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§1. Introduction

The purpose of this paper is to show some non-immersion
theorems for lens spaces. For the proof we shall use the theorem
of T. Kambe which determines the structure of K,-rings of the
lens space [6] and the theorem of T. Kambe, H. Matsunaga and
H. Toda on stunted lens spaces [7].

Throughout this note p is always an odd prime. Let S***!
be the unit (21+1)-sphere. A point of S**'' is represented by a
sequence (2, -+, 2,) of complex numbers z; ({=0, ---, ) with
S11z;)*=1. Let v be the rotation of S**** defined by

¥(Zg, +o0s 2,) = (A2, -++, A2,,), where A =¢*i/?

and let T" be the topological transformation group of S***' of order
p generated by y. Then

L(p) = ST

is the lens space mod p. It is an (2n+1)-dimensional compact,
connected differentiable manifold without boundary. Let {z, -, 2,}
&L*(p) denote the equivalence class of (z,, -+, 2,)eS5*""". The
space L*'(p) is naturally embedded in L*(p) by identifying
{zo’ "ty zk—x} with {zm vy By O} Let Lg(p)= {{zo’ Ty Z,,} =
L* p)|z, is real and z,=0}. Then L*(p)— Li(p)=e*"((2k+ 1)-cell)
and L& p)— L*'(p) = &** (2k-cell), k<n. Thus L*(p) has a cell
structure given by

LY(p) = S'USUSU - Ue™ ue.
(cf. [6] and [7]).
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Let M” be an n-dimensional differentiable manifold and R*
be the Ak-dimensional Euclidean space. By M"CRZ* (respectively
M"¢R*) we mean that M" can be immersed (respectively cannot
be immersed) in R*,

After some preparations in §2, we shall give in §3 a neces-
sary condition for immersibility of certain lens spaces (Theorem 3).
As applications, in §4 we shall prove some non-immersion theorems
for lens spaces. For example, we obtain the following result
(Theorem 4. (II)).

Let p be a prime with p=5. Let a and B be odd integers
such that 0<a=<(2p—1)/3 and 0<B=(p—2)/3, and let I and k be
integers such that I>k20 and I1>1 if a>1, or I>k=20 and 1>2
if a=1.

Then L*(pYE R for n=ap'+Bp*

The method of the proof is similar to that of J. Adem and
S. Gitler [1] with which they have given a simple proof for the
James’ non-immersion theorem for real projective spaces ([5],
Theorem 1.1). In [1], they uses the twisted normal bundle and
the S-reducibility, while we shall use the ordinary normal bundle
and the Steenrod reduced power operations.

I thank Professors A. Komatsu and H. Toda for valuable
suggestions, and also Professors M. Sugawara and Y. Saito for
kind advice.

§2. Preliminaries

Let X be a finite connected CW-complex. Let &(X) denote
the set of equivalence classes of real vector bundles over X and
let

9: &(X)— KO(X)

be a natural map, where KO(X) is the associated Grothendieck
group. When we consider the complex vector bundles, the asso-
ciated Grothendieck group is denoted by K(X).

An element ae KO(X) is said to be positive if there is an
element B=&(X) such that 8(8)=a. We shall drop the symbol 4
and regard (an equivalence class of) a vector bundle as an element
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of both ¢(X) and KO(X).

A geometrical dimension of an element aeKO(X) (written
g-dim a) is the least integer k such that a4k is positive, where
k is the k-dimensional trivial bundle over X.

Let CP™ be the complex projective space of complex n-
dimension. Let £(€ K(CP™) denote the canonical line bundle over
CP” and r(£)(e KO(CP™)) denote the real restriction of £ Let

z: L*(p) - CP”
be the natural projection. Define
7 = 7*r(E) = r(zx*E)EKO(L™(p)),

that is, » is the induced bundle of »(¥) by =.

Let » be the tangent bundle of L"(p). Then the following
equality holds (cf. [6], Lemma (4, 7)), where € denotes the Whitney
sum.

(1) @l = (n+1)7.

Define a=n—2(ef{\(5(L"(P)), the stable class of 7. The main
theorem of T. Kambe ([6], Theorem 2) is as follows.

Theorem. Let p be an odd prime, g=(p—1)/2 and n=s(p—1)
+r (0=r<p—1). Then
(Zﬂsn)[r/z]-l—(sz)q— trh] (If n=x=0 mod 4)
Z, A+ (Zy e )WV (Z,) U (if n=0 mod 4)
and the direct summand (Z,+)U" and (Z,:)"U"2 are generated
additively by a, -+, a""' and UM%, ... 57 respectively. Moreover
its ring slructure is given by
=9+ 2 —(2<I+1)(Q+1—1> i =[nl+ 0
=i \aig )7 '

In the theorem, (Z,)* indicates the direct sum of b-copies of
a cyclic group Z, of order @ and [¢] denotes the integral part
of ¢. Note that

(2) pre=0,
where £€=0 or 1 according as [7/2]=0 or [r/2]=1.

KO(L"(p)) ~ {
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Then we can prove the following theorem.

Theorem 1. Let n and k be positive integers with 0<k<2n+1
and let a be a positive integer such that 2ap°**>4n+3. The
necessary and sufficient condition for L™(p)SR*™*'** is that the
bundle {ap’**—(n+1)}n has {2ap**—(2n+k+2)} independent non-
zero cross-sections.

Proof. If L™(p)is immersed in R***'** then we have a normal
bundle » of dimension %k and

(3) @v = 2n+k+1.
Hence, by (1), (2) and (3), we have
v—k = {ap**' —(n+ 1)} —2{ap™* — (1 + 1)} e KOL(p)) .

Thus we see
(4) vP{2ap° " —(2n+k+2)} ={ap” ' —(n+1)}y,

since the dimension of the bundles of both sides is greater than
2n+1 (cf. [10], Lemma (1.2)). The formula (4) implies that the
bundle {ap’*'—(n+1)}y has 2ap***—(2u+k+2) inpependent non-
zero cross-sections.

Assume that there exists a vector bundle a of dimension &
such that

(5) {ap* =+ D}y = a®{2ap" — (2n+E+2)} .

Denote by 7, the stable class of r. From (1), (2) and (5) we have
—1,=a—k, and so g-dim (—7,)<k. Therefore, by the theorem of
Hirsch ([4], Theorem 6.4 and [3], Proposition 3.2) we have

LY(p) S R4,

The cohomology algebra over Z, of L"(p) is given as follows
(cf. [11], p. 68).

H*(L"(p): Z,) is the tensor product of the exterior algebra on
a generator ys H\(L"(p); Z,) and the truncated polynomial algebra
on a generator x€ H*(L"(p); Z,) with relations y¥'=0, Ay=—x and
2"'=0, where A is the Bockstein coboundary operator associated
with the exact coefficient sequence: 0—Z,—Zyp—Z,—0.
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§3. Stunted lens spaces

Let a be a vector bundle over X and let X® denote its Thom
complex. For a positive integer ¢ and a space Y, denote by S'Y
the ¢-fold suspension of Y. The following result is shown by
M. F. Ativah ([2], Lemma (2. 4)).

There is a natural homeomorphism :

SHX™) = X*&,

Recently, T. Kambe, H. Matsunaga and H. Toda have proved
the following theorem on stunted lens spaces ([7]. Theorem 1).
There exists a natural homeomorphism :

L™(p)[L™"(p) ~ (L"(p)N™".

By making use of these theorems we have the following
result.

Theorem 2. Lef n and k be positive integers with 0<k<2n+1,
and let n=s(p—1)+r(0Zr<p—1). Assume that a is a positive
integer such that 2ap’**>dn+3 and that t=2ap**"—(2n+k+2),
where €=0 or 1 according as [r|2]=0 or [r/2121. If L(p) is
immersed in Rk with a normal bundle v, then there exists a
natural homeomorphism :

SHL™(P)) = LY p)[Lo*-%(p).
Proof. As in the proof of Theorem 1. we see

vt = {ap**—(n+1}n.

Then we have

SULYP) ~ (LY(p)Y® = (LX(p))ier**=crmm
~ L2 ()L p).

Let a=(E, p, X) be an oriented vector bundle of dimension
k with the total space E, the base space X and the projection
p: E—X. Here, we assume that the base space X is a finite
connected CW-complex. Denote by E, the subspace of £ which
consists of non-zero vectors. Then the following diagram is
commutative (cf. [127]).
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¥

HYE,E,: Z,) 2 HYE : Z,)

H"X:2) 25 HYX;Z,),
where j* is a map induced by the injection, ¢ is the Thom iso-
morphism and p is defined by

w(y) = yX for yeH" %X Z,),
where X is the mod p Euler class of a.
If x is an isomorphism, so is j*. Therefore, if A: X—X"

is the inclusion map induced by the zero cross-section, then the
induced map

A HYX®: Z,)—> H(X: Z,) for k<g<dim X
is also an isomorphism,

Theorem 3. Let n and I be positive integers with 0<IZn,
and let n=s(p—1)+r (0LZr<p—1). Assume that a is a positive
integer such that 2ap***>4n+3 and that t=2ap*** —2(n-+I1+1),
where €=0 or 1 according as [r[2]=0 or [r/2]=1. If L™(p) is

immersed in R*"** with a normal bundle v whose Euler class is
non-zero, then there is a map

g1 SLY D)L ) — Lo#™ =17 p) [ LP ="~ p)

which induces isomorphisms of all cohomology groups with Z,
coefficients.

Proof. Since the mod p reduction induces an isomorphism :
HA(LY($); Z) =~ HUL"($): Z,)

the mod p Euler class X of v is non-zero. The group H*(L"(p); Z,)
(=Z,) is generated by x’, where x is a generator of H*(L"(p): Z,).
Hence, X=mx' for some m with O0<m<p, and so we have an
isomorphism :

w=X:H"HLY(p); Z,) = H(L"(p); Z,) for 2I1<q<2n+1.

Therefore, if A : L"(p)—(L"(p))* is the natural inclusion, A induces
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an isomorphism :
AR HO(LXP) 5 Z,) = HYL™(p): Z,) for 2/<qZ2n+1.

Since (L"(p)* is (2/—1)-connected, there is a map f such that the
following diagram is homotopy-commutative, where ¢q:L"(p)—
L™ pY/L7'(p) is the projection.

LA(p) > (L)
q\ / f
Lo(p)/ L~ p)
It is easily verified that the map f induces an isomorphism :
F*HLP) s Z,) ~ HA(LAP)L'(p); Z,) for 0Sq<2n+1.
Let S5‘f be the #-fold suspension of the map f and let
@1 SULM(P)) = L "*-'(p)[L*#"** "% p)

be a homeomorphism given in Theorem 2. Since the complex
SHL(p)/L'7'(p)) has dimension 2ap***—2/—1, the image of a
cellular approximation to the map @oS’f is contained in the
(2ap™* — 2/~ 1)-dimensional skeleton of L™ "(p)/L***-"-2(p).
Thus there exists a map g such that the following diagram is
homotopy-commutative, where ¢ is the inclusion.

Sf
S AL —— L s )y

K =

Lo ¥ gL 47075 ) —s LPH( ) L7 p)

Then we can see that the map g induces isomorphisms of all
cohomology groups with Z, coefficients.

§4. Applications

In this section we apply Theorem 3 to get some non-immer-
sion theorems for lens spaces. First, we recall the Pontrjagin
class mod p of lens spaces L*(p) (cf. [9]).

Let xeHL"(p): Z,) be a generator. The total Pontrjagin
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class mod p of L"(p) is given by the equation:
PLY(P) = (L+x)™,

and the dual Pontrjagin class mod p is given by the equation:
L) = (ye = 1y (7).
= i

Theorem 4. Let p be a prime with p=5. Assume that either
of the conditions (I and (II) below is satisfied.
(I) a and B are even integers such that 0<La<(2p—-2)/3 and
0<B=(2p—2)/3, and ! and k are integers such that I>k=0 and
I>1if a>0, or k>1 if a=0.
(I o and B are odd integers such that 0<a<(2p—1)/3 and
0<B=(p—2)/3, and | and k are integers such that I>k=0 and
I>1if a>1, or I>k=20 and 1>2 if a=1.

Then L(pYER> for n=ap'+ Bp*.

Proof. First, we consider the case when the condition (/) is
satisfied. Suppose that L"(p)CR**" for n=ap’'+8p*. Let v be
an oriented normal vector bundle of dimension n. The highest
dimensional non-zero Pontrjagin class mod p of » is

ﬁn/z = (—‘ 1)"/2 (” :;12/2) x" (E H"(L"(ﬁ) 5 Zp))

where x is a generator of H*(L"(p); Z,), since

3a.,: 38, (3a) (38

n+n/2 2‘b+ 2‘1) 2 2
( )= NENE =0 (mod p)”.

"/2 E.pl+_@_pk o ﬁ

2 2 2 2

Let X (e HY(L™(p); Z,)) be the Euler class mod p of ». It is
well known (e.g., [8], Theorem 31) that

1) If a=2 a;p’ and b=33b;p' are p-adic expansions, then

(Z)E',.‘ (5)  (modp).
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Thus we have X=0. Let s and r be integers given by the
equation :

ap! +Bp* = s(p—1)+7r O=sr<p-1),

and let v(=s+¢€) be s or s+1 according as [#/2]=0 or [r/2]21
respectively. Denote by a an integer with 2a2p">4n+3.
Now, by Theorem 3, there exists a map

g1 SULA(p)| LD0( p)) — Lo#"= DI p) L2 "%( p)

which induces isomorphisms of all cohomology groups with Z,
coefficients, where # is a positive integer given by
t =2ap’—3In—2.
Let
E*: HO (L)L) s Z,) = HUS(LA DL D) Z,)

be the t-fold suspension isomorphism and let (E‘)'og*=(. Since
E and g* commute with Steenrod reduced power operations re-
spectively, so is G.

Define a positive integer ¢ by the equation:
q = 2ap”—n—2p°

and consider the following commutative diagram, where the two
@' are first Steenrod reduced power operations mod p.

HA(Lo 0 0 ) [Lo#" ) Z,)

~~G
& l HHL (D) L (p) 1 Z,)
HOxom(Lop* =il p) L83 p): 7)) | @

_=

HEm = em(LY(p) [ LY p) : Z,)

N

It is easily seen that each group in the diagram is non-zero. Note
that

g—{2Aap"—n—2)+1} = ap’ +Bp*—2p*+3=3

by the assumption. Therefore, the two operations ®' on the left
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and right in the diagram are equivalent to the following two
operations respectively :

e H“( Lap"—tn+2)lz( p) : Z,,) — Hq-a-z(p-l)( Laﬂ"-(n+z>/2( p) : Zp) ,
®': HHLX(p); Z,) — H- %0 (L (p): Z,).

Let £>0. For a generator x% of HY(L***~"(p); Z,) we
have ®'x??=0, since ¢/2=0 (mod p)”. On the other hand, for a
_generator x“~"* of HY*(L"(p); Z,) we have @'x“""*+0, since
(g—#)/2=0 (mod p).

Therefore, in the diagram, @' on the left is trivial, while &'
on the right is non-trivial. This is a contradiction.

If #=0, consider the following commutative diagram, where
the two ®* are p-th reduced power operations mod p.

HAL? " ()] (p) <
~ G

1

el Hq_'(L"(ﬁ)/ Lw-!)/Z( P) R Z’)

vz op(L2#" B p) [ LK p) 1 Z,) l ®*
¢
Hoe-%em0n(L(p) (LB 5 Z,)
As is easily seen, each group in the diagram is non-zero. Note
that
g—{2(ap"—n—2)+1} = ap’ + B—2p°+3>3

by the assumption. Thus we carry the proof as in the above case.
For a generator x%* of HY(L**~ " *(p); Z,) we have

@2 x? = (‘1/2) xUp-0p — g2 071P 4 ()
b

since g/2=(@—1)p"+(p=Dp"™ + =+ +(p—1)p* +(p—1-a/2)p

(=D 4+ (p— D +(p— 2 P+ (p—1) p+(p—B/2). On the

other hand, for a generator x9~*/ of H* *(L"(p); Z,) we have

2) (Pr,.' =(‘r) qiv (-1,
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@ xa-02 = ((q—t)/z)x(q-tyzf(p—up =0,
b
since (¢—1)/2=(a—1)p'+(p—1)p'"'+ - +(p—1)p*+(B+1).

Therefore, in the diagram, ®? on the left is non-trivial, while
®* on the right is trivial. This is a contradiction.

Next, we consider the case when the condition (/1) is satis-
fied. Suppose that L"(p)CR**' for n=ap’+[Bp*. Let v be an
oriented normal bundle of dimension n. The highest dimensional
non-zero Pontrjagin class mod p of v is p,. (EH*™(L™(p); Z,)),
because

S3a—1,,, p—=1 4, . P=14n, Dp+3B
(n+n/2)_ A R AR e A

n/2 a—=1 ., p—=1 . D=Ll en, PtE
2P+2P+ +2P+2P

B3a—1 p+38
= 2 2 =0 (mod p)
= a—1 p+8 mod p).
2 2

The rest of the proof is similar to the above case (I), so we
omit the details.

Thus, the proof of the theorem is completed.

If the number of the non-zero terms of the p-adic expansions
of »n is greater than 2, there are many types of theorems corre-
sponding to theorem 4. For example, we obtain the following
result.

Theorem 4'. Let p be a prime with p=5. Assume that either
of the conditions (I') and (II') below is satisfied.
Iy misaninteger with m>2; a; (i=1,2, ---, m) are even integers
such that 0<a;Z(2p—2)/3; and k; (i=1,2, ---, m) are integers such
that k, >k, > >k>k=0.
(II') m is an even integer with m>2; a; (i=1,2, ---,m) are odd
integers such that 0<a;Z(2p—1)/3 if i is even and O0<a,;<(p—2)/3
ifiisodd; and k; (i=1,2, .-, m) are integers such that k,>k,_,>
>k, >k =0,
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Then L™ p)ER*»+ for n= i a; p* .

i=1
The proof is quite similar to that of Theorem 4, so we shall
omit the proof.

Theorem 5. Let p be an odd prime. Assume that either of
the conditions (III) and (IV) below is satisfied.
(IIl) «a is an even integer with 02a<(2p—2)/3, B is an odd
integer with 0K B=<(2p—1)/3, and | and k are integers such that
I>k20 and 1>1 if a>0, or k>1 if a=0.
(V) a is an odd integer with 0<a<(2p—1)/3, B is an even
integer with 0XB=(p—1)/3, and | and k are integers such that
I>E>0;1I>1 if k=0 and a>1; or I1>2 if k=0 and a=1.

Then L*(p)=R* for n=ap'+ Bp*.

We are indebted to Professor Y. Saito for the proof of the
theorem.

Proof. First, we consider the case when the condition (/1)
is satisfied. Suppose that L(p)ER’™ for n=ap’'+Bp*. Let v
be an oriented normal bundle of dimension n—1. The highest
dimensional non-zero Pontrjagin class mod p of v is

Peneors = (=1 ("F O D) ot (e L) 2,

(n—1)/2
where x is a generator of H*(L"(p): Z,), since
3, 38=1u p=lyur, p=1, p—1
(n+(n—1)/2) B AR T A T
(n=1)/2 ) | @ B=Lgu b=y, . b1y, p—1
R I A R
3a) (38-1
=2 =0 (mod p)
= 2 . B_l p .
2 2

Let X(eH"'(L"(p); Z,)) be the Euler class mod p of w.
Since X*=p,.»., We have X=+0. Let s and » be integers given
by the equation:

ap'+pp* = s(p—D+r  (0=r<p-1),
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and let v(=s+&) be s or s+1 according as [7/2]=0 or [»/2]21
respectively. Denote by a an integer with 2ap">4n+3.
Now, by Theorem 3, there is a map

g SULA(PY/L=(p)) — Lo#™< o0 p) [Lo~"%( )

which induces isomorphisms of all cohomology groups with Z,
coefficients, where { is a positive integer given by

t = 2ap*—3n—1.
Let

E*: H L) L™ p) s Z,) = HUSHL (DY L"(p)); Z,)

be the /-fold suspension isomorphism and let (E¥) 'og*=G. Since
E and g* commute with the Steenrod reduced power operation
respectively, so is G.

If >0, we define a positive integer ¢ by the equation:

g = 2ap"—n—p',

and consider the following commutative diagram.

Ho(Lo#-cr o p) [ LB K
0

~z

& Ho-(L™(p) /L1 (0)3 Z,)

H”"""(L"""""“”’(P)/L“'v—rzu});\zpj i
G

~

H* t:oz(ﬁ-x)(Ln(p)lL(n-z)/z(p) : Z,)

As in the proof of Theorem 4, we can show that ®' on the left
is trivial and that &' on the right is non-trivial. This is a
contradiction.

If k=0, we can give the proof by defining ¢=2ap"—n—2p"—-1
and using reduced power operations ®?, similarly in the proof of
Theorem 4. We omit the details here.

Secondly, we consider the case when the condition (/V) is
satisfied. Suppose that L*(p)CR* for n=ap'+Bp*. Let v be an
oriented normal bundle of dimension #—1. The highest dimen-
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sional non-zero Pontrjagin class mod p of v is P,y (EH™
(L"(p); Z,)), because

(n+(n—1)/2 _
(n—1)/2 )—

3‘12—11,1+P;1p1—x+,,,+%’_1pu1+3/9+2P~1p.+1>;1pk—x+,,,+ﬁ‘2'1
a—=1 . p=1,. P=1 i, B+p=1 a p—1 4 p—-1
L7y = g 272 BsBrPh—=- P—- R

2 b > Pt 3 P+ o y o > f i X 5

3a—1y (38+p—1

|2 2 . .
Sla-1|"| g+p—1|F (mod p).
2 2

The rest of the proof is similar to the above case (III), so
we omit the details.

Thus the proof of the theorem is completed.

As an example of a corresponding result to Theorem 5 in case
when the number of non-zero terms of the p-adic expansion of n
is greater than 2, we have the following

Theorem 5. Let p be an odd prime. Assume that the condi-
tion (I1I') below is satisfied.
(IIIY m is an integer with m>2; r is an integer with 1<r<m;
a; (i=1,2, -, r—1) are even integers with 0<a;<(p—1)/3, a, is
an odd integer with 0<a,<(2p—1)/3 and a; (i=r+1,-,m) are
even integers with 0<a;<(2p—2)/3; and k; (i=1,2, -, m) are
integers such that k,>k,_,>>k>k=0.

Then LY(pYER* for n= i", a;pri.

i=1
We can prove this theorem by the similar way to Theorem 5,
so we omit the proof.
In the end, we shall discuss the exceptional case p=3.

Theorem 6. Let k be a positive integer. If n=3* L*(3)ER™.

Proof. 1If k>1, the assertion is true by Theorem 5. We
consider the case k=1. Suppose that L*3)SR’. Let v be an
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oriented normal bundle of dimension 2. The highest dimensional
non-zero Pontrjagin class mod 3 of » is
= -2 (eHL'Q): Z))),

where x is a generator of H*(L(3); Z.).
Let X(€ H*(L*3); Z,)) be the Euler class mod 3 of ». Then we
have X*=5,= —x*. But, this is impossible. Therefore, L(3)ER".

Theorem 7. Let I and k be integers with [—1>k20. If
n=3+3% L*3)ER*" .

Proof. Suppose that L"(3)SR*'. Let » be an oriented
normal bundle of dimension n—2. The highest dimensional non-
zero Pontrjagin class mod 3 of v is

Pinvre = (=172 (EH™Y(L"(3); Z))

because
n+nf2\ _ n+(n—2)12\ _ _
( 2 >_O (mod 3) and ( (n—2)/2 )— 1 (mod3).

Let X (e H"*L"(3): Z,)) be the Euler class mod 3 of ». Since
X'=pcy-npn, We get X=+0. Note that £€=0 (i.e., v=s) and that
2:3*>4n+3 for n=10, where s=n/2.

Therefore, by Theorem 3, there is a map

g: SULAE)/L @) — L7 (@) /L7 3)

which induces isomorphisms of all cohomology groups with Z,
coefficients, where f is a positive integer given by

F=23-3n.
Let
E*: HU(L"@)/L"R(3): Z2) ~ HASUL'B)/L7(3); Z)

be the /-fold suspension isomorphism and let (Ef) 'eg*=G. Since
E and g* commute with the reduced power operations respectively,
so is G.

Define a positive integer ¢ by the equation:

g =2:3—n—-2.34
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and consider the following commutative diagram, where the two
®**" are 3*"'-th Steenrod reduced power operations mod 3.

G
HO(L®= ") L33 ; Zy) —> H((L*(3) /L (3) ; Zy)
l (P3k+] l (Pak*l-l
1 s s ¢ +
Hq+"3k+ (La _,./2(3)/L3 -n—2(3) : Za) ? Hq-teuzk (L"(3)/L("’4)/2(3) ; Za)

If I>k+2,
g—{2AF—n—2)+1) = 3 4+-34— 2.3+ 3>13.

Hence, we see that the two operations ®**' on the left and on the
right in the diagram are equivalent to the following two opera-
tions respectively :

6)3Ie+1 . Hq(L:#— n/2(3) : Z;,) — Hq?c.ak*"(LaS—n/z(s) : Zs) ,
G)ak+l : Hq-:(Ln(3) ; Z3 — Hq—t+4.3k+l(L”(3) : Za) .

For a generator x¥* of HY(L¥ "*3): Z,) we have

@H gor = (312) PRI = gale St
-+

since ¢/2=2-3""4 -+ +2:3+3 7 o0 43430135, On the
other hand, for a generator x?"** of H?*(L*(3); Z,) we have

’

FH+ pa-1rz — ((q—t)/Z) gla-nlezktl _
3#1’1

since (q—1)/2=2-3""1 4 -+ + 2.3 4 3%,
Therefore, ®***' on the left in the above diagram is non-

trivial, while ®**' on the right is trivial. This is a contradiction.
If I=k+2, n/2=3%"'42-3*=1 (mod 2). Then we have p,_,y.

=—x""%, But, this is inconsistent with the fact that X*=p,_,y».
Thus the proof of the theorem is completed.

§5. Remarks

T. Kambe has proved in [6] the following non-immersion
theorem for lens spaces.
Let p be an odd prime. Then L"(p)sE R*"**L? where L(n, p)
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is the integer defined by

L(n, p) = max{z'g[n/Z]

<” ‘H) =0 mod pl+[(n—z-’>1<p-l>]}
H

From this theorem, the following results are obtained.

1) Let p be a prime with p=5. o and B are integers defined in
(I) or (I1), and ! and k are integers such that [>k=0.

Then LY Pp)ER® for n=ap’+ Bp*.

2) Let p be an odd prime. a and B are integers defined in (III)
or (IV), and | and k are integers such that [>k=0.

Then L"(p)ER ™ for n=ap’+ Bp*.

3) Let ! and k be integers with |=k=0.

Then L*"(3)ER*™* for n=23'4+3%

These results 1), 2) and 3) are also obtained from the well
known theorem :

Let M* be an n-dimensional manifold. If M"CR" %, then
PAM™ =0 except 2-torsions for i>[k!2], where p(M™) (€ H*(M";
Z)) is the i-th normal Pontrjagin class.

As for the immersion theorem for lens spaces, recently F.
Uchida has proved in [13] the following result :

Let p be an odd prime,

1) If nis odd, L(p)SR**>,

2) If nis even, L"(p)S R*.
Yoshida College,
Kyoto University
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