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Abstract

Malliavin calculus is developed in a uniform way for (possibly non
separable) extensions of LP(W¢,), where W, is the Wiener measure
on the space Cr of continuous functions from [0,1] into any abstract
Wiener Fréchet space F over a fixed separable Hilbert space H. Since
the continuous time line is available in Cp, we can prove the Clark-
Ocone formula for these extensions, we study time-anticipating Girsanov
transformations and prove that Skorohod integral processes for finite
chaos levels have continuous modifications. R

We use a rich probability space with measure 'y, which only de-
pends on H, such that for any p € [0, 00[, L? (W¢;) can be canonically

embedded into LP (fH> for any abstract Wiener Fréchet space F over H.

1. Introduction

This article studies in a uniform way Malliavin calculus for closed subspaces
of the space L?(T') of square integrable functions on a rich probability space

(Q, Lr(B), f), which depends only on a fixed separable Hilbert space H. These

subspaces of Lz(f) have to fulfill certain closure conditions, characterized by
so called “admissible sequences”. They are given by sub o-algebras of Lr(B).
One of these subspaces, denoted by L%,V, is canonically (i.e., independent
of the basis) isometric isomorphic to the L?-space over any abstract Wiener
Fréchet space F, for which H is the Cameron Martin space. Another one, de-
noted by LQCW is canonically isometric isomorphic to the L?-space over the
abstract Wiener space Cr of continuous functions, defined on [0, 1] with values
in F. The Cameron Martin space now is the Hilbert space Cly of absolutely con-
tinuous functions f : [0,1] — H, see Bogachev [5] or Kuelbs and Lepage [18]).
We use an F-valued Brownian motion to construct the mentioned isometries.
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Moreover, Malliavin calculus is developed for nonseparable extensions L%{
of L}, and also of LQCW, which have not been studied yet in the standard
literature as far as I know. It should be also indicated that the underlying
probability space only depends on the fixed separable Hilbert H and not on
the abstract Wiener space over H. There are many non-isomorphic abstract
Wiener spaces over H. We prove a chaos decomposition simultaneously for all
these L2-spaces. The o-algebra in L3, is not generated by Brownian motion, in
contrast to the o-algebra of Lg, .

The chaos decomposition is used to define simultaneously the Malliavin
derivative, the Skorohod integral and Skorohod integral processes (in the cases
of chw and LZ,). We have the following applications:

(A) Skorohod integral processes for finite chaos levels have continuous mod-
ifications. This is an extension of a result of P.Imkeller [15] for the classical
Wiener space Cr. Whence we can replace the real numbers by any Fréchet
space F. Our prove is different from Imkeller’s proof.

(B) The Clark Ocone formula holds for L3,. Now the notion “non-time-
anticipating” is needed and we use a filtration, which is larger than the Brow-
nian filtration.

(C) Anticipating Girsanov transformations are studied in the manner of
finite dimensional analysis similar to [26]. Let bp : Q x [0, 1] — F be a Fréchet
space valued Brownian motion and define o : 2 — Cf by

o(X)(r) :=br(X,r) + /07" w(X, 8)dv(s),

where ¢ is an almost surely square integrable process with values in H. We
want to find conditions on ¢, as mild as possible, under which o follows the
law of Brownian motion under a measure which is equivalent to I': it is not
necessary to assume, like in [26], that ¢ is measurable with respect to the o-
algebra generated by the Brownian motion, thus, o is not necessarily a shift
on Cp. Moreover, we do not need that ¢ fulfills certain smoothness conditions
like, for example, in the work of Nualart [23]. The reason is the following.
Since our probability space 2 is finite dimensional in the sense of a highly
saturated model and since it is possible to represent ¢ by a smooth function
(a consequence of the chaos decomposition), we only need conditions, which
imply the transformation rule in elementary finite dimensional analysis. In
particular the Carleman Fredholm determinant becomes a determinant in a
finite dimensional setting.

2. Preliminaries

In order to construct the probability space §2, we shall use a highly satu-
rated model V of mathematics (see [2]).

In this model there exists an extension *N of the positive integers, con-
taining a number H such that each standard natural number divides H. Set
T :={1,..,H}. Fix a standard n € N. On the algebra of internal subsets

|A|

A CT" we define an internal probability measure v™ : A — 7, where |A| de-
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notes the internal number of elements of A. It is well known that the Lebesgue
measure A" on [0,1]" is the image measure of the Loeb measure v™ over v
under the standard part map (ti,...,tn) — st(t1,..,t,) = (°%,...° ). If
(t1, s ty) € T™, we set © (tr, .y tn) = (°t1,...,° ) = (° ° L) Denote
the associated Loeb space by (T™, L= (T™), 7).

foens”

Fix a separable real Hilbert space H. Recall from [26] that in the model V
there exists a finite dimensional Euclidian space L (in the sense of this model)
with the following two properties:

(1) H is a subspace of L.

(2) Let w be the internal dimension of L. Fix an internal orthonormal basis
(€i);<,, of L and an orthonormal basis (b;), .y of H. Then for all n € N and all
f,g in the n-fold tensor product H®» of H, the Hilbert Schmidt scalar
product (f,g)g. =2  ; cn(f-9) (biy,...,b;,) of f and g is infinitely close
to (7 @n =20, i <o (F - 79) (¢35 ¢,). The corresponding norms are
denoted by ||||gn » |||~ respectively. If n =1, we drop the index 1.

Let F,G € L®» U *H®». Then F is called infinitely close to G, written
F =0 G,if ||F — Gl =~ 0; F is called nearstandard if there exists a g € H®»
such that F ~» *g. Then g is called the standard part of F' and is denoted
by °F.

Let I" be the internal H - w-fold product of the internal centered Gauflian

distribution of infinitesimal variance % on the internal Borel algebra B =

B (]LH) of L. Our basic probability space is the Loeb space (Q,D, f) over
(ILH, B, F), where Q :=L# D := Lr (B) is the completed Loeb o-algebra over
B and T is the Loeb measure over I

=

The following result (Theorem 2.1) says that there exists a standard part
map in the form of a Brownian motion by, which is a surjective mapping from
Q = L onto the space Cr of continuous functions from [0, 1] into F. Moreover,
br (-, 1) is a standard part map from L onto F. It is left to the reader to prove
Theorem 2.1, which is a straightforward extension of the corresponding result
for Banach spaces in [25] and [26]. Banach and Fréchet space valued Brownian
motions are well established in the literature (see [12], [11], [19]). In these
articles the probability space depends on the Fréchet space F, in our approach
the probability space only depends on the underlying Hilbert space H; there
exists uncountable many abstract Wiener Fréchet space over H. Moreover, the
Brownian motion is pathwisely constructed as a continuous process.

Theorem 2.1 is an extension of Cutland’s [8] construction of finite dimen-
sional Brownian motion to the infinite dimensional setting. The process by is
the standard part °B (with respect to the locally convex topology on F) of the
internal Brownian motion

B:OxT—L,(X,;n)— Y X,
s<n,seT

Note that this internal process B only depends on the underlying Hilbert space
H.
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Theorem 2.1.  Fiz an abstract Wiener Fréchet space F over H. The
mapping by : Q@ x [0,1] — F, defined by

[e] [e] n o
br ('a n) = by ('7 E) = B(',TL),
1s well defined T-a.s. and a Brownian motion. If bp(X,-) is not well defined or
not continuous, we may set bp(X,-) := 0.
Moreover, X — bp(X,-) is a surjective mapping from 0 onto the space Cy
of continuous functions from [0,1] into F.

Let We, and Wy be the o-algebras on 2 generated by by, br(-, 1), respec-
tively, augmented by the I'-nullsets.

Proposition 2.2.  The o-algebras We, and Wy do not depend on the
abstract Wiener Fréchet space F over a fized Hilbert H.

Proof. Since the topological dual F' of F is dense in H = H, We, is
generated by the random variables °(a, B,) with n € T and a € H and the
T-nullsets. Since the definition of B only depends on the Hilbert space H, W,
only depends on H. In the same manner, Wy is generated by ° (a, By) with
a € H and the f—nullsets, thus, Wr only depends on H. O

Therefore, we may set We := We, and W := Wy. The image measures
We, on Cr of T under by and Wy on F of I' under bg(+, 1) are called the Wiener
measure on Cy, F, respectively. The next simple result tells us that all LP-

spaces on abstract Wiener Fréchet spaces over a fixed Hilbert space H can be
identified.

Corollary 2.3.  Fiz abstract Wiener Fréchet spaces F and G over a
separable Hilbert space H and p € [0, o0l.

(1) The spaces Ly, (T), LP(Wc,) and LP(Wc,) are canonically (i.e., basis
independent) homeomorphic isomorphic (isometric isomorphic in case p > 1).

(2) The same holds for the spaces L3),,(T"), LP(We¢,) and LP(We).

Proof. (1) Since by is a surjective mapping from Q onto Cy and W¢
is generated by br, the mapping ¢ : LP(Wg,) — Ly, (f) with ¢()(X) =
© (bp(X,-)) defines a homeomorphic isomorphism (isometric isomorphism in
case p > 1) from LP(W¢,) onto LY, (T).

(2) The proof of assertion (2) is similar. O

Corollary 2.3 indicates how large Loeb spaces are. Here we see that any
LP space on any abstract Wiener Fréchet space over a fixed Hilbert space can
be canonically embedded into the LP-space on the Loeb measure T'.
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3. Chaos Decomposition for extensions of abstract Wiener space

Malliavin calculus can be founded on chaos decomposition of the Wiener
space. In order to establish chaos decomposition results for spaces different
from LP(W¢,) (in particular, for extensions of LP (W, )), we use the notion of
admissible sequence introduced in [28] for the classical Wiener space. To this
end we use internal iterated It6 integrals and their standard parts.

Let us first recall the definition of S-integrability. Fix an internal prob-
ability space (A,C, P). A C-measurable function G : A — *R, is called Sp-
integrable if f{IF\ZK} |F|dP = 0 for all unlimited K €* N, in which case we
will write F' € SL'(P).

Fix an internal function F' : 7" — L®». The mapping I,(F) : @ — *R,
simply defined by

L(F)(X) = > F(t1,tn)(Xe,, 0 X,)

t1<... <ty
is called the (n-fold) internal iterated It6 integral of F. If n = 1, we set
I(F) := LLi(F).

If F e SL2(v™, L8, ie., |F|7,. is SL' (™), then E |I,,(F)[” is limited for
all standard p € R* (see [26]). In this case °I,,(F) exists T-a.s. and |°I,(F)|
is f—integrable. If, in addition, F' is nearstandard ﬁ-a.& we may define

I,(°F) := °I(F).

It is easy to see that I,,(°F) is well defined. It is called the (n-fold) iterated
Ito integral of °F. Note that, if F € SL?(v",L®") and °F exists v"-a.s.,
then °F belongs to the space L2 (l/",H®") of Bochner v™ square integrable

functions from 7™ into the n-fold tensor product H®~ of H. Moreover, note
that for all f € L? (v",H®"), g € L? (v, H®")

ng <fa g>]H[" d;ﬁ, ifn=m

Now assume, in addition, that there exists a function f : [0,1]" — H®»
such that fost = °F p"-a.s. (recall that any measurable function f : [0,1]" —
H®= is of this shape). Then F is called a lifting of f and of f o st as well. It
follows that f € L? (\",H®") and I,,(f) := I,,(°F) is T-a.s. well defined. Using
the standard part map by, the integral I,,(f) can be converted to a standard
mapping 1% (f) with domain Cp: By Theorem 2.1, each g € Cg has the form
g :=brp(X,-). Then we set

Ly(£)(be(X, ) = Ln()(X).
Since I,(f) is Weo-measurable, IE(f) is well defined and is the usual standard
iterated Itd integral on L?(W¢,) (see [26]).

To establish chaos decompositions, fix a vector space $ C SL2(I/, L) over
R such that the standard part °F : T — H of F exists v-a.s. for each F € §,
thus ||* (°F) — F||, = 0 v-a.s. In this case §) is called an admissible set.
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Examples 3.1.
(I) §:={F € SL* (v,L) | °Fexists v-a.s.} is admissible.
(1) ey, == {F €H| °F = fost v-as. for some f € L*(A\,H)} is admis-
sible.
(IIT) $H := {F € L | °F exists} is admissible. Here we identify L with the
set of constant functions from 7" into L.

If a function g is M-measurable, we will often write ¢ € M. For each
admissible set § we define o-algebras Wi C L, (T) and W§ C Ly (B):

Wi =0 {°F|F €9} VN,
the o-algebra generated by the set °$) and the set A5 of all U-nullsets. Set
W =0c {I(°F) | °F e W'} v N5
We will use the notation Wg, , Wy if § = 9, H = Hm.

Examples 3.2.
() If = 9, then WL = L,(T).
(I1) If © = $Hey,, then

Wg = {st_l[B] | B C [0,1] is Lebesgue-measurable} V N.
(ITD) Tf § = 9, then WE = {0, T} v Ny

A function f, defined on T™ or [0, 1]" with values in n-fold tensor products,
is called symmetric if fi, . . (a1,...,an) = f(tgl,...,tan)(aow .y Gg, ) Tor all
permutations o of {1,...,n}.

Fix an admissible set £). A sequence (f-’n)neNo of vector spaces $), over R
of symmetric nearstandard functions in SL?(v",L®") with £ := R is called
an admissible sequence over $) if
(EW 1) °F € (WI)" for each F € §,,.

(EW 2) °I,(F) € W for each F € $),,. Recall that °I,(F) = I,(°F).

(EW 3) °$), is a closed subspace of L? (v, H®").

(EW 4) If Fy,..,F, € SL?*(v,L) such that all °F; are W{-measurable,
then (F1 ©...® Fn)S € 9., where G* denotes the symmetrization of a func-
tion G : T" — L®» | i.e.,

G*(t)(a) =D Gty rto,) (U, s 00,),

where o runs through the permutations of 1,...,n; F; ® ... ® F, denotes the
tensor product of the Fj, i.e.,

(Fl @ @ Fn) (tl, ...,tn)(al, ...7(ln) = Fl(tl)(al) et Fn(tn)(an)
It follows that ; = {F € SL*(v) | °F € W{'}. Set

L2(T) == LP(,WL,T) and LY (v7) := LP(T™, (WE)" Vv Nm, 0.

v
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Analogous notations and are used for LP-spaces of Bochner p-times inte-
grable functions with values in H®", which are denoted by L% (y, H®"), with

yé T Tory= v, We will use the notation L’éﬂ(-), Lﬁ(-) if §=9Hcy, 9= Hu.
e
SL2(v",L%) = {F € SL*(v",L®") | F is symmetric}.

Examples 3.3.
(I) Set $p :=R and for n >0

9y = {F € SL2(v",L®") | °F € (L,(T))" V Nz exists Uh-as. I®
Then (§,,) is an admissible sequence over . We have L%(;E) = LP(U™), where

LP(D™) = LP(T", (L, (T))" V N, 0™),

vny

which is a strict extension of the Lebesgue space LF(A"). Moreover, LP(v") is
a strict subspace of LP(v™), a result due to Y. Sun [30]).
(IT) Set $Hp := R and for n > 0

9, ={F e SL2(v",L®") | °F = fost vi-a.s. for some f € LA™ H®)} .

Then ($),) is an admissible sequence over ¢,. Note that L, T) = Ly, @).
By Corollary 2.3, Ly, (') can be identified with LP(W¢,). In a similar way,
L, (V™) can be identified with LP(A"): v 1 LP(A") — L2 (1), 1(9)(t) := ¢ (°t)

—~

defines a homeomorphic isomorphism from LP(A™) onto Lg, (v").
(III) Set $o := R and for n > 0

9y = {F € L®" | F is symmetric and °F € H®" } .

~

Then ($,,) is an admissible sequence over $y, and L(T') = L%(f) can be
identified with the space L?(Wg). Note that, if F' € §,,, then

L(F)(X)= Y F(Xi, ... X,)

t1<...<tp,
(IV) To introduce a forth example and also later on it is convenient to use

the following shorthand. For internal functions F : Tt — L®»+1 we set
F(tl, cony tn+1)(a1, ceny an+1)
n+1
= Z F(tl, ceey ti—17 ti+1, ceey tn+1, ti)(al, ey Ag—15 Q414 ooy A1, ai).
i=1

Note that E is symmetric if F' is symmetric in the first n components, and
note that F' € SL2(v"+1 L®w+1) if F € SL2(v"HL L®+1). Let (§,,) is an
admissible sequence over ). Define

B = {F €N | FOGE “Hy for cach G € SL2(v, L) with °G € Wg} .

It is straightforward to prove that (5n) is an admissible sequence over §).
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The following result is of great importance for the following investigations.
Its proof is similar to the usual proof of chaos decomposition results.

Theorem 3.4. Let ($,,) be an admissible sequence over $). Fix ¢ €
L2 (T). Then ¢ has the decomposition

o= °L(F) = L(°F,) in L3(D),
n=0 n=0

where F, € $,, (see Example (IV)). Moreover, °Io(Fy) = °Fy = E(y). We may
assume that F,(t) = 0 if the components of t are not pairwise different.
The kernels °F,, of ¢ in this decomposition of ¢ are uniquely determined:

if o =307 °1,(Gy) converges in L*(T') with symmetric G, in SL?*(v™, L&),
then [ ||Fn — Gullf. dv™ = 0, thus

°F, = °Gy, in L* (v7,H®") .

Proof. Let M be the set of all ¢ € L3, (f) having the claimed decompo-
sition. Since M is a closed subspace of L T), we get M = L3 (T) if ¢ = 0,
whenever ¢ | M. Fix ¢ | M. Then ¢ L °I,(F®») for all F € ;. Note that
in L3 (T') (see [26] for the special case $ = $H¢, ).

CL(FO) - °I(F) = (n+ 1) Ly (FO 1) 4 Loy (FO) - / 1E]]y, dv.
T

It follows that H,(°I(F)) = °I,(F®") for F € $; with [.|F|| dv ~ 1,

where H,, is the n'" Hermite polynomial H, (x) := (_nl,)n ez’ (d(fjn e~2%" . Since

each polynomial is a linear combination of Hermite polynomials, we have ¢ |
p(°I(F)) for each polynomial p and each F € $;. Tt follows that ¢ 1| e /().
Since ¢ belongs to the o-algebra generated by the functions °I(F) with F € $,
and, we have ¢ = 0.

To prove the uniqueness, let ¢ = >0 °IL,(F,) = >~ °I,(Gy). Then,

n=

by the pairwise orthogonality of the °I,(F,), n € Ny, and of the °I,(G,,)

n

0=E(L,(Fn —Gy))? = °E(I.(F, — Gyn))* = / |Fp — Gl dv™,

T2

where T2 := {(t1,....,tn) € T" | t1 < ... < t,}. The result follows from the sym-
metry of the F,,, G,. O

This result shows that admissible sequences ($),,),,cy over $) are uniquely
determined by $ in the following sense:

Corollary 3.5.  Let (9,) and (&,,) be admissible sequences over $).
Then for each F € $,, there exists an G € &, with [, ||F — G|in v = 0,
thus F ~pn G v"-a.s, thus °F = °G ;’\L-a.s, thus °F,, = °G,, in L? (ﬁ,H(@").




Malliavin calculus on extensions of abstract Wiener spaces 247

Proof. Fix F € 9,,. Since °I,(F) € L%(f), by Theorem 3.4, °I,,(F') has
a chaos decomposition °I,,(F) = Y77 °I;(Gy) with Gj, € &;. By Theorem
34, [ |F — Gulls. dv™ = 0. 0l

If § = Hog. H = Hu, then, since L4 (T) = L2(We,), LE(T) = L2(Wr),
Theorem 3.4 yields a chaos decomposition of the standard spaces L?(W¢,),
L?(Wr), respectively.

Our aim now is to extend the preceding results to stochastic processes. To
this end fix an admissible sequence (£),,) over some admissible set $. Define

LA (T v) = (2 x T, (WE @ Wi) VN, To ).
In case ) = Hcy, H = Hu, we shall write L, (@), Lﬁ(@). Note that

L’éﬂ(@) can be identified with the standard Lebesgue space
LP(WC]F ® )‘) = LP(C]F ® [Oa 1]7 B (O]F) ® LEb[O7 1]5 WCF ® )‘)7

the homeomorphic isomorphism is defined by t(p)(X,t) = o(br(X,"), °t).
Analogous notations and results hold for LP-spaces of Bochner p-times inte-
grable functions with values in H®", which are denoted by L (y, H®").

In order to obtain a suitable orthogonal decomposition of the spaces

L3 (@,H), we need the following abbreviations. For internal functions
F:Tnl — L%+ we set

Lia(F)(X,t)i= > Flty, .ot t)(Xyy, 0 Xy, ) €L/ =L

t1<...<tn

For each t € T we set [1,¢] := {s € T'| s <t} and define
(1[1,t] 7 F)(f,l, ...,tn+1)(-) = 1[1’,5] (tz) . F(tl, 7tn+1)()

Theorem 3.6. Let ¢ € L% (ﬁ(@\u,H). Then there exists a sequence
(Fp)nen of internal functions Fy, : T — L&n+1 with the following five prop-
erties:

(1) F,, is symmetric in the first n variables, F,, € SL?>(v"*1, L& +1) and
°F, € L3 (vt HEni).

(2) Lu1(Fn) € SL2 (T @ v, L) and °Ly,1 (F,) e}%(@, H).

(3) Ing1(Fy) € SLA(T) and °I,,11(F,) € L3 (T).

(4) In+1 (1[17] ‘n+1 Fn) € SL2 (F ® I/), thus t — oIn+1 (]—[1,t] ‘n+1 Fn) 18
in LQ(@). If [0,t] € WE for all t € T, then °I, 14 (1[1,;::1 Fn) is in
L (T ®v). -

(5) o=’ In1(Fy) converges in L (T @ v, H).
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We may further assume that F(t1,...,tn+1) = 0 if the t; are not pairwise dif-
ferent.

IFo=32°T(K,) in AT @v,H) and K, € SL2™! L) is
symmetric in the first n variables, then F,, ~pn+1 K, v"T1l-a.s.

For 9 = 9y, this decomposition also yields a corresponding decomposition
of functionals in L?*(Weg, ® \,H).

Proof. Let M be the set of all ¢ € L} (@, H) such that there exists a
sequence (F,)nen of internal functions F,, : T"+1 — L®»+1 with the properties
(1),...,(5). Obviously, M is a linear subspace of L3, (@, H) and M is closed.
Therefore, it suffices to prove that ¢ := lpxc ©® (a,") =1 ® 1c © {(a,) € M
for all B € Wg, C e Wg and a € H. According to Theorem 3.4, 15 has the
decomposition

Lp =E(1p) + Y °1n(Gn) =E(1p) + Y L(°Gy) in L3 (D).
n=1 n=1

By Example (IV), we may assume that G,, € 9,. Since C € L, (T), there exists
an internal subset A C T with (A A C) = 0. We set for n € N and all t € T",
seTandy el

Fn = Gn®1A®a(t757y)'_)Gn(t)1A(S) <a7y>'

FO = ]E(lB) . 1A®(I.

If the elements in the vector » € T"*! are not pairwise different, set F,(r) := 0.

Note that F,, € SL?(v" ™1 L®»+1) and that Conditions (1),...,(5) are true.
The proof of the uniqueness is similar to the corresponding proof under

Theorem 3.4. U

Using saturation, we obtain the following lifting theorem, which will be
important in Section 6 and follows from Theorem 3.6.

Proposition 3.7.  Fiz ¢ = > °I,1(F,) € L} (@,H). Then
there exists an internal extension (Fp,)nexn of (Fy)nen and an unlimited K €
*N such that for each unlimited M < K, M € *N,

M
P = ZIml(Fn) € SL*T®wv,L) and ® =~y ¢ @-a.s.
n=0

We may assume that all the F,, are symmetric in the first n variables and we
may further assume that F,(t1,....,tn41) # 0 implies that the (t;) are pairwise
different.
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4. Skorohod integral processes

In this section we present a Kolmogorov continuity criterion, by which it is
possible to convert an internal process F': 2 x T' — *R to a continuous process
f:9x]0,1] — R, uniquely determined except for modifications. An application
shows that Skorohod integral processes, defined on finite chaos levels, have
continuous modifications. This is an extension of a result, due to Imkeller [15],
for the classical Wiener space Cg. Our proof is distinct from his proof. While
he uses deep results on isoperimetric inequalities, our proof is elementary and
is based on a refinement of Kolmogorov’s continuity theorem.

The Skorohod integral process 6?"(f) € L? (ﬁg)\l/) of a process f in a
dense subspace of L% (@,H) can be defined to be the standard part of

the internal Riemann Stieltjes integral flt FAB with respect to the internal
Brownian motion B, defined in Section 2. Here F' € SL? (T ® v, L) is a lifting
of f and

/tFAB(X) ::/FAB(X,t) = > F(X,s)(X,) € "R,

s<t,se€T

where we identify L with its dual 1. Note that

t —_—
/ L1 (F)AB(X) = Int1 (1[1,t] ‘nt1 F) ,
1

if F(t1,...,tn+1) # 0 implies that the ¢; are pairwise different and F,, is sym-
metric in the first n arguments.

To define the Skorohod integral process 6", fix ¢ € L (ﬁ®\u, H) with
0 =>"0°I,1(F,) according to Theorem 3.6. We define 6?"¢ : 2 x T — *R
by Riemann Stieltjes integration under the sum and under the standard part
map:

o t i —_—
@0 =3 (* [ 10a(FIAB) =3 L (la i )
n=0 n=0

if this series converges in L? (@), ie.,
> — _—
Z/ (L1 (L g 1 F))?dT @ v < oc.
— Jaxr

The densely defined linear operator §P" : L%(@,H) — LQ(@) is called
the Skorohod integral process. The Skorohod integral dp of ¢ is defined
by setting d¢ := 6" (-, H). Then

Sp =" °Ins1(Fy).
n=0
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Since ¢ is W -measurable, d¢ exists iff Y7 fQ(OInH(FVn))Qdf < 0o0. The

densely defined linear operator § : L%(@, H) — L% (T) is called the
Skorohod integral.

Since we may identify for = §¢, the spaces L3 (T) with L%(W¢,) and
L%(@,H) with L?(We, ® A, H), the Skorohod integral and the Skorohod
integral process are defined for these standard spaces. In the same way, we
may identify for § = Hu, the spaces Lg (T') with L2(Wg) and L%(@, H) with
L3 (f,H) and L?(Wy, H). Therefore, the Skorohod integral and the Skorohod
integral process are also defined for these standard spaces.

Using saturation we have the following lifting theorem for the Skorohod
integral:

Proposition 4.1.  Fiz ¢ = > (°I,,1(F,) € L} (@,H). Then,we
have: if d¢ exists, then we can choose ® and an unlimited K € *N such that
the properties of Proposition 3.7 are fulfilled and such that, in addition,

H M
6P = / PAB = I (F,) € SL*(T)
1

n=0

for all unlimited M < K and
0P ~ Jp T-a.s. inR.

Our aim is now to prove that Skorohod integral processes, defined on
finite chaos levels, have continuous modifications. It is not possible to copy the
proof of the continuity of the Ito6 integral, based on martingale theory. The
Ito integral is a martingale, because the integrands are non time-anticipating.
Since the Skorohod integral is also defined for time-anticipating integrands, the
martingale properties fail in general.

To obtain continuous modifications in a more general context, assume first
that F' : T — *R is internal and that D C T is S-dense, i.e., in each e-
neighborhood of each r € [0, 1] there exists a t € D with |% — r’ < &. Suppose
that F' is uniformly S-continuous and nearstandard on D. Let (d,),y be a
sequence in D with lim,,_, °d, = r. Recall that, by convention, °d, = O%.
Then

PF.0,1] — R,r+— lim °F(d,)
n—oo
is well defined and continuous. The function P F is called a continuous modi-
fication of F'. The following example shows that this concept is closely related
to the corresponding standard concept.

Proposition 4.2.  Suppose that f : Q x [0,1] — R is a process, which
has a continuous modification g : Q x [0,1] — R 4n the standard sense. Then
for each lifting F' of f there exists an S-dense subset of T such that PF = g.
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Proof. Let F be a lifting of f. Then, by Keisler’'s Fubini Theorem,
v (5) =1, where

D:= {t ET|°F(,t) = f(-°1) f-a.s},

thus, NB is S-dense in 7. Note that there exists a countable S-dense subset
D c D inT. Therefore, there exists a set 2 C 2 of I' measure 1 such that for
all X € Qand allt € D,

CF(X,t) = f(X,71) = g(X,°1).

Note that F' is uniformly S-continuous and nearstandard on D and PF =g
I-a.s. |

In general, there may exist many continuous modifications of F. In order
to obtain uniqueness, fix an internal process F' : 2 x T'— *R which is I'-a.s.
uniformly S-continuous and nearstandard on an S-dense D C T'. A continuous
modification PF : Q x [0,1] — R of F is called a uniquely determined mod-
ification of F if each other continuous modification £ F of F is a modification
of PF in the standard sense.

Let us call an internal process F': 2 x ' — *R weakly S-continuous
on T if for all s,t € T with & ~ % there exists a set Us+ C Q of I'-measure 1
such that F(X,s) = F(X,t) for all X € U, ,.

Proposition 4.3.  Suppose that F is a weakly S-continuous process on
T and D is an S-dense subset of T' such that F is uniformly S-continuous
and nearstandard on D T-a.s. Then PF is a uniquely determined continuous
modification of F.

Proof. We have already seen that P F is a continuous modification of F.
To prove uniqueness, fix a second continuous modification £F of F. We have
to prove that for all £k € N and all r € [0, 1]

f{yDFT— FR|> %} = 0.

To this end let (d,), (e,) be sequences in D, E, respectively, with lim °d,, =
r = lim °e,. It suffices to prove that for all N € N

~ 1

'<Yn>N|Fy; — F. |>—7%=0.

e n)
Let (dn),c «n» (€n) ey De internal extensions of (d,), (en), respectively, with
dn,en € T for all n € *N. Then there exists an unlimited M € *N such that
‘%‘ ~ r ~ 9 for all unlimited K € *N, K < M. It suffices to prove that for
all unlimited K € *N, K < M

1
1“{|FTK — F, | > %} ~ 0.
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. . o dx
This equality follows from the weak S-continuity of I and from % ~ 9. [0

The following result is relevant for finding uniquely determined continuous
modifications of internal processes. To prove it one may use a suitable time
transformation (see [23]). Here we prefer a slight refinement of Kolmogorov’s
Continuity Theorem (see I. Karatzas and S. Shreve [16]).

Theorem 4.4.  Suppose that F : Q x T — *R is an internal process.
Set F(-,0) := 0. Suppose that there exists a continuous monotone increasing
function a : [0,1] — Ry with a(0) =0 and a constant ¢ € RY such that for all
t,s € TU{0}

t

°E ((Ft - FS)4) < c(al°t) — a(°s))? (Ot = oﬁ) .

(We may replace 4 by any number p > 1 and 2 by any number ¢ > 1.)
Then F' has a uniquely determined modification.

Proof. By normalization, we may assume that a(1) = 1. For all n € N
and all i = 0, ...,2" choose ¢} € T'U{0} such that a(°t}') = 5. Set tj =0 and
t%, = H. We further assume that t5,f"} = ¢} for each k € {0, ...,2"}. Set

i - H

D, = {7 i=0,..,2"}U
ar pof™

|1§m§n,i—l,...,m—1}.

Since each n € N divides H, D,, C T U{0}. Let D,, = {b | i =0,...,m} with
0 =10 <..< b2 Note that D, € D,4;. Since o is monotone increasing,
0 < (a(®b?) — a(®b 1)) < 5. Set

D= UDn.

neN
Since D is countable, there exists a set U; C Q of T-measure 1 such that

F,(X) = Fp(X) is limited for all X € Uy and all a,b € D with «(°b) = a(°a).
By Tschebyschev’s inequality, we obtain

t{|Fy = By | 2274} <coanin

Since, by a very rough estimate, n < 2" 4+ n?, we obtain

Fy» — Fyr |

f{_max

> 2—%”} <c(27dnpning,
1,...,n
Since the last term is the general term of a convergent series, by the Borel
Cantelli Lemma, there exists a set Uy C € of I-measure 1 and a function
g : Us — N such that for all X € U, and all n > g(X)

(1) “max_ |Fyr (X) — th(X)‘ <oin,

1=1,..., n
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Set U := Uy NUs. Fix X € U and n > g(X). We will prove by induction on m
that for all m > n and for all s,t € Dy, with |a(°t) — a(®s)] < 5=:

(2) IF(X) - F(X)| <2 Y j227+,
Jj=n-+1

Suppose that s,t € D,,4q with s < t and a(°t) — a(°s) < 5=. Let £ < s <17, ,.
Then ¢ < t7,,. Since between ¢ and ¢7', , there are less than 2(n+1)? elements
of Dy41, we obtain from (1)

|FL(X) — Fy(X)| < 2(n 4 1)227 s (D),

Assume that M > n + 1 and (2) is true for all m < M. Suppose that
s,t € Dy with |a(°t) — a(°s)] < 5=. We may assume s < t. Set so :=
min{a € Dpr—1 | s <a} and tg := max{a € Dy—1 | a <t}. Assume first that
s0 < to. Since |o(°ty) — a(°sp)| < 5 and between ¢y and ¢ and s and sq there
are at most M? many elements of Dy, we obtain from (1) and the induction

hypothesis:

M
IF(X) - F(X)[ <2 Y j227%.
j=n-+1

If tg < sg, the proof is similar.

To prove our final result, fix s,¢ € D with 0 < a(°t) — a(°s) < 2T1X) If
a(°t) = a(°s), then the inequalities under (3) below become true. Now assume
0 < a°t) — a(°s). We select n such that 3t < a(°t) — a(°s) < 3. Then

n > g(X) and (ﬁ)% < (a(°t) — a("s))%. We obtain

°IF(X) ~ F(X)| <2 Y 22757 (al°t) — al®s))™
j=n-+1

S

< [2)2 72270 | (alt) - aos) s .
§=0

We have proved that there exists a countable dense subset D C T', a constant
d, a set U C Q of I'measure 1 and a function g : U — N such that for all
X €U and all s,t € D with 0 < a(°t) — a(®s) < 2T1X>

Sk

SR (X) = Fo(X)[ < d-|a(®t) —a(®s)[™° .

It follows that F' is uniformly S-continuous and nearstandard on D T-a.s. From
the hypothesis we have immediately that F' is weakly S-continuous. Now apply
Proposition 4.3. O

Corollary 4.5.  Fiz F € SL* (v"! L®+1) and assume that F is sym-
metric in the first n arguments. We assume that F = 1T;+1 - F #0. Then the
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t
t»—>/ I,1(F)AB
1

has a uniquely determined continuous modification. It follows that 6P"(p) can
be defined as a continuous process if @ belongs to finite chaos levels.

internal integral of F,

Proof. Fix a symmetric G € SL? (v",L%»). We introduce the following
notation: we identify n € N with {1,...,n}. If pe nU{0}, and o : (n —p)
2(n — p) is strictly monotone increasing, then @ : (n — p) /' 2(n — p) denotes
the enumeration of 2(n —p) \ {o1,...,0n—p}. If t = (t1,...,tn—p), then we set
to = (toys s to,_,). Now define Qf’g : T?(=P)  L®20-») by setting

gﬂm@:/)@%ﬁmm%m%ﬂWﬂMMﬂ@~
T2

It is proved in [26] that QS, € SL? (v2("~P) L®2-») and

2

E Z Y. Ban(Q) | =0

p=00:(n—p),"2(n—p)

Now, by the properties of Gaufiian measures, we obtain for o,p : (n —p) /
2(n —p):

/Ti(np) < ;1?:07 gP>L2(n—p) dUQ(n—p)

< /Ti("p) HQ UH]L‘z(n —p) dyQ(n—p) . Ai(np) HQ pH]L2(w Y dl/2(n—p)

2 2
<([rean) ([ oian)

It follows that |]E (IQ(nfp)(on) IZ(n p)( gp))| < (an
therefore,

2

2
GHin du”) and

2

i 2
YooY be-p(@) §0n~</Tn|G||]2Lndu">

p=00:(n—p),"2(n—p)

2
with ¢, =" < 2n —2p ) . This proves that

p=0 n—p
2
2 n
Lndv > .

°E (I,(G)*) < ¢n - < /T G
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In order to finish the proof, we define

n+1

t
o R o
a( t) = E / / HF(t17~~7ti—1;ti+1;~~gtn+lsti)
=1 J1JT"

Since ||FHHQJL+1 € SLY(v"*1) | by Keisler’s Fubini Theorem, « : [0,1] — R is
well defined and a monotone increasing continuous function. Now we obtain

°R ((/t Iml(F)AB)Zl) — °F ((/Iml(hs,t] - F)AB)4 (~,H)>
< Cnt1 O/Tn+1 2 2
n+1

< (n+1)%cny1 <°/ . Z L) () (| F ot ottt seostnga ot
™=

n+1 t
=(n+ 1)20n+1 <Z o/ /T HF(tl,...,ti_l,tHl ..... tni1ots)
i=1 /s JIT

= (n+1)%cur1 (a(t) = a(®s)).

2 n
Lr+t dv dy(tl)

n+1

1
Z 1]5715] (tl) ’ F(t1 77777 tic1,tig1seetng1,t:) dvt
=1

]Ln+1

2
2 n+1
[ AV

2
2 n

Now apply Theorem 4.4. O

5. The Malliavin derivative and the Clark Ocone formula

The Clark Ocone formula here is a martingale representation theorem for
functionals ¢ € L% (f) In case ¢ is Malliavin differentiable, then ¢ is the It6

integral of the conditional expectation of the Malliavin derivative of ¢. In order
to state the Clark Ocone formula one needs the time line to be able to define
the notion “non time anticipating”. The Clark Ocone formula has important
applications in finance mathematics (see Aase et al. [1] or Di Nunno et al.
[10]).

This formula has been proved by Clark [7] and more general by Ocone
[24] for the classical Wiener space Cr. In this case, a simple proof, using
saturated models of mathematics, can be found in Cutland and Ng [9]. Berger
[4] proved the Clark Ocone formula for the abstract Wiener space, using the
Ustiinel-Zakai-Ité integral, based on a resolution of the identity on H. In [27]
there is a proof of this formula for the space Cr. Recently, Mayer-Wolf and
Zakai [22] extended the Clark Ocone formula to Banach space valued random
variables, defined on L?(Wx). Using Cutland and Ng’s approach, we will now
prove the Clark Ocone formula for functionals, defined on the non separable

5 (B
space Lg (F)

In order to define the Malliavin derivative in our setting, we use the fol-
lowing admissible sequence. The proof is straightforward.
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Lemma 5.1.  Fiz an admissible sequence ($,,) over . Set Hj := R

and for n > 1 let 5’)% be the set of all F € $, such that for @-almost all
(,t) € QX T and

In_11(F,) € SL* (T @ v, L) and°I,_11(F,) € L3(T® v, H).
Then ($),) is an admissible sequence over $).

Using Theorem 3.4, we define the Malliavin derivative d on a dense sub-
space of L (T') with values in L} (I’ ® v, L), where § is an arbitrary admissible
vector space. Fix ¢ € L% (T') with chaos decomposition

o =Ep+ Z °I,(F,) with F, € /.
n=0

Now the Malliavin derivative d of ¢ is nothing but finite dimensional differen-
tiation under the standard part map and the sum, i.e., d is defined on a dense
subspace of L (I') by

d(p)(X,t) = O%I,L(Fn) = °I11(F)(X,t)
n=0 t n=0

if Y00 o °Ino11(F,) converges in L3 (@, H"), which is the case if and only
if Y00 /- °L,(F,) converges in L3, (T'). Therefore, d is densely defined.
Then the Malliavin derivative is also defined for standard spaces:

Examples 5.2.
(I) In case $ = $Hu, d is a densely defined operator from L?(Wg) into
L2 (W, H).
(IT) In case $H = Hey, d is a densely defined operator from L?(W¢,) into
L?>(We, ® A\ H).
(III) In case $ = 5, the Malliavin derivative is an extension of the standard
Malliavin derivative.

In order to define the It6 integral [ fdbg, one needs non time-anticipating
integrands f, and therefore, we take an admissible vector space $) such that

[1,£] € Wg for each t € T.

We use the internal filtration (B,) := (B,),cp on the internal Borel algebra B
on Q = ¥, where B,, is the family of cylinder sets

B, :={AxLE | AcBIL")}, By:={0,Q}.

Sett—:=t—1foreachteT.

Fix a (B,,-)-adapted F € SL*(I' ® v,LL). Using the fact that [ FAB is a
(B,,)-martingale, it is shown in [27], following Anderson’s approach to the Ito
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integral [3] for finite dimensional Brownian motion, that (X, t) — ngt Fy(Xs)
is S-continuous f—a.s, thus this function can be converted to a continuous pro-
cess on the time line [0, 1], setting [ Fdbg(-, °t) = ° [ FAB(-,t) for all t € T
I-a.s.

If, in addition, F' is a lifting of f : Q x T'— H then we may set

/ fdbg = / Fdbs.

This integral is called the Ito6 integral of f. Note that the Ito integral inte-
grates Hilbert space valued processes under a Fréchet space valued Brownian
motion. In the work of Duncan (see Duncan [11]), for example, there is a stan-
dard approach to this integral. The following continuity result for [ - dbp is a
simple consequence of saturation:

Lemma 5.3.  Let (f,) be a sequence of functions f,, converging to f in
L3 (T @ v,H). If each f, has a (B,-)-adapted lifting F,, € SL*(I' ® v, L), then
f has a (B,-)-adapted lifting in SL*(T ® v, L) and

lim [ f.dby = / fdbg in L*(T @ A).

In order to find relevant examples of an H-valued process having a (B,,-)-
adapted lifting, we define a filtration (f,,) = (fn),eru(o} on D, setting

fr = ((Bn VNR) NWE).

note that the Loeb o-algebra Lr (B,,) over B, is a subset of B, V Nz.

The following admissible sequence is used, the proof is straightforward.

Lemma 5.4.  Let (9,) be an admissible sequence over $). Set Hj == R
and for n > 1, let 9!' be the set of all F € $), (9, is defined in Lemma 5.1)
such that

°ES (Ln-1,1(F))( ) = ENt= °Lo1 1 (F) (1),

thus (EB+= (I,—11(F));) is a (B, )-adapted lifting of (Ef:= °I,,_11(F);). Then

(97 is an admissible sequence over $).

Theorem 5.5.  Let ¢ € L, (T) Then

(1) v =Ep+ f (t — Efe- Z?:l oIn—l,l(Fn)('at)) dbﬂ“('a 1)~
(2) If ¢ is Malliavin differentiable, then

p=Ep+ / (Eft‘ dy (-,t)) dbg(-,1).

Proof. By Theorem 3.4, ¢ = Ep + > o7 | °I,(F,) with F,, € /.. Note
that I,,(F,) = [ (t — EB:- I—11(Fn)(, t)) AB(-, H). Using this fact and Lem-



258 Horst Osswald

mata 5.4 and 5.3, we obtain in L3 @),

n=1
_ 2 o (/t - IEBtIn_Ll(Fn)(-,t)AB> (-, H)
— g (/ (t — Ef- oIn1,1(Fn)('af))> dbg(-,1)

in case, ¢ is Malliavin differentiable

/ (t — El= dp (-, 1)) dbg (-, 1).
This proves the result. O

6. Anticipative Girsanov transformations

In this part we apply the decomposition result for stochastic processes
(Theorem 3.6) and the resulting finite dimensional representation (Propositions

3.7 and 4.1) to time-anticipating Girsanov transformations o : Q — Cf given
by

o(X)(r) =c(X,r) =bp(X,r)+ /OT o(X, s)dv(s),

where ¢ : OxT — His W @W{ -measurable and ¢ (X, ) € L? (v) for T-almost
all X € Q. Then the mapping °t — f(;tgp(~,s)d§(s) is a [-a.s. continuous
mapping from [0, 1] into H if we define foot (-, 8)dv(s) = f[1,t] (-, 8)dv(s). We
demand from § that [1,¢] € W] for each t € T. Let us address the following
question:

When does there exist a probability measure P on Lr(B), absolutely con-
tinuous or equivalent to f, such that the process o follows the law of Brownian
motion with respect to P ?

If ¢ is time-anticipating, then it is impossible for ¢ to become a Brownian
motion, because the martingale property fails.

Example 6.1. If § = $H¢,, then o defines a shift on Cp: fix f € Cr.
Then there exists an X € Q with bp(X,-) = f. Set o(f) := o(X). Then, since
©(+,t) is measurable with respect to the Brownian motion, o is a well defined
mapping from Cf into Cr (see [26]).
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Answers to related questions are given for example in the work of Buckdahn
[6], Kusuoka [20], Enchev [13], Ramer [29]. Tt is often presumed that the kernel
¢ of the Girsanov transformation is Skorohod integrable or locally L; o or it
is H-continuously differentiable (see also Nualart [23]). (The space L3 is a
subspace of the domain of the Skorohod integral, consisting of the Malliavin
differentiable integrands.)

In our approach we use the fact that the probability space € is finite di-
mensional in the sense of a highly saturated model of mathematics set-up and
that each L2-functional on Q is infinitely close to a continuously differentiable
function (see Propositions 3.7 and 4.1). Therefore, it is not necessary to de-
mand any smoothness conditions from . Moreover, we are able to apply the
elementary transformation in finite dimensional analysis. Some of the results
in [26] will be extended.

Since ¢ can be approximated by functions ¢,, € L%(@, H), and each
on, has a smooth lifting according to Proposition 3.7, by saturation, one can
find a lifting ® of ¢ such that ®(X,-) € SL? (v,L) for ['-almost all X € L¥
and & is given by

M
(I)(X’t)zz Z Fk(t17~'~7tk7t) (tha"'atha') EL/:La

k=0t1<...<tp

where M is an unlimited natural number.
If ¢ has a (B,-)-adapted lifting, we may assume that all F} are non-
anticipating, thus, ® is (B, - )ner-adapted.

Define the function ® : L# — FH by setting:
~ 1
O(X):= (Xt + O(X, t)—> .
H teT

Since bg(+,°n) ~p B(-,n) and foon ©(-,5)(a)dD(s) ~ [{" ®(-,5)(a)dv(s) for all
aecH f—a.s., and since the dual space F’ can be identified with a subspace of
H, we have an internal representation of o:

Proposition 6.2.  For T-almost all X,

a(o(X)(°n)) = (B, o ®(X),a) for each a € F' and each n € T.

Since ® : L¥ — L is a *finite sum of multi-linear forms, P is continuously
differentiable. In analogy to the standard theory we call an internal function
® : L7 — LF regular if it is possible to apply the usual finite dimensional
transformation rule: for each internal B-measurable function G : L7 — L#
and each B € B we have

dr = Gdr,

/ God- ‘det P’
B 3[B]

if the integral of one of both sides exists. For example, P is regular, if
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(1) ® bijective and

(2) det @'y # 0 for all X € L¥.
Note that the derivative &)'X of ® at X is an endomorphism on the finite dimen-
sional Euclidean space L”. The associated matrix corresponds to the Carle-
man Fredholm matrix in the standard theory.

Now we shall give necessary and sufficient conditions for positive answers
to our question: Define first the internal Cameron Martin Girsanov func-
tion Oy : L7 — *R by setting

O (X) 1= e~ Tecu(PXDX)+3(Xs)E4) ‘det o,

The function ® is called adequate, if the following 3 conditions hold:

(A) ® is regular.

(B) det @ # 0 [-a.s..

(C) ©g € SLY(I).
If, in addition to (A), (B) and (C), we also have

(D) e Tocn(BX )X +312(X.5) 12 ) # 0 for T almost all X € L7, then
® is called strongly adequate.

It is easy to see that, if ® is (B,-)-adapted, then conditions (A) and
(B) are true, in fact, det P = 1. By Prop. 4.1, if ¢ is Skorohod integrable,
then we can choose ® such that (D) holds and the internal function X —
e~ Tecn (X DX+ IER) §s o lifting of X — =993 Jolle(X)lIFdo(s)

Now we obtain the following result, using transfer of the finite dimensional
transformation rule (see [26]):

Theorem 6.3.  Assume that ® is (strongly) adequate. Then 6;1" 18
(equivalent) absolutely continuous to T.

Fizr,t €(0,1] withr <t. Then a(o(-,t)—o(-,r)) is N(0,t—r)-distributed
with respect to the measure Ogl for each a € F' with llallp = 1.

Proof. The proof of the first part of the Theorem can be found in [26].
Now fix a € F’ with [jal|[z = 1. We extend a = ¢; to an internal orthonormal

basis £ = (¢;)i<w of L. Choose n,m € T such that # ~ t and % ~ 7. Then
we have for each A € R,

/eka(d(._’t)—a(-,r))dé(b\lﬂ% /6)\<Bno‘5_BmO$’a>d®@F
Q

)
_ / AMBaBua) g / Aalb(-t)=b(-r) g
Q Q
Since a(b(-,t)—b(-,r)) is N'(0, t—s)-distributed, also a(o (-, t)—o (-, 7)) is N'(0,t—
s)-distributed. O
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