ 1�v3tÿ4

2 b11xb
2
10; d5�v

3t
2 c1b10� � ÿ�t� 1�v3tÿ1

2 xb310:

Here we take 1 for l in [11], for short, and the undetermined integer k of [11] is shown

to be 1 by [4]. Thus the results of (8.3) follow.

Lemma 8.4. Let x be an element of Fn or F lF �. Then we see the following:

(1) If x � i��x� and dr�x� � y in E�;�
r �L2V�1��, then

dr�x� � i��y� in E�;�
r �L2�V�1��:
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(2) If dr�ds�x�� � ds�r�y�, then

dr�x� � y� � � �

Here � � � denotes an element of J given by

J � E�2; 1��fv2h10=v1; v
2
2h11=v1; x=v1; b11x=v1gn �Z=3��b10�nL�z2�:

Furthermore the generators of J have the bidegrees:

kv3s�1
2 h10=v1k � �1; 16�3s� 1��; kv3s�2

2 h11=v1k � �1; 16�3s� 2� � 8�;

kv3s2 x=v1k � �2; 48s� 4�; kv3s2 b11x=v1k � �4; 48s� 40�;

kb10k � �2; 12� and kz2k � �1; 0�:

Proof. Part (1) follows from the naturality of the di¨erential dr.

The hypothesis dr�ds�x�� � ds�r�y� of (2) implies dr�x�1 y mod Ker ds�r � Im v1 by

naturality. Besides, dr�x� A E s;�
r for sV 5 and 0

sV5
E s;�
r HG, where G � �F lF ��n

�Z=3��b10�nL�z2�. De®ne J � Im�v1 : G ! G�, and we see dr�x�1 y mod J. The

structure of J follows from Theorem 2.5. r

Proposition 8.5. The di¨erential d5 on �F lF ��n �Z=3��b10�nL�z2� is read o¨

from the following results on F lF � (by Lemma 8.2):

�a� d5�v
3t�1
2 =v1� � ÿtv3tÿ1

2 h11b
2
10=v1

�a 0� d5�v
3tÿ1
2 =v1� � 0

�b� d5�v
3t�1
2 h10=v

2
1� � tv3tÿ1

2 b310=v1

�c� d5�v
3t�2
2 h11=v

2
1� � �tÿ 1�v3tÿ1

2 b11b
2
10=v1 � kv3t�1

2 h10b
2
10z2=v1 for some k A Z=3

�d� d5�v
3t�1
2 b11=v1� � ÿ�tÿ 1�v3t�1

2 h10b
3
10=v1

�d 0� d5�v
3tÿ1
2 b11=v1� � 0

�a�� d5�v
3t�3
2 c0=v1� � ÿtv3t2 b11xb

2
10=v1

�a 0�� d5�v
3t�1
2 c0=v1� � 0

�b�� d5�v
3t
2 x=v

2
1� � ÿ�tÿ 1�v3tÿ2

2 c0b
2
10=v1

�c�� d5�v
3t
2 b11x=v

2
1� � �t� 1�v3tÿ1

2 c1b
3
10=v1

�d�� d5�v
3t�1
2 c1=v1� � ÿ�t� 1�v3t2 xb

3
10=v1

�d 0�� d5�v
3tÿ1
2 c0=v1� � 0:

Proof. The ®rst four equations of (8.3) give rise to (a), (d), (a)* and (d)* by

Lemma 8.4 (1).

Proposition 3.4 shows the following:

v3tÿ3
2 h11b

2
10 � d4�v

3tÿ2
2 b210=v1�; v3tÿ1

2 h10b
3
10 � d6�v

3tÿ2
2 b11b

2
10=v1�;

v3tÿ2
2 b11xb

2
10 � d7�v

3t
2 c0b

2
10=v1�; v3tÿ2

2 xb310 � d7�v
3tÿ2
2 c1b

2
10=v1�:
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Since i�ds�y� � 0, Lemma 8.4 (1) implies that the second four equations of (8.3) yield

(a 0), (d 0), (a 0)*, and (d 0)*.

Furthermore, Proposition 3.4 shows the following:

d1�v
3t�1
2 h10=v

2
1� � v3t2 b10; d1�v

3t�2
2 h11=v

2
1� � v3t2 b11;

d2�v
3t
2 x=v

2
1� � ÿv3tÿ1

2 c0; d4�v
3t
2 b11x=v

2
1� � v3t2 c1b10; and

v3tÿ2
2 h11b

3
10 � ÿd6�v

3tÿ1
2 b310=v1�; v3t2 h10b

3
10 � ÿd6�v

3tÿ1
2 b11b

2
10=v1�;

v3tÿ4
2 b11xb

2
10 � ÿd7�v

3tÿ2
2 c0b

2
10=v1�; v3tÿ1

2 xb310 � ÿd9�v
3tÿ1
2 c1b

3
10=v1�:

Therefore, we apply Lemma 8.4 (2) to show

d5�v
3t�1
2 h10=v

2
1� � tv3tÿ1

2 b310=v1 � � � �

d5�v
3t�2
2 h11=v

2
1� � �tÿ 1�v3tÿ1

2 b11b
2
10=v1 � � � �

d5�v
3t
2 x=v

2
1� � ÿ�tÿ 1�v3tÿ2

2 c0b
2
10=v1 � � � �

d5�v
3t
2 b11x=v

2
1� � �t� 1�v3tÿ1

2 c1b
3
10=v1 � � � �

by using the last four equations of (8.3). Let �J�s; t denotes the submodule of J

with bidegree �s; t�. Then we see that �J�s;u � 0 if �s; u� � �6; 16�3tÿ 1� � 32�,

�7; 16�3tÿ 2� � 36� or �9; 16�3tÿ 1� � 56�, and � �Z=3�fv3t�1
2 h10b

2
10z2=v1g if �s; u� �

�6; 16�3tÿ 1� � 56�. Therefore we obtain (b), (c), (b)* and (c)*. r

We here recall the folklore lemma which will be used later:

Lemma 8.6. Let X !
f
Y !

g
Z !

h
SX be a co®ber sequence with E�2���h� � 0.

Then in the exact sequence E �
2 �L2X � �!

f�
E �
2 �L2Y � �!

g�
E �
2 �L2Z� �!

d
E��1
2 �X�, we have

the following:

(1) If we have a chart

y ���!
g�

z 0

�
�
�
!d5

z���!
d

x;

and x is a permanent cycle, then f���x�� � �y�, where ��� denotes a homotopy class.

(2) If we have a chart

x 0
���!

f�
y 0

�
�
�
!d5

y ���!
g�

z 0

�
�
�
!d5

z���!
d

x;

then d9�x� � x 0.
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(3) If we have a chart

x 0
���!

f�
y 0

�
�
�
�
��
!

d9 �
�
�
!

d5

y ���!
g�

z 0

z ����!
d

x

then d5�z� � z 0.

Corollary 8.7. Consider the co®ber sequence V�1� �!
i

S4W �!
v1

W �!
j

SV�1�.

Then the induced map i� : p��L2V�1�� ! p�ÿ4�L2W� acts as follows :

�a� i��v
9t�2
2 h10�1 v9t�1

2 h10b
2
10=v

2
1 modKer b1

�a 0� i��v
9t�2
2 h10z2�1 v9t�1

2 h10b
2
10z2=v

2
1 modKer b1

�b� i��v
3u�1
2 x�1ÿ�1� u�v3u2 xb210=v

2
1 modKer b1 �u2 0 �3��

�b 0� i��v
3u�1
2 xz2�1ÿ�1� u�v3u2 xb210z2=v

2
1 modKer b1 �u2 0 �3��:

Proof. We obtain the following charts

v2h10b
3
10=v

2
1 ���!

v1
v2h10b

3
10=v1

�
��
!d5

v2b11=v1 ���!
d

v22h10b10

and

ÿ�1� u�v3u2 xb310=v
2
1 ���!

v1
ÿ�1� u�v3u2 xb310=v1

�
��
!d5

v3u�1
2 c1=v1 ���!

d
v3u�1
2 xb10

from Propositions 3.4 and 8.5 (d), (d)*. Since v9t�2
2 h10 and v3u�1

2 x with u2 0 mod 3 are

permanent cycles by [11, Th. A], i��v
9t�2
2 h10b10� � v9t�1

2 h10b
3
10=v

2
1 and i��v

3u�1
2 xb10� �

�1� u�v3u2 xb310=v
2
1 by Lemma 8.6 (1). Now divide it by b10 which represents b1 A p��S

0�,

and we obtain (a) and (b).

In the same way, we obtain (a 0) and (b 0) by Lemma 8.2. r

Proposition 8.8. The di¨erential d5 on Fn nL�z2� is read o¨ from the following

relation on Fn (by Lemma 8.2):

�a� d5�v
3 n�1�3t�1�
2 =v4�3

nÿ1
1 � �

v9t�1
2 h10b

2
10=v1 n � 0

0 n > 0

�

�a 0� d5�v
3 n�1�3tÿ1�
2 =v4�3

nÿ1
1 � � 0

�b� d5�v
3 n�2t�3 n�1

2 h10=v
2�3 n�1�1
1 � �

Gv9t2 xb
2
10=v1 n � 0

�ÿ1�nv
3 n�2t�3�3 nÿ1�=2
2 xb210=v1 n > 0

(

�c� d5�v
3 n�2t�8�3 n

2 h10=v
10�3 n�1
1 � �

0 n � 0; 1

ÿv
3 n�2t�5�3n�3�3 nÿ1ÿ1�=2
2 xb210=v1 n > 1

(
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�d� d5�v
3 n�9t�5G3���3 nÿ1�=2
2 x=v4�3

n

1 � � v
3n�1�3t�1G1��3�3 nÿ1�=2ÿ1
2 c1b

2
10=v1 �n > 0�

�e� d5�v
9t�8
2 x=v41� � 0

�e 0� d5�v
9t�2
2 x=v41� � ÿv9tÿ1

2 c1b
2
10=v1.

Here the symbol G on the right hand sides denotes an undetermined sign.

Proof. Put b�0� � 9t� 2 and b�n� � 3n�9t� 5G 3� � �3n ÿ 1�=2 for n > 0.

Then we compute d5�d2�v
b�n�
2 x=v4:3

n

1 �� � d5�v
b�n�ÿ3 nÿ1
2 c1� � knv

b�n�ÿ3 nÿ2
2 xb310 �

knd7�v
b�n�ÿ3 nÿ2
2 c1b

2
10=v1� for k0 � ÿ1 and kn � 1 �n > 0�, since b�n� ÿ 3n ÿ 11 0 or 3

mod 9. In fact, d5�v
3t
2 c1� � ÿ�1� t�v3tÿ1

2 xb310 by [11, Prop. 9.13]. Therefore Lemma

8.4 (2) implies (d) and (e 0), since �J�s;u � 0 for �s; u� � �7; 16�b�n� ÿ 3n ÿ 2� � 44�

�nV 0�.

Take x=va1 A Fn. For the cases (a), (a 0), (b), (c) and (e), d5�d��x=v
a
1 �� � 0 by the

relation d5�v
t
2h10� � 0 � d5�v

t
2x� shown in [11, Prop.s 8.4, 9.13]. Therefore, d5�x=v

a
1 � A J

by Lemma 8.4 (2). Comparing degrees, we have (a) for n > 0 and (a 0), and (c) for

n � 0. Besides,

d5�v
9t�3
2 =v31� � k1v

9t�1
2 h10b

2
10=v1 � k2v

9t
2 b11xz2=v1

d5�v
9tÿ3
2 =v31� � k3v

9tÿ5
2 h10b

2
10=v1 � k4v

9tÿ6
2 b11xz2=v1

d5�v
3n�2t�3 n�1

2 h10=v
2�3 n�1�1
1 � � k5v

3 n�2t�3�3 nÿ1�=2
2 xb210=v1 �nV 0�

d5�v
3n�2t�8�3 n

2 h10=v
10�3 n�1
1 � � k6v

3 n�2t�5�3 n�3�3 nÿ1ÿ1�=2
2 xb210=v1 �nV 1�

d5�v
9t�8
2 x=v41� � k7v

9t�6
2 xb210z2=v1 � k8v

9t�5
2 h11b

3
10=v1

for some ki A Z=3 �1U iU 8�. Since v9t�5
2 h11b

3
10=v1 is hit by d5 of v9t�7

2 b10=v1 by

Proposition 8.5, we take k8 � 0 by replacing v9t�8
2 x=v41 by v9t�8

2 x=v41 ÿ k8v
9t�7
2 b10=v1,

that is,

d5�v
9t�8
2 x=v41� � k7v

9t�6
2 xb210z2=v1:

Now we determine the numbers ki for 1U iU 7. Consider the following charts:

k2v
ÿ1
2 c1b

3
10z2=v1

�

�
�
!d5

k1v2h10b
2
10=v

2
1 � k2b11xz2=v

2
1 ���!

v1
k1v2h10b

2
10=v1 � k2b11xz2=v1

�

�
�

!d5

v32=v
3
1 ���!

d0
v22h10

and

k3v
ÿ7
2 b510=v1 ÿ k4v

ÿ7
2 c1b

3
10z2=v1

�

�
�
!d5

k3v
ÿ5
2 h10b

2
10=v

2
1 � k4v

ÿ6
2 b11xz2=v

2
1 ���!

v1
k3v

ÿ5
2 h10b

2
10=v1 � k4v

ÿ6
2 b11xz2=v1

�

�
�
!

d5

vÿ3
2 =v31 ���!

d0
ÿvÿ4

2 h10
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obtained from Propositions 3.4 and 8.5 (b), (c)*. The numbers k2, k3 and k4 are seen to

be zero by Lemma 8.6 (1), since v
2
2h10 and v

ÿ4
2 h10 are permanent cycles by [11, Cor.

10.7]. Besides Corollary 8.7 shows that k1 � 1. By similar charts, the third and the

fourth equations imply

i��v
3 n�2

t��3 n�1ÿ1�=2
2 x� � �ÿ1�nk5v

3 n�2
t�3�3 nÿ1�=2

2 xb210=v
2
1 �n > 0�

i��v
3 n�2

t�5�3 n��3 nÿ1�=2
2 x� � ÿk6v

3 n�2
t�5�3 n�3�3nÿ1ÿ1�=2

2 xb210=v
2
1 �nV 1�

using Propositions 3.4 and 8.5. In fact, for n > 0, v
3 n�2

t��3 n�1ÿ1�=2
2 x and

v
3 n�2t�5�3 n��3nÿ1�=2
2 x are permanent cycles by [11, Cor. 10.7]. Now compare with

Corollary 8.7, and we obtain

k5 � �ÿ1�n if n > 0; and k6 �
0 n � 1

ÿ1 n > 1.

�

If n � 0, then k5 � G1 by applying Lemma 8.6 (3) to the following chart (up to sign):

ÿv
ÿ2
2 c0b

4
10 ���!

i�
ÿv

ÿ2
2 c0b

4
10=v1

�
�
�
!d9

�
�
!d5

Gv
3
2h10=v

7
1 ���!

d1
Gv2x

xb210=v
2
1 ���!

v1
xb210=v1:

Consider again the chart

k7v
4
2c0b

5
10z2=v1

�
�
�
!d5

k7v
6
2xb

3
10z2=v

2
1 ���!

v1
k7v

6
2xb

6
10z2=v1

�
�
�
!d5

v
8
2x=v

4
1 ���!

d2
d2�v

8
2x=v

4
1�

obtained from Propositions 3.4 and 8.5. Since d2�v
8
2x=v

4
1� � v

6
2c1 ÿ v

7
2xz2 ÿ

k8v
9t�6
2 h11b10 is a permanent cycle by [11, Cor. 10.7], we obtain k7 � 0. r

These propositions give us the following charts of E2-term with d5, in which

holizontal lines of length 4 denote multiplication by v1, lines of slope 1=3, multiplication

by h10 and lines of slope 1=11, multiplication by h11. The di¨erential d5 is expressed

by arrows of slope ÿ5. Besides, the same pattern of period �10; 2� denotes elements

obtained by multiplication by b10.

The following chart is the one on F n �Z=3��b10�, where .
. .
.

starting from di-

mension 12 is multiples by b10 with

v
ÿ1
2 b11=v1

v2h10=v
2
1 v2h10=v1

v2=v1
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The other one
.

. .

. is generated by

v22b10=v1

v22h11=v
2
1 v22h11=v1

v22=v1

The next one is the E2-term with d5 on F � n �Z=3��b10�. Each dot can be read o¨ from

the degree of the generator.
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For the part with z2, just shift the dimension by �1; 0�.

Now turn to the di¨erential d9 : E s
9�L2W� ! E s�9

9 �L2W�. In the following,

everything is computed up to sign as in [11, §10].

Proposition 8.9. On the elements of E �
9 �L2W� originating �F lF ��n �Z=3��b10�n

L�z2�, d9 is read o¨ from the following (by Lemma 8.2):

(a) d9�v
9t�4
2 h10=v1� � v9t�1

2 b510=v1

(b) d9�v
9t�8
2 h11=v1� � v9t�4

2 b11b
4
10=v1

(c) d9�v
9t�2
2 b11=v1� � v9t�1

2 h10b
5
10=v

2
1

(d) d9�v
9t�8
2 =v1� � v9t�5

2 h11b
4
10=v

2
1

(a)* d9�v
9t�6
2 x=v1� � v9t�3

2 c0b
4
10=v1

(b)* d9�v
9t
2 b11x=v1� � v9tÿ2

2 c1b
5
10=v1

(c)* d9�v
9t�5
2 c1=v1� � v9t�3

2 xb510=v
2
1

(d)* d9�v
9t�1
2 c0=v1� � v9tÿ3

2 b11xb
4
10=v

2
1 :

Proof. It is shown in [11, Prop. 10.5]

d9�v
9t�4
2 h10� � v9t�1

2 b510; d9�v
9t�8
2 h11� � v9t�4

2 b11b
4
10;

d9�v
9t�6
2 x� � v9t�3

2 c0b
4
10; d9�v

9t
2 b11x� � v9tÿ2

2 c1b
5
10:

Then Lemma 8.4 (1) implies immediately (a), (b), (a)* and (b)*.

Put A � v22b11 (resp. v52c1, v2c0, v82b10), B � v22h10b
3
10 (resp. v42xb

3
10, vÿ2

2 b11xb
2
10,

v62h11b
3
10), C � v2b11b

2
10=v1 (resp. v42c1b

2
10=v1, c0b

3
10=v1, v

7
2b

3
10=v1) and D � v2h10b

5
10 (resp.

v32xb
5
10, v

ÿ3
2 b11xb

4
10, v

5
2h11b

5
10). Then d5�A� � ÿB by (8.3), d��C� � B by Proposition 3.4,

and d5�C� � D by Proposition 8.5. Now Lemma 8.6 (2) implies d9�A=v1� � D, which

shows (c), (c)*, (d)* and

d9�v
9t�8
2 b10=v1� � v9t�5

2 h11b
5
10=v

2
1 :

The equality (d) is obtained by dividing this by b10. r

The following completes the computation of the di¨erentials.
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Proposition 8.10. On the elements of E �
6 �W� originating Fn nL�z2�, d9 is given by

the following (by Lemma 8.2):

(a) d9�v
3 n�1�3t�1�
2 =v4�3

nÿ1
1 � � 0 �n > 0�

(a 0) d9�v
3 n�1�3tÿ1�
2 =v4�3

nÿ1
1 � � 0

(c) d9�v
9t�8
2 h10=v

11
1 � � v9t�3

2 xb410=v
2
1

d9�v
3�9t�8�
2 h10=v

31
1 � � 0

(e) d9�v
9t�8
2 x=v41� � 0

Proof. Consider the total degree

jv
3 n�1�3t�1�
2 =v4�3

nÿ1
1 j1

100 mod 144 n � 1

4 mod 144 nV 2,

(

jv
3 n�1�3tÿ1�
2 =v4�3

nÿ1
1 j1

84 mod 144 n � 0

100 mod 144 n � 1

4 mod 144 n > 0,

8

>

<

>

:

jv
3�9t�8�
2 h10=v

31
1 j1 119 mod 144

jv9t�8
2 x=v41 j1 118 mod 144:

Then the chart shows that nothing can be hit by d9 of these elements. Thus we obtain

(a), (a 0), the second one of (c), and (e). For the ®rst one of (c), we compute

d11�d9�v
8
2h10=v

11
1 �� � d9�v

5
2x� � v22c0b

4
10 � d11�v

3
2xb

4
10=v

2
1�

by [11, Prop. 10.5], and see the equation by Lemma 8.4 (2). r

Theorem 8.11. The E10-term E10�W� is isomorphic to the direct sum of

k�1��-modules �K�1��=k�1���nL�h10; z2�,
P

nV0
~Fn nL�z2� and � ~F l ~F ��nL�z2� for

k�1��-modules in (2.7).

Proof of Theorem 2.8. Since E �
10�W� has a holizontal vanishing line by Theorem

8.11, we have E
�;�
10 �W� � E�;�

y �W�. Furthermore, there arises no extension problem

in the spectral sequence, since p��L2W� is a p��V�0��-module and so �Z=3�-vector

space. Therefore we obtain the homotopy groups p��L2W� � E �
10�W�. r

§9. b-elements.

The b-elements in the E2-term for p��S
0� are de®ned in [6]. Here we modi®es it

in the E2-term H �E�2� for p��L2S
0� as follows: Let 0 ! E�2�� !

3
E�2�� ! E�2��=�3�

! 0 and 0 ! E�2��=�3� ! vÿ1
1 E�2��=�3� ! M 1

1 ! 0 be short exact sequences, and d :

H �E�2��=�3� ! H��1E�2�� and d 0 : H �M 1
1 ! H��1E�2��=�3� the connecting homo-

morphisms associated to the short exact sequences, respectively. Then for an element of
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the form va2=v
b
1 in H 0M 1

1 , we de®ne

ba=b � dd 0�va2=v
b
1 � A H �E�2��

and ba � ba=1, which is essential in the E2-term H �E�2�� for p��L2S
0�.

Consider the co®ber sequences de®ning the spectra V�0� and W : S0 !
3
S0 !

i

V�0� !
j
SS0 and V�0� !

l
L1V�0� !

i
W !

p
SV�0�, respectively. If an element va2=v

b
1 is

a permanent cycle, then so is ba=b by Geometric Boundary Theorem (cf. [9]).

Proof of Theorem 2.12. By Theorem 2.8, we see that the elements v
j
2=v1 for

j1 0; 1; 2; 3; 5; 6mod 9 are all permanent cycles. Thus `if ' part is shown. `Only if '

part is shown in [11]. r

Proof of Theorem 2.13. The element va2=v
b
1 with 9ja is in ~F1 or ~Fn of (2.7), and so

Theorem 2.8 shows (c). For the case 9a a, the part (a) follows from Theorem 2.12.

v9tG 3
2 =vb1 comes from ~F0 of (2.7), and we obtain the part (b). r
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