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\S 0. Introduction.

E. Lorenz studied the following system of differential equations in connec-
tion with problems in hydrodynamics [9];

$(L)$ $\{\begin{array}{l}\dot{x}=-\sigma x+\sigma y\dot{y}=rx-y-xz\dot{z}=-bz+xy\end{array}$

where $(\sigma, r, b)=(10,28,8/3)$ . J. Guckenheimer introduced in [4] a geometric
description of a flow which seems to have the qualitative dynamics of the solu-
tions of the Lorenz equation $(L)$ . This geometric Lorenz flow has a complicated
attractor. R. F. Williams described in [14] this attractor, which is called the
geometric Lorenz attractor, as the inverse limit of a semi-flow on a 2-dimensional
branched manifold.

The aim of this paper is to study the condition under which the geometric
Lorenz attractors have the pseudo-orbit tracing property (abbr. P.0.T.P.). P.0.T.P.
plays important roles in several places in dynamics ([8], [12] and [13]). Suppose
that $\psi$ is a continuous flow on a state space of a system. The pseudo-orbit of
$\psi$ is viewed as the orbit realized in numerical calculation by computer, or in
physical experiments. Then P.O.T.P. is interpreted as that, while a computer
may not calculate the orbit which you hope for, what it does find is nonetheless
an approximation to some true orbit of the system (P. 251 of [6]).

Let $(\tilde{K}_{f},\tilde{\varphi}_{f})$ be a geometric Lorenz attractor with the return map $f$ from
the interval $[0,1]$ to itself (see \S 2 for definition). Then our main theorem is
stated as below.

THEOREM 1. The geometric Lorenz attractor $(\tilde{K}_{f},\tilde{\varphi}_{f})$ has the finite P.O. T. $P$.
iff the return maP $f$ satisfies that $f(O)=0$ and $f(1)=1$ .

This theorem implies that the geometric Lorenz attractors do not have P.O.T.P.
except a special case of $f(O)=0$ and $f(1)=1$ . If we suppose the geometric Lorenz
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flows represent completely the dynamics of solutions of the Lorenz equation $(L)$ ,

the condition of $f(O)=0$ and $f(1)=1$ corresponds to the case of $r=r_{A}\approx 24.06$

under $(\sigma, b)=(10,8/3)$ (P. 48 of [11]).

Combining above Theorem 1 and Guckenheimer-Williams-Robinson’s theorem
([5], [15]), we can conclude the following;

THEOREM 3. Let $M$ be a 3-dimensional compact manifold and $\mathfrak{X}^{2}(M)$ the
space of all vector fields on $M$ with $C^{2}$-topology. Then the set of vector fields
with the strong P.O. T.P. is not dense in $\mathfrak{X}^{2}(M)$ .

A. Morimoto proposes in [10] a problem whether the set of diffeomorphisms
with P.0.T.P. is residual in the space of all diffeomorphisms of a compact
manifold. The answer of this problem is unknown yet. However, in the case
of flows, Theorem 3 gives us a negative answer for this problem.

We give in \S 1 the definitions of the strong, weak and finite P.0.T.P. In
\S 2 we study P.O.T.P. of the inverse limit system of a semi-flow on a compact
metric space. The definition of the geometric Lorenz attractor is given in \S 3.
Also we prepare in \S 3 a notation used in the proof of Theorem 1. We prove
Theorem 1 in \S 4 and Theorems 2 and 3 in \S 5.

Throughout this paper the symbols $R,$ $Z$ and $N$ denote the set of all real
numbers, the set of all integers and the set of all positive integers respectively.

\S 1. Definition of P.O.T.P.

Let (X, d) be a compact metric space with a distance function $d$ . We denote

$d(Y_{1}, Y_{2})= \inf\{d(y_{1}, y_{2}) : y_{i}\in Y_{i}(i=1,2)\}$

for any subsets $Y_{1},$ $Y_{2}\subset X$. A flow $\psi=\{\psi^{t}\}_{t\in R}$ on $X$ is a continuous map

$\psi$ : $X\cross Rarrow X$ ; $(x, t)arrow\psi(x, t)=\psi^{t}(x)$

such that $\psi^{t+s}=\psi^{t}$ . $\psi^{s}$ holds for every $s,$ $t\in R$ and $\psi^{0}$ is the identity map (clearly
$\psi^{t}$ is a homeomorphism on $X$ for each $t\in R$). This is often denoted by (X, $\psi$).

For each $x\in X$ and $t\in R$ we denote $x\cdot t=\psi^{t}(x)$ . Also for any subsets $1’-\subset X$ and
$J\subset R$ we denote

$Y\cdot J=\{x\cdot t : x\in Y, t\in J\}$ .
A subset $Y\subset X$ is said to be $\psi$-invariant if $Y=Y\cdot t$ for all $t\in R$ . The restriction
of $\psi$ to a $\psi$-invariant closed subset $Y\subset X$ is denoted by $(Y, \psi)$ . The nonwander-
ing set of $\psi$ is a $\psi$-invariant closed subset of $X$ defined by

$\Omega=\{x\in X$ : for any open neighborhood $U$ of $x$ and any $T>0$ ,

$U\cap(U\cdot[T, \infty))\neq\emptyset\}$ .
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DEFINITION 1. Given $\delta,$ $T>0$, a collection $\{x_{a}, x_{a+1}, \cdots , x_{b} ; t_{a}, t_{a+1}, \cdots , t_{b}\}$

( $x_{i}\in X,$ $t_{i}\geqq 0,$ $a\leqq i\leqq b;a=-\infty,$ $b=\infty$ are permitted) is called a $(\delta, T)$ -chain of
$\psi$ if

$d(x_{t}\cdot t_{i}, x_{i+1})\leqq\delta$ and $t_{i}\geqq T$ for every $a\leqq i\leqq b-1$ .
A finite $(\delta, T)$-chain $\{x_{i} ; t_{i}\}_{a}^{b}(-\infty<a\leqq b<\infty)$ is naturally extended to an infinite
$(\delta, T)$ -chain $\{x_{i} ; t_{i}\}_{i\in Z}$ . Put

$S_{i}=(_{-\Sigma^{-1}t_{j}} \sum_{j=0}^{i- 1}t_{j}o_{J=i}$ $(i=0)(i>0)(i<0)$

.

Let $x_{0}*t$ denote a point on a $(\delta, T)$ -chain $t$ units time from $x_{0}$ . More precisely,
for each $t\in R$ we define

$x_{0}*t=x_{i}\cdot(t-S_{i})$ if $S_{i}\leqq t<S_{i+1}$ , $i\in Z$ .
DEFINITION 2. Let $\epsilon>0$ be given. Define

Rep $=$ {$g:Rarrow R$ : $g$ is a monotone increasing homeomorphism with $g(O)=0$}

and

Rep $(\epsilon)=\{g\in Rep$ : $| \frac{g(s)-g(t)}{s-t}1|\leqq\epsilon$ for every $s,$ $t\in R\}$ .

Each element of Rep is called a reparametrization.

DEFINITION 3. A $(\delta, T)$ -chain $\{x_{i} ; t_{i}\}_{i\in Z}$ of $\psi$ is said to be weakly $\epsilon$ -traced
(resp. strongly $\epsilon$ -traced) by a point $x\in X$ if there is a reparametrization $g\in$

Rep (resp. $g\in Rep(\epsilon)$ ) such that

$d(x_{0}*t, x\cdot g(t))\leqq\epsilon$ for every $t\in R$ .
DEFINITION 4. A flow (X, $\psi$) has the weak P.0.T.P. (resp. the strong

P.0. T. $P.$ ) if for any $\epsilon>0$ there exist $\delta,$ $T>0$ such that every $(\delta, T)$ -chain of $\psi$

can be weakly $\epsilon$-traced (resp. strongly $\epsilon$-traced) by some point of $X$. A flow
(X, $\psi$) has the finite P.0.T.P. if for any $\epsilon>0$ there exist $\delta,$ $T>0$ such that every
finite $(\delta, T)$ -chain $\{x_{i} ; t_{i}\}_{0}^{k}(0\leqq k<\infty)$ of $\psi$ can be weakly $\epsilon$ -traced by some point
$x$ of $X;i.e$ . there is $g\in Rep$ with

$d(x_{0}*t, x\cdot g(t))\leqq\epsilon$ for $0\leqq t<S_{k+1}$ .

REMARK 1. The restriction of an Axiom A flow to its nonwandering set
has the strong P.O.T.P. This fact can be proved from the Bowen’s approxima-
tion theorem (Theorem 2.2 in [1]). The weak and finite P.O.T.P. have been
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used in [3], [8] and [12] to study stability properties of flows. In general the
following relation holds;

the strong P.0.T.P. $\Rightarrow$ the weak P.O.T.P. $\Rightarrow the$ finite P.0.T.P.

\S 2. Inverse limit systems.

In this section we study the finite P.O.T.P. of the inverse limit of a semi-
flow.

DEFINITION 5. Let (X, d) be a compact metric space with a distance func-
tion $d$ . A semi-flow ($o=\{\varphi^{t}\}_{t\geqq 0}$ on $X$ is a continuous map

$\varphi$ : $X\cross[0, \infty$ ) $arrow X$ ; $(x, t)arrow\varphi(x, t)=\varphi^{t}(x)$

such that $\varphi^{0}$ is the identity map, $\varphi^{t}$ : $Xarrow X$ is surjective and $\varphi^{t+s}=\varphi^{t}\circ\varphi^{s}$ holds
for every $t,$ $s\geqq 0$ . By (X, $\varphi$) we denote a semi-flow $\varphi$ on $X$. Put $X_{s}=X$ for
each $s\leqq 0$ . We define

$\tilde{X}=\{\tilde{x}=(x^{s})_{s\leqq 0}\in\prod_{S\xi 0}X_{s} : x^{t}=\varphi^{t-s}(x^{s}), s\leqq t\leqq 0\}$

and

$\tilde{\varphi}^{t}(\tilde{x})=\{\begin{array}{ll}(\varphi^{t}x^{s})_{s\leqq 0} for f\geqq 0(x^{s+t})_{s\leqq 0} for t<0.\end{array}$

The distance function on $X$ is defined by

$\tilde{d}(\tilde{x},\tilde{y})=\int_{0}^{\infty}e^{-t}d(x^{-t}, y^{-t})dt$

for each $\tilde{x},\tilde{y}\in\tilde{X}$. Then (X, d) is a compact metric space and $\varphi=\{\varphi^{t}\}_{t\in R}$ is a
flow on $\tilde{X}$. The flow $(\tilde{X},\tilde{\varphi})$ is called the inverse limit of a semi-flow (X, $\varphi$).

We denote this by
$(\tilde{X},\tilde{\varphi})=\varliminf(X, \varphi)$ .

DEFINITION 6. For a semi-flow (X, $\varphi$), we denote $x\cdot t=\varphi^{t}(x)$ for every $x\in X$

and $t\geqq 0$ . Given $\delta,$ $T>0$ , a collection $\{x_{i} ; t_{i}\}_{0}^{k}(x_{i}\in X, t_{i}\geqq T, 0\leqq k<\infty)$ is called
a finite $(\delta, T)$-chain of $\varphi$ if

$d(x_{i}\cdot t_{i}, x_{i+1})\leqq\delta$ and $t_{i}\geqq T$ for every $0\leqq i\leqq k-1$ .
For each $t\geqq 0$ we define

$x_{0}*t=x_{i}\cdot(t-S_{i})$ if $S_{i}\leqq t<S_{i+1}$ for some $0\leqq i\leqq k$

where $S_{0}=0$ and $S_{i}= \sum_{j=0}^{i-1}t_{j}(0<i\leqq k+1)$ .

DEFINITION 7. A semi-flow (X, $\varphi$) has the finite P.O. T.P. if for every $\epsilon>0$
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there exist $\delta,$ $T>0$ such that for every finite $(\delta, T)$ -chain $\{x_{i} ; t_{\iota}\}_{0}^{k}$ of $\varphi$ , there
exist $x\in X$ and $g\in Rep$ with

$d(x_{0}*t, x\cdot g(t))\leqq\epsilon$ for every $0\leqq t<S_{k+1}$ .
DEFINITION 8. A semi-flow (X, $\varphi$) satisfies the condition (P) if for every

$\epsilon>0$ there exist $N\geqq 0,$ $\delta>0$ and $T>0$ such that the following holds; for every
finite $(\delta, T)$ -chain $\{x_{i} ; t_{i}\}_{0}^{k}$ of $\varphi$ with

$d(x_{i}\cdot(t_{i}+s), x_{i+1}\cdot s)\leqq\delta$ for every $0\leqq s\leqq N$ and $0\leqq i\leqq k$ ,

there exist $x\in X$ and $g\in Rep$ such that

$d((x_{0}*t)\cdot N, x\cdot(g(t)+N))\leqq\epsilon$ for every $0\leqq t<S_{k+1}$ .
It is clear that the finite P.0.T.P. for semi-flows implies the condition (P).

Indeed, we can take $N=0$ as the number $N\geqq 0$ in the condition (P).

PROPOSITION 2.1. Let (X, $\tilde{\varphi}$ ) be the inverse limit of a semi-flow (X, $\varphi$ ). Then
$(\tilde{X},\tilde{\varphi})$ has the finite P.0. T. P. iff (X, $\varphi$) safisfies the condition (P).

PROOF. At first we shall prove the “if” part. Suppose (X, $\varphi$ ) satisfies the
condition (P). Let $\epsilon>0$ be given. There is $M>0$ such that

$D \int_{M}^{\infty}e^{-}{}^{t}dt\leqq\epsilon/2$

where D$=diam(X)$ . Take $\epsilon’>0suchthatd(x, y)\leqq\epsilon’(x, y\in X)impliesd(x\cdot t, y\cdot t)$

$\leqq\epsilon/2$ for every $t\in[0, M]$ . There are numbers $N>0,$ $\delta’>0$ and $T>0$ corre-
sponding to $\epsilon’$ as in the condition (P). Take $\delta>0$ such that $d(x, y)\leqq e^{M+N+1}\delta$

implies $d(x\cdot t, y\cdot t)\leqq\delta’$ for every $t\in[0, M+N+1]$ . Let $\{\tilde{x}_{i} ; t_{i}\}_{0}^{k}$ be a finite
$(\delta, T)$ -chain of (X, $\tilde{\varphi}$ ). We express $\tilde{x}_{i}$ by $(x_{i}^{s})_{s\leqq 0}$ . Then we have

$\delta\geqq\tilde{d}(\tilde{x}_{i}\cdot t_{i},\tilde{x}_{i+1})\geqq\int_{M+N}^{M+N+1}e^{-t}d(x_{i}^{-t}\cdot t_{i},$ $’\tau_{i-i}^{-t\backslash }d^{t}$

$\geqq e^{-(M+N+1)}d(x_{i}^{-(M+N+\theta)}\cdot t_{i},$ $x_{i+1}^{-(M+-V+\theta^{\backslash }\backslash }$

for some $\theta\in[0,1]$ . By the choice of $\delta$ we have

$\delta’\geqq d(x_{i}^{-(M+N+\theta)}\cdot(t_{i}+t), x_{i+1}^{-(M+N+\theta)}\cdot t)$

$=d(x_{i}^{t-(M+N+\theta)}\cdot t_{i}, x_{i+1}^{t-(M+N+\theta)})$ for every $t\in[0, M+N+\theta]$ ,

so that

$d(x_{i}^{-t}\cdot t_{i}, x_{i+1}^{-t})\leqq\delta’$ for every $t\in[0, M+N]$ .
Thus $\{x_{i}^{-(M+N)} ; t_{i}\}_{0}^{k}$ is a Pnite $(\delta’, T)$ -chain of $\varphi$ satisfying

$d(x_{\ell}^{-(M+N)}\cdot(t_{i}+s), x_{i+1}^{-(M+N)}\cdot s)\leqq\delta’$ for every $s\in[0, N]$ .
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By the condition (P) there exist $y\in X$ and $g\in Rep$ such that

$d((x_{0}^{-(M+N)}*t)\cdot N, y\cdot(g(t)+N))\leqq\epsilon’$ for every $0\leqq t<S_{k+1}$

where $S_{h+1}=\Sigma_{0}^{k}t_{i}$ . By the choice of $\epsilon’$ we have

$d((x_{0}^{-M}*t)\cdot s, ((y\cdot N)\cdot g(t))\cdot s)$

$=d((x_{0}^{-(M+N)}*t)\cdot(N+s), (y\cdot g(t))\cdot(N+s))\leqq\epsilon/2$

for every $s\in[0, M]$ and $t\in[0, S_{k+1}$). Take a point $\tilde{x}=(x^{s})_{s\leqq 0}\in\tilde{X}$ with $x^{-t}=$

$y\cdot(M+N-t)$ for every $t\in[0, M]$ . Let $0\leqq t<S_{k+1}$ be given and suppose that
$S_{i}\leqq t<S_{i+1}$ for some $0\leqq i\leqq k$ . Since

$x_{i}^{-s}\cdot(t-S_{i})=(x_{i}^{-M}\cdot(M-s))\cdot(t-S_{i})=(x_{0}^{-M}*t)\cdot(M-s)$

for every $s\in[0, M]$ , we have

$\tilde{d}(\tilde{x}\cdot g(t),\tilde{x}_{0}*t)\leqq\int_{0}^{M}e^{-s}d(x^{-S}\cdot g(t), x_{i}^{-s}\cdot(t-S_{i}))ds+D\int_{M}^{\infty}e^{-S}ds$

$\leqq\int_{0}^{M}e^{-S}d((y\cdot(M+N-s))\cdot g(t)_{\nu}(x_{0}^{-M}*t)\cdot(M-s))ds+\epsilon/2$

$= \int_{0}^{M}e^{-S}d(((y\cdot N)\cdot g(t))\cdot(M-s)_{r}(x_{0}^{-M}*t)\cdot(M-s))ds+\epsilon/2$

$\leqq(\epsilon/2)\int_{0}^{M}e^{-S}ds+\epsilon/2\leqq\epsilon$ .

This completes the proof of the “if” part.
Next we shall prove the “only if” part. Suppose (X, $\tilde{\varphi}$ ) has the finite

P.O.T.P. Let $\epsilon>0$ be given. There is an $\epsilon’>0$ such that $d(x, y)\leqq e\epsilon’(x, y\in X)$

implies $d(x\cdot t, y\cdot t)\leqq\epsilon$ for every $t\in[0,1]$ . By our assumption there are $\delta,$ $T>0$

such that every finite $(\delta, T)$ -chain of $(\tilde{X},\tilde{\varphi})$ is weakly $\epsilon’$-traced by some point
in $\tilde{X}$. Take $N\geqq 1$ with

$D \int_{N}^{\infty}e^{-t}dt\leqq\delta/2$

where $D=diam(X)$ . Let $\Gamma=\{x_{i} ; t_{i}\}_{0}^{k}$ be a Pnite $(\delta/2, T)$ -chain of (X, $\varphi$ ) with

$d(x_{i}\cdot(t_{i}+s), x_{i+1}\cdot s)\leqq\delta/2$ for every $s\in[0, N]$ .
Take $\tilde{y}_{i}=(y_{i}^{s})_{s\leqq 0}\in\tilde{X}$ with

$y_{i}^{-t}=x_{i}\cdot(N-t)$ for every $t\in[0, N]$ .

Then we obtain that
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$\tilde{d}(\tilde{y}_{i}\cdot t_{i},\tilde{y}_{i+1})$

$\leqq\int_{0}^{N}e^{-S}d((x_{i}\cdot t_{i})\cdot(N-s), x_{i+1}\cdot(N-s))ds+D\int_{N}^{\infty}e^{-S}ds$

$\leqq(\delta/2)\int_{0}^{N}e^{-s}ds+\delta/2\leqq\delta$

for every $0\leqq i\leqq k-1$ . Thus $\tilde{\Gamma}=\{\tilde{y}_{i} ; t_{i}\}_{0}^{k}$ is a finite $(\delta, T)$-chain of (X, $\tilde{\varphi}$ ). There
exist $\tilde{y}=(y^{s})_{S\leqq 0}\in\tilde{X}$ and $g\in Rep$ by which $\tilde{\Gamma}$ is weakly $\epsilon’$-traced. Let $0\leqq t<S_{k+1}$

be given and suppose that $S_{i}\leqq t<S_{i+1}$ for some $0\leqq i\leqq k$ . Then we have

$\epsilon’\geqq d(\tilde{y}\cdot g(t),\tilde{y}_{0}*t)\geqq\int_{0}^{1}e^{-S}d(y^{-S}\cdot g(t), y_{i}^{-s}\cdot(t-S_{i}))ds$

$= \int_{0}^{1}e^{-S}d(y^{-N}\cdot(g(t)+N-s), x_{i}\cdot(t-S_{i}+N-s))ds$

$\geqq e^{-1}d(y^{-N}\cdot(g(t)+N-\theta), x_{i}\cdot(t-S_{i}+N-\theta))$

for some $\theta\in[0,1]$ . Therefore, by the choice of $\epsilon’$ we have

$d(y^{-N}\cdot(g(t)+N), (x_{0}*t)\cdot N)\leqq\epsilon$ for every $0\leqq t<S_{k+1}$ .

This completes the proof of the “only if” part.

\S 3. Lorenz attractors.

In this section we give the definition of geometric Lorenz attractors and
prepare a notation used in the proof of Theorem 1 of the next section.

DEFINITION 9. Let $K$ be a 2-dimensional compact branched manifold (called

a Lorenz branched manifold) illustrated as in Figure 1. The set of branch points
of $K$ is the line segment $\overline{b’c’.}$ The point $b$ (resp. c) is an intersection of the
boundary of $K$ and an extension of the line $\overline{c’b’}$ (resp. $\overline{b’c’}$ ). We permit the case
of $b=b’$ or $c=c’$ . The branched manifold $K$ is embedded in $R^{3}$ as a subset.
We denote by $d$ a distance function on $K$ which is a usual distance function
on $R^{3}$ .

We suppose that a $C^{1}- semi- flow\varphi$ on $K$ is defined as illustrated by some
arrows in Figure 1. The point $e$ is a unique singular point of $\varphi$ . Near the
point $e$ , the linearized equation has the form

$\{\begin{array}{l}\dot{x}=\mu_{1}x\dot{y}=-\mu_{2}y\end{array}$ $(0<f^{\ell_{2}}<\mu_{1})$ .

There is a unique point $a\in\overline{b’c’}$ such that $\varphi^{t}(a)$ does not return to the line
segment $\overline{bc}$ but converges to the point $e$ as $tarrow\infty$ . The inverse limit of such a
semi-flow $(K, \varphi)$ ;
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$(\tilde{K},\tilde{\varphi})=\varliminf(K, \varphi)$

is called the geometric Lorenz attractor.

$e$

Figure 1.

We identify the line segment $\overline{bc}$ with the interval $I=[0,1]$ by $b=0$ and $c=1$ .
By the same symbol $a$ we denote a point in $I$ corresponding to the point $a\in\overline{bc}$ .
We denote

$I_{0}^{+}=(a, 1]$ , $I_{0}^{-}=[0, a$ ) and $I_{0}=I_{0}^{+}\cup I_{0}^{-}$ .

Let $f:I_{0}arrow I$ be the return map of $\varphi$ . More precisely, for each $x\in I_{0},$ $f(x)$ is
defined by

$f(x)=\varphi^{T}(x)$ where $T= \inf\{s>0 : x\cdot s\in I\}$ .

Under $\varphi$ the point $a\in I=\overline{bc}$ does not return to $I=\overline{bc}$ by the dePnition of the
point $a$ . Thus the value $f(a)$ is not dePned. However, to simplify we extend
$f$ to $f$ : $Iarrow I$ by $f(a)=0$ . Then $f$ is a piecewise $C^{1}$-map with a unique discon-
tinuity $a$ . The return map $f$ satisfies the following (see \S 2 in [5]);

(R. i) $f(a^{+})=0$ , $f(a^{-})=1$ ;

(R. ii‘) $f’>\lambda$ for some $\lambda\geqq 1$ ;

(R. iii) $f(O)<a<f(1)$ ;

(R. iv) $f’(x)arrow\infty$ as $xarrow a^{\pm}$ .

Here, as a simplifying assumption, we assume

(R. ii) $f’>\sqrt{2}$ ( $i.e$ . $\lambda=\sqrt{2}$ in (R. ii’)).
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Under this assumption, $f$ becomes locally eventually onto; $i.e$ . for any open set
$U\subset I$ there is an $n>0$ such that $f^{n}(U)=I$ (Proposition 1 of [14]).

Conversely, if we have a piecewise $C^{1}$-map $f$ : $Iarrow I$ with a unique discon-
tinuity $a$ satisfying the above conditions (R. $i$ ) $\sim$ ( $R$ . iv), then a Lorenz branched
manifold $K$ and a $C^{1}- semi- flow\varphi$ on $K$ which has the return map $f$ are uniquely
determined up to the topological equivalence. Here a semi-flow $(X_{1}, \varphi_{1})$ is
topologically equivalent to a semi-flow $(X_{2}, \varphi_{2})$ if there exist a homeomorphism
$h:X_{1}arrow X_{2}$ and a continuous map $\sigma$ : $X_{1}\cross[0, \infty$ ) $arrow[0, \infty$) such that

$\sigma(x, ):[0, \infty)arrow[0, \infty)$ is a surjective homeomorphism with $\sigma(x, 0)=0$

and
$\varphi_{2}(h(x), \sigma(x, t))=h(\varphi_{1}(x, t))$ for every $x\in X_{1}$ and $t\in[0, \infty$ ).

Therefore by $(K_{f}, \varphi_{f})$ we denote a semi-flow on a Lorenz branched manifold
determined by the return map $f$ with (R. $i$ ) $\sim$ ( $R$ . iv). We call $(K_{f}, \varphi_{f})$ the
geometric Lorenz semi-flow defined by the return map $f$. The inverse limit

$(\tilde{K}_{f},\tilde{\varphi}_{f})=k^{m(K_{f}},$
$\varphi_{f}$ )

is called the geometric Lorenz attractor defined by the return map $f$.
Let $(K_{f}, \varphi_{f})$ and $(\tilde{K}_{f},\tilde{\varphi}_{f})$ be a geometric Lorenz semi-flow and an attractor

respectively dePned by a return map $f:Iarrow I$ satisfying (R. $i$) $\sim$ ( $R$ . iv). Without
loss of generality we may assume that the length of $\overline{ae}$ is equal to 1/2 and the
lengths of the arcs $\wedge,$$\wedge ebec,$ $bb’\wedge$ and $cc’\wedge$ are larger than one.

DEFINITION 10. We define

$x\cdot t=\{\begin{array}{ll}\varphi_{f}^{t}(x) (t\geqq 0)\{y\in K_{f} : \varphi_{f}^{-t}(y)=x\} (t<0)\end{array}$

for each $x\in K_{f}$ and $t\in R$ . We denote

$Y\cdot J=\{x\cdot t : x\in Y, t\in J\}$

for subsets $Y\subset K_{f}$ and $J\subset R$ .
DEFINITION 11. Define a map $T:I_{0}arrow(0, \infty)$ by

$T(x)= \inf\{s>0 : x\cdot s\in I\}$ .

That is, $T(x)$ is the first return time of $x\in I_{0}$ to $I$ under $\varphi_{f}$ Denote

$C(x)=x\cdot[0,$ $T(x))$ for each $x\in I_{0}$ .

Define a map $L:I_{0}arrow(0, \infty)$ such that for each $x\in I_{0}$

$L(x)$ is the length of $C(x)$ .
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As in Figure 2, we set

$K_{0}^{\sigma}=\{x\cdot t : t\in[0, T(x)), x\in I_{0}^{\sigma}\}$ $(\sigma=+, -)$ , and

$K_{0}=K_{0}^{+}\cup K_{0}^{-}$ .
DEFINITION 12. For each $u\in K_{0}$ there exists a unique point $x_{u}\in I_{0}$ with

$u\in C(x_{u})$ . Thus a map $\pi$ : $K_{f}arrow I$ is well defined by

$\pi(u)=\{\begin{array}{ll}x_{u} (u\in K_{0})a (u\not\in K_{0}).\end{array}$

Define a map $t;K_{0}arrow[0, \infty$ ) such that for each $u\in K_{0}$

$t(u)$ is the minimal time from $\pi(u)$ to $u$ under $\varphi_{f}$ .
Define a map $\chi$ : $K_{0}arrow[0, \infty$ ) such that for each $u\in K_{0}$

$\chi(u)$ is the length of $\pi(u)\cdot[0, t(u)]$ .
We set

$L_{*}^{\sigma}=\{(x, \xi)\in R^{2} : \xi\in[0, L(x)), x\in I_{0}^{\sigma}\}$ $(\sigma=+, -)$ ,

$T_{*}^{\sigma}=\{(x, t)\in R^{2} : t\in[0, T(x)), x\in I_{0}^{\sigma}\}$ $(\sigma=+, -)$ ,

$L_{*}=L_{*}^{+}\cup L_{*}^{-}$ and $T_{*}=T_{*}^{+}\cup T_{*}^{-}$ .
The distance function on $L_{*}$ and $T_{*}$ is defined by

$d((x, s),$ $(x’, s’))= \max\{d(x, x’), |s-s’ \}$ .

For each $(x, \xi)\in L_{*}$ there exists a unique point $u_{x.\xi}\in K_{0}$ such that

$\chi(u_{x.\xi})=\xi$ and $u_{x.\xi}\in C(x)$ .
Define

$\beta$ : $L_{*}arrow K_{0}$ by $\beta(x, \xi)=u_{x,\xi}$ for all $(x, \xi)\in L_{*}$

and
$\theta$ : $T_{*}arrow K_{0}$ by $\theta(x, t)=x\cdot t$ for all $(x, t)\in T_{*}$ .

DEFINITION 13. Let $q_{0}= \inf\{T(x) : x\in I_{0}\}>0$ . Define

$\zeta$ : $I\cdot[-q_{0}/4, q_{0}/4]arrow I$ by $\zeta(x\cdot t)=x$

for each $x\in I$ and $t\in[-q_{0}/4, q_{0}/4]$ . Given $\eta>0$ and $\kappa_{0}>0$ , we define the fol-
lowing (see Figure 2);

$K(\kappa_{0})=K_{f}-I\cdot(-\kappa_{0},0)$ ,

$A(\eta)=\{(x, \xi)\in L_{*} : d(x, a)\leqq\eta\}$ ,

$L_{*}’=\{(x, \xi)\in L_{*} : 0\leqq\xi\leqq 1/2\}$ ,

$K_{0}’=\beta(L_{*}’)$ ,
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$D(\eta)=C1\{\beta(x, \xi) : (x, \xi)\in A(\eta), |\xi-1/2|\leqq\eta\}$ ,

$P(\eta)=C1\{\beta(x, \xi) : (x, \xi)\in A(\eta), 0\leqq\xi\leqq 1/2-\eta\}$ ,

$Q^{\sigma}(\eta)=C1\{\beta(x, \xi) : (x, \xi)\in A(\eta)\cap L_{*}^{\sigma}, 1/2+\eta\leqq\xi<L(x)\}$ $(\sigma=+, -)$ ,

$Q(\eta)=Q^{+}(\eta)\cup Q^{-}(\eta)$ ,

$Q^{\sigma}(\eta, \kappa_{0})=Q^{\sigma}(\eta)\cap K(\kappa_{0})$ $(\sigma=+,-)$ and

$Q(\eta, \kappa_{0})=Q^{+}(\eta, \kappa_{0})\cup Q^{-}(\eta, \kappa_{0})$

where $C1(Y)$ denotes the closure of $Y$ in $K_{f}$ . For a subset $Y\subset K_{f}$ we denote the
$\eta$ -neighborhood of $Y$ by

$B(Y, \eta)=\{u\in K_{f} : d(u, Y)\leqq\eta\}$ .

Figure 2.

LEMMA 3.1. Let $\eta>0$ and $\kappa_{0}>0$ be given.
(1) The following maps are uniformly continuous;

$\pi|K(\kappa_{0})$ : $K(\kappa_{0})arrow I$ , $\chi|K(\kappa_{0})$ : $K(\kappa_{0})arrow[0, \infty)$ ,

$t|K(\kappa_{0})$ : $K(\kappa_{0})arrow[0, \infty)$ , $\zeta$ : $I\cdot[-q_{0}/4, q_{0}/4]arrow I$ and

$L$ : $I_{0}arrow(0, \infty)$ .
(2) The following maps are uniformly continuous injectiorts:

$\beta|L_{*}^{\sigma}$ : $L_{*}^{\sigma}arrow K_{0}$ $(\sigma=+, -)$ ,

$\beta|L_{*}’$ : $L_{*}’arrow K_{0}$ and $\beta^{-1}|K(\kappa_{0})$ : $K(\kappa_{0})arrow L_{*}$ .
(3) The map $T$ is continuous. The restriction of $\theta$ to $\{(x, t)\in T_{*} : t\neq 0\}$ is
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a homeomorphism onto its image.

(4) $P(\eta)\cap Q(\eta, \kappa_{0})=\emptyset$ and $Q^{+}(\eta)\cap Q^{-}(\eta)=\emptyset$ .

(5) For any $u\in D(\eta)$ and $s>0$ , if
$u\cdot s\in D(\eta)$ and $u\cdot[0, s]\cap I=\emptyset$ ,

then $u\cdot[0, s]\subset D(\eta)$ .
PROOF. These statements are easily verified from each definition.

\S 4. Proof of Theorem 1.

Let $f$ be a piecewise $C^{1}$-map of $I=[0,1]$ with a unique discontinuity $a\in(O, 1)$

satisfying (R. $i$) $\sim$ ( $R$ . iv) in Definition 9. Let $(K_{f}, \varphi_{f})$ be the geometric Lorenz
semi-flow defined by $f$. We recall $I_{0}^{+}=(a, 1$], $I_{0}^{-}=[0, a$ ) and $I_{0}=I_{0}^{+}\cup I_{0}^{-}$ . For
$x\in I_{0}$ we denote

$I(x)=\{\begin{array}{ll}I_{0}^{-} (0\leqq x<a)I_{0}^{+} (a<x\leqq 1).\end{array}$

DEFINITION 14. A sequence $\{x_{i}\}_{0}^{k}(0\leqq k<\infty)$ of points in $I$ is a finite $\deltaarrow$

Pseudo-orbit of $f$ in $I_{0}$ if $d(fx_{i}, x_{i+1})\leqq\delta$ and $x_{i}\in I_{0}$ for each $0\leqq i\leqq k-1$ . (I, f)

has the finite P.0.T.P. if for every $\epsilon>0$ there is a $\delta>0$ with the following
property; for every finite $\delta$-pseudo-orbit $\{x_{i}\}_{0}^{k}$ of $f$ in $I_{0}$ , there exists $x\in I_{0}$ such
that

$d(f^{i}x, x_{i})\leqq\epsilon$ and $f^{i}x\in I(x_{i})$ for every $0\leqq i\leqq k$ .

Now our main theorem is stated as below;

THEOREM 1. The following are equivalent to each other.
(A) The geometric Lorenz attractor $(\tilde{K}_{f},\tilde{\varphi}_{f})$ has the finite P. $0.T.P$.
(B) The geometric Lorenz semi-flow $(K_{f}, \varphi_{f})$ satisfies the condition (P).

(C) The geometric Lorenz semi-flow $(K_{f}, \varphi_{f})$ has the finite P. O. $T.P$.
(D) The return map(I, $f$) has the finite P.O. $T.P$.
(E) The return map (I, f) satisfies $f(O)=0$ and $f(1)=1$ .
In Proposition 2.1 we have proved that (A) and (B) are equivalent. By the

remark below Definition 8, (C) implies (B). We shall prove the remaining state-
ments by a series of propositions.

PROPOSITION 4.1. If $f(O)=0$ and $f(1)=1$ , then (I, f) has the finite P.0. $T.P$.
PROOF. Assume that $f(O)=0$ and $f(1)=1$ . Define

$C= \bigcup_{j=0}^{\infty}f^{-j}(a)\cup\{0,1\}$ and $J=I-C$ .

Since $C$ is countable, $J$ is dense in $I$ . By the assumption, we have
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$f(J\cap I_{0}^{\sigma})=J$ $(\sigma=+,-)$ .

Put $\lambda=\inf\{f’(x) : x\in I\}\geqq\sqrt{2}$ . Let $0< \epsilon<\min\{a, 1-a\}$ be given. For any
$x,$ $y\in J$, if $d(fx, y)<\epsilon$ , then there is $y’\in I(x)\cap J$ with

$d(x, y’)<\epsilon/\lambda$ and $f(y’)=y$ .

Take $\delta>0$ with $\delta/(1-\lambda^{-1})<\epsilon$ . Let a finite $\delta$-pseudo-orbit $\{x_{i}\}_{0}^{k}$ of $f$ in $I_{0}$ be
given. Since $J$ is dense in $I_{0}$ , without loss of generality we may assume that
$x_{t}\in J(0\leqq i\leqq k)$ . Put $y_{k}=x_{k}$ . Since $d(fx_{k- 1}, y_{k})\leqq\delta$ , there is $y_{k-1}\in I(x_{k-1})\cap J$

such that
$d(x_{k-1}, y_{k- 1})\leqq\delta\lambda^{-1}$ and $f(y_{k- 1})=y_{k}$ .

Since
$d(fx_{k-2}, y_{k-1})\leqq d(fx_{k-2}, x_{k-1})+d(x_{k- 1}, y_{k- 1})\leqq\delta(1+\lambda^{-1})<\epsilon$ ,

there is $y_{k-2}\in I(x_{k-2})\cap J$ such that

$d(x_{k- 2}, y_{k-2})\leqq\delta(\lambda^{-1}+\lambda^{-2})$ and $f(y_{k-2})=y_{k-1}$ .
Repeating this process we get $y_{i}(0\leqq i\leqq k)$ such that

$y_{i}\in I(x_{i})\cap J$, $d(x_{i}, y_{i})\leqq\delta(\lambda^{-1}+\lambda^{-2}+\cdots+\lambda^{i-k})<\epsilon$

and
$f(y_{i})=y_{i+1}$ .

Put $x=y_{0}$ . Since $f^{l}x=y_{i}$ , we have

$d(f^{i}x, x_{i})\leqq\epsilon$ and $f^{i}x\in I(x_{i})$ for every $0\leqq i\leqq k$ .

This completes the proof of Proposition 4.1.

PROPOSITION 4.2. If $(K_{f}, \varphi_{f})$ satisfies the condition (P), then $f(O)=0$ and
$f(1)=1$ .

PROOF. Assume that $(K_{f}, \varphi_{f})$ satisPes the condition (P) and $f(O)\neq 0$ . We
shall derive a contradiction. Notice that we identified the line segment $\overline{bc}$ in
$K_{f}$ and the unit interval $I=[0_{;}1]$ in $R$ by $b=0$ and $c=1$ . We denote

Arc$(e, b)=the$ arc in the boundary of $K_{f}$ from $e$ to $b$ ,

Arc$(e, c)=the$ arc in the boundary of $K_{f}$ from $e$ to $c$ ,
$[a, e)=a\cdot[0, \infty)$ ( $i.e$ . the positive half orbit of a) and
$c=U_{j=0}^{\infty}f^{-j}(a)$ .

Since $f$ is locally eventually onto, for any open set $U\subset I$ there is an $n>0$ such
that $f^{n}(U)=I$ . From this, it follows that $C$ is dense in $I$ . Let $\epsilon>0$ be given.
Without loss of generality we may assume that $\epsilon<f(0)/2$ and $B(b, \epsilon)\cap b\cdot[T(b)/2$ ,
$T(b)]=\emptyset$ . There are numbers $N>0,$ $\delta>0$ and $T>0$ as in the condition (P).

First we consider the case of $b\in C$ . Take $x_{0}\in Arc(e, b)$ and $r_{0}\geqq\max(T,$ $N$ }
such that
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$x_{0}\cdot N=b$, $x_{0}\cdot t_{0}\in[a, e$ ) and

$x_{0}\cdot(t_{0}+s)\in B(e, \delta/2)$ for every $0\leqq s\leqq N$

where $B(e, \delta/2)=\{u\in K_{f} : d(e, u)\leqq\delta/2\}$ . Take $x_{1}\in Arc(e, c)$ and $t_{1} \geqq\max\{T, N\}$

such that
$x_{1}\cdot(t_{1}+N)=c$ and

$x_{1}\cdot s\in B(e, \delta/2)$ for every $0\leqq s\leqq N$ .
Then $\{x_{i} ; t_{i}\}_{0}^{1}$ is a finite $(\delta, T)$-chain of $\varphi_{f}$ with

$d(x_{0}\cdot(t_{0}+s), x_{1}\cdot s)\leqq\delta$ for every $0\leqq s\leqq N$ .
There are $x\in K_{f}$ and $g\in Rep$ such that

$d(x_{0}\cdot(s+N), x\cdot(g(s)+N))\leqq\epsilon$ for every $0\leqq s\leqq t_{0}$

and

$(*)$ $d(x_{1}\cdot(s+N), x\cdot(g(t_{0}+s)+N))\leqq\epsilon$ for every $0\leqq s\leqq t_{1}$ .

Since $d(b, x\cdot N)=d(x_{0}\cdot N, x\cdot N)\leqq\epsilon$ , the point $x\cdot N$ must be $\epsilon$-near and in the left
hand side of the point $b$ with respect to the positive direction of the semi-flow
$\varphi_{f}$ (see Figure 1.) Similarly the point $(x\cdot N)\cdot g(s)$ must be $\epsilon$-near and in the left
hand side of the point $b\cdot s=x_{0}\cdot(s+N)$ for every $s\in[0, t_{0}]$ , thus we conclude that

$x\cdot(g(t_{0})+N)\in C1(K_{0}^{+})$ .

Since $d(x_{1}\cdot N, x\cdot(g(t_{0})+N))\leqq\epsilon$ , we have

$x\cdot(g(t_{0})+N)\in B(x_{1}\cdot N, \epsilon)\cap C1(K_{0}^{+})$ .

Since $x_{1}\cdot N\in C1(K_{0}^{-})$ and $x_{1}\cdot(t_{1}+N)=c$ , there is $t\in[0, t_{1}]$ such that

$x\cdot(g(t_{0}+t)+N)\in C1(K_{0}^{+})-B(C1(K_{0}^{-}), \epsilon)$ or

$x_{1}\cdot(t+N)\in C1(K_{0}^{-})-B(C1(K_{0}^{+}), \epsilon)$ .

This contradicts $(*)$ .
Next we consider the case of $b\not\in C$. Take $x_{0}\in Arc(e, b)$ and $t_{0} \geqq\max\{T, N\}$

such that
$x_{0}\cdot N=b$ and $x_{0}\cdot t_{0}\in I$ .

Since $C$ is dense in $I$, there are $x_{1}\in C$ and $t_{1} \geqq\max\{T, N\}$ such that

$x_{1}<x_{0}\cdot t_{0}$ (with respect to the usual order of $I\subset R$),

$d(x_{0}\cdot(t_{0}+s), x_{1}\cdot s)\leqq\delta$ for every $0\leqq s\leqq N$ ,

$x_{1}\cdot t_{1}\in[a, e)$ and

$x_{1}\cdot(t_{1}+s)\in B(e, \delta/2)$ for every $0\leqq s\leqq N$ .
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Take $x_{2}\in Arc(e, c)$ and $t_{2} \geqq\max\{T, N\}$ such that

$x_{2}\cdot(t_{2}+N)=c$ and $x_{2}\cdot s\in B(e, \delta/2)$ for every $0\leqq s\leqq N$ .
Then $\{x_{i} ; t_{i}\}_{0}^{2}$ is a finite $(\delta, T)$-chain of $\varphi_{f}$ with

$d(x_{i}\cdot(t_{i}+s), x_{i+1}\cdot s)\leqq\delta$ for every $0\leqq s\leqq N$ and $i=0,1$ .
There are $x\in K_{f}$ and $g\in Rep$ such that

$(**)$ $d((x_{0}*s)\cdot N, x\cdot(g(s)+N))\leqq\epsilon$ for every $0\leqq s\leqq t_{0}+t_{1}+t_{2}$ .

Since $d(b, x\cdot N)=d(x_{0}\cdot N, x\cdot N)\leqq\epsilon<f(0)/2$ , the point $x\cdot N$ must be $\epsilon$ -near and
in the left hand side of the point $b$ with respect to the positive direction of the
semi-flow $\varphi_{f}$ (see Figure 1). And, since $x_{1}<x_{0}\cdot t_{0}$ , the point $x\cdot(g(t_{0})+N)$ must
be also in the left hand side of $x_{1}$ . Moreover the point $x\cdot(g(s)+N)$ must be
$\epsilon$-near and in the left hand side of the point $(x_{0}*s)\cdot N$ for every $s\in[0, t_{0}+t_{1}]$ ,

thus we conclude that

$x\cdot(g(t_{0}+t_{1})+N)\in C1(K_{0}^{+})$ .

Since $d(x_{2}\cdot N, x\cdot(g(r_{0}+t_{1})+N))=d((x_{0}*(t_{0}+t_{1}))\cdot N, x\cdot(g(t_{0}+t_{1})+N))\leqq\epsilon$ , we have

$x\cdot(g(t_{0}+t_{1})+N)\in B(x_{2}\cdot N, \epsilon)\cap C1(K_{0}^{+})$ .
Since $x_{2}\cdot N\in C1(K_{0}^{-})$ and $x_{2}\cdot(t_{2}+N)=c$ , there is $t\in[0, t_{2}]$ such that

$x\cdot(g(t_{0}+t_{1}+t)+N)\in C1(K_{0}^{+})-B(C1(K_{0}^{-}), \epsilon)$ or
$x_{2}\cdot(t+N)=(x_{0}*(t_{0}+t_{1}+t))\cdot N\in C1(K_{0}^{-})-B(C1(K_{0}^{+}), \epsilon)$ .

This contradicts $(**)$ .
Similarly, assuming the condition (P) and $f(1)\neq 1$ , we can derive a contradic-

tion. This completes the proof of Proposition 4.2.
The following Proposition completes the proof of Theorem 1.

PROPOSITION 4.3. If (I, f) has the finite P.0. T. P., then $(K_{f}, \varphi_{f})$ has the
finite P.O.T.P.

PROOF. To simplify the notation, we denote $(K, \varphi)=(K_{f}, \varphi_{f})$ . Assume that
(I, f) has the finite P.0.T.P. We shall prove that $(K, \varphi)$ has the finite P.0.T.P.

Let $\epsilon>0$ be given. By Lemma 3.1 (2), there is an $\epsilon_{0}>0$ with $\epsilon_{0}<\epsilon/2$ such
that

$d((x, \xi),$ $(x’, \xi’))\leqq 2\epsilon_{0}$ implies $d(\beta(x, \xi),$ $\beta(x’, \xi’))\leqq\epsilon/4$

for every $(x, \xi),$ $(x’, \xi’)\in L_{*}^{\sigma}(\sigma=+, -)$ or $L_{*}’$ . Since $L:I_{0}arrow(0, \infty)$ is uniformly
continuous (Lemma 3.1 (1)), we can take an $\epsilon_{1}>0$ with $\epsilon_{1}<\epsilon_{0}/4$ such that

$d(x, y)\leqq\epsilon_{1}$ implies $|L(x)-L(y)|\leqq\epsilon_{0}/4$
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for every $x,$ $y\in I_{0}$ . By our assumption, there is a $\delta_{1}>0$ with $\delta_{1}<\epsilon_{1}$ as in the
definition of the finite P.0.T.P. of $f$ corresponding to $\epsilon_{1}$ . Take a $\kappa_{0}>0$ with
$\kappa_{0}<q_{0}/12$ such that $d(u, u\cdot t)\leqq\epsilon/3$ holds for every $t\in[-9\kappa_{0},9\kappa_{0}]$ and $u\in K$.
There is a $\delta_{0}>0$ with $\delta_{0}<\delta_{1}/3$ such that $d(u, v)\leqq\delta_{0}$ implies

$d(\pi(u), \pi(v))\leqq\delta_{1}/3$ and $d(\beta^{-1}(u), \beta^{-1}(v))\leqq\epsilon_{0}/12$

for every $u,$ $v\in K(\kappa_{0})$ . We choose $\delta>0$ and $\eta>0$ with $\eta<\epsilon_{0}/12$ which satisfy
the following;

(C. 1) $B(D(\eta), \delta)\subset D(2\eta)$ , diam $D(2\eta)<\delta_{0}$ ,

$D(2\eta)\cap I\cdot[-3\kappa_{0},3\kappa_{0}]=\emptyset$ ;

(C. 2) $B(P(\eta), \delta)\cap B(Q(\eta, \kappa_{0}),$ $\delta$ ) $=\emptyset$ , $B(Q^{\underline{\star}}(\eta, \kappa_{0}),$
$\delta$ ) $\cap K_{0}^{arrow-}=\emptyset$ ,

$B(Q^{+}(\eta, \kappa_{0}),$
$\delta$ ) $\cap B(Q^{-}(\eta, \kappa_{0}),$

$\delta$ ) $=\emptyset$ ,

$B(P(\eta), \delta)\cap K(\kappa_{0})\subset K_{0}’$ ;

(C. 3) $B(I\cdot[-]\kappa_{0}, J^{\kappa_{0}]}, \delta)\subset I\cdot[-(j+1)\kappa_{0},$ $(J^{\perp 1)\kappa_{0}]} C=1,2)$ ;

(C. 4) $d(u, v)\leqq\delta$ implies $d(\zeta(u), \zeta(v))\leqq\delta_{0}$

for every $u,$ $v\in I\cdot[-3\kappa_{0},3\kappa_{0}]$ .
Take $T_{0}>0$ such that

(C. 5) if $u\in K-(D(\eta)\cup P(\eta))$ , then $(u\cdot(0, T_{0}$]) $\cap I\neq\emptyset$ ,

(C. 6) if $u\in K-(D(\eta)\cup Q(\eta))$ , then $(u\cdot(-T_{0}, O$]) $\cap I\neq\emptyset$ .

Put $T=T_{0}+6\kappa_{0}$ .
Let a finite $(\delta, T)$-chain $\{u_{i} ; t_{i}\}_{0}^{k}$ of $\varphi$ be given. We define $\text{\^{u}}_{i}=u_{i}\cdot t_{i}$ for

$0\leqq i\leqq k$ . Without loss of generality we may assume that $u_{i}\in K_{0}$ for each $0\leqq i$

$\leqq k$ , because $K_{0}$ is dense in $K$. We must show that $\{u_{i} ; t_{i}\}0$ is weakly $\epsilon-$

traced by some point in $K$. This process is divided into three steps.
Step 1 (Normalization of chain). We construct a new chain $\Gamma=\{v_{i} ; s_{i}\}_{0}^{k}$

from $\{u_{i} ; t_{i}\}_{0}^{k}$ . Put $v_{0}=u_{0}$ and $t_{0}’=t_{0}$ . Recursively define $v_{i}\in K_{0}$ and $s_{i}\geqq 0$ as
below. If

$u_{i}\in I\cdot[-2\kappa_{0},2\kappa_{0}]$ (notice then $\text{\^{u}}_{i- 1}\in I\cdot[-3\kappa_{0},3\kappa_{0}]$ ),

or
$u_{i}\in I\cdot([-3\kappa_{0},3\kappa_{0}]-[-2\kappa_{0},2\kappa_{0}])$ and $\text{\^{u}}_{i-1}\in I\cdot[-2\kappa_{0},2\kappa_{0}]$ ,

then define
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$v_{i}=\zeta(u_{i})$ ,

$t_{i}’=t_{i}-\tau_{i}’$ where $\tau_{i}’\in[-3\kappa_{0},3\kappa_{0}]$ with $\zeta(u_{i})=u_{i}\cdot\tau_{i}’$ ,

$s_{i- 1}=t_{i- 1}’+\hat{\tau}_{i- 1}$ where $\hat{\tau}_{i- 1}\in[-3\kappa_{0},3\kappa_{0}]$ with $\zeta(\text{\^{u}}_{i- 1})=\text{\^{u}}\cdot*$ .

Otherwise, define
$v_{i}=u_{i}$ , $t_{i}’=t_{i}$ and $s_{i- 1}=i_{\ell- 1}’$ .

Finally define $s_{k}=t_{k}’$ .
Using (C. 3) and (C. 4), we can verify that the above construction of

$\{v_{i} ; s_{i}\}_{0}^{k}$ implies
$d(v_{\ell}\cdot s_{i}, v_{i+1})\leqq\delta_{0}$ and $s_{i}\geqq T-6\kappa_{0}=T_{0}$

for every $0\leqq i\leqq k$ . Thus $\{v_{i} ; s_{i}\}_{0}^{k}$ is a $(\delta_{0}, T_{0})$ -chain of $\varphi$ with $v_{i}\in K_{0}(0\leqq i\leqq k)$ .
This is called the normalized chain of $\{u_{i} ; t_{i}\}_{0}^{k}$.

LEMMA 4.4. Let $\{v_{i} ; s_{i}\}_{0}^{k}$ be a normalized chain and denote $i)_{i}=v_{i}\cdot s_{i}$ . Then
the following holds.

(i) $v_{i},\hat{v}_{i}\in I\cup(K-I\cdot(-2\kappa_{0},2\kappa_{0}))\subset K(\kappa_{0})$ ;
(ii) $v_{i}\in I$ iff $\partial_{i-1}\in I$ ;
(iii) $v_{i}\not\in I$ implies $\hat{v}_{i-1}\not\in I$ and $d(\theta_{\ell-1}, v_{i})\leqq\delta$ ;
(iv) $\hat{v}_{i}\not\in I$ implies $v_{i+1}\not\in I$ and $d(\hat{v}_{i}, v_{i+1})\leqq\delta$ .
PROOF. These are immediately obtained from the above construction of

normalized chain.

LEMMA 4.5. If the normalized chain $\{v_{i} ; s_{i}\}_{0}^{k}$ is weakly $\epsilon/2$-traced by some
point $v\in K$, then the original $ch\alpha n\{u_{i} ; t_{i}\}_{0}^{k}$ is weakly $\epsilon$ -traced by the same point $v$ .

PROOF. Put $S_{0}=R_{0}=0,$ $S_{i}=\Sigma_{0}^{i-1}s_{j}$ and $R_{i}=\Sigma_{0}^{i-1}t_{j}$ for $0<i\leqq k+1$ . We
define $h(S_{i})=R_{i}(0\leqq i\leqq k+1)$ and extend $h$ linearly between these points. Then
$h$ belongs to Rep. Let $g\in Rep$ be a reparametrization under which $\{v_{i} ; s_{i}\}_{0}^{k}$ is
weakly $\epsilon/2$-traced by $v$ . Put $g^{f}=g^{\circ}h$ . Then $g’$ belongs to Rep.

For each $0\leqq i\leqq k+1$ , take $\sigma_{i}\in[-3\kappa_{0},3\kappa_{0}]$ with $v_{i}=u_{i}\cdot\sigma_{i}$ . For every $t\in$

$[R_{i}, R_{i+1}]$ , since $h(t)-S_{i}=(t-R_{i})s_{i}/t_{i}$ , we have

$|\sigma_{i}+t-R_{i}-h(t)+S_{i}|\leqq|\sigma_{i}|+|t_{i}-s_{i}|\leqq 9\kappa_{0}$ .
By the choice of $\kappa_{0}$ , it follows that

$d(u_{0}*t, v\cdot g’(t))\leqq d(u_{i}\cdot(t-R_{i}), u_{\ell}\cdot(\sigma_{i}+h(t)-S_{i}))$

$+d(v_{i}\cdot(h(t)-S_{i}), v\cdot g(h(t)))\leqq\epsilon$

for every $t\in[0, S_{k+1}]$ . This completes the proof of Lemma 4.5.
It remains only to prove that the normalized chain $\{v_{i} ; s_{i}\}_{0}^{k}$ is weakly $\epsilon/2-$

traced by some $v\in K$ and $g\in Rep$ .
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Step 2 (Signs). For the normalized $(\delta_{0}, T_{0})$ -chain $\Gamma=\{v_{i} ; s_{i}\}_{0}^{k}$ , we denote
$\gamma_{i}=v_{i}\cdot[0, s_{i}]$ . Define

$sgn(\gamma_{i})=\{\begin{array}{ll}1 if (v_{i}\cdot(0, s_{i}]) \cap I\neq\emptyset-1 if (v_{i}\cdot(0, s_{i}]) \cap I=\emptyset and v_{i}, i)_{i}\in B(D(\eta), \delta)0 otherwise.\end{array}$

Without loss of generality we may assume that $sgn(\gamma_{0})=sgn(\gamma_{k})=1$ and $v_{0},\hat{v}_{k}\in$

$I_{0}$ (prolong $\gamma_{0}$ for negative direction and $\gamma_{k}$ for positive direction if necessary).

LEMMA 4.6. For each $0\leqq i\leqq k$ the following holds.
(i) If $sgn(\gamma_{i})\neq 1$ and $sgn(\gamma_{i+1})\neq 1$ , then $\hat{v}_{i},$ $v_{i+1}\in B(D(\eta), \delta)$ .
(ii) If $sgn(\gamma_{i-1})=-1,$ $sgn(\gamma_{i})=0$ and $sgn(\gamma_{i+1})=1$ , then

$i)_{i}v_{i+1}\in K_{0}^{+}$ or $0_{i},$ $v_{i+1}\in K_{0}^{-}$ .

(iii) If $sgn(\gamma_{i-1})=1,$ $sgn(\gamma_{i})=0$ and $sgn(\gamma_{i+1})=-1$ , then $\hat{v}_{i-1},$ $v_{i}\in K_{0}’$ .
PROOF. Put $D=D(\eta),$ $P=P(\eta)$ and $Q=Q(\eta, \kappa_{0})$ . At first we shall prove

(i). Since $(v_{i+1}\cdot(0, T_{0}$]) $\cap I\subset(v_{i+1}\cdot(0, s_{i+1}$]) $\cap I=\emptyset$ , we have $v_{i+1}\in D\cup P$ by (C. 5).

Since $(i)_{i}\cdot(-T_{0},0$]) $\cap I\subset(v_{i}\cdot(0, s_{i}$ ]) $\cap I=\emptyset$ , we have

$\hat{v}_{i}\in(D\cup Q(\eta))\cap(K-I\cdot(-2\kappa_{0},2\kappa_{0}))\subset D\cup Q$

by (C. 6) and Lemma 4.4 (i). Also Lemma 4.4 (iv) implies that

$d(\hat{v}_{i}, v_{i+1})\leqq\delta$ .
Using the first condition of (C. 2), we obtain that

$\hat{v}_{i}\in(D\cup Q)\cap(B(D, \delta)\cup B(P, \delta))=D\cup(Q\cap B(D, \delta))\subset B(D, \delta)$ .
Similarly we can prove that $v_{i+1}\in B(D, \delta)$.

Next we shall prove (ii). Since $sgn(\gamma_{i-1})\neq 1$ and $sgn(\gamma_{i})\neq 1$ , the above ( $i\rangle$

implies that $v_{i}\in B(D, \delta)$ . Since $sgn(\gamma_{i})\neq-1,\hat{v}_{i}\not\in B(D, \delta)$ . From this and the
fact that $(\hat{v}_{i}\cdot(-T_{0},0$]) $\cap I\subset(v_{i}\cdot(0, s_{i}$]) $\cap I=\emptyset$ , using (C. 6), we have

$\hat{v}_{i}\in(D\cup Q)-B(D, \delta)\subset Q$ .

Since $d(D_{i}, v_{i+1})\leqq\delta$ , it follows that

$\hat{v}_{i},$ $v_{i+1}\in B(Q^{+}(\eta, \kappa_{0}),$
$\delta$ ) or $\hat{v}_{i},$ $v_{i+1}\in B(Q^{-}(\eta, \kappa_{0}),$ $\delta$ ).

By the second condition of (C. 2), we obtain (ii).

Finally we shall prove (iii). Since $sgn(\gamma_{i})\neq 1$ and $sgn(\gamma_{i+1})\neq 1$ , the above (i)
implies that $\hat{v}_{i}\in B(D, \delta)$ . Since $sgn(\gamma_{i})\neq-1$ , we have $v_{i}\not\in B(D, \delta)$ . From this
and the fact that $(v_{i}\cdot(0, T_{0}$]) $\cap I\subset(v_{i}\cdot(0, s_{i}$]) $\cap I=\emptyset$ , using (C. 5), we have

$v_{i}\in P-B(D, \delta)$ .
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Since $d(\hat{v}_{i-1}, v_{i})\leqq\delta,$ $i)_{i-1}\in B(P, \delta)-D$ . From the last condition of (C. 2) and the
fact that $\partial_{i-1},$ $v_{i}\in K(\kappa_{0})$ , we obtain (iii). The proof of Lemma 4.6 is completed.

LEMMA 4.7. Take $\gamma_{i}$ with $sgn(\gamma_{i})=1$ and put $C=\{sgn(\gamma_{a})\}_{a=i}^{i+m}$ for $m\geqq 1$ . If
$C=\{1, \sigma, -1, -1, \cdots , -1, \sigma’, 1\}$ ( $\sigma,$

$\sigma’=0$ or $-1$ ), then

$d(\pi(\hat{v}_{i}), \pi(v_{i+m}))\leqq\delta_{1}$ .

PROOF. Since $d(\hat{v}_{i}, v_{i+1})\leqq\delta_{0}$ and $d(\hat{v}_{i+m-1}, v_{i+m})\leqq\delta_{0}$ , we have

$d(\pi(\hat{v}_{i}), \pi(v_{i+1}))\leqq\delta_{1}/3$ and $d(\pi(\hat{v}_{i+m-1}), \pi(v_{i+m}))\leqq\delta_{1}/3$ .

By Lemma 4.6 (i) we obtain that

$\hat{v}_{i+1},$ $v_{i+m-1}\in B(D(\eta), \delta)$ .

Using (C. 1), we have $d(\hat{v}_{i+1}, v_{i+m-1})\leqq\delta_{0}$ , so that

$d(\pi(\hat{v}_{i+1}), \pi(v_{i+m-1}))\leqq\delta_{1}/3$ .

Since $\pi(v_{i+a})=\pi(\hat{v}_{i+a})$ for $a=1$ and $m-1$ , we get the conclusion by the triangle
inequality. The proof of Lemma 4.7 is completed.

To construct a $\delta_{1^{-}}pseudo$-orbit of $f$, we set $x_{t}^{0}=\pi(v_{i})$ for each $\gamma_{i}$ which
satisfies $sgn(\gamma_{i})=1$ . Take an orbit of $x_{i}^{0}$ under $f$ ;

$\{x_{i}^{0}, x_{i}^{1}, \cdots x_{i}^{k(i)}\}$

where
$x_{i}^{j+1}=f(x_{i}^{j})=xj\cdot T(x_{i}^{f})$ for $0\leqq$ ] $\leqq k(i)-1$

and
$\sum_{j=0}^{k(i)}T(x_{i}^{j})\leqq s_{i}+t(v_{i})<\sum_{j=0}^{k(i)+1}T(xi)$ .

For $\{i_{1}, \cdots , i_{m}\}=\{i:0\leqq i\leqq k, sgn(\gamma_{i})=1\}$ , we define

$G=\{x_{i_{1}}^{0}, x_{i_{1}}^{1}, \cdots x_{i_{1}}^{k_{1}-1}, x8_{2}, \cdots x_{\ell_{m}^{m}}^{k}\}$

where $k_{1}=k(i_{1}),$ $\cdots$ , $k_{m}=k(i_{m})$ . By Lemma 4.7, we have

$d(fx_{t_{j}^{j^{-1}}}^{k}, x_{i_{j+1}}^{0})=d(\pi(\hat{v}_{i_{j}}), \pi(v_{i_{j+1}}))\leqq\delta$ for $0\leqq$ ] $\leqq m-1$ .

Thus $G$ is a finite $\delta_{1^{-}}pseudo$-orbit of $f$ in $I_{0}$ . For simplicity we denote $G=$

$\{y_{0}, y_{1}, \cdots , y_{n}\}$ . By the choice of $\delta_{1}$ , there is $y\in I_{0}$ such that

$d(f^{i}y, y_{i})\leqq\epsilon_{1}$ and $f^{i}(y)\in I(y_{i})$ for every $0\leqq i\leqq n$ .

Put $S_{k+1}=\Sigma_{0}^{k}s_{i}$ . We separete $[0, S_{k+1}]$ into

$0=r_{0}<r_{1}<\ldots<r_{n}=S_{k+1}$

such that $v_{0}*(r_{i}-0)=fy_{i-1}$ where $v_{0}*(r_{i}-0)= \lim_{t\uparrow r_{l}}v_{0}*t$ .
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Step3 (Reparametrization).

LEMMA 4.8. For each $0\leqq i\leqq n-1$ , there exists a continuous maP $g_{i}$ : $[0,$ $r_{i+1}$

$-r_{i}]arrow R$ such that
(i) $g_{i}(0)=0$ and $g_{i}(s)\leqq g_{i}(t)$ for every $s\leqq t$ ,
(ii) $(f^{i}y)\cdot g_{i}(r_{i+1}-r_{i})=f^{i+1}y$ ,
(iii) $d(v_{0}*(r_{i}+t), (f^{i}y)\cdot g_{i}(t))\leqq\epsilon/2$ for every $t\in[0, r_{i+1}-r_{i}]$ .
If Lemma 4.8 holds, then the proof of Proposition 4.3 is completed as follows.

Define a continuous map $\overline{g}$ : $Rarrow R$ by

$\overline{g}(t)=\sum_{0}^{i- 1}g_{j}(r_{j+1}-r_{j})+g_{i}(t-r_{i})$ for $f\in[r_{i}, r_{i+1}]$ , $0\leqq i\leqq n-1$ ,

and $g:Rarrow R$ by
$g(t)=\overline{g}(t)+\lambda(t)$ $(t\in R)$

where $\lambda>0$ small enough. Then we have $g\in Rep$ such that $\{v_{i} ; s_{i}\}_{0}^{k}$ is weakly
$\epsilon/2$-traced by $y$ under $g$ . Thus it remains only to prove Lemma 4.8.

PROOF. Let $0\leqq i\leqq n$ be given. For $v_{0}*[r_{i}-0, r_{i+1}]$ , there are $0\leqq j\leqq k$ and
$m>0$ such that

$v_{0}*(r_{i}-0)\in\gamma_{j}$, $v_{0}*r_{i+1}\in\gamma_{j+m}$ and $v_{0}*[r_{i}-0, r_{i+1}] \subset\bigcup_{a=0}^{m}\gamma_{j+a}$ .
Put $C=\{sgn(\gamma_{a})\}_{a=f}^{j+m}$ . The following five cases are possible;

(a) $C=\{1\}$ , (b) $C=\{1,1\}$ ,

(c) $C=\{1, \sigma, 1\}$ , (d) $C=\{1, \sigma, \sigma’, 1\}$

(e) $C=\{1, \sigma, -1, -1, \cdots , -1, \sigma^{f}, 1\}$

where $\sigma,$
$\sigma^{f}=0$ or $-1$ .

Here we prove only the case of $C=\{1,0, -1, -1, \cdots , -1,0,1\}$ (the other
cases are similarly proved). Put $z=f^{i}y$ . For every $x\in I_{0}$ we define an increas-
ing homeomorphism $\alpha_{x}$ ; $[0, L(x)]arrow[0, T(x)]$ by $\alpha_{x}(0)=0,$ $\alpha_{x}(L(x))=T(x)$ and

$\beta(x, \xi)=\theta(x, \alpha_{x}(\xi))$ for every $\xi\in[0,$ $L(x))$ .
This homeomorphism $\alpha_{x}$ is well-defined, because $\beta$ is one-to-one by Lemma 3.1
(2), and $\theta$ is a homeomorphism from $\{(x, t)\in T_{*} : t\neq 0\}$ to its image by Lemma
3.1 (3). Put $s_{j+1}’= \inf\{s\in[0, s_{j+1}]:v_{j+1}\cdot s\in D(\eta)\}$ . We set the following notation.

(1) $w_{1}=fy_{i-1}$ , $\hat{w}_{1}=i)_{j}$ ; $w_{2}=v_{j+1}$ , $\hat{w}_{2}=v_{j+1}\cdot s_{f+1}’$ ;

$w_{3}=\emptyset_{3}=\Phi_{2}$ ; $w_{4}=v_{j+m-1}$, $\hat{w}_{4}=\hat{v}_{j+m-1}$ ;

$w_{5}=v_{j+m}$ , $\hat{w}_{5}=fy_{i}$ .
$(2^{f})$ $z_{i}=\pi(w_{i})$ for each $1\leqq i\leqq 5$ .



Lorenz attractors 509

(3) $S_{0}=0$ ; $S_{1}=t(\hat{w}_{1})$ ; $S_{2}=S_{1}+s_{j+1}’$ ;

$R_{\alpha}=S_{1}+(s_{j+1}+\cdots+s_{j+a})(1\leqq a\leqq m-1)$ ;

$S_{3}=R_{m- 2}$ ; $S_{4}=R_{m- 1}$ ; $S_{5}=R_{m- 1}+T(y_{i})-t(w_{5})$ .
$(4^{f})$ $\xi_{i}=x(w_{i})(1\leqq i\leqq 5)$ ; $\hat{\xi}_{i}=x(a)_{i})(1\leqq i\leqq 4)$ and $\hat{\xi}_{5}=L(z_{5})$ .

It is clear that $\hat{\xi}_{2}=\xi_{s}=\xi_{3},$ $z_{1}=fy_{i- 1}$ and $z_{5}=y_{i}$ . Put $L_{0}=0$ and $L_{i}=\Sigma_{1}^{i}(\hat{\xi}_{j}-\xi_{j})$

$(1\leqq i\leqq 5)$ . Define $H(O)=0,$ $H(L_{2})=1/2$ and $H(L_{5})=L(z)$ , and extend $H$ linearly
between these points. Then we have an increasing homeomorphism $H:[0, L_{5}]$

$arrow[0, L(z)]$ . We claim the following; for each $1\leqq i\leqq 4$ ,

$(i’)$ $d(\varpi_{i}, w_{i+1})\leqq\delta_{0}$ , (ii’) $|\xi_{i+1}-\hat{\xi}_{i}|\leqq\epsilon_{0}/12$ ,

$(iii^{f})$ $|\hat{\xi}_{2}-1/2|\leqq\epsilon_{0}/12$ , (iv’) $|\xi_{i+1}-L_{i}|\leqq\epsilon_{0}/4$ ,

$(v’)$ $|H(\xi)-\xi|\leqq 2\epsilon_{0}/3$ for every $\xi\in[0, L_{5}]$ ,

(vi f) $d(z, z_{i})\leqq\epsilon_{0}/2$ ,

(vii’) $d(\hat{w}_{2}, v_{j+1}\cdot t)\leqq\delta_{0}$ for every $t\in[s_{j+1}^{f}, s_{j+1}]$ ,

(viii f) $d(\text{\^{u}}_{2}, v_{j+a}\cdot t)\leqq\delta_{0}$ for every $t\in[0, s_{j+a}]$ , $2\leqq a\leqq m-2$ .
Indeed, $(i^{f})$ is clear for $i=1,2$ or 4, because $\{v_{\ell} ; s_{i}\}_{0}^{k}$ is a $(\delta_{0}, T_{0})$ -chain. If $i=$

$3$ , we have $a_{3},$ $w_{4}\in B(D(\eta), \delta)$ by Lemma 4.6 (i). Since diamB $(D(\eta), \delta)\leqq\delta_{0}$ , we
get $(i’)$ for $i=3$ . By the choice of $\delta_{0}$ , we have

$|\xi_{i+1}-\hat{\xi}_{i}|\leqq d((z_{i+1}, \xi_{i+1}),$ $(z_{i}, \xi_{i}))=d(\beta^{-1}(w_{i+1}), \beta^{-1}(\emptyset_{i}))$

$\leqq\epsilon_{0}/12$ ,

so that (ii f) holds. Using $\varpi_{2}=\beta(z_{2},\hat{\xi}_{2})\in D(\eta)\cap K_{0}’$ and $\eta\leqq\epsilon_{0}/12$ , we get (iii’).

Since $|\xi_{3}-\hat{\xi}_{2}|=0$ , it follows that

$| \xi_{i+1}-L_{i}|\leqq\sum_{1}^{4}|\xi_{i+1}-\hat{\xi}_{i}|\leqq\epsilon_{0}/4$ ,

so that (iv’) holds. To see $(v’)$ , let $\xi\in[0, L_{5}]$ be given. If $\xi\in[0, L_{2}]$ , then

$|H(\xi)-\xi|\leqq|1/2-L_{2}|\leqq\epsilon_{0}/6$

by (ii’) and (iii’). If $\xi\in[L_{2}, L_{5}]$ , then it follows that

$|H(\xi)-\xi|\leqq|1/2-L_{2}|+|L(z)-1/2-L_{5}+L_{2}|\leqq(\epsilon_{0}/3)+|L(z)-L(z_{5})|\leqq 2\epsilon_{0}/3$ ,

because $d(z, z_{5})\leqq\epsilon_{1}$ holds. This proves $(v’)$ . To see (vi $f$) we notice that

$d(z_{i}, z_{i+1})\leqq\delta_{1}/3\leqq\epsilon_{0}/12$ for each $1\leqq i\leqq 4$ (by $(i’)$ ).

From $d(z, z_{5})\leqq\epsilon_{1}$ and $d(z_{1}, z_{5})\leqq\delta_{1}$ , we obtain (vi). Using Lemma 4.6 (i) and
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Lemma 3.1 (5), we have
$v_{j+1}\cdot[s_{j+1}’, s_{j+1}]\subset D(2\eta)$ .

Since diamD $(2\eta)\leqq\delta_{0}$ , (vii’) is proved. Similarly we get (viii’).

Now we define $g_{t}(t)$ for $t\in[0, S_{5}]$ by

$g_{i}(t)=\{\begin{array}{l}\alpha_{z}(H(\alpha_{z_{a}}^{-1}(t-S_{a- 1}+t(w_{a}))+L_{a- 1}-\xi_{a})) for t\in[S_{a- 1}, S_{a}], a=1,2,4,5, \alpha_{z}(H(\alpha_{z_{2}}^{-1}(S_{2}-S_{1}+t(w_{2}))+L_{1}-\xi_{2})) for t\in[S_{2}, S_{3}].\end{array}$

By the definitions of $\alpha_{z}$ and $H$, the above $g_{i}$ satisfies (i). We shall show
that $g_{i}$ satisfies (ii) and (iii). Let $t\in[0, S_{5}]$ be given.

If $t\in[S_{a-1}, S_{a}$ ) $(a=1,2)$ , put $\xi=\alpha_{z_{a}}^{-1}(t-S_{a-1}+t(w_{a}))+L_{a- 1}-\xi_{a}$ . By Lemma
4.6 (iii), we have $z_{a}\cdot(t-S_{a-1}+t(w_{a}))=w_{a}\cdot t\in K_{0}’$ . Since $\xi\in[0, L_{2}]$ , we have
$H(\xi)\in[0,1/2]$ , so that $z\cdot\alpha_{z}(H(\xi))=\beta(z, H(\xi))\in K_{0}’$ . Since

$d((z_{a}, \xi-L_{a-1}+\xi_{a}),$ $(z, H( \xi)))\leqq\max\{d(z_{a}, z), |H(\xi)-\xi|+|L_{a-1}-\xi_{a}|\}$

$\leqq\epsilon_{0}$ ,
we get

$d(v_{0}*(r_{i}+t), z\cdot g_{i}(t))=d(z_{a}\cdot(t-S_{a-1}+t(w_{a})), z\cdot\alpha_{z}(H(\xi)))$

$=d(\beta(z_{a}, \xi-L_{a-1}+\xi_{a}),$ $\beta(z, H(\xi)))\leqq\epsilon/4$

by the uniform continuity of $\beta$ .
If $t\in[S_{2}, S_{3}]$ , then $v_{0}*(r_{i}+t)\in B(D(\eta), \delta)$ . Since $\hat{w}_{2}\in D(\eta)$ , we have

$d(v_{0}*(r_{i}+t),\hat{w}_{2})\leqq\delta_{0}\leqq\epsilon_{0}/4$ . Since $g_{i}(t)=g_{i}(S_{2})$ , we get

$d(v_{0}*(r_{i}+t), z\cdot g_{i}(t))\leqq d(v_{0}*(r_{i}+t),\hat{w}_{2})+d(\hat{w}_{2}, z\cdot g_{i}(S_{2}))$

$\leqq\epsilon/2$ .
If $t\in[S_{a- 1}, S_{a}$ ) $(a=4,5)$ , put $\xi=\alpha_{z_{a}}^{-1}(t-S_{a-1}+t(w_{a}))+L_{a-1}-\xi_{a}$ . Using Lemma

4.6 (ii), we obtain $z_{4}\in I(z_{5})$ . By the definition of the Pnite P.O.T.P. of $f$, we
have $z\in I(z_{5})$ . Thus two points $(z_{a}, \xi-L_{a-1}+\xi_{a})=\beta^{-1}(z_{a}\cdot(t-S_{a-1}+t(w_{a})))$ and
$(z, H(\xi))$ belong to either $L_{*}^{+}$ or $L_{*}^{-}$ . Since

$d((z_{a}, \xi-L_{a-1}+\xi_{a}),$ $(z, H( \xi)))\leqq\max\{d(z_{a}, z), |H(\xi)-\xi|+|L_{a-1}-\xi_{a}|\}$

$\leqq\epsilon_{0}$ ,
we have

$d(v_{0}*(r_{i}+t), z\cdot g_{i}(t))=d(\beta(z_{a}, \xi-L_{a-1}+\xi_{a}),$ $\beta(z, H(\xi)))\leqq\epsilon/4$ .

If $t=S_{5}$ , then

$g_{i}(S_{5})=\alpha_{z}(H(\alpha_{z_{5}}^{-1}(T(z_{5}))+L_{4}-\xi_{5}))=\alpha_{z}(H(L(z_{5})+L_{4}-\xi_{5}))$

$=\alpha_{z}(H(L_{5}))=\alpha_{z}(L(z))=T(z)$ .
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Thus it follows that

$z\cdot g_{i}(S_{5})=z\cdot T(z)=f(z)$ and

$d(v_{0}*(r_{i}+S_{5}), z\cdot g_{i}(S_{5}))\leqq d(fy_{i}, y_{i+1})+d(y_{i+1}, fz)\leqq\epsilon/4$ .

It has been proved that $g_{i}$ satisfies (ii) and (iii). This completes the proof of
Lemma 4.8. Therefore the proof of Proposition 4.3 is completed.

\S 5. Non-denseness of vector fields with the strong P.0.T.P.

In this section we study the strong P.0.T.P. of flows.

DEFINITION 15. Let $\psi=\{\psi^{t}\}_{t\in R}$ be a flow on a compact metric space (X, $d$ ).

(X, $\psi$) is topologjcally transitive if for every non-empty open subsets $U,$ $V$ of $X$

and every $T\geqq 0$, there is $t\geqq T$ such that $U\cdot t\cap V\neq\emptyset$ . A $\psi$-invariant subset $\Lambda$

of the nonwandering set $\Omega$ of $\psi$ is said to be a basic set if $\Lambda$ is closed and open
in $\Omega$ and $(\Lambda, \psi)$ is topologically transitive.

DEFINITION 16. Let $M$ be a compact $C^{1}$-manifold and $X^{1}(M)$ the space of
all $C^{1}$-vector fields on $M$ endowed with the $C^{1}$-topology. A vector field $\xi\in \mathfrak{X}^{1}(M)$

has the strong P.O. T. P. if the flow $\psi_{\xi}$ on $M$ defined by $\xi$ has the strong P.0.T.P.

DEFINITION 17. Two flows $(X_{1}, \psi_{1}),$ $(X_{2}, \psi_{2})$ are isomorphic to each other if
there is a homeomorphism $h:X_{1}arrow X_{2}$ such that

$h\psi_{1}^{t}(x)=\psi_{2}^{t}(h(x))$ for every $x\in X_{1}$ and $t\in R$ .
THEOREM 2. Let $\psi=\{\psi^{t}\}_{t\in R}$ be a flow on a compact manifold M. If $\psi$ has

a basic set $\Lambda\subset M$ such that $(\Lambda, \psi)$ is isomorphjc to a geometric Lorenz attractor
$(\tilde{K}_{f},\tilde{\varphi}_{f})$ with $f(O)\neq 0$ or $f(1)\neq 1$ , then $(M, \psi)$ does not have the strong P.O. $T.P$.

PROOF. By Theorem 1, $(\tilde{K}_{f},\tilde{\varphi}_{f})$ with $f(O)\neq 0$ or $f(1)\neq 1$ does not have the
strong P.O.T.P., so that $(\Lambda, \psi)$ does not have the strong P.O.T.P. Thus Theo-
rem 2 is immediately obtained from the next Proposition 5.1.

PROPOSITION 5.1. Let $\psi=\{\psi^{t}\}_{t\in R}$ be a flow on a compact metric space (X, $d\rangle$

and $\Lambda$ a basic set of $\psi$ . If (X, $\psi$) has the strong P.O. T. P., then so has $(\Lambda, \psi)$ .
To prove Proposition 5.1, we prepare two lemmas.

LEMMA 5.2. Let $\epsilon>0$ and a sequence $\{g_{n}\}_{n\in N}$ of elements of Rep $(\epsilon)$ be given.
Then there exists an element $g$ of Rep $(\epsilon)$ such that for every $N>0$ there is a
subsequence $\{m\}\subset N$ such that

$g_{m}|[-N, N]arrow g|[-N, N]$ uniformly as $marrow\infty$ .

PROOF. The definition of Rep(s) implies that $\{g_{n}|[-N, N]\}_{n\in N}$ is uniformly
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bounded and equi-continuous for every $N>0$ . Using the Ascoli-Arzel\‘a’s theorem,
we obtain Lemma 5.2.

LEMMA 5.3. The following are equivalent.
(1) (X, $\psi$ ) has the strong P.O. T. $P$.
(2) For every $\epsilon>0$ there exist $\delta,$ $T>0$ such that, for every finite $(\delta, T)$ -chain

$\{x_{i} ; t_{i}\}_{0}^{k}(0\leqq k<\infty)$ of $\psi$ , there are $x\in X$ and $g\in Rep(\epsilon)$ with

$d(x_{0}*t, x\cdot g(t))\leqq\epsilon$ for every $t\in[0, S_{k+1}]$ .

PROOF. Clearly (1) implies (2). We prove that (2) implies (1). Given $\epsilon>0$ ,

let $\delta,$ $T>0$ be as in (2). Let $\Gamma=\{x_{i} ; t_{i}\}_{i\in Z}$ be a $(\delta, T)$ -chain of $\psi$ . For eacb
$n\in N$ there are $y_{n}\in X$ and $g_{n}\in Rep(\epsilon)$ such that

$d(x_{0}*t, y_{n}\cdot g_{n}(t))\leqq\epsilon$ for every $t\in[S_{-n}, S_{n}]$ .
Let $\{y_{n}\}$ converge to a point $y\in X$. By Lemma 5.2, a reparametrization $g\in$

Rep(e) is determined from $\{g_{n}\}$ . Then we can easily verify that $\Gamma$ is strongly
$\epsilon$ -traced by $y$ and $g$ .

PROOF OF PROPOSITION 5.1. Since $\Lambda$ is closed and open in $\Omega$ , the distance
between $\Lambda$ and $\Omega-\Lambda$ is positive; $i.e$ .

$\delta_{0}=d(\Lambda, \Omega-\Lambda)>0$ .
Let $\delta_{0}/2>\epsilon>0$ be given. There are $\delta,$ $T>0$ as in Lemma 5.3 (2). Without loss
of generality we may assume that $\delta<\delta_{0}$ . Let a finite $(\delta, T)$ -chain $\Gamma=\{x_{i} ; t_{i}\}_{0}^{k}$

of $(\Lambda, \psi)$ be given. By topological transitivity of $(\Lambda, \psi)$ , there are $x_{k+1}\in\Lambda$ and
$t_{k+1}\geqq T$ such that

$d(x_{k}\cdot t_{k}, x_{k+1})\leqq\delta$ and $d(x_{k+1}\cdot t_{k+1}, x_{0})\leqq\delta$ .
Define

$z_{i}=x_{i- n(k+1)}$ and $s_{i}=t_{i-n(k+1)}$

for every $n(k+1)\leqq i<(n+1)(k+1),$ $n\in Z$ . Then $\{z_{i} ; s_{i}\}_{i\in Z}$ is a $(\delta, T)$ -chain of
$(\Lambda, \psi)$ . Thus there are $z\in X$ and $h\in Rep(\epsilon)$ such that $d(z_{0}*t, z\cdot h(t))\leqq\epsilon$ for every
$t\in R$ . Put $p=\Sigma_{0}^{k+1}t_{i}$ and suppose a sequence $\{z\cdot h(np)\}_{n\geq 0}$ of points in $X$.

If $\{z\cdot h(np)\}_{n\geq 0}$ is finite, then $z$ is a periodic point, so that $z\in\Omega$ . Since
$d(z, x_{0})\leqq\epsilon<\delta_{0}$ , we have $z\in\Lambda$ . Thus $\Gamma$ is strongly $\epsilon$ -traced by $z$ under /2.

Suppose $\{z\cdot h(np)\}_{n\geq 0}$ is infinite, then a subsequence converges to some point
$y\in X$. It is easy to see that $y$ belongs to $\Lambda$ . DePne $g_{n}\in Rep(\epsilon)$ by

$g_{n}(t)=h(np+r)-h(np)$ for $t\in R$ .

By Lemma 5.2 there are $g\in Rep(\epsilon)$ and a subsequence $\{m\}\subset N$ such that

$z\cdot h(mp)arrow y$ and
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$g_{m}|[0, p]arrow g|[0, p]$ uniformly as $marrow\infty$ .
Then, for every $t\in[0, \Sigma_{0}^{k}t_{i}]\subset[0, p]$ , we have

$d(x_{0}*t, y \cdot g(t))=\lim_{marrow\infty}d(x_{0}*(mp+t), (z\cdot h(mp))\cdot g_{m}(t))$

$= \lim_{marrow\infty}d(x_{0}*(mp+t), z\cdot h(mp+t))\leqq\epsilon$ .

Thus $\Gamma$ is strongly $\epsilon$ -traced by $y$ under $g$ .
In any case $\Gamma$ is strongly $\epsilon$-traced by some point in $\Lambda$ . By Lemma 5.3,

$(\Lambda, \psi)$ has the strong P.0.T.P. This completes the proof of Proposition 5.1.

THEOREM ([5], [15]). There is an open set $U$ in the space of all $C^{2}$-vector
fields on $R^{3}$ such that each $\xi\in U$ has a basic set isomorphic to a geometric Lorenz
attractor $(\tilde{K}_{f},\tilde{\varphi}_{f})$ with $f(O)\neq 0$ or $f(1)\neq 1$ .

Let $M$ be a compact 3-manifold and suppose $R^{3}\subset M$. Then the above
theorem implies that

there is an open set $U\subset \mathfrak{X}^{2}(M)$ such that each $\xi\in U$ has a basic set
isomorphic to a geometric Lorenz attractor $(\tilde{K}_{f},\tilde{\varphi}_{f})$ with $f(O)\neq 0$ or
$f(1)\neq 1$ .

Combining this fact and Theorem 2, we conclude the following.

THEOREM 3. Let $M$ be a compact 3-manifold and $\mathfrak{X}^{2}(M)$ the space of $all_{A}C^{2}-$

vector fields on $M$ endowed with the $C^{2}$-topology. Then there exists an open set
$U\subset \mathfrak{X}^{2}(M)$ such that each $\xi\in U$ does not have the strong P.O. $T.P$.

REMARK. A. Morimoto proposed in [10] the next problem. “Is the set of
diffeomorphisms with P.0.T.P. residual in the set of all diffeomorphisms of a
compact manifold?” Theorem 3 implies that the answer of this problem for
flow case is negative.
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