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A purpose of this paper is to show fundamental properties on hermitian
forms over a ring which are generalizations of ones over a field. First, we
shall show that every non degenerate projective and finitely generated hermitian
module is characterized by a von Neumann regular and hermitian matrix with
respect to a generator of the module. In particular, if the ring is semisimple
artinian, then it is derived that every non degenerate hermitian module is finitely

generated and isomorphic to a form <a,>1<a,>.L ---J_<aT>J_<<g gl>>J_
1 /
b

1, 2, ---, r. Next, we discuss a characterization of a metabolic module. Through-
out this paper, we assume that a ring A4 is a non-commutative ring with unit

0 b . . _ .
_L<(— 0 >> for some elements «,, da,, -+, a,, by, by, -+, by iIn A with d,=a;, 1=
S

element 1 and has an involution A—A;a »— @ satisfying (a+b)=a+b, ab=ba
and a=a for every a, b A. Furthermore, every A-module is unitary.

1. Notations and definitions.

For a ring A with involution, an element a of A is called a von Neumann
regular element (simply, regular element) if there is an element b= A such that
aba=a. Let I be a finite or infinite set of indices. By (a;):;c; (resp. “(a;)ie;) for
a;=A, we denote an I-row (resp. I-column) vector with i¢-th component a;.
(a;);e; (resp. a;).er) is called I-row (resp. I-column) finite if ;=0 for almost
alliin I. We put A’={(a:)icr; a;€ A}, "AT={a,)ier; ;€ A}, AD={(a)ie;= A" ;
I-row finite} and *AP={Ya;)ic;=*A!; I-column finite}. As usual, A? and AP
are left A-module and ‘A’ and *A‘"’ are right A-modules. For any a;;€A
(1, j€1), (aij)cijyerxs denotes an IX/[-matrix with the (ij)-component a;;. By A;
we denote the set of /X /I-matrices with components in A. Then one makes A;
an additive group. Let J and K be another sets of indices. For IX/- and
JX K-matrices (a;;)ciperxs and (bjp)gmerxx, We say that the product (ai)jer s
(b;)jmwesxx i1s defined, if for every (ik)elX K, the product a;;b;,=0 for almost
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all j in J. If the product is defined, then (aij)u,-)elw-(bjk)gk)gXK:ggaijbjk)<ik)ElXK.
We can easily check the following remark ;

REMARK 1. Let X=(tn)mpenxr, Y=i)aperxs and Z=(z;x)resxx be
matrices over A. If the products XY, (XY)Z, YZ and X(YZ) are defined, and
if for each (hk)e HXK, xn:y:;2;3=0 for almost all (i) in IX], then (XY)Z=
X(YZ).

An I'xXJ-matrix (a;;)ijer<s is called a row-finite (resp. column-finite) matrix,
if every its J-row vector (a;;);es (resp. I-column vector %(a;;)ie;) is in A" (resp.
tAD), We denote by A¢; (resp. A;,) the set of row-finite (resp. column-finite)
I'xI-matrices over A, and by A(;, the set of row-finite and column-finite matrices
over A. Then A¢;, A;y, and A¢;, become rings. Let M be a left A-module with
a generator {m;}ics; M:ig Am;. For a matrix H in A; and a subset B of

AP, we put Ann(A"; {mi}ier) = {(@)ies €AY __ElaimiZO}, Ann(A"; H)=

{(a)ier= A ; (a)ierH=0 in A’} and Ann(*A’; B)={¥(a:)ic: E'A"; (b)ics (aier
:.”EI b;a;=0 for all (b,);c;=B}. For an I'XJ-matrix H=(a;;)cijer«s OVer A, H*

denotes a JXI-matrix (@;;)iesxz- f an IXI-matrix H satisfies H=H*, H is
called a hermitian matrix. Let M be a left A-module, and h: MXM—A; (x, v)
~v> h(x, ¥) a hermitian form, i.e. it satisfies h(ax, by)=ah(x, y)b, Alx, y)=h(y, x)
and h(x+x/, v)=h(x, y)+h(x’, v) for x, 2/, yeM and a, b€ A. Then (M, h) is
called a hermitian left A-module. (M, h) is said non degenerate, if 0: M—
Hom M, A); m ~ h(—, m) is bijective. We shall say (M, k) a non degenerate
(finitely generated) projective hermitian left A-module, if M is (finitely generated)
projective over A and (M, &) is non degenerate. For (M, A) and (M’, h’), mor-
phism f: (M, h)—(M’, h’) is called isomorphism or isometry, if f: M—M’ is an
A-isomorphism satisfying A(f(x), f(y))=h(x, y) for x, yeM. Then we denote by
M, hy=(M’, h’'). A hermitian left A-module (M, k) is called metabolic, if there
is a hermitian left A-module (N, ¢) such that (M, h)=(NDBN*, h,) where N* is
a left A-module Hom/ (N, A) defined by af(n)=f(n)a for feHom,M, A), neN
and a=A, and h, is a hermitian form h,: (NPN*)X(NPN*)—A defined by
ho(x+1, Y+ =f(y)+gx)+q(x, v) for x, yEN, f, g N*. The following remark
is well known :

REMARK 2. Let (M, h) be a non degenerate hermitian left A-module. (M, h)
is metabolic if and only if there is a totally isotropic A-submodule N which is
a direct summand of M and satisfies N*=N, where N*={meM ; h(m, n)=0 for
all neN}. (The proof is similar to the case of a commutative ring, cf. [2],
E2N

For an IxXI-matrix H over A, a set A-H={(ay)ic;- HEA"; (a;)ic;= AP}
is an A-submodule of Af, and H-!AD={H-Ya,)ic;=*AT; {a)ie;='A} is an
A-submodule of *AZ,
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2. Non degenerate projective hermitian left A-module.

LEMMA 1. Let M:ig Am; be any left A-module with an arbitrary generator
{m}ic1. Then we have the following A-isomorphism as right A-modules;
Hom M, A) —> Ann(‘A” ; Ann(AD; {mi}ier); [ oo H(f(ma))ier -

LEMMA 2. Let M:%TI Am; be a left A-module, h: MXM—A any hermilian

form and H=(h(mi, m;))ciperx1. Then (M, h) is non degenerate if and only if
the following identities are verified

1) Ann(AP; {mi}ic)=Ann(AD; H),

2) Ann(*A?; Ann(AD; H)=H-tAD,

Proor. (M, h) is non degenerate if and only if 4: M—Hom (M, A); m >
h(—, m) is bijective. We have that @ is injective if and only if Ann(A?>; {m;}ic1)
=Ann(A>; H). On the other hand, from Lemma 1|, § is surjective if and only
if Ann (AT ; Ann (AP ; {m}ier)TH-*AD. Hence, 8 is bijective if and only if
Ann(AD; {m}ie))=Ann(A; H) and Ann(*A?; Ann(AY>; H)CH-'AD are
verified. However, in general, H-tA>C Ann(CA’; Ann(A">; H)) is always
verified. Therefore, we get this lemma.

LEMMA 3. Let AIZFZI Am; be a left A-module, h: MXM—A a hermitian

form and H=(h(m;, m;))cijerxr- There is an A-homomorphism &: M—AD-H;
EZ; a;m; o (ag)ier-H o as left A-modules. 1f (M, h) is non degenerate, then & is

bijective.

Proor. Since Ann(A“Y; {m}ie)CTADN(AY; H) is always verified, there
is an A-homomorphism &: M—AD-H; 1:21 a;m; > (a)ier-H. If (M, h) is non
degenerate, by Ann (A {m;}ie))=Ann (A9 ; H), hence & is an A-
.isomorphism.

LEMMA 4. Let M:iglAmi be a left A-module, h: MXM—A a hermitian

form, and H=(h(m;, m;))ciperxs- We assume that (M, h) is non degenerate. Then
M is a projective A-module if and only if there is a column-finite I'X I-matrix K
(e Ap) such that HK is row-finite, i.e. HK= A¢;, and (HK)H=H.

PrROOF. Assume that M is a projective A-module. By [Lemma 3, AH is
also a projective left A-module. Hence, a surjection 2: ADP—ADH : (a,);e; A
(as)ierH is split. There is an A-homomorphism p: A?H—AY such that Aoy
is the identity map on AH. For each j=I, let p; be the j-projection of A
to A, i.e. p(aicr)=a;. The composition popoé is in Hom (M, A). By the A-
isomorphism Homy(M, A)—Ann (A’ ; Ann (AP ; H)=H'AD : f rvs {(fmy))ier
in Lemma 1|, there is an element (a;;)c; in AP such that ‘(p;ouof(m,))ic;=
H%a;j)ic; for each jel. Put K=(a;))uperxs, then K is contained in A;,, and
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we have (pjopcé(m))aperxi=HK. Since (pjopc&(m,))er=pE(m;)) is in A for
every 1=, HK is contained in A¢,. By &m)=(h(mi, m;)e; and Aou(E(m,))
=&(m;), we get &(m;) = 2o puE(my) = A(p;opoé(my))er) = A(h(m;, my)eK)=
((h(m;, m;));eK)H, and hence H=(HK)H. Conversely, assume that K is a matrix
in A;, such that HK is in A; and H=(HK)H. Now, we show that the surjec-
tion 1: A D—ADH; (a)ier m (ay);eH is split. By K€A;, and HK= A an
A-homomorphism p: ADPH—-AD; (a)ierH > (a)iert H)K=(a,)ie(HK) is well
defined. Then we get 20#((01')15IH):Z((di>iel(HK>):«ai)iel(HK))H:(ai)ielH for
every (a;)ictHE A H, that is, 2oy is the identity map on A“>H. Hence AH
and also M are projective over A.
From the above lemmas we have

THEOREM 1. Let M= ZzAmi be a left A-module with a generator {mi}icr,
=

and h: MXM—A a hemitian form with an I X [-matrix H=(h(m;, m;))cijer«1 With
respect to {mi}ic;. Then we have the following:

1) (M, h) is non degenerate and projective if and only if Ann (AT ; {m}icr)
=Ann (A ; H), Ann (*A?; Ann (AP ; H)=H'AD> and there is K in A, such
that HKe A, and H=(HK)H.

2) If (M, h) is non degenerate then a map &: M— AP H ; glaimi > (ay)ier H
1s an A-isomorphism as left A-modules.

LEmMMA 5. Let H be an IXI-matrix over A. If there is a K in A;, such
that HKe A; and H=(HK)H, then Ann (A" ; H)=A(E—HK) and Ann (*AT;
Ann(AD ; H)=(HK)*A’, where E denotes the unit IXI-matrix.

PrOOF. If (a;)ic; is an element in A such that (a;);c;H=0, then (a,)ic;=
(a)ier—(@)icr H)K=(a:)sc;(E—HK), and so Ann(A‘"; H)CA(E—HK). The
converse inclusion is obtained from (E—HK)H=H--(HK)H=0. Therefore, we
have also Ann(‘A7; Ann(A®>; H)) = Ann (A7 ; AD(E—HK)). If b)ie; €
Ann (*A”; Ann (A5 H)), then  Uby)ie; = (HK)Yb)icr + (E — HK)!(b)ier ="
(HEK)!(b):er=(HK) AT, Conversely, for any (HK)Yb,);e;=(HK)'A?! we have
(E— HK)(HK)'(by)icr) = (HK)"(b)ier — (HK)(HK)!(by)ser) = 0, because of
(HK)Y(HE) (b:)ie )=(HEK)YHK )b ic 1=((HK)H)K)(b:)ic 1=HK) (b1

COROLLARY 1. Let M= ngmi be a left A-module, h: MXM—A a hermitian

form and H=(h(m;, m)))ciperrr. Then (M, h) is non degenerate and projective if
and only if Ann (AP ; {m}e)=Ann (A ; H) and there isa K in Ay, such that
HKe A, H=(HK)H and (HK)'AT=H!AD,

LEMMA 6. Let H be an IXI-matrix contained in Acr,. If there is KA,
such that HK€ A¢; and (HK)H=H, then Ann (A ; Ann (A9 ; H)=H!AD,

ProOF. By HKH=H, we have (HK—E)H=0, and so every row of (HK—E)
is contained in Ann(A“’; H). Hence, “a;);c;=Ann (A ; Ann (AP ; H)) im-
plies (HK—E)"a)ic;=0 and *(a;)ie; =(HK)*(a:)ic;=H(K " a:)ie) = H' AP, Hence,
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Ann (PAY; Ann (A0 ; H)CH!A, and the converse is always verified.

LEMMA 7. Let A be a semisimple artinian ring and (M, h) a non degenerate
hermitian left A-module. Then there exists a generator {x;}:c; of M as left A-
module such that the IXI-matrix H=(h(x;, x;)cijperx1s 1S vowfinite and column-
finite, i.e. HE A¢yy. For such a generaior {x;}ie;, every f in Homy(M, A) has
J(x)=0 for almost all icl.

Proor. Since A is semisimple artinian, M is projective over A, hence there
are {f;}.es in Hom M, A) and {y;}:c; in M such that for each xeM, f,(x)=0
for almost all il and x:iéfi(x)yi. Since (M, h) is non degenerate, there is

a system of elements {x;};c; in M such that f;=h(—, x;) for i€l. Then H=
(h(xs, x))ijperxr is a row-finite and column-finite /X [-matrix. Put N= X Ax;,
iel

then we have N+=0. Since A is semisimple artinian, N is a direct summand
of M, hence N=(N*)*=M.

THEOREM 2.

1) Let (M, h) be a hermitian left A-module. Assume that M:iEEIJ Am; with

m;#0 for 1€l and H=(h(m;, m;))jper«1 1S contained in Acry. (M, h) is non de-
generate and projective if and only if I is a finite set, in consequence M is finitely
generated, Ann(A?; {m;}cr)=Ann(A’; H) and thereis K in A; such that HKH
=H.

2) If A is a semisimple artinian ring and (P, h) a non degenerate hermitian
left A-module, then P is a finitely generated A-module.

3) Let H=(hy;) be a hermitian nXn-matrix in A,. Then a hermitian left
A-module (A™H, h) 1s defined by h:A"HXA"H—A; ((a)iciH, (bi)ictH) ~»—>
i;‘glaihijlgj, where =11, 2, ---, n}. Then (A™H, h) is non degenerate and projec-

tive if and only if H is a von Neumann regular element in A,.

Proor. 1): Suppose that (M, h) is non degenerate and projective. From
there is K in A;, such that HKe A, (HK)H=H and HK'A'=
H'AD, Since H is in A¢yy, (HK)YIA'=H'A> is contained in A>, and so HK
is in A¢;,. Hence (HK)'ATC A’ implies that almost all row-vectors of HK are
a zero vector. Namely, H=(HK)H has only a finite number of non-zero row-
vectors. Since (M, h) is non degenerate and m,;+#0 for i<, I is a finite set.
The other conditions are obtained from [Theorem 1. By [Lemma 6 and [Theorem
1, the converse is obvious. 2): By (P, h) has a generator {x;}ics
such that H=(h(x;, x;))cperxs 1s in A¢;,. Hence from 1), P is a finitely gener-
ated A-module. 3): Let H=(h;;) be a hermitian matrix in A,, and put =
{1, 2, ---, n}. A hermitian form h: A'H X A'H— A; ((a)iciH, (b)icrH) ~»>
ijEEIaih”Ej is well defined. Because, if (a,);e/H=0 or (b;);c;H=0 then Zlaihijl;,-

i,jE

:((ai)iEIH)t(Ei)iEI:(ai>iel<(bi)i€IH)*:O- A'H has a generator {(hipser; =1, 2,
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---, n}, and the matrix of (A7H, h) with respect to this generator is (h((h;x)s 1,
(hj)re))aperxi=(hipaperxt=H. By 1), (A'H, h) is non degenerate and projec-
tive if and only if there is K€ A, such that HKH=H.

DEFINITION. Let H be an nXn-matrix in A,. We call H a regular hermi-
tian matrix, if H is a hermitian matrix and von Neumann regular element in
A,. For a regular hermitian matrix H, by (H) we denote the hermitian left
A-module (A"H, h) defined in 3) of Theorem 2.

As is well known, we have

LEMMA 8. Let (M, h) be a non degenerate hermitian left A-module. If N is
an A-submodule of M such that (N, h|N) is non degenerate, N is an orthogonal
direct summand of M, i.e. M=NPDN*. (The proof of this lemma is similar to
the case over a commutative ring, cf. [3].)

COROLLARY 2. Ewvery non degenerate and finitely generated projective hermi-
tian left A-module is isomorphic to {H) defined by a regular hemitian matrix.

If (M, h) is a non degenerate hermitian left A-module and N= iZ:Ani is A-
submodule of M such that the matrix H=(h(n;, n;)) is regular hermitian matrix
of degree v, then there is an A-submodule N’:ié An; of N such that h(n;, n;)=
h(ni, n}); 1, j=1, 2, -, r, and (N’, h|N’) is non degenerate and projective. Further-
more, it satisfies N=N'"BINNN'*), (N, hIN)={H)>, M=N'&SN"*, and (N'*, h|N'*)
1S also non degenerate.

THEOREM 3. Let H and H' be regular hermitian matrices of degree n and
n’ respectively. Then {(H)={(H') if and only if there exist matrices L and L’
such that H=LH'L*, LL'H=H and L'LH' =H'.

ProoF. This is easily obtained by the definitions of <H)> and {(H’).

COROLLARY 3. 1) Let a and b be von Neumann regular elements in A such
that d=a and b=b. <{ad>=<b) if and only if there are ¢, d= A such that cda=a,
dcb=b and a=cbi. 2) Let (Am, h) be a hermitian cyclic left A-module with a=
h(m, m)=A. (Am, h) is non degenerate and projective if and only if a is a von
Neumann regular element of A satisfying that for any c€ A, ca=0 implies cm=0.
If (Am, h) is non degenerate then (Am, h)y=<{a). 3) If H, and H, are regular

.. ) _J/(H, 0
hermitian matrices, then <H1>J_<H2>:<(O H2>>'

THEOREM 4. Let (M, h) be a hermitian left A-module. Assume that X=
i Ax; is a totally isotropic A-submodule of (M, h) such that there is an A-
i=1
submodule Y= 2} Ay, of M with a von Neumann regular matrix L=(h(x;, y;)) in

A,. Then there are A-submodules X’:_Zn} Axi and Y'= Zn)AyQ of M such that
i=1 i=1
X' and Y’ are direct summands of X and Y, respectively, (X'+Y’, h| X'+Y") is
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a non degenerate projective and metabolic submodule and h(x;, y;)=h(xi, ¥;) for
i, j=1, 2, .-, n. Furthermore, X is expressed as X=X'S(X'+Y")*NnX).
Proor. Put I={1, 2, ---, n}. From the fact that Ann(A’; {x;}ic;) is con-

tained in Ann(A?; L), an A-homomorphism &; X= nE Ax;— AL : i aix; M
i=1 i=1

(a;)iesL is well defined, and makes the following diagram commute ;

AI
X : AL,

where ¢: A'—X; (a:)ier M- iaixi and A: A'—A’L; (a)ie; > (a;)ier L are

natural A-homomorphisms. Since L is a regular element in A,, there is a
matrix K in A, such that LKL=L. For an A-homomorphism p: A'L—A’,
(ai)icrL ~~ (a:)ic: LK, the composition Aoy is the identity map on A’L. Put
¢=popy, X’=Im¢ and X”=Ker&. Then we get ogp=Eopopu=4oy, and so X=
X'PX". If we put xi=¢o&(x;) in X’ and x/=x,—x; for i=1, 2, ---, n, then we

have X'= 3 Az}, X"=3 Ax! and h(x;, y,)=h(x}, y,) for i, j=1, 2, -+, n. There-
1=1 =1

fore, X"C(X+Y)*nX and L=(h(x}, ¥;)). On the other hand, since we have

L*K*L*=L* and Ann(A’; {y:}icr)CAnn(A'; L*) for L*=(h(y;, x})), we can

define an A-homomorphism &*: Y= ﬁ} Ay, —AL*; an a;y; > (a)ier L* making
i=1 i=1

the following diagram commute ;

A[
*
¢ 2
E
Y ¢ - ATL*

where ¢*: AT=Y; (aies > 3 aiy; and 2% Y —ALL*; (a)ier - (@ierl?
1=1

are natural A-homomorphisms. As well as the above argument, for an A-
homomorphism p*: A’ L*— AT ; (a)ic1 L* » (a)icr L*K*, the composition A*ou*
is the identity map on A’L*. Put ¢*=¢*op*, Y'=Im¢* Y”=Keré*, and y;=

P*oEx(y,), y'=y;—y, for i=1, 2, --, n. Then we have Y=Y'@®Y”, Y’=_§ Ay,
and L=(h(x{, ¥7)). Furthermore, the restriction £*|Y’ of £* within Y’ is an A-
0 L)

isomorphism with the inverse map ¢*. Put B=(h(y/, y})) in A, and H:(L* B
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in A,,. Then we can easily check L*K*B=B, because of 1(y}, y;)=h(p*o&*(y,), ¥})
=h(e*(0:e)re1 L*K*), ¥;)=00:) res L*K**(h(¥4, ¥})re1, (0:; denotes the Kronecker’s

Kk %
delta). Put F:( KKBK Ig ) Then we have HFH=H, that is, H is a regular

hermitian matrix in A,,. Now we shall show Ann (A%*"; {x{, ---, xh, ¥, =+, Va})
=Ann (A*; H). Suppose ((a:)ics, (b)icr)EANN (A" ; H). By 0=((a:)ics, (bs)ic)H
=((b)ierL*, (a)ic1L+(b:)ic1B), we have (b)ic;L*=0 and (a;)ie;L=—(by)iciB.

Hence we have i:laixH‘ é biyéz ¢((ai>i€1>+¢*((bi>iell’*) - Sb(_(bi)ieIB) =

O(—((by)ier L*)K*B)=0. The converse is always satisfied. Accordingly, by Corol-
lary 2, (X’+Y’, h|X’+7Y’) is non degenerate and projective. From X=X'pYV’
and X’C(X’+Y"), we get X=X'PX'+Y")*nX. Now we shall show that
(X'+Y’, h| X’+Y") is metabolic. Put Q=X'+Y’. By Remark 2, if X"*"\Q=X’
and Q=X'PY’, then (Q, h|Q) is metabolic. In order to show X'*"nQ =X’ and
Q=X'pY"’ it suffices to prove X'*CY’'=0, because of X'CX’*. Suppose that

x= i}aiyg is any element of X'*"Y’. Then we have x= iaiygng*((ai)ie,L*)
i=1 i=1
=g ( ﬁlaih(% x))en)=¢*(h(x, x));er)=0. The proof is concluded.

COROLLARY 4.
1) Let A be a von Neumann regular ving, and (M, h) a non degenerate her-
mitian left module. If M is finitely generated as A-module, then M is projective.

If X= i} Ax; is a totally isotropic submodule of (M, h), then for any elements
i=1

Y1, Vo, =+, Vn, there is a non. degenerate projective and metabolic submodule i Ax]

=1

+ 3 Ays of X+ Zn}lAyi with h(x,, y,)=h(x}, ¥7) for i, j=1, 2, =, n. If X= iAxi
=1 1= 1=
is any submodule of M with the matrix L=(h(x;, x;)), then there is a non de-

generate and projective hermitian submodule X’:;):Ax’i of (M, h) such that L=
(h(x}, x5)) and X'CX.

2) Let A be a semusimple artinian ving. Then any non degenerate hermitian
left A-module is projective and finitely generated, and has a form <ayy 1.<{a,y 1L -+

0 b 0 b

“‘“M«Bl o)>l L<<5£ 0)>

THEOREM 5. Let H be a regular hermitian matrix in A,. Then {H) is
metabolic if and only if there is a matrix L in A, such that L*=L, LHL*=0
and AV HNA"H(E—L*)=A"LH. Furthermore, {H) is hyperbolic if and only if
there 1s a matrix L in A, such that L*=L, LHL*=0 and LH=H(E—L*). (E
denotes the unit matrix in A,.)

PROOF. Suppose (H) is metabolic (resp. hyperbolic). Then there is a pro-

jective left A-module M such that (MEM*, k') —> (HY=(A"H,h), where
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M*=Hom (M, A) and (MDBM*,h’) is a hermitian module with h/(M*, M*)
=0 and A'(m, f)=f(m) for feM* meM. Put A"H:iﬁ)1 Au; and H=((uy, uy)).
Since A™H is projective over A, we can choose ¢,,¢,, -+, ¢, in Hom,(A"H, A)
such that every element xe A"H is expressed by x= é@i(x)ui. Put z7'(u,)=

m;+fi by mieM and f,eM* for i=1,2,---,n. Then m,, ms, -+, m, and fi, /s
-+, fn generate M and M* as A-modules, respectively. Since a map M*—A;
S~ o(z(f)) is an A-homomorphism, there is an element m, in M determined
by an A-isomorphism M—Hom (M*, A); m ~mw> [ f ~v f(m)], hence ¢ (z(f))=
Simi) for i=1,2,---,n. Then we have z(f)= ﬁ)goi(n(f))ui: éf(mé)ui and so
1=1 =1
/= g)lf(mi)fi for all fe M*. Put L=(fi(m}))in A,. Then we get L*=L, n(M*)=
A"LH and n(M)=AYE—L)H. Because, by fi(m, ):(é TS ) (m))=
kzzlfk(m})fi(mk):ké fimi)fe(m;), we have L*=L. From zn(f,)= ji:lfi(ﬂl;')uj and
r(mi)=u,—n(f;), it follows that =(M*)= i Ar(f)=A"LH and n(M*)= ilA(mi)
=1 i=

=A"E—L)H. Since M* is totally isotropic, we get LHL*=0. Now, we make
mention of the following observation: Under the assumption L*=L and LHL*
=0, (A"LH)*=A"LH in {(H) and A"H=A"LHPA*(E—L)H are verified if and
only if AAHNA™E—LYH=A"LH. Because, LHL*=0 implies that A®LH is totally
isotropic. Hence, (A*LH)*=A"LH and A"H=A"LHHANE—L)H are verified if
and only if (A"LH)*"\A"E—L)H=0. However, (A"LH)*"A*(E—L)H=0 if and
only if Ann (A™; HL*) is contained in Ann(A"; (E—L)H), that is, A"H\AYE—L*)
CA"LH. Since by LHL*=0, A*LHC A"HNA"(E—L¥*), we get the observation.
Hence we conclude that (H) is metabolic if and only if there is L& A, such
that L?=L, LHL*=0 and A"HNA"(E—L*)=A"LH. Furthermore, under the
assumption L?2=L and LHL*=0, we have that (A"LH)*=A"LH, (AYE—L)H)*
=AY E—L)H and A"H=A"LHPA(E—L)H are verified if and only if LH=
H(E—L*). Because, we have easily that LH=H(E—L¥) implies A"HNA"(E—L%*)
=A"LH, and AME—L)H is totally isotropic if and only if (E—L)H(E—L*)=0.
" By (E—L)H(E—L*)=H(E—L*)—LH, we get that {(H) is hyperbolic if and only
if there is L= A, such that L*=L, LHL*=0 and LH=H(E—L¥).

3. The orthogonal group of {(H).

Let H be a regular hermitian matrix in A,. In this section we consider
the orthogonal group of {(H). By O(H)) we denote the orthogonal group of
(H). Let K be a matrix in A, such that HKH=H. Put OH)={LeA,HK,;
LHL*=H and there exists L’ A,HK such that LL'=L'L=HK}.

Then we have
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THEOREM 6. Let H, K and O(H) be as above. Then O(H) is a multiplica-
tive group, and OKH))—O(H); f ~»-> L;—E s a group isomorphism, where L,=
(aij) is a matrix in A,HK determined by g((0:;)je1H)=(a:;)jer for icl={1,2,---,n},
g=O0(KH)), (0;5 is the Kronecker’'s delta).

Proor. Let f:{(H)>—(H) be an isometry. A matrix L; in A,HK is uni-
quely determined by L;=(a;)uperxr and f((0:))jerH)=(a:j);erH for i€l=
{1, ---,n}, where d;; is Kronecker’s delta. Let us denote it by f(H)=L;H. If
f(H)=L;H=LyH and L, Ly=A,HK, then we have L;,=LHK=L;HK=Lj.
Hence the map OKH))—O(H); f »> L,—F is well defined and is a bijection
because of For f and gin OKH)), we have f-g(H)=f(L,H)=L,f(H)
=L,L;H, hence Ly —E=(L;—E)L,—E). Therefore, the map O(H»)—0O(H)
is a group isomorphism.

Now, we will characterize the group O(CH)) as a subgroup of the unit
group of a ring. Let 4 be a ring with an involution A—/4; a m~ a*. An ele-
ment 4 in /4 will be called a hermitian element if it satisfies A=h*. Let & be
a hermitian element which is a regular element in A4, i.e. h=~h*, there is k= A4
such that hkh=h. Then we can choose % which satisfies k*=Fk and khk=EF.
Because, the h and % satisfy hk*h=h, hkhk*h=h and khk*hkhk*=Fkhk*, hence
we may take khk* as k. Put e=hk, then ¢ is an idempotent and satisfies eh=
h=he*, e*k=k=kFke and e*=Fkh. Put O(h)={as de; aha*=h, *a’cde; a’a=aad’
=e}.

COROLLARY 5.

1) OCh) is a group with the unit element e.

2) For any element a=O(h), the inverse element is given by ha*k.

3) Oh)y={acsU(ede); aha*=h}={acede; aha*=h and a*ka=k}={ac
Ulede); a(ha*k)=e}, where U(ede) denotes the unit group of ring ede with
identity element e.

Proor. 1) is obtained from the definition of O(h). 2) If a is in ede and
satisfies aha*=h, then a(ha*k)=(aha*)k=hk=e. 3) is obvious from 1) and 2).

Appendix.

We consider the following statement ;

(A): If (M,h) is a non degenerate projective hermitian left A-module, then
M is finitely generated over A.

Before this paper is revised, Dr. Naomasa Maruyama pointed out that there
is an error in the author’s proof of this statement (A). We prove here the
statement for some ring A, but, in general, the author can not prove. The
author wishes to thank Dr. N. Maruyama for reading this paper and useful advice.

LEMMA B. Let A be any ring, and J the Jacobson radical of A. Assume
that M is a projective left A-module such that M/JM 1is finitely generated over
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A. If A is either a non commutative left noetherian ring or a commutative ring,
then M is finitely generated over A.

Proor. If M is a free A-module, it is easy that if M/JM is finitely gener-
ated over A then so is M. First, suppose that A is a commutative ring and
M/JM is finitely generated over A, i.e. there are x,, x,, .-, x, in M such that

M= 3 Ax;+JM. Since M= 3 Ax,+mM for any maximal ideal m of A, the
1=1 1=1

localization M, is finitely generated over A,. By Nakayama’s Lemma, M=

ZnAmxi®l+mAmMm implies M,= ilAmxi@)l. Therefore, we get M= Zn}Axi.

i=1 i= =1

Next, suppose that A is a non commutative left noetherian ring. By using the

method of proof of Proposition 2.7 in [4], we have the following. Let MON=

F= EI@AW be a free A-module with a free basis {v;;i=l}. Let g be the pro-
e

jection of M to N, and put v,=m;+n; with m;eM, n,eN for iel. Since M/JM
is finitely generated, there are v, v,, -+, v, such that, for every i€/, m; is ex-

t
pressed as m;= Zlaijvj+ %)Ibijvj with a;;& A and b;;e], where I'=1—{1,2,---, }.
Jj= JjEr

For any finite number of indices ji, j,, -+, jn €1, n;,n, ---,n;, are linearly in-

dependent over A, because an nXn-matrix E—(b;,;,) is invertible in the nXn-

matrix ring A, Therefore ZI)An,- is an A-free module with a free basis
JET

{n;; jel’}. Since ( Zt) An)N( 21} An;) is finitely generated over A, there are #-+1,
i=1 eI’
t42,--,s in I’ such that (iAn,.)mg[ An)C 'S An,. For any x&M, x is ex-
i=1 jEI" =t+1 .

pressed as x= ié aivi—%jg‘_}’ajvj by the free basis {v;;i=I}, and qu(x):itzqaini
+ X an;, hence Z)ajnj:—ztami is contained in Zs} An,. By the linearly

Jelr jer i=1 R s k=t+1 s
independency of {n;;jel’} we get ngaivie EAvi. Therefore, M(:i;l Av;
and so M is finitely generated over A.

LEMMA C. Let A a ring with an involution A—A; a ~— @, and a an ideal
of A such that a=a. If (M,h) is a non degenerate projective hermitian left A-
module, then (M/aM,h) is also a non degenerate projective hermitian left A/a-
module, where h:M/aMXM/aM—A/a is defined by h([m],[n])=Lk(m,n)] for
Cm], (nJeM/aM, ([ ] denotes a residue class).

ProOOF. M/aM is obviously projective over A/a. We show that §:M/aM
—Hom ., (M/aM, A/a); [m] ~»> h(—,[m]) is a bijection. Since (M,h) is non-
degenerate projective, there are {x;,y;;1=/} in M such that any xM is ex-
pressed as x:ig h(x,v:)x;, where hA(x,y;)=0 for almost all 1/l. If [m] is in

Ker §, then, for any x&M, h(x,m) is contained in a, hence m= EEI h(m, yi)x;=
Z}Ih(yi, m)x; is contained in aM=aM, i.e. [m]=0. Therefore, § is injective.
i<

For any f=Hom,,(M/aM, A/a), there is an A-homomorphism f: M—A such that
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S(LxD=Lf(x)] for every x=M, because M is projective over A. Hence, there is
yEM such that f=h(—,y), and h([x], [yD)=[h(x,y)]=L[/(x)]=f(x]) for any
xeM, i.e. (Cy])=f. Therefore, § is surjective.

THEOREM D. If A is either a commutative ring or a non commutative left
noetherian ring such that A/J] is a semisimple artinian ving, then the statement
(A) is true.

Proor. First, suppose that A is a commutative ring. Let (M, h) be a non
degenerate projective hermitian left A-module. Then there are x;=M and
fieM*=Hom M, A) with 1= such that, for each x&M, f;(x)=0 for almost all
il and x:igfi(x)xi, we shall say this system {x;, f;;i1=I} “a projective sys-

tem of M over A”. Put L= _Z‘,IAfi. For any maximal ideal m of A, n=mnm
e

satisfies n=m and A/n is a semisimple artinian ring. By Lemma C and [Theoreml
2, M/nM is finitely generated over A/n. Hence M/mM is also finitely generated
over A/m. By M/mM=MQ A/ mAw=M,/mM,, M. is finitely generated over
A.. We have an isomorphism @ : (M*),=M*®,An — (M,)*=Homan(M., Aw);
JRL1 ~mns [xR1 v f(x)Q1].  Because, the system {x;X1, Q1 ; 1} also be-
comes a projective system of M, over A., and @(f;®1)=0 for almost all ie]
since My, is finitely generated over A.. Hence the finite set {@(f,Q1)=0; i=
1,2, -, t} ={0(f;R1); icl} generates Homa.(Ms, Ay), that is, @ is surjective.
From the bijection M—M*; x ~~ h(—, x), we have a bijection M,—(M*)., and
the composition M,—(M*), 2, (M.)* is surjective. Since M. is a free A,-module
with finite rank [M,: Au]=[(M.)*: An], @ must be bijective. We may regard
the injection L.,—(M*), as an inclusion, then we have O(L.,)=(M.)* and so Lu
=(M*),. Hence we get M*:L:gIAfi. Let y; be an element of M determined

by h(—,y,)=f; for each iel. By M*= EIAfi: we have M= ZIA.% and the
1< 1€

I'xI-matrix H=(h(y;,¥;)cij,erx1 1S a row-finite and column-finite matrix. By
Theorem 2, M is finitely generated over A. Next, suppose that A is a non
commutative noetherian ring such that A// is a semisimple artinian ring. Since
J=/, by Lemma C and M/JM is finitely generated over A/J. By
Lemma B, M is finitely generated over A.
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