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Abstract

This paper is a continuation of the research of the first author. We consider the linear topology space of entire
functions of a proximate order and normal type with respect to the proximate order. We obtain the form of continuous

linear functional on this space.
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Introduction

This paper is a continuation of the research [1] where the linear
topology space of entire functions of a proximate order and normal
type, less than or equal o, with respect to the proximate order were
considered. We introduce the necessary definitions. A function p(r),
defined on the ray (0,e0) and satisfying the Lipschitz condition on any
segment [a, b]C (0,0) that satisfies the conditions

limp(r) = p20,andlimr p+ (r)Inr =0
This is called a proximate order.

A detailed exposition of the properties of proximate order can
be found [2,3]. In this paper we use the notation V (r)=r"®. We will
assume that V () is an increasing function on (0,e0) and lirr%) V(r)=0.

We now formulate some simple property of proximate order that
we shall need frequently [2].

For r>co and O0<a<k<b<w
uniformly in k.

asymptotic inequality holds

(A=Y (r)y<V(kr) < (1+&)k*V (r) 1)
Let M () = r‘n‘;}x | f(2)|.Iffor the entire function f(z) the quantity

. logM ,(r)

o, =limsup—————

o V(r)

Is different from zero and infinity, then p(r) is called of a proximate
order of the given entire function f(z) and of is called the type of the
function f(z) with respect to the proximate order p(r).Let p(r) be a
proximate order, lim  p(r) = p > 0. A single valued function f(z) of
the complex variable Z is said to belong to the space [p(r),¥) if f(z) has
the order less than p(r) or equal p(r) but in this case type less than ¥.
A sequence of functions {f,(z)} from [p(r),¥) converges in the sense of
[p(r),¥) if

(i) It converges uniformly on compacts, (ii) there exists <1 such that

| [, < C(B)expl BV |z])], |z > r(B)n=21),
where () does not depend on (1 > 1). For a suitable C(f), which does
not depend on n, for all z

| [, < C(B)exp[pV |z])] (n=1) @)

The space [p(r),¥) is the linear topology space with sequence
topology. Furthermore, a single valued function f(z) of the complex
variable z is said to belong to the space [p(r), p] if f(z) has the order

less than p(r) or equal p(r) but in this case type less than or equal p. A
sequence of functions {f (z)} from [p(r), p] converges in the sense of
[p(r), p]if (i) it converges uniformly on compacts, (ii) for all € > 0 there
exists r,(¢) does not depend on 7 such that

|, <expl(p+e)V [z])], [z]>r(e)n21).

The space [p(r), p] is also the linear topology space with sequence
topology. We introduce the function ¢(¢) defined to be the unique
solution of the equation =V (r). So

p(V (D)=t (3)
Theorem 1.1 ([2, Theorem 2', p.42])
The type of of the entire function f(z)= chz" with the proximate

n=0

order p(r) (p > 0) is given by the equation

limsupo(n)'\flc, [ = (e fp)"” @)
Letp>0
n\p
d, =PV " 1 g, =1
(p(n))
Forafunction f(z)= chz” €[ p(r), p] we associate the function
n=0

[@=3bz", b, = 2—”(n >0) )

n=0 n

It is regular, in any case in the circle |z| < 1 [1]. Fact mapping
function f(z) of [p(r), p] to the function F(z) as indicated above will be
celebrating a record f(z) ~F(z).

In [1] it is proved the following two theorems.
Theorem 1.2

In order to be a sequence {f (2)} of functions from [p(r), p] to converge
in the sense of [p(r), p] necessary and sufficient that the sequence {f (2)}
(fn(z)~Fn(z)) converges uniformly inside the disk |z| < 1.
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Theorem 1.3
Continuous linear functional I on the space [p(r), p] has the form

(=Y ae, (=3¢, ©
n=0

n=0

Where the quantities an satisfy

limsupy ()" a, | =0 ?)

n—»w

The following is our main result.
Theorem 1.4

Continuous linear functional I on the space [p(r),¥ has the form

(N=2ac, [()=2cz" ®
n=0 n=0

Where the quantities an satisfy

lirnsupkp’l(n)" la,|=0 9)

The Space of Entire Functions [p(r),¥)

We now prove the theorem 1.4. Let I(f) be a continuous
linear functional on the space [p(r),¥). Set [(z")=a,(n>0) Let

" L . . .
f(z)= ch z" be a function in [p(r),¥). Since the series converges in

n=0
the sense of [p(r),¥) then, by continuous of the functional,
1(f)=2.¢1(z") =3 ¢,
n=0 n=0
Hence

(=Y ac, f()=Yez 10)

Take an arbitrary finite p>0. Functional I(f) is, in particular,
continuous linear functional on the space [p(r), p]. By theorem 1.3, the
condition

limsupep(n) "\ a, | < (epp) ™"
But p is arbitrary, hence,

limsupp'(n) fla,| =0

We now verify that if the condition (9) then the functional
(10) is continuous linear functional on the space [p(r),¥). Let

1()=Ye,7" elp(r)] By theorem 1.1, limsup(n)'\fc, [ =(eafp)"* <o

n=0

Then limsup"\f[a,c, | =limsupp(n)"\f c, [limsupss™ (n)" [ a, [ =0
e e e

And then the series (10) converges.

Let {,(2)=3 ¥z c[p(r).0) fu(2)=> [(2)=3.¢,2" if k>¥ and
n=0 n=0

let [ satisfies (9). By (2), there exists § > 0 such that {{f,(2)}, fH[r(r),
B in the sense [p(r), B]. By (9) and (8) I is continuous linear functional
on the space [p(r), f]. Then I(f,)>1 I(f) if k>¥. Therefore [ is continuous
linear functional on the space [p(r),¥).

Space of Entire Functions Ep(r)

We now consider the space of entire functions E., which have

a proximate orders less then p(r). A proximate order p (r) less then

p(r) if 0<limp(r)= p, <lim p(r) = p4 single valued function f(z) of the
complex variable z is said to belong to the space E  if f(z) has the order
less than p(r).

A sequence of functions {f (z)} from EP(Y) converges in the sense of
Ep(r) if (i) it converges uniformly on compacts, (ii) there exists proximate
order p (r), 0<limp, ()= p, <lim p(r) = p such that

|, (@) [<explV [ 2], | 2> 7 (B)(n=1) an

where r,(f8) does not depend on (n = 1), V,(r)=r"").The space Ep(r)
is the linear topology space with sequence topology. A continuous
linear functional I(f) on the space Epm has the form (8). Let us find the
conditions that satisfy the values a . The functional I(f) is in particular
continuous linear functional on the space [p1(r),¥) for all proximate
order p (r), 0< ’lgrglo p(r)=p < }gr:o p(r) = p . Therefore, by theorem

limsupo;'(n) fla, [=0, (12)
where ¢, (f) defined to be the unique solution of the equation t=V (r).
From this

log|a, |

¢y (m)n

So p (r) is arbitrary less then p(r) that

<1, n>n,

lirnsupM <1 (13)
now  P(n)n

Contrary, let the condition (13) is true and p1(r) is arbitrary less
than p(r). So ¢,(n) > ¢(n), n > n, that
log|a, |
i
Therefor the condition (12) is true and I(f) is continuous linear

functional on the space [p(r),¥). So p,(r) is arbitrary less then, p(r) that
I(f) is continuous linear functional on the space E .

<1, n>n,

Theorem 3.1

Continuous linear functional I on the space E . has the form
p(r)
()= a6, [(2)=cz"
n=0 n=0
Where the quantities an satisfy
lim supM <1
nse @(n)n
Remark: The case of the spaces [p,¥) and E, where p(r)=p > 0,
considered A.F Leont’ev [4].

Conclusion

The linear topology space of entire functions of a proximate order
and normal type with respect to the proximate order is considered. We
obtain the form of continuous linear functional on this space through
our work.
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