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Abstract

We study two objects concerning the Wiener sausage among Poisso-
nian obstacles. The first is the asymptotics for the replica overlap, which
is the intersection of two independent Wiener sausages. We show that
it is asymptotically equal to their union. This result confirms that the
localizing effect of the media is so strong as to completely determine the
motional range of particles. The second is an estimate on the covering
time. It is known that the Wiener sausage avoiding Poissonian obstacles
up to time ¢ is confined in some ‘clearing’ ball near the origin and almost
fills it. We prove here that the time needed to fill the confinement ball
has the same order as its volume.
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1. Introduction

We study two objects concerning the Wiener sausage among Poissonian
obstacles. The first is the asymptotics for the replica overlap, which is the in-
tersection of two independent Wiener sausages. As in the mean field theory of
spin glasses, it measures the strength of disorder. We show that it has asymp-
totically the same volume as the union of two Wiener sausages. Therefore, two
independent Wiener sausages form the same shape, conditioned to avoid Pois-
sonian obstacles. This result confirms that the localizing effect of the media
is so strong as to completely determine the motional range of particles. The
second is an estimate on the covering time. It is known that the Brownian
motion avoiding Poissonian obstacles up to time ¢ is typically confined in some
‘clearing’ ball near the origin (see [6], [5]) and the author has shown in [3] that
the corresponding Wiener sausage almost fills the ball. Since the volume of the
confinement ball is smaller than the typical volume of the unconditional Wiener
sausage at time t, it is natural to expect that the covering time is shorter than
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t. We prove this by showing that the covering time has the same order as the
the volume of the confinement ball.

1.1. The model

Let (£2,P,) be the Poisson point process of constant intensity v on R
We define the hard obstacles S(w) = |, (x; + K) for a fixed nonpolar compact
subset K of R? and Q > w = Y, 6,,. Similarly, we define the soft obstacles
V(z,w) =, W(x — ;) for a nonnegative, compactly supported and bounded
measurable function W which is not identically zero and Q > w =, d,,. Next,
((Z4)t>0, P:) denotes the standard Brownian motion starting from = € R, For
an open set U C R? and a closed set F C R?, Ty = inf {s > 0; Z, ¢ U} and
Hp =inf{s > 0; Z; € F} are the exit time of U and the entrance time of F,
respectively.

We define the annealed path measure for one particle by

b1 !
- :Wexp{—/o V(Zs,wl)ds}1{Hs(w2)>t}P;®P3®PO

on Q2 x C([0,t],R?) with S}"” the normalizing constant. Similarly, we also
define the annealed path measure for two particles by

1 t t N
Qi"’y = % exp {/ V(257 wl)ds - / V(ZS’ wl)ds}
S§ 0 0

) 1 2 5
1{Hs(w2)>t>HS(u2)>t}PN @P,® Py ®F

on Q2 x C([0,],R?)? with S/ the normalizing constant. Finally, we introduce
the Wiener sausage W = Jy<,<,(Zs + C) associated with a compact set C.

1.2. Main results
The first result in this article is that the intersection of two independent
Wiener sausages is asymptotically equal to their union.

Theorem 1.1.  Let d > 2. Then for any n > 0 and nonpolar compact
set C C RY,

lim @} (‘t—#z\wf UWE| — 283 waRo(d, p + V)d‘ > n) =0,
lim @} (‘t—ﬁ\wf NWE| — 275 waRo(d, pn + V)d‘ > 77) =0.
— 00

Here Ro(d,u + v) > 0 is the radius of the ball which achieves the infimum
c(d, pp + v) of the variational problem infy.open{(p + v)|U| + MU)} with A(U)
the principal eigenvalue of —1/2A on HE(U).

Theorem 1.1 gives the asymptotics for the volume but we are also able to
determine the shape. It is a consequence of the next theorem.

Theorem 1.2 (Confinement property of two particles).
Let d > 2. There exist constants k1 > 1 and 0 < ke < 1 and for each (w1, ws) €
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02 a ball B(wy,ws) with center in B(0,2" T2 Ry(d, p+v) + kit =52/ (4+2)) gnd
radius in 2%/ 2 Ro(d, p + v), 2Y 2D Ry (d, 4 v) + rit =2/ @2] such that

lim Q;"" (Ttl/(dJr?)B(whwz) > 1, T s By wg) > f) =1

t—oo

Actually, combining Theorem 1.1 and Theorem 1.2, we have
WEUWE, WENWE ~ 77 B(wy, ws)

in ‘measurable sense’, that is, the symmetrical differences have small volumes.

The second object is an estimate on the covering time of the confinement
ball by the single Wiener sausage. If one considers the Wiener sausage con-
ditioned to stay in the ball of radius Ro(d, )t/ (?+2) it takes not longer than
t4/(4+2) o cover almost all the area of the ball. This can be proved by the
same argument as to prove Proposition 3.2.7 in [7]. In view of the confinement
property (see [3] and references therein), we expect that the same estimate
holds for our model. The following result gives an answer in the special case

C° #9.

Theorem 1.3. Let d > 2 and assume that C' has nonempty interior.
Then for any d/(d+2) <o <1 and n >0,

(1.1) Jim QI (‘t—d% (WE| — waRo(d, 1o + u)d‘ >n) =0,
Conversely, for any o < d/(d+2) and n > 0,

(1.2) Jim Qi ([e=7=2 WS > ) = 0.

Remark 1. In two dimensional case, it has been shown in [6] that there
are no obstacles in the slightly smaller ball concentric to the confinement ball.
It may be known that one can give a simpler proof of Theorem 1.3 using this
fact in two dimensional case. However, since our proof is also applicable to two
dimensional case, we have included it to Theorem 1.3.

The outline of the article is as follows. Firstly we shall prove Theorem
1.2, which also implies the upper bounds of Theorem 1.1. Since this part is
very similar to the one particle case, we only give the outline of the proof.
Once we have shown Theorem 1.2, it suffices for the lower bounds to show
that both |[WC| and |WC| have the same volume as the confinement ball. We
prove it considering exponential moments of |[W,| as in [3]. Next, we show
the upper bound of Theorem 1.3 following the argument to prove Proposition
3.2.7 in [7]. The main difficulty in our case is that the confinement ball need
not be completely clear so that the process may avoid some parts of the ball
for a long time. To get over this point, we consider the covering time of a
nice set approximating the confinement ball instead. Finally, the lower bound
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of Theorem 1.3 follows from an exponential estimate for the Wiener sausage
which is due to van den Berg and Téth [1].

2. Proof of Theorem 1.2

In this section, we shall give the proof of Theorem 1.2. As pointed out
in the introduction, it is very similar to the one particle case. Let us start by
introducing the Brownian scaling with scale e = ¢*/(?+2) Under this scaling,
we use the notation 7 = (—[t], [t])% and

v(T) = exp {_/o Ve(Zsawl)ds} LHs, 0y >7)

where 7 = te?, Vi(z,w) = € 23, W((z — z;)/€) and Se(w) = U,(z; + €K).
We further introduce the notation for the scaled version of the annealed path
measure

v 1 e D
é"ﬁé - SiLﬁv(T)v(T)PiFd ® ]P?,fd ®@P® P

to simplify the presentation. Then, as in [3], Theorem 1.2 follows once we have
shown

Z)EV (TB(wl,wg) A TB(wl,wg) > T) —1
as t — oo. Since we have
1 .

lim = log Q4" (TT <torTr < T) <0

t—oo t )
from a standard estimates on Brownian motion, we restrict our consideration
on {Tr > 7,T7 > 7} in the sequel. Let us introduce the open set

%(wl,wg) = (T N O(wl,wQ)) \5((4)1,0)2)

and take the same parameters «p, 3, p and & as in [3]. Then, we have following
constraint on this set.

Proposition 2.1.  Pick x € (0,1) such that

K
x>max(,6+a0,1— (E—ao),1—§>
and let
a1 < min(d(1 — x), 1),
Ci(a,d,p+v)>2(1+~(a,d, p+v)),

where a = inf{u > 0; suppW UK C B(0,u)} and v is a constant. Then we
have

e (TT >7,Tr > 7, (u+ )| %)+ 2M%) > Q%Jr?c(d,u—kl/) —|—C’16°‘1)
<exp{~(1 41’7 |

as t — oo.
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The proof of this proposition is essentially the same as Proposition 1 in [3]. We
have to change only two parts. The first is the value of y(a,d, p + v) which
comes from the lower bound on the normalizing constant. See (3.2) in Section
3 for this. The second is that we have the squared semigroup

Ey ® Fy [v(r)ﬁ(r) cTr>7,Tr > T} = Eo[v(r); Tr > 7]2
for fixed (wy,ws). As a result, we have another variational problem
Uinf {(nw+v)|U|+2X\U)}
open
which achieves minimum value 2¢(d, (u + v)/2) = 24 @2 e(d, y +v) at U =
B(0, Ro(d, (11 +1)/2)).
Once this Proposition has been proved, the rest of the proof is just the
same as in [3]. Indeed, we can construct confinement ball B; (whose radius is

2U/(d+2) Ry 4 1) with the help of the reinforcement of Faber-Krahn’s inequality
and also can prove

Z,EV (TBl(wl,wz) <Tor TBl(wl,wQ) < T)
<2QY (T (wyws) < T)
< exp {—CQthaTsz }

using the obvious version of Proposition 3 in [3]. Taking [ = t~*+/(4+2)(q, <
a3), this implies Theorem 1.2. O

3. Lower estimate of Theorem 1.1

In this section, we are going to show the lower estimate of Theorem 1.1.
Let u(t) denote the ‘killing term’

t ¢
exp{—/o V(Zs,w1)d8—/0 V(Zs,wl)ds} 1{Hs(w2)>t>HS(u2)>t}

to simplify the notation. The key ingredient is following asymptotic estimate.
Lemma 3.1.  For 0 < A < u+ v and nonpolar compact set C C R?,

. A
(3.1) logIEllL QE2® Ey® Ey [u(t) exp {—)\|WtC\H ~ —2c (d, M) ;

X8
2

Indeed, this lemma and Chebyshev’s inequality shows
Qi (£ < m)

2c (d, %”H‘) —2c (d, “;”) .
<exp{ A|m— \ ta2 (14 0(1))
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and consequently, it follows that
Jim Q" (t—#z \WE| < 24/@+D,,gd n) —0
for any n > 0. Here we have used (12) of [3]:

0
@C(d’ v) = waRo(d,v)™.

Proof of Lemma 3.1. First of all, note that
IE}L ®E2 ® Ey® F, [u(t) exp {—)\|Wtc\}}
= Eie_d ® Eze—d ® Eie—d ® Eo ® Ey [U(T)ﬁ(r) s Hg (g) > T}

where S, (w) = U, (zi—€C) for w =Y, 6,,. Let P, denote IP’}“_d QP2 _,QP3 _.
and E, the corresponding expectation for simplicity. To show the lower bound,
we consider the specific event

Ap = {(Wl +ws +w3)(B(0, R+ ae)) = 0,Tpo.r) > 7, Tno,r) > T}
c {v(T) =1,0(r) = 1,Hg ) > T}

where a = inf{u > 0; suppWUKUC C B(0,u)}. Then, setting R = Ro(d, (u+
v+ A)/2) and using well known eigenfunction expansion, we have

P.®FP® po(AR)

A
> const(d) exp {_2R_d2T —(u+v+ Nwe(R+ ag)dT}

A B
> const(d) exp {—20 <d7 IH_’;—'_> ;o ,wddl}

(3.2)

for some constant y(a, d, u+v+X) and the lower bound of (3.1) follows. To prove
the upper bound, we use the ‘method of enlargement of obstacles’. See Section
3.1 of [3] for the notation and results. From now on, we fix the admissible
collection of parameters

a76’7757lj7p7/€
and pick

M:4C<d7M)7

2
0<r<ro(M),
R € N with ¢3(d) [f] € [logt,logt+ 1),
r

hu+u+A

ng € N wit nor? € [M, M +1).
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Here c3(d) is the constant used in [3]. Using these parameters, we set

Dy = De(wi,wa,ws), Br = Be(wy, w2, ws),

Al = Ac(wi,wa,w3), 01 = Oc(wi, w2, w3),

and

Dy = De(w1,w2), By = Be(wr,w2),
Az = Ae(w17wg)702 = 05(w17WQ).

Now let us define the essential part by

E:{/\E (T)SM,|.A202T\Sno,TT>T,TT>T}.

w1,w2,ws
It can easily be seen that
(3.3) D1 DDy, D1UBy DDy UBy, Ay C A, O C Oy

from the definition of these sets. Therefore, if (w1,ws,ws) € F then we have
A5 w0 (T) < M and |A; N 27| < ng. We can also show that F is essential,

wi,wW2
namely

1 .
limsup —log E. ® Ey ® Ey [v(1)(7); Hg (o) > T E°| < -M,

t—oo T

by the same argument as to show Lemma 4.5.5 of [7]. For (wy,ws,ws) € E we
set

U= (TNON\Dy, % = (TNO)\ (D;UB;) (i =1,2)

so that 21 C % and ¥} C ¥, from (3.3) and (w1 + wo + w3)(¥1) = (w1 +
w2)(¥2) = 0. Moreover, it follows from the volume control of [3] that

%) < %] + T N O™ < %]+ (2R + 1) nge"™.
Now let us introduce the covering G; of E made of the events
Gunv,v, =% =U;, Vi = V;,i = 1,2}

which intersect with E. Then the cardinality of G; is of order exp {o(7)} like
(4.5.78) of [7]. Therefore the proof of the upper bound is reduced to ‘pointwise
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. - . .
estimate’, i.e. the estimate on each Gy, v, v, vs:

E.®FEy® Eo {U(T)ﬁ(T) ; HS&(UJS) >7,Guy vy, Us v N E}

2

< o(d)? (14 (M7)F) e [exp { = (X, iy (T) A M+ X

wi1,wW2

(T)A M) T} ;
GUl,vl,Ug,vz]

<E. [exp {— (/\E

wi,w2,wWs3

(TNOY)AM+ X

whw(Tﬁ O2) ANM + 0(1)) 7'} :
GU17V17U2,V2}

< E, [exp {7 ()\51#)2#)3(%1) ANM + )\zl’u&(@/z) A M + 0(1)) T} ; GU11V17U2)V2}
< exp{— ()\(Ul) AM + /\(UQ) AM + 0(1)) 7'} P, (OJ3(V1) =0,w; + UJQ(VQ) = 0)
< exp {— (MU) + MU2) + MU + 4+ 2)|U] + o(1)) A ) 7}

Here we have used (3.1.9) of [7] in the second line, spectral control IIT of [3]
in the third line, spectral control I of [3] in the fourth line and V3 C V3 in the
fifth line. The upper bound on the last line comes from

inf  {ANU1) + A(Uz) + MU | + (1 + v)|Us|}

U, CUs:open
= inf A + Ad + A\waRY + (u + v)waR3 ¢
Ri1<R> R% R% ! 2

A little calculus shows that this variational problem attains the infimum
2¢(d, (p+v+X)/2)at r = R= Ro(d,(u+ v+ N)/2) and the proof of Lemma
3.1 is completed. 0

4. Estimates on the covering time

We shall prove Theorem 1.3 in this section. Throughout this section, we
adopt usual scaling with e = t1/(4+2) and only consider (w1, ws) for which the
confinement property holds. Moreover, we use the method of enlargement of
obstacles with the same parameters as in [3]. Under these settings, we let B

denote the scaled confinement ball B(wi,ws) in Theorem 1 of [3], A, ,, the
principal eigenvalue of —1/2A + V(-,w;) on Hj(B \ Sc(w2)) and ¢, ,, the

corresponding L2-normalized positive eigenfunction. Finally, we introduce the
scaled path measure

oV 1

te — W’U(T)P;lte—d ® P?Je_d ® PO
t

as in Section 2.
Let us start by recalling the asymptotics for the normalizing constant:

(4.1) St =exp{—e(d,p+ 77 +o (t75) ) (t - ),
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which we will use in the sequel (see for instance (3) in [3]). Now, we shall prove
two lemmas to approximate B\ S. by nice sets. The first is the level set of the

eigenfunction ¢, ..

Lemma 4.1.  For any €; > 0, there exists Qi(e1) C Q2 such that

(4.2) Aoy wn SAB(0, Ro(d, 4 1)) + €1 for (wi,w2) € Qyi(er),
43) Jim QFF (@u(er)) = 1.

Moreover, when Csy is large enough depending only on the dimension and pu+v,
we have

(WD) (65, > ) 2 1BO, Roldupi+ v)I(1 - Cale + )
for any (w1, wsz) € Qi(e1) and s > 0.

Proof. By the confinement property, we can restrict our consideration on

{Ts > 7}. Furthermore, we can admit another restriction \¢,, ,, < 2¢(d, p+v),
since
E,a®E), o ®Eo[v(T); A5, w, > 2¢(d, i+ v)]
< Eie,d ® Eze,d [c(d) (1 + (/\Zzl,ng)d/2> exp {_)‘Zl,sz} ;
A,y > 20(dy i+ u)}
, 3
< d(d)exp —ic(d,,u +v)T

— o(SI") (t — o).

Here we have used (3.1.9) of [7] in the first line, sup, - o { (14+-19/?) exp{—\/4}} <
oo in the second line and (4.1) in the last line. On the other hand, it follows
from the method of enlargement of obstacles that

Al A2c(dyp+v) > A o (B\D)A2e(d,p+v)—e€

w1,w2 wi,w2
> 2%, 00 (T\ D) A 2e(d, i+ ) — ¢
> NGy oo (W) N 2¢(dy o+ v) — 2€°

with % = (T N O) \ D. Therefore, for any €; > 0 we have
E, o« ®E) +®Eo[v(T); A(B(0, Ro)) + &1 < A, , < 2¢(d, pn+v)]

<E, - ®E 4 [c(d) (1 + (2¢(d, p + ,/)T)d/z)
exp {—((A(B(0, Ro)) + e1) V (M%) — QGP))T}]

< Y e {—((A(B(0,Ro)) + 1) V (AMU) = 26"))7 + 0(1)} Pye-a @ Py a(Guy)
U,v

< exp { inf {(A(B(0,Rp)) +e1)V (AU) —2€¢")+ (n+v)|U|} T+ O(T)}

U:open
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as in (4.5.81) of [7]. The infimum in the last line turns out to be larger than
e(dy i+ v) + Cold, o+ 1)

after some calculation and this shows the existence of Q;(e1) with the properties
(4.2) and (4.3).

Next, we shall prove that (4.4) holds on this €;(e1). Let us start by two
obvious estimates

1006, wn = $)ll2 2 165, o ll2 = 196,y Asllz > 1= s|B\ Se['/?

and
1
3 [ 1906 ) = s)sPda [ Vizon)(, o, (@) - 9

1
< [ 96 @Pde [ Viznds, o, (oo

w1,w2”

Combining these estimates we find

A{80, 0, > 53)

1

= inf 7/ Vo(z 2dx+/V T,w xde}

saeHé({¢i,1‘w2>s})vlsalz—1{2 Ma (@ wn)e(a)
1\ —2

<A (1 —s|B\Se|5) .

On the other hand, we also have a converse estimate

from Faber-Krahn’s inequality (see e.g. [2]). Therefore it follows for (wq,ws) €
Qt (61) that

L e e

wi,wW?2

d
A 2 1\ 4
> — 2
> wq ()\El,w) (1 s|B\ S| )
A 5 d

d 1
Swa o ) (1-sB\ S|}
_wd<)\(B(0,R0))+el> (1-siB\si?)

and our claim (4.4) follows. O

The second is the set of points in B which keep certain distance from 0B
and obstacles.
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Lemma 4.2.  If we define the set
W = {x € B; dist(z,0BUDUB) > 3ac} .

for a >0, then we have

alNa

| > waRE — Cy(d, 4 v)e 2 "
for large enough t. Here oy is the same constant as in [3].

Proof. Firstly, we have following estimate on slightly larger neighborhood
of 0B:

(4.5) {z € B; dist(z,0B) < e*}| < Cy(d, pp + v)e”

since B has the radius in [Ro, Ro + k1€"2]. Next, we shall deal with the neigh-
borhood of D. From Proposition 2 of [3], we have

IBND| < |B\%| < co(d, i+ v)e ™

where ¢g is the constant used in [3]. Now, let us recall that the density set D
consists of boxes with side length L™ € [¢7, Le7) (o < v < 1, see Section 3.1
of [3]). If we denote by D’ the consisting boxes of D which intersects with 0B,
we have

{z € B; dist(z,D’) < 3ae} C {x € B; dist(z,0B) < *}
for large enough ¢ since o < . On the other hand, we know

Hx € B; dist(z, D\ D) < 3ae}

< Z |3ae-neighborhood of each box of D\ D’

< (€7 + 6ae)?
<2[D|.

D

for large enough ¢ since v < 1. From (4.5)—(4.6), we get
(4.7) [{z € B; dist(z,0BUD) < 3ac}| < Cu(d, n+ V)eN T

making Cy larger if necessary. Finally, since we know from the volume control
of [3] that

IBNB| < U (g + [0, 1)) N B| < (4R, + 3)%e”
g€[—2Ro—1,2Rp+1]4NZ4

and B consists of boxes with side length L™ € [¢”, Le®) (a < 8 < 1, see Section
3.1 of [3]), we can show

(4.8) [{z € B; dist(z,0B UB) < 3ae}| < Cy(d, pn + v)e*"
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as before, making Cy larger if necessary.
Combining (4.5), (4.7) and (4.8), the proof of Lemma 4.2 is completed. [

Proof of Theorem 1.3. We shall prove (1.1) first. Since C' has non-empty
interior, we can assume C' = B(0,r) for some r > 0. Let us introduce the
positive constant

a=inf {u > 2r; suppW UK C B(0,u)}

and define # accordingly. From Lemma 4.1 and Lemma 4.2, it suffices to show
WeE, covers W N {5, ,, > Css} on Qy(er, s) for any e > 0, s > 0 and some
appropriate constant Cs(r, d, u+v) > 1. To this end, we introduce a covering of

W N {6 > s} first. Let B, (¢ € Z%) be the closed ball B(re/(2v/d)q, re/2)

and e
T(wi,w2) = {q € Z*; BN W N {¢¢ > s}t #0}

wi,w2
so that
U Bio#n{¢, ., > s}
q€Z(w1,w2)
The cardinality of Z(w;,ws) is uniformly bounded by some polynomial p;(t)
which depends only on d and u + v since we always have

I(wl,wg) C {q S Zd; BqQE(O,QRo—f— 1) #* @}

Next we exclude B, which intersects with % N {¢¢, ,, = s}. (We can prove
B, C WE, only when By is included in {65, w, > s}.) Since there are no

obstacles in ae-neighborhood of D U B, ?,, o, 15 the solution of the elliptic
equation

wi,wW2 wi,w2

(%A)\e ) N =0on {z € B;dist(z,0BUDUB) > ae} .

Moreover, by the definitions of a and % we have
B(re/(2Vd)q, 2re) € Blre/(2Vd)g, ac)
C {z € B; dist(z,0BUDUB) > ac}
for such g. Therefore we can use the Harnack inequality (see Theorem 8.20 in

[4]) for ¢t to get

wi,wW2

Sup By 0y < €XP {const(d) (\/E + m%) } léqu Doy s

q
§ 058.

with some constant Cs(r,d, u + v) > 1. Here we have used the boundedness
of A¢ in Lemma 4.1 and B, N {¢ = s} # 0 in the second line. As a

w1,wW2
consequence, we have

ey {(bfuhwz > 058} C U Bq - {¢L€ul,w2 > 5}

q€T (w1,w2)

€
w1 ,w2
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where J(w1,w2) = {¢ € T(w1,w2); By C {¢S > s}}. For a technical

w1,wW2
reason, we make a sequence {g; (w1, w2)}£p=11(t)]+1 of deterministic length [p; (¢)]+
1 arranging all the points of J(w;,ws) redundantly.

Now, we shall derive the upper bound on the probability
(4.9) 1 (Bq, & WS, Quler, ) .

t%¢
{Bq, ¢ Wi} by {Hp,, > t°€®} in (4.9). Hereafter, A7, denotes the prin-

cipal eigenvalue of —1/2A + V.(-,w1) on H} (B \ (Se(w2) U By,)). Then, using
Markov property and (3.1.9) in [7], we find

Since {B,, ¢ W,} C {HB, > t7€%} by the definition of B, we can replace

Ey [U(téz) : Ty > te, Hp, > t”e2]

= £ {1}(15‘762)EZW€2 [v(te® —t7€*); Tp > te® —t7€°] ;
(4.10) Tp >t°¢*, Hp, > t"ez}
, 2
< (@) (14 (G uyte))™?)
exXp {_()‘zf,wz - )\E)I;WQ)tU ? - )‘Z)l,thQ} :
Here we have used A5 ) > S, . and t7€® V (te? —t7€®) < te? in the last line.
For the spectral shift AS!  — AS, ,, in the last line, we have following lower
bound.
Lemma 4.3. When €1 > 0 and € > 0 are small enough, we have
(4.11) MG oy = Aoy wn = Co(r,d, pu 4 v)s>h(e)

for all (wy,ws) € Qu(e1,8). Here h is the function defined by

(logd)™" (d=2),
ed=2 (d>3).

h(e) =

Proof. From the Exercise 1) after Theorem 3.2.3 in [7], the right hand
side of (4.11) is larger than

)\E
(1 — ;‘M> inf(¢;11w2)2cap(3qi).
Hiy ws aj

Here pg, ., denotes the second smallest eigenvalue of —1/2A + V(-,w;) on
H}(B\ Se(wg)). If we denote by u(U) the second smallest eigenvalue of —1/2A
on Hi(U), it easily follows from the Rayleigh-Ritz variational formula that
w(B(0, Ro + k1€")) < u(B) < pé, o, (K1 and ko are the same constants as
in Theorem 1 of [3].) Therefore we find for any (wy,ws) € Q4(e1) and small
enough € that

: AB(O,Ro)) +e1 \ o
)\e,z o )\e > 17 d h )
cee o ( W(BO, Ro + rye)) ) © TN
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This, together with the fact that

A(B(0, Ro)) + €1 . A(B(0, Ry))
nw(B(0, Ro + k1€72))  pu(B(0, Ro))

<1l as €€ — 0,

completes the proof. O

On the event {A\! < 3¢(d,v)}, the polynomial factor in the last line
of (4.10) is uniformly bounded by pa(t) = c(d)?(1 + (3c(d, u + v)te?)¥/?)2.
Moreover, it follows from Lemma 2 of [3] that

(4.12) Bl i ®E2 i [exp {—AG, ot ] < ps(t)

SM Ve

for some polynomial ps(t) depending only on d and p + v. Combining (4.10),
Lemma 4.3 and (4.12), we have

Hp, >1%¢ 2 S L, < 3e(d,v), (e, 5))

7w ,w2

(4.13) S pa(t)ps(t) exp { —const(r, d, u + v)s*h(e)t”e* }

whose right hand side converges to zero faster than any polynomial provided
that o > d/(d+2). The remaining part {5’ . > 3¢(d, p+v)} is easier. Indeed,
we have A\(B(0, Rp)) + €1 < ¢(d, p+ v) for e; < |B(0, Ry)| and consequently
2
(@) (14 OG] wate)™2) exp { (NG 0y = Aoy 1762 = XS, Lyt

€,1 d/2 2 €i 40 €
S (d) (1 + (Awl UJ2 ) ) exp {3>‘w1 wa )‘wl wg }
(4.14)

<d(d,u+v) exp{——AfJf Wl €7 = AL, Lyte 2}

d(d,p+v)exp{—c(d, p+ v)t7€ = A, ,,te’}

on {5, > 3c(d, p+ 1)} NQ(e1, s). Here we have used

1
sup {(1+(/\t)d/2) eXp{——)\t”}} < 00
A>3e(d,p+v),t>0 3

in the third line. Substituting (4.14) for (4.10) and using (4.12), we find

7 wr,w2

> 72,090 > 3e(d,v), Qe s
(4.15) (s, ( )2 (o)
d(d)ps(t) exp {—c(d, p+ v)t7€*}

Qe
<

whose right hand side converges to zero faster than any polynomial. Now that
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we have

P N, 0, > 5T Wik, Quler, s))

< QL U {Hs, >t7¢} Qe s)
1<i<[py (t)]+1

[p1(8)]+1

Z Qﬁ’: (HB%_ > t7€2, Oy (e, s))
i=1
—0 as t— o0

from (4.13) and (4.15), the proof of (1.1) is completed.
Finally, we shall prove the lower estimate (1.2). It is a consequence of
following exponential estimate for the Wiener sausage

1
(4.16) tlggo 7 log Ey [exp {\WE|}] = S(\,r) € (0,00)

which is due to van den Berg and Téth [1]. Indeed, for fixed o < d/(d + 2) and
n > 0, (4.16) yields a large deviation estimate

P (|Wt€|>')7td_i2)<e}(p{ td+2 +S)\r)t‘7+o( )}
exp{ 2¢(d, p + v)ta+e +0< d)}

as t — oo, if we take A = 2¢(d, u + v)/n. This shows (1.2), since

QL (\WS\ > ntd+’-’>

in view of (4.1). O
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