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Well-posedness for hyperbolic higher order
operators with finite degeneracy

By

Ferruccio COLOMBINI and Giovanni TAGLIALATELA

Abstract
We consider a class of higher order hyperbolic equations with finite
degeneracy.
We give sufficient conditions in order the Cauchy problem to be
well-posed in C* and in Gevrey classes.

1. Introduction

In this paper we consider the Cauchy problem:

(1 1) L(t7atvax)u(taz) = M(tvahax)u(taz) (t,l‘) € [_T7 T] x R®
' agu(to,:v):uj(:c), zeR” j7=0,....m—1,

where L is an homogeneous differential operator of order m:

L(t,00,0,) =07+ Y Gag.a(t)0F005

ao+|al=m

apg<m
m—1
while M = Z Mj is a differential operator of order < m — 1:
=0
Mj(t,01,02) = Y baga(t)0f°0, j=0,1,...,m—1.
ao+|a|=7

We assume that the coefficients of the principal symbol belong to C™, and
the lower order terms are continuous in t.

Let v° = 4°(R™) be the space of Gevrey functions, that is the functions
f € C*°(R™) such that for any compact K there exists Cx such that

sup |02 f(z)] < C lall*,  Va € N".
reEK
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We say that the Cauchy problem (1.1) is well-posed in C* (resp. 7°),
if for any u; € C*(R") (resp. u; € +*(R")), j = 0,...,m — 1, and any
feC([-T,T];C>*(R™)) (resp. f € C([-T,T];7*(R™))), (1.1) admits a unique
solution u € C" ([T, T];C*(R™)) (resp. u € C™ ([T, T];~v*(R™))). It is well
known that in order the Cauchy problem (1.1) to be well-posed in C* or in
Gevrey spaces, the operator L needs to be hyperbolic, that is the characteris-
tic roots 71 (t,&), ..., Tm(t,§) (the solutions in 7 of the characteristic equation:
L(t,7,&) = 0) are all real [12], [14], [15]. On the other side if L is strictly hy-
perbolic, i.e. the characteristic roots are distinct, then (1.1) is well-posed in C*
and in all Gevrey classes. But if L is weakly hyperbolic, i.e. the characteris-
tic roots may coincide, then the Cauchy problem (1.1) is well-posed in v%, for

l<d<dp = where r is the largest multiplicity of the characteristic

r—1’
roots [2]. The bound dp is in general sharp, unless one assume further con-
ditions on the principal symbol and on the lower order terms. The following

example gives a good description of the problem. Consider the operator
P(t,0;,0,) = 0? — t*(£9% +- 0, .

In [10] it is proved that the Cauchy problem for P is well-posed in C*° if,
and only if, | > K — 1; moreoverli{f l l< K — 1, the Cauchy problem for P is
2K —
K—-1-1
Another interesting example is given in [7] where they constructed a func-
tion a € C* verifying a(t) > 0 for ¢t # 0 and vanishing at infinite order in 0
such that the Cauchy problem for 92 — a(t)d? is not well-posed in C*°.

In order to control the degeneracy of the principal symbol, we assume that
it has finite degeneracy, that is its discriminant

A(t€) = [ (7t.€) — m(t,€)°

j<k

well-posed in %, for s < s¢ := and is not well-posed for s > sg.

vanishes only at finite order.

Finite degeneracy implies that the characteristic roots may coincide only
at isolated points, say t; < ... < ty and they are simple for ¢ ¢ {t1,...,tn}-
Without loss of generality, we can assume that N = 1. Indeed, choosing
to,thy ..oyt such that —T =t <t; <t) <ta<---<t,_; <t, <t, =T, we
can consider the Cauchy problem in each interval [t;;17 t;], with j =1,...,n,
so that we are reduced to the case of one multiple point (the solution on the
whole interval [T, T] can be obtained gluing together the solutions in each
interval [t} _,,t}]).

However, finite degeneracy seems still too general to handle. Indeed we
have to do a more precise assumption.

Before to state our assumptions, we introduce some notations.

Notations.  Let f(t) and g(¢) be defined in [T, T], we will write f < g
to mean that there exists a positive constant C' such that

F&) <Cgt), Vte|-T,T].
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Similarly, we will write f &~ g to mean that f < gand g < f.

Analogously, if f(¢,£) and g(t,€) are symbols defined in [-T,7T] x R",
we will write f < g (resp. f = g) to mean that there exists a positive constant
C such that

Ft < Colt6)  (resp O g(t,€) < £(1,6) < Cg(t,€))
for (¢,€) € [-T,T] x R™.
Assumption 1. There exists k1 < ko < -+ < Ky, such that:
12 IntO-mt Ol ~lt-nlvl,  H1<i<k<m.

Note that the condition (1.2) implies that 71,...,7,,—1 vanish at finite
order in ¢y, 7, may vanish at infinite order in ¢;.

Since the characteristic roots coincide only for ¢ = t;, we can find a per-
mutation 74 (resp. m_) of the indices such that:

Tri(1) S Trp2) < < Ty (my on [t1, T

(resp. T (1) S Tw_(2) < -+ < Tw_(m) on [T, 41]).

Thanks to Bronstein Lemma [1] (see also [13] and [17]), 7, (1) < T, (2) <
-++ < Tr, (m) are Lipschitz continuous on [t1,T] (resp. 7, (1) < Tr_(2) < -+ <
Tr_(m) are Lipschitz continuous on [T, #]), hence 71,72, ..., Ty are Lipschitz
continuous on [—T', T].

In [6] it is considered the Cauchy problem for an homogeneous equation,
that is M; = 0, 7 = 0,1,...,m — 1, and it is proved that if L has finite
degeneracy then the Cauchy problem (1.1) is C*° well-posed if, and only if,

(13) |Tj(t7§)| 5 |T](ta§) - Tk(ta£)| vt € [_T7 T]a Vf S Rn7

for any j, k € {1,2,...,m} with j # k.
If L has finite degeneracy, then (1.3) is equivalent to:

(14) |t - t1| |7—7/(t7£)‘ 5 |Tj(t7£) - Tk:(ta§>| vt e [_Tv TL \Vlf € Rn)

for any j,k € {1,2,...,m} with j # k. As in [5] instead of (1.4), we assume a
slightly more general condition:

Assumption 2.  There exist A,, > 0 such that:

(15) |t —tq|

T (| St &) —m(t,€)] Ve [-T,T], v¢ e R,
for any 5,k € {1,2,...,m} with j # k.

With no loss of generality, we can assume A,, < k,,—1 — 1, since, by

Bronstein Lemma, TJ,- are bounded, hence Assumption 1 implies Assumption 2

with Am = Rm—1 — 1.
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Since the characteristic roots are simple for ¢ # ¢, using implicit function

theorem to express TJ/- (t), we can see that Assumption 2 is equivalent to:

(1.6) su =t oL (6.9
| ) 0.6

teg[eﬂgﬁT]j%I:c 75, &) = (8, )| |07 L(t, 75(t,€). €)| R

and (1.6) can be expressed in terms of the coefficient of L(t, 7, &).

The Cauchy problem for homogeneous equations in Gevrey spaces under
Assumption 2 has been considered in [5] (also without the assumption of finite
K1 + 1

A,

We precise this result and extend it to non homogeneous equations, as-

suming the following condition on the lower order terms:

degeneracy), where they proved the v¢ well-posedness, for 1 < d < 1+

Assumption 3.  There exist A; >0, j =1,...,m — 1, such that:
(1.7)
|1‘L - t1|Aj ’MJ (t77—k(t7§)7§)| 5 |a:-n_]L(t7Tk(t7§)7§)’ vt € [_T7 T]? Vf € Rnu

forj=1,....m—1land k=1,2,...,5+ 1.

Remark 1.1.  Assumption 3 is equivalent to:

18)  t—tlM Mm99 S [ It —ntel,

le{1,....j+13\{k}

forj=1,...,m—1and k=1,2,...,5+ 1, hence Assumption 1 implies:

i A i
(1.9) [M; (£, 752(8,). )| S Je =07 gel?
where s; = k1 + kg + -+ + r; and [a]T is the positive part of a € R: [a]t =
max(a,0).

In fact, since
L(taTa 5) = (T - Tl(t,g)) e (T - Tm(tv'g)) ’

we have:
a:'nijL(thag) = Z (T_Tkl(tvg)) (T_Tkj(tvg)) 5
1<k <ka<---<k;j<m

and:

a:Ti]L(ta Tk (t7 5)7 f)
= Z (Tk(t’ g) = Tky (tv g)) T (Tk(t7 f) — Tk (t7 f)) .

1<k <k <---<k;<m
k¢ {k1,....k;}
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Now it’s clear that

or Lt 0.0~ [ mtO-nel,

le{1,....j+13\{k}

and we get the equivalence between Assumption 3 and (1.8).

We set
(1.10)
1
d Zmax(2+il+ﬁl+l>: 1+Hi&+ if0<Ay <k —1,
m Am7 Am m
2 .
2+A— 1fK1_1<AmS/‘€m—1—1,

+00 if min(sj_k,Aj) <m-j,

(1-11) djk = (1_ (m_j)(ﬁh‘Fl) )71
Sp+ (m —k— h)FLh - [ijk — Aj]+
if min(s;_p, Aj) >m—7,

where

(1.12) h:h(j,k):min{leN\{O} ’ sl+zszk+[sj_r/\j}+},
for1<j<m-land0<k<j—1,and

do = min(dm , min dj k ) .

1<k<j<m—1

Remark 1.2.  d,, (resp. d; ) is a decreasing function with respect to
Ay, (resp. Aj).

Remark 1.3.  Note that min(s;_x, A;) > m — j, is equivalent to
Sik+j—k>m—k+[sj_r—Aj]T,
and hence it implies h < j — k.
Then we have:

Theorem 1.1.  If Assumptions 1, 2, and 3 are satisfied, then the
Cauchy problem (1.1) is v* well-posed for any 1 < d < dy. If moreover
dp = +00, then the Cauchy problem (1.1) is also C*° well-posed.

In particular, we have:

Corollary 1.1.  If Assumptions 1, 2, and 3 are satisfied, with A; <
m—j, for j =1,2,...,m, then the Cauchy problem (1.1) is well-posed in all
Geuvrey classes and in C™.
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Remark 1.4. Assumptions 1 and 2 are not necessary, in general. In
fact, let 71,..., 7, be any real smooth functions, the Cauchy problem for the
operator

(at + Tlaa:)(at + 7—28:::) e (at + Tma:r)

is well-posed in C*° and in all Gevrey classes.
For results concerning operators with infinite degeneracy, we refer to [5],
[8], [9], [11], and the references cited there.

Example 1.1.  [10], [16]. Let
L(t, 0, 0,) = 0} — ad?
Ml (tu ah 81) = boat + bla:r
MO(ta at, az) =cC.

L is weakly hyperbolic if, and only if a > 0. Assumption 1 means that
a = |t|", for some xk > 1. Assumption 2, and 3 are equivalent to:

(1.13) ) d' ()] S a(t),
(1.14) [t b1 ()] S Va
Theorem 1.1 implies that the Cauchy problem is well-posed in v¢, for

A2+I€+1 A1+I€>
Ay A —1

1< d < dy = min (

In particular, if a(t) = t2%, and by (t) = t', then (1.13) and (1.14) hold true

WithAQZOand/hZK—l»andwegetdozK_l_l'

We discuss third order operators in Section 2.
We deduce from Theorem 1.1 the following result concerning the strong
hyperbolicity in Gevrey classes (cf. [4]):

Theorem 1.2.  If Assumption 1 is satisfied then the Cauchy problem
(1.1) is well-posed in 2, for any d < d*, where

-1
= (1 s —&-I{Z};nJr—lh)ﬁh) ’
and
(1.15) h:min{l‘ si+l=m |,
for any M (t, 0, 0,) of order < m — 1.
Example 1.2. If m = 2 then

+00 if K1 = 1 y
d* = 2/€1

K1 —

ifﬁ122.
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Example 1.3. If m = 3 (see [3]), then

1
2+ — ifr =1,

. . 3K1 K1+ 2ko Ko
d:mm(z R —1): 35
i R L ik > 2.
2/&1—
Example 1.4. If m =4, then
3 1
—+— ifr =1
2 + 2/‘&2 I Ry ’
« . 4K K1 + 3ko 3ka +2 .
d :mm( , ): if k1 =2,
31— 1 K14+ 2k —1 2Kk9 + 1
4I€1
if k1 > 3.
3k —1 mh =

Remark 1.5. A closer look to the proof of Theorem 1.1 shows that the
hypothesis (1.2) is used only for j < h* = max h(j, k), where h(j, k) is defined
in (1.12). Hence, we can drop hypothesis (1.2) for j > h*.

Similarly, we can drop hypothesis (1.2) for 7 > h in Theorem 1.2, where h

is defined in (1.15). Note that h < {%—‘, where [a] = min{p € Nja < p}.

Example 1.5. Ifx;=1,j=1,..., [m—‘, then d* = — .
2 m— 2
m meq
Example 1.6 1f 5y > | 7| then d* = "t
xample L2 |5 en RS
Remark 1.6.  Note that d* > ni . (cf. [2]).

The same technique we use to prove Theorem 1.1 can be adapted also to
operators which does not verify Assumption 1. As an example, we consider a
fourth order operator, whose characteristic roots verify the following Assump-
tion instead of Assumption 1:

Assumption 1. There exist x < £; < £y, such that:
=Tttt me—mantt, m-—math, m—mat?.
Example 1.7. If
T1=%, To2=—1, T3:t+t2, T4=—t—t2,

then L verifies Assumption 1’ (k = 1, f; = 3 = 2) and does not verify As-
sumption 1.

Example 1.8. If
m=—t, T=t, T3=2t, T4=t+1t>,

then L verifies both Assumption 1 (k1 = ke = 1, k3 = 2) and 1" (k = £; = 1,
ly =2).
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We define d,, as in (1.10), and

+00 if min(s;_p(k),Aj) <m—7j,
~ _ -1
dj = (1 N (m —j)(kn +1) )
sn(k) + (m =k —h)kn — [sj—(k) — Aj]F
if min(s;_x(k),A;) >m—j,
where
K ifth=1 1
K if h =
sp(0) =< 2k if h=2 sh(k)—{ Pl ifh—a’ if k>0.
1 =
%+ Ly ifh=3 A

Note that Jj’k is defined as d; ;, in Theorem 1.1, but in cpl'j,k the sp, depend
on k. We have:

Theorem 1.3.  Let 670 = min(d3 ,  min a?]k )
1<k<;<3

If L verifies Assumptions 1', 2, and 3, then the Cauchy problem (1.1) is
¢ well-posed for any 1 <d <djg.

If moreover dy = +oo, then the Cauchy problem (1.1) is also C* well-
posed.

Note that if £ = ¢; then Assumption 1" is equivalent to Assumption 1 with
K1 = K2, and do = do.

The plan of this paper is the following. In order to make the proof of
Theorem 1.1 more comprehensible and easier to digest, in Section 2 we state
and prove Theorem 1.1 in a special case: we consider a third order operator with
finite degeneracy verifying (1.3) (hence Assumption 2 is verified with Az = 0)
and one space variable. In Section 3, we prove some Lemmas we need to prove
Theorem 1.1; the core of the proof of Theorem 1.1 is an energy estimate and it
will take place in Section 4. We prove Theorem 1.2 in Section 5 and Theorem 1.3
in Section 6.

Acknowledgements. The authors thank Nicola Orru for some useful
discussions.

2. A special case of Theorem 1.1: third order operators

In this section we consider the third order Cauchy problem:

(2.1)

Lu = Msu + Miju+ Myu
w(0,2) =ug ue(0,2) =u;  uu(0,2) =ug.

where:

L(t,0,,0,) = 0 + 41020, + a20,0% + 30>
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Mo (t, 0y, 05) = bg0? + b10;0y + be0?
M (t,0r,0,) = co0y + €10,
My(t,0;,8,) =d.

We assume that L has finite degeneracy and it satisfies (1.3) (and hence

(1.4)).

To fix the notations, let k, ¢ be such that:
71 (t,€) = 7a(t, &) = |m1(t,€) — s(t, ) = [T €], |ma(t,€) — 7a(t, )| ~ [ [¢],

for some 1 < x < /¢ < +o0.
We assume that the lower order terms satisfy:

(2.2) oal ST (Bl ST feal S
Let

2k — A
EETA iia<k—1,

dy=<¢ r—A-1
400 ifA>k—1;
3k —n
T fo<n<k—2,
2k—n—1 REYS0sR
k+20—n . {—k
—— fr-2<9n< 2 —
K+l—m—1 ne SnSkEE k+1

dy={ 2 ifr2 "0 <yt
k—1 e n—&-l‘n ’
26+0—n
—— << (-1,
k+€—n—1 Hesm<ht
+00 ifn>k+0-1;
3 —
IR TR if u<rk-—2,

du: K—pu—2
+o00 if u>rk—2;

and
d = min(dy, dy, d,) .
Note that dy, d,, d,, are increasing with respect to A, 0, u.
We claim that the Cauchy problem (2.1) is 'yd well-posed for d < c?, and
C*° well-posed if d = +o0.
It’s easy to see that if (1.3) hold true, (2.2) implies

(2:3) [t (Mt 73,86)] S 75 — il 175 — 7l
for j,k,1 € {1,2,3}, j #k, j #1, k #1, with Ay = max([,i_ A [n+£—n]+)
and

(2.4) ™ [My (8 75,36)] S |y — 7l
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for j,k € {1,2}, j #k, with Ay = [k — p] .
Without loss of generality, we can assume
A<k-—1, n<k+l—-1, w<kK—2.

According to (1.10) and (1.12), we set:

2I€—£+A2
— if 1< Ay <
k(11 A, fl+1<Ay<kK+1,
dog=q A2t ! if1<Ay<l+1
As—1 HES G2 =ttt
+OO, 1fA2§17
26 — [k — Ao)t .
f A 1
dyy = £—1—[k—Ao]t if min(r, A2) > 1,
400, if min(k, A2) <1,
2k + A
rt if min(k, A1) > 2,
do=¢ M—2
400, if min(k,A;) <2,

and do = min(dzo, d271, dl,O)-
In order to prove that dy = d, let d'(A2) = min(ds,,d2 1); we have:
—+00 s if A2 S 1,
d'(Az) =

Ay 44
ifl1<As < 1
Ay 1 1 < 2_£+,
if k =1 and
+OO, lfAQSL
Ao+ &
if1 <Ay <
A271a 1 < Ag S K,
2K . {— K
d'(Ag) = 1 lfﬁ§A2§3—2K+17
Ay + ¢ . {— K
— < <
A, 1 if ¢ 2& 1_A2_€+2,
QK—E—FAQ .
— = i+ 2< A</
Rl 13 h, LrTEsfestEs

if K > 1.
Since d’(Az) is decreasing in Ag, we have:

d'(Ag) = min{d’([n e B NACES A n)} ,

and one easily check that d’([n - )\]+) =dyand d'(k+{—n)=d,.
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Finally, note that, since Ay = k — 11, we have di o = d,, and we get dg = d.

Applying the Fourier transform with respect to the space variable to the
equation, we obtain the following ordinary differential equation in ¢, depending
on the parameter &:

L(t7 atv Zg) v = MQ(t7 atv Zg) v+ Ml(tv atv Zg) v+ Mo(t) v,
where the symbol ™ denotes the Fourier transform with respect to z and v = u.

2.1. Estimate in the pseudodifferential zone
Let t1(£) = €] (we note 1/dy = 0, if dy = +00), for |¢| < 1 (£),

|€] > 1, we define the energy:
Ey(t,€) = W")> + 167 |0/ + [¢[* o] -
We have:
E!(t,€) = 2Re(v",v") 4 2|€]* Re(v",v") + 2 |€]* Re(v', v)
< 2|0 + 2|6 [0 | [v'] + 2 |€[* o] o]

Now,

W< VE-E, WIS VEGE, P bl < VEE),

and

2 2

|,U///| < Z‘alv// + a2v/ +a3v\ + Z|Mj(t,at7i§)11’
k=0 =0

SIEVELLE) + VE(tE) S IEWVELE) .

We get:
Ei(t,€) S €1 Ev(t,),
hence, by Gronwall Lemma;:
(2.5)  Ei(6a,€) < exp(CE] (B2 — 61)) Er(61) < exp(C €[V %) By (61),

for any —#1(£) < 01 < 02 < t1(§).

2.2. Estimate in the hyperbolic zone
Let (see [3], [6], [5], [9])
[l = lof?,
[]; = | Ly v]® + | Lo wf® + | Ly vf?,
[U]g = |Li2 U|2 + | Los ’U|2 + | Lsy ’U|2 ,
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where
L;(t, 0, i&)v =" —itjv i=1,2,3
Lk (t, 0, i8)v = 0" —i(1j + )0 — 7570 gk e{1,2,3}, j#£k.
For t1(&) < |t| < T, |£| > 1, we define the energy:

(€ 1€1° t1(€) 1¢l*
Bo(r,€) = ol + LELEL 4 HEIKEL gz
The energy F5 is equivalent to E; for ¢1(€) < |t| < T. In fact, it’s easy to
see that:
E2<t7 5) g El (ta 6) .

To prove the reversed inequality, we remark that:

Ljv—Lgv=—i(r; — 1)V,
for j, k € {1,2,3}, j # k, and
Ljv—Ljrv=—i(n —m)L;v,
for j,k,l € {1,2,3}, j £k, k#1, 1 # j, hence
o < B 6 < e e+ e

< Lol + | Ligv[ 4+ [Las vl _ o vty (1-1/a0)
M < €]

Es(t,€),

~

since 7, — 73 <71 — 73 and t > ¢;. Similarly, since v’ = L; v + itjv, we have:

Ligv|+ |Lizv
1] < [€] 1L o] + ¢ o] < Tazvl+ [Eased
|72 — T3]

2
€] + 117 [v]
< gV Byt €).
Finally, since:

v =Ljpv+itjLyv+im Ljv+ 7m0,

we have:

0" < L o] + [75] | L 0] + 7] | L 0] + 751 7] [0

< |§|(5+£)(1—1/d0) /Eg(t,f).

Now we derive the energy estimate for F5. We have:

2 2 2 2
By(0) = oyl — 2 AL 2 AEEL 5 1
4 4 4 4
26) A HORE 2 BORE, 2
2 4
< O [ols + t%(i# 8 [v]? + t%(i# 8 [v]a + %Eg(t) :
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Since v' = Ly v + imv, and 71 is real, we have:
2.7) Oiv|* = 2Re(v',v) = 2Re(Ly v + iTyv, v)
' = 2Re(Ly v,v) + 2Re(iTiv,v) < 2|Lyv||v] < [v]; [v], -
We have
O Liv =0, (v —irv) =v" —inv —irjv
=Ligv+ it + mmv —irv = Lisv +irn Lyv — irjv,

hence, since 75 is real, we have:

0| Ly v|? = 2Re(d; Ly v, Ly v) = 2Re(Lya v + it Ly v — it{v, Ly v)
= 2Re(Li2v,Ly v) — 2Re(ityv, Ly v) < [v], [v], + 2|m10] [v]; .

Liv—L
Now, since v = iu, using (1.4), we have:
T — T2
!
1
T/’UZ‘ 1 ‘vang—v ,
|1| 7_1_7_2|1 2| |t‘[]1
which gives:
1
A Luof? S oy o], + 77 W13 -

We get similar estimations for 9| Lo v|? and 8| Lz v|?, so that:

(2.8) mmsmmm+%m?

Similarly, since

O Lizv =0, (v" —i(r1 + m2)v" — T1720)

=0" —i(r + )V — v —i(r] + o) — (TiT2 + T1Ta)V

= Lv +ir3v” + m3(11 + )V — iTima3v — (7] + o)V — (7] T2 + T1T)V
= Lv+irgLigv —ir Lov —iy Ly v,
we have:
2Re(0; Lis v, Lisv)
= 2Re(L’U+i’7’3L12’U 7’L'7'{ LQ’U 7’L'TQIL1 'U,L12’U)
=2 RG(LU, L12 11) -2 Re(iT{ Lz v, L12 U) -2 Re(iTQI L1 v, L12 U)
< 2|Lv| | L1z v + 2|r{| | L2 v| | L1z v] + 2|73] [ Ly v] | L1z 0] .

Ligv —Logw
Now: Lov = iu, so that:
T — 73

!
i Lo o] < |
T —

1
Lisv —Logv| £ — [v], .
73‘\ 12 23| n [v],
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.. 12 1
Similarly we have |7] Ly v| < 0 [v]5, and we get:
2 < 1
9| Lz v[* < [Lo| [v], + il

We have similar estimations for ;| Loz v|? and 8| Ls; v|?, so that:

[l -

SN

(2.9) O [v]y S L] [v], + n

Inserting (2.7), (2.8) and (2.9) in (2.6):
Lo 8@k’

By < 1ol + 1 17+ T o g BT L
+ til(i% o], [v], + ﬁEg(t)
S 10l bl + (1+ 69 ) 7 Batt)
S (1] + My + Mo o], + I - Ea(t).

We claim that

%Eg(t), for t > t1(¢)

(2.10) Mol S e
for j = 1,2. Indeed, assuming (2.10) we have:
1

By(t) Sl o
and by Gronwall Lemma:
(2.11)

0
B5(02,6) < exp|C €[ log 52| Ex(01) S 161 exp(Ca |e]'/™) Ba(01).

for any 61,0 such that —T < 0; < 0y < —t1(§) or t1(§) < 01 < b3 < T, for
some constant C; and Cy. Combining (2.5) and (2.11), we can conclude the
proof of Theorem 1.1 by standard arguments.

Now we prove (2.10) for j = 2. A simple calculation shows that:
bov” + ibi€v' — ba&3v
= bo(Lag v +i(72 + 73)v" + Ta730) + ib1 &0 — bo&%v
= by Lag v +i(bo(72 + 73) + b1)v' + (boTaT3 — b2)v
(2.12) =bgLaszv + i(bo(Tg +73)+ bl)(Lg v+ i73v) + (bgToT3 — ba)v
= bo Loz v +i(bo(72 + 73) + b1) L3 v
— (bo(72 + 73) 4 b1) T30 + (boT2T3 — b2)V
= bo Loz v +4(bo(72 4+ 73) 4+ b1) Ly v — (bo73 + bi7s + b2)v,
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then, noting that

M. - M
bo (s + 73) + b1 = 2(773—3)_7—22(72)’

where My (1) = Mo (t,Tj(t, f),{), we get:
(2.13)

Mo ( M
’bov +ibv — b2v| < |bo| |Lag v| +‘ 2 TS) 2(72)

’|L U‘+|M2 T3 ||1}|

Estimation of |Mx(73)| |v].
We have three different estimates of |My(73)] [v].
First estimate. We have:

M K

|M2(7—3)| = |T3 7T2| ‘7_3 77_1' |7_3 TQ‘ |7_3 -7 | <

and by the definition of Fs:

|t|n+€—A2+3 1

(2.14) My (13)| o] £ —————/E2(t) .
| | el el
Liv—L
Second estimate. Since: |[v| < M, we have:
|71 — 73]
[v] My (73
|Ma(73)| [v] S [ Ma(73)| —= < |73 — 72| | ) [v],
(2.15) |71 — 73 |71 — 73|72 — 73]
: —Ap+2
I L & 0.
~T o vt
Third estimate. We have:
|U|<|L21}—L3U|< |L12’U—L23U| |L13U—L231}‘
~ |7'2*T3\ ~ |7'2*73|\T1*7'3| \72*7'3||7'1*7'2\
[U]z
~ 13— 1|3 — 72|
since |7y — 73| & |71 — T2/, hence:
| Ma(73)] 1-A, 1
2.16 Ms(73)| |v] < v]y ST — /Eo(t) .
( ) | 2 3||| |7-3_7-1HT3_T2‘[]2 ‘| |t| 2()

Now we combine the three estimates to estimate |Ma(7s)| [v]. If Ay < 1,
(2.16) for t1(§) < |t] < T gives:

|M2 T3 ||’U| = |t‘ \/EQ( )
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If 1 < Ay <€+ 2, we consider (2.15) for t1(§) < |t| < t2(€) and (2.16) for
t2(€) < |t] < T, with t(&) = |¢|” A4/ HD we have:

|t‘€—/\2+2 1 tZ7A2+2 1

W= L <
—— 2(1)

}M2(7'3)| lv| < ~ T m

Es(t)

< e[V n—(=rar)/ern) L erne a1
€l g VO ST v

for t1(&) < [t] < t2(€), and:

a1 ~
|Ma(r3)| o] < J¢' 2 0l BEy(t) <tihe m Es(t)
< (1-1/do)(Aa—1)/(e+1) 1 o) < 1/do 1 Tl
€l T VB S I VD)
Ay + 74

for t2<§) S |t| S T, if do S

Finally, if £ +2 < Ay < k+¢, we consider (2.14) for ¢1(£) < [t] < t2(§) and
(2.15) for t5(&) < |t| < T, with t5(&) = ‘§|_(1—1/d0)/(ﬁ+1):

—Apt3 kA l—Aot3
" t2 23 g
R T R— E = — /Eh(t

(1-1/do)[2— (k+£—A2+3)/(k+1)] 1 1/do 1
< — \/E t) < — v/ Es(t

| Ma(7s)| Jv] <

for t,(€) < |t] < t2(€), and

L—A242 0—Ap+2

¢ A2 g A2

2 VBt <A
oo VRO sT

(1-1/do)[1—(£—A2+2)/(k+1)] 1 1/do 1
< — / Ey(t) < — / Es(t

| Ma(73)] o] < Es(t)

K—€+A2
K—€—1+A2
My (13) — Ms(T2)

for to(&) < |t| < T, if dy <

Estimation of ’ ‘ |Ls v|. We have two different estimates of

My(73) — Ma(72) ’

T3 — T2
First estimate. We have:

73— T2

My(73) Ms(73) A

‘7'3*72‘_|3_71||73 |7'2||73| 7'|’V|t\fi “1¢l

22 =1 BT o e
-7~ ’
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which gives:

‘MQ(TQ) Ms(73)

As)
| S e
T3 — T2

and using the definition of Fs:

M. Mo ( M. M. t
’ 2(73) — M>(72) ‘\L ‘ 2(73) — Ma(m) | [t By (t)
T3 — T2 T3 — T2 t1 |€‘
(2.17) a2
~ t e Vo
Second estimate. Since:
Lol g Ravtatl o b
|71 — 72 |71 — 72
we have:
Ms(13) — Ma(72) ‘\L ‘M2(7’3) M;(72) [v],
(2.18) T3 — Ty T3 — Ty |71 — T2l
. r—As]T—rk+1 1
S T VE®

My (73) — Ma(72) ’

Now we combine the three estimates to estimate ‘
T3 — T2

If Ay <1, (2.18) gives

My (73) — Mo(72)

T3 — T2

L B

ILsv| S
‘ It\
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If Ay > 1, we consider (2.17) for ¢1(§) < |t] < t2(&) and (2.18) for ¢2(§) <

] < T, with t, = |¢| (17 1/do)/ (w41,

M M " [k—A2]T+2 1
2(73) 2(72) ILyo| < T L Es(t)
Ts— T2 131 [t]
[k—A2]T+2
t; 1
2 \/JE5(t
- t |t] 20
— —(|k— + K 1
< |£|(1 1/do)[1—([k—A2]T4+2)/(k+1)] m /Eg(t)
1
1/d
< [¢[V'® il Es(t)
for t1(€) < |t] < ta2(§), and
My(r3) — M. —Aalt =1 1
2(7’3) 2(7‘2) ‘Ld’U| 5 |t‘[n Ao]T —k+1 s Ez(t)

T3 — T2 |t|
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K— — K 1
< gl halTont By (t)

[¢]
(1=1/do)([k—As]t —r+1)/(x+1) 1
< g~ o VER(D)
1
<[61" 5 VE®
. 2k — [k — As] T

for t < |t/ <T,if dyg <
or 1a(€) < 1 < T, i dy <

Now we prove (2.10) for j = 1. We have
M (t,0,i€)v = cov’ + ic1&v = co(La v + imav) + icr&v
(219) =coLlov+ (’iCoTQ + iclf)v
=coLyv+ M (t, Tg(t, Zf), ’Lf) v
hence:
|M1(t,8t,i£)v| < |eol |Lz v| + |M1(T2)| o],

where M1 (TQ) = Ml (t, Tg(t, 15)7 Zg)
We have two different estimates of |M1 (Tg)| |v].
First estimate. Using (2.4), we have:

|M1 T2 |

| M (7, |_|71—T| ] St el
so that:
koA, ‘t|K—A1+3 1
(2.20) | My (r2) | [o] S [¢17 fe] o] S =g 77 VE2(1) -
gl el
Liv—L
Second estimate. Since |v| < ||11]72U|, we have:
T — T2
< |4~ M ‘t|2 M 1 /

We combine (2.20) and (2.21) to prove (2.10) for j = 1.
If Ay <2, (2.21) gives

’Ml T2 ’|U| ~ |11§‘ \/Eg(t) .

If Ay > 2, we consider (2.20) for t1(§) < |t| < t2(§) and (2.21) for t5(§) <

t| < T, with ty = |¢|” 79/ 5HD e have:

|t‘K_A1+3 1 tK:—Al-'r?) 1

Mi()| | S 5 o VE2(t) < 25 o
M|l S = i 2 T

V Es(t)
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_ (e 41 1
< [¢] (TR VB0 < I S VD
for t1(&) < |t] < t2(€), and

[t>~4 1 t27he

| My (72)] o] S wIel T VEs(t) < AGRT V Es(t)

(1-1/do)[1—(2—A2)/(k+1)]—1 1 1/do 1
< é — 1/ FEso(t) < — FEo(t

2/1 —|— A1
A =27
This completes the proof of Theorem 1.1, for third order operators.

for tz(f) S |t| S T, if do S

3. Some preliminary lemmas

Let
2
[v] = [v]?,
]} = L1 v]* +|Lav[* + | Lz v[?,

[v]; = |Liz v + | Lag v[* 4+ | Lay v/

2
[o] = > Lk, .k, (£ 01y i€)0)] (1<j<m)
1<k1<ka<---<kj<m
where
Lpv=v —imw k=1,2,...,m,
Lixv=v"—i(rj + 1)V — mjm0, s ke{l,2,....m}, j#k,

and, in general, Ly, .. x,(t, 0t,i&) is the operator with symbol:

Lk}1,,..,k}j<t77—)£) = H (T—iTkl(t,f)).

1=1,....

Let 0;(71,...,Tm) be the elementary symmetric function of order j:

(T, i) = E ThyThy " Thy > J =1
1<ky <hkg--<k;<m

and oo(71,...,Tm) = 1; we note also:
0i(T1s e s Ty s Tim) = E They Thy *** Th; -

1<k <kg---<k;<m
Lg{k1 k2, .k;}
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The following identities are clear:

(3.1)
0T, Ty o s Tm) F 0051 (T o T o 3 Tim)
0j(T1s ey Ti) = if1<j<m-1,
TeOm—1(T1y s Ty e ooy Tm) s if j =m,

(3.2)  Owoj(T1,.. . Tm) = ZTéJj,l(Th...,ﬁ,...,Tm), if1<j<m.
{=1

Given ki, kg,...,k; € {1,2,...,m}, with j < m and h < j, we define in a
obvious way oy, (7k,,...,7k,) and op(Tk, ..., Th;,---,Tk,;). We have identities
similar to (3.1) and (3.2). '

Remark that

J
(33) Lkl,...,kj (t, at, Zf) = Z(*Z‘)hah(’rkl, ce 7Tkj)ag_h .
h=0

We will consider also the operators L, 7 whose symbol is given by:

cskhye kg

Lkl,..‘jc\h,,..‘,kj (t77—7£) = H (T - iTkz (t7£)) )
l=l17’,£.}.1.,]

hence:

yeeey

Liv—TLov=—i(r —m)v,
and consequently:

|L1U—L2'U|<|L1U‘+|L2U|< [v],

=7l — |n-m Yln-mnl

(3.4) o] <

Similarly, we have:
L12’U — L13U = —i(Tg — T3) ]—_41’1}7
and consequently:

(3.5) Lyo| < [Lizo —Tago| _ [La2 o[ + [Ligv| o [v]y

7o — 73] |79 — 73 N =Tl
We have an analogous estimation for Lo v:

[Li2o —TLogo| _ [La2of + [Logv| o [v]y
=71l =73 Y m— Tl

(3.6) |Lav| <



Well-posedness for hyperbolic higher order operators 853

Combining (3.4), (3.5) and (3.6), we get:

v v v
(37) |’U| S [ ]2 [ }2 5 [ ]2 ,
|T177'2||’7'27T3| |’7'17T2H7'17T3| |’7'17T2H7'27T3
since |T2 7’7’3‘ 5 ‘7’1 7T3|.
More generally, we have:

Lemma 3.1.  Let l1,ls,...,l, € {1,2,...,m}, p < m —2, with l; # [,
Zfl;'é] Let khk‘g,...,kq S {172,...7’)’)1}\{117l2,...7lp} with k1 < kg < --- <
ke, q>2and p+q <m.

Then we have:

. 11\ < Mp-&-q—l
TN Ty = Tho | Ty — Ths | [ Thg oy — Thy |

(3.8) | Ly, ..

Proof. In order to simplify the notations, in this proof we will omit the
li,...,lp from the indices noting L the operator L;, . ; and noting Ly, kg
instead of L, . k,.ty,....1,-

To prove (3.8), it will be enough to prove:

P

a | _
El:l ‘Lk1,~~7klv"7kqv

(3.9) L] < :
‘Tkl - 7762| ‘Tkz - Tk3| e |qu—1 — Tkq
where Ek o is the operator with symbol
1yeeesRlyeeeyRg
Ly, (67,6 = I C-in ) [] (r—im,(t9),
h=1,....p h=1,....q
h#l
that is
p+q—1
~ . ) —~ —1-h
Ll)mj)wq(t,at,zg) = Z (—z)hoh(nl, Tl Thys s Thy - - ,qu)8f+q .
h=0

To prove (3.9), we proceed by induction on g. We consider the case g = 2.
Let k', k" € {1,2,....,m} \ {l1,ls,...,1,} with &' # k", using (3.1) and
(3.3), we have:
Lk/U — LkHU = Z(_i)hah(Tlp PN ,Tlp,Tk/)angl_hU
h=0
j+1 ‘
=Y (=i)'on(n,,- .. Ty T )0
h=0
™ |
(=) (s — T )on—1 (T1ys o1, )BT M
1

<
+

>
Il
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J
_i(Tk/ — Tk”) Z(—i)hGh(Tll, . 7Tlp)ag_h’ll

h=0

—i(Tp — o)L,

which gives:

[Liv| + |Tyrv]

(3.10) L] <
‘Tk’ — Tk”‘

Assuming (3.9) for ¢ > 2, let us prove (3.9) for ¢ + 1. Applying (3.10) to

Ly o fo, instead of L, and k' = k;, k' = kq+1, we have:

|Tkz qu+1|
[Ty = Thyssl T ] I o | PP o o
T T~ Thgg | 1Tky = Thia | ’

which gives (3.9) for ¢ + 1, since |7, — Tr, 0 | S [Tk — Thys |- O

Let Lo =1, L1 =Ly, Lo = L1, -+ £5 = Lin—jiim—j+2,.ms -+
Ly =Lpym—1,..21. Using (3.8), we have:

V| V| .
GI) Ll S Wi < v
|71 — TollT2 — 3] | — TR | e |

for any j, k such that j + &k <m — 1.
Let M(X) be a polynomial of degree j in one variable, we define:
Ao[M](Xo) = M(Xo)
_ Ao[M](Xo) — Ag[M](X1) = M(Xo) — M(Xy)

Al[M](X()?Xl) - XO _Xl = XO _ X1

Ap[M)(Xo,. .., Xp—2, Xi—1, X)
:Akq[M](Xm ey Xm0, Xim1) — A1 [M](Xo, .o, X2, Xi)
X1 — Xg

We will note simply Ay, instead of Ai[M] if there is no risk of confusion.

Proposition 3.1.  If M(X) is a polynomial of degree j, then Ax[M](Xo,
X1,...,Xk) is a symmetric polynomial of degree j — k in Xo, X1, ..., Xk.

Proof.  Since Ay, is a linear operator, it’s enough to prove the proposition
for M(X) = X7. We claim that:
(3.12)
AR[X7](Xo, X1, .., Xp) = > XPX X ifE<y.
Jotji+-+jk=i—k
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We proceed by induction. For k = 0, (3.12) is obvious, hence assuming it
for k — 1 we prove it for k. We have (indicating Ay for Ax[X™]):

_ Ap—1(Xos ooy Xp—o, Xim1) — Ap—1(Xoy -+, X2, Xi)

Ak(Xo, e ,Xk)

Xp—1 — Xp
Jk—1 Jk—1
_ on ...Xjk—2 Xk—l 7Xk
B 0 =2 X1 — Xy,
Jot-Fjr—1=j—k+1 B
_ § : jo .. yJk—2 } : i1 io
- XO Xk—2 Xk—le:
Jot-Fjr—1=j—k+1 i1tig=jr—1—1
_ E Jo Jk—2 yi1 is
- XO U Xk*Q kalxk‘ ’
ot tik_ati1tiz=j—k
and we get the (3.12). O

Note that if M(X) = a; X7 +a; 1 X'+ + a1 X + g, then:

ap ifk<j,
Ak[M](o7...,0):{0’“ o

Let M(t, 0, i) be a differential operator, considering its symbol M (¢, T, )
as a polynomial in 7 with coefficients depending on ¢, £, we can construct the
functions A;[o(M)] as before. For sake of brevity, we denote them simply by
A;[M] instead of Aj[o(M)].

If M; verifies Assumption 3 then Ay[M;] verifies similar estimations.

For example, let m = 3: Assumption 3 implies that |¢|"? |Ms(7;)| is
bounded by |7; — 7| |7; — 7|, for j # k, k # 1, 1 # j. We have:

| A [Mo](72,73)| | Ma(72) — Ma(3)]|

|7'2—7'1| B |7'2—7'3|\7’2—7'1|
| My (72)| |73 — 71] | Ms(73)]
T —nllr -l -7l -l - nl’

hence [t[*2 |A1[M2](7'2,7'3)| is bounded by |72 — 71].
In general, we have:

Lemma 3.2.  If M; verifies Assumption 3 then for any jo < j1 < --- <

Jk, we have:
(3.13)
\t|A-7

Ak[Mj](Tjov"'vTjk) S H ‘Tjo_Tl|7 0<k<y.
le{l,....i+1}\{jo.j1,---»dk }

In particular:

Si n— AT i
(3.14) ISR (G e B L A N
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Proof. We prove (3.13) by induction. For k = 0 there is nothing to prove.
Assuming (3.13) for & — 1, we prove it for k. Using the symmetry of Ay with
respect to its arguments and (1.8):

’ Ap(Tjos s+ Tjy)
Hl%{]om, 77k}(7-70 7)
_ ‘Ak 1 T]o7Tj27’ .. 7Tj1¢) - Ak?*l(TjNT]é?' . "Tjk)
(Tjo — Tj1) Hzg{jom,..,,jk}(Tjo - 7)

‘ Ak—1(Tjo> Tjas - - - i) '
(Tjo - Tj1) ng{jo,jl,,..,jk}(Tjo - Tl)

+‘ Ap1(Tjy s Tjas oo Tj) ‘
(Tjo = Tj1) Hzg{jmjl,..,,jk}(Tjo - 7)
< ‘ Ap—1(Tjor Tjar -+ o> Tji) ‘
~ Hligggo soreint (Tio = 7)
n ’ng{joajlv--vjk}(le - ) H Ak—1(Tjs Thos -+ Ti) ‘
ng{ljo,jl,.,.7ljk}(7-jo = 7) (75 — 751) Hzg{jom,..,,jk}(m =)
< ‘ Ab—1(Tjor Tjas -+ > Tjy) ‘
~ g go.daseiny (Tio = 71)
‘Hl¢{J0 Jsedk )} (71 — HAk 1 T]17T]2"' s Ti)
Hlé{Jom, e} (750 = Hl%bl Sk} (T =m) I’
and we get (3.13) by induction hypothesis. O

We use the operators £j and the Ag[M;] to have a nice decomposition of
the lower order terms M;(t, 0, i€). For example, if j =1 we have (see (2.19)):

bo’Ul + iblv = bo,cl'l) + i(bo’]'m + bl)’U
and, if j = 2 we have (see (2.12)):

— (bo72, + b1Tm + b2)v

Similarly, for j = 3:

bOUIN + ibl’U// _ bQ’U/ _ ibgv = bOACSU + Z(bO(Tm + Tm—1+ Tm*Q) + b1)£2v
(bo( Trn + TmTm—1+ T, m 1) + bl(Tm + Tm— 1) + bg)ﬁlv
—i(bory, + b17s, + baTn + bs)v

Proposition 3.2.  Let M;(t,0;,i€) be a differential operator of order j,
then we have the following decomposition:
J
(315) Mj:ZAk[M](iTj,kw..,iTj)Ek.
k=0
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Proof. We proceed by induction on j. For j = 0, (3.15) is obvious.
Assuming (3.15) for j — 1, we prove it for j. Since A;[M;] is the leading term
of M, M — A;[M]L; is of order < j — 1, hence, using induction hypothesis,
we have:

,C 72Ak t at [M],Cj](i’l’j_k,...7i7'j)£k

noting that Ay are linear and Ag[L;] =0 if k < j, we get:

MIL; = Ae[M](iTj—, ..., i75) L,

and hence the desired assertion. O

Finally, we need an estimation of the time derivatives of the Ly, . ;-
As seen in §2, we have:

0 Ly v* < 2| Lyz | [ Ly v| + 2| o] [ Ly o],
and
Oy L1z v|* < 2| Lyggv||Lizv| + 2|7]| |Lav| | Ligv| + 2 |75] | Ly v||Lig v|.
In general, we have:

Lemma 3.3.  Let k1, k2,...,k; € {1,2,...,m}, j < m—1. For any
K e{1,2,...,m}\ {k1,ko,..., k;} we have

(3.16) Ol L.k, 01* S | Lty ook k'vHLkl ..... k; V|
+Z|Tkl||Lkl Lk || Lg,,.. ks UL

Proof. We prove at first:

J
_ . ./ N
(B17) O Ly, ey v = Loy o, by 0+ 070 Ly gy 0 = § :ZTkz Lkl,...,kz,...,ka‘ v

Using (3.1) and (3.2), we have:

J
at Lkl,...,kj v = Z(—i)h(fh(TkU ey Tkj)6§+1_hv
h=0
J

i—h
E atah (Thys-o s Th; )0 0
h=0
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j+1 .
:Z(—i)hah(Tkl,...,Tkj,Tk/)ag—H_hU
h=0
J+1 _
—Z(—i)th/Uh_l(Tkl,...,Tkj)ag_‘—l_h’u
h=1
i _
—|—ZZ ) T, Ot (Ths - oy Thps -2 Th, ) 0

h=1[=1

i
_ : ; / .
= Ly ooy b ¥+ 070 Ly gy v =0y 7 P S S

Since Ty is real, we get (3.16) form (3.17):

2
O |Liy .oy v|” = 2Re (Liky koo b Vs Ly oy 0) 0

_2Re< ZTKL ky.. ks v, L;Cl) Lk ’U>
L2

< 2|Lk1,k2,.‘.,k]‘,k’ U‘ ‘Lkl,.‘.,k]‘ U’

J
+ QZ ‘Tl;z|’Lk1,...7chl,...7kj v| |Lk17...,kj v’ .

4. Energy estimates
By Fourier transform, we get the equation:
m—1
L(t,0,i&) v =Y M;(t,0,i&)v
7=0
where v = U.
4.1. Estimate in the pseudodifferential zone
—(1—1/d,
For [t < t1(&), t:(¢) = ¢~ *,
|€] > 1, we define the energy:
m—1
2(m—j—1 i
= [T
§=0
We have:
Ei(t,¢) =2 Z |£|2(m i=1) Re( D) 4 Z 2(m—j—1) [+ o))

j=0 Jj=
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< o™ [om D] 4+ 2(m — 2) |¢] By(t,€) S €] Ea(t,€),

since:
m— m—1
Z Jar €1° [0+ > | M;(t, 0, i€)v)|
k=0 =0

SEIVEL(LE) +VE(LE) S KEIVEL(E) -
By Gronwall Lemma:
(4.1)  Ei(6,€) < exp(CE] (82 — 61)) Er(61) < exp(C €]V %) E1(61),

for any —£1(§) < 61 < 0 < t1(§).

4.2. Estimate in the hyperbolic zone
For t1(§) < |t| < T, |£| > 1, we define the energy:

m—1

o= § (W

7=0
The energy Fs is equivalent to E; for ¢1(€) < |t| < T, that is:
Ei(t,€) S €M Ba(t,€),  and  Ea(t,€) S €)M Ei(t,€),

for some My, My > 0. In fact, it’s easy to see that: Es(¢,&) < Ei(t,€). To
prove the reversed inequality, thanks to Lemma 3.1, we see that:

€ ol g et < Blact _ amsympnns

|t‘37n7 tim 1

< g Ao By (8, €) .

m—1

To estimate |¢[™ 2 /|, we remark that:
€7 | = 167 | Lo v 4 immv] S JE 7 T o] 4+ 1677 o
hence it’s enough to estimate €] | Ly, v|. Using again Lemma 3.1, we have:

|§|m—2 |L ’U| S [’U]mfl < [ ] |§|(1 1/d0)s," 2 [

Sm—2 ~ 4Sm—2
|t t

v]m—l

< g ddem2 B (1 €)

In general, using Proposition 3.2, we have

J
|U(j)| < Z’Ak[Tj](Tm—k’ A ,Tm)‘ |,Ck’l}‘ )
k=0
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where, thanks to (3.12), we have:

Al )t omm)| < D0 A S PR
Jotjit+ik=j—k

hence:

J
[ T SN i VAR
k=0

Using (3.11), we have:

v v
‘f‘m_l_k 1Liv] < [J::il < [8717?};11 _ ‘£|(1—1/d0)5m—k—1 [U}m—l
|t] ty
< Jg T VB (16
Now we derive the energy estimate for E5. We have:
m—1 .
Vi ty1 (&) [§]\20m—1=1) 2
E2(t)722( ; ) 0, [v]’
7=0
m—1 .
2 t1(§) [E[\2m=1=9) 1o
—r 2 m ( t ) QF
7=0
m—1
t 2(m—1—j3) 1
S 2 ( 1(? |§|> O [Uﬁ + 0] Es(t).
j=0
Now, recalling (3.16), we get:
m—1 m—1 .
t1 £| 2(m—1—j3) tl |§| (m—1—73)
(M 2oy (MR o)1 [
7=0 7=0
B ey .
1 m=i=J
+ ( ) Z Z‘T’;LHLM, ki, k HU]] )
7=0 1<k1 < <k;<m l=1

for j=0,1...,m—1.
We claim that all the terms in the right hand side of (4.2) are estimated

1
by |§|1/d° — Fs(t), so that we have:

]

1
1/d
Ey(t) < Jg]M i

and by Gronwall Lemma:

(43) Ba(62,6) < exp|C J¢[™ 1ogz | B2(01) 5 161 exp(Ca [¢]'/™) Ex(61).
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for any 01,02 such that —T < 01 < 0y < —t1(§) or t1(§) < 61 < Oy < T, for
some constant Cy and Cy. Combining (4.1) and (4.3), we can conclude the
proof by standard arguments.

We prove that all the terms in the first sum of the right hand side of (4.2)

1
are estimated by |§|1/d0 o E5(t). We have:

t1(§) €] 2m=1=9) t1(§) €] gt/
(f) [U]j-i-l [U]j < |t| EQ(t) < |t| EQ(t)7

for j =0,1,...,m —2, and
<t1(§) |£|)2(m‘1‘-7')

; [v]41 [v]; < (0], VE2(1)

for j = m — 1. Using (3.15), we have:

m—1 m—1 j
[],, = [Lo] = [Mo| < D7 [Mv] < 0 | AM;](Tnks - 7)) | |£0]
j=0 j=0 k=0

We claim that Assumptions 1 and 3 imply:
(4.4)
1

| AR[M;) (T - - 7o) || Ca0] S [ % —

‘t| EQ(t) s for t1(§) < |t| < Ta

for0<k<j<m.
By (3.11) and the definition of Fs, we get:

|t|m—k—h—sh 1

[v]k+h
|£kv(t)| S/ I S 1 “1—F% (4
L i 1S i

E2 (t) )

for h=1,...,m—k — 1, hence, by (3.14):

‘t|[3j,k—/\j]+—$h+m—k—h 1
(45) |Ak[Mj](Tm—ka-~-a7—m)|‘£kv‘ 5 tm—l—k—h |£|m—1—j m\/Eg(t) 5
1

forh=1,...,7— k.
If min(sj_x,A;) <m —j, (4.5) with h = j — k, gives:

|t|[5j—k_Aj]+_3j—k+m—j 1

| ARIM;) (Ton—ks - - - ) || Ca0] S

V Es(t)

e
1

S I Eg(t) )
2|

since [s;_x—Aj]T—sj_r+m—j > 0and t; > \§|_dlo > || . Ifmin(s;_g, Aj) >
m — j, let h = h(j, k) be as in (1.12), we use (4.5) with h(j, k) — 1 for ¢1(§) <
[t| < t2(€) and (4.5) with h(j, k) for t2(£) < |t| < T, where

_1

t2(€) = || R AT (= B k)
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so that (noting simply h for h(j, k)):

[sj,k—Aj]+—sh,1+m—k—h+1

|Ak‘[Mj](Tm—k7'~'7Tm)||‘ckv| 5 = m—Fk—h m—1—j m EZ(t)
&y €]
1
< lgte i VE®)
for t1(&) < [t| < t2(€), and
t[;j,k—Aj]Jr—sh—Q—m—k—h 1
|ARIMG](Tmtes -5 ) [|1£k0] S 2 =15 Tt Es(t)
121 |§| ’
1
< lge i VE®)

for t2(&) < [t| < T, by the definition of dy.
Now we prove that the terms in the second sum in (4.2) are estimated by

1
|§|1/d0 I Es(t), too. Here also we have three different estimates.

First estimate. Using Assumption 2 we have:

! |T]2‘l| < I{l—Am,—l
ITkl\:mmﬁw < It €l
1
hence:
(4.6)
t1(8) €[\ =1 L) €Nk —A—1
(=) s S () T e )
|t|f€1+1—/\m
S —— — VES () .
~ t |t| 2( )
Second estimate. Let k* € {1,...,m}\ {k1,...,...,k;}, using (3.10) and
Assumption 2 we have:
(4.7)
t1(8) |§|)m‘1‘j / (&) e\, [
2ICYAN| L - < (7> B
( t |Tkl|{ kl,...,kl,...,kj U| ~ t |Tk5l‘ |Tktl — Ty
—Am
< It 0 Es(t) .

Third estimate. Using Bronstein Lemma to estimate |7, |, we get:

; m—l—j/ t m—1—j
(BN i, ool (BT g

2
gt_l
ty |t]

(4.8)
Ea(t) .
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If Ay, =0, using (4.7) for t1(§) < |t| < T, we get:

t1(§) g[ym=1=3 1
() I, o S VRO
If0 < Ay < k1 — 1, using (4.6) for t1(£) < |t| < t2(€) and (4.7) for

t2(€) < |t| < T, with ty = [¢] /1T e get:

t1(§) €]

m-1-j g1/
(4.9) ( - ) 7l Ly, 0 S

1|

VEa(t) .

If Ay, > K1 —1, we use (4.8) instead of (4.6) for t1 (&) < || < ¢2(§) and (4.7)
for t2(&) < |t| < T, with t5 = |§|_1/2(Am+1), and we get again (4.9).

5. Proof of Theorem 1.2

As remarked in the introduction, Assumption 1 implies Assumption 2 with
A, = Km_1 — 1; moreover if no condition on the lower order terms is assumed,
then Assumption 3 is satisfied with A; = s;. Hence we can apply Theorem 1.1
and it’s enough to prove that d* = d.

We have:

(m — 5)(kngr +1) )—1

din—(1—
Ik ( Sh(jk) T (m —k— h(j7 k))’%h(jJ@)

where h(j, k) defined as in (1.12).
(5.1) h(j,k)zmin{heN\{O}‘ sh—|—h2m—k}.

Since h(j, k) does not depend on j, we have d; > dy,—1, for any k, and

we will note h(k) instead of h(j, k).
—k

Note that h(j, k) < [mT—‘

We claim that dy,—1% > dm—1,0, for any k. Note that h(k) is decreasing
with respect to k, but this does not imply immediately that d;,,—; x is decreasing
with respect to k, so we have to proceed as follows.

If h(k — 1) = h(k), then clearly dp,—15-1 < dm—1,,- On the other side,
if h(k — 1) > h(k), we have:

(52) Sh(k) T h(k) =m-—k,
(5.3) h(k—1)=h(k)+1.

In fact, if (5.2) doesn’t hold, then sj() + h(k) > m — (k — 1), and, by
the definition (5.1) we have h(k — 1) < h(k), which contradicts the assumption

h(k —1) > h(k).
Using (5.2), we have:

Sh(k)+1+h(k‘)+1 = Sh(k)+lih(k)+1+h(k)+1 = m—k+l€h(k)+1+1 > m—(k—l),
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which gives h(k —1) < h(k) + 1 and hence (5.3).
Now

Sh(k—1) = Sh(k)+1 = Sh(k) T Eh(k)+1 = Sh(k) T Kh(k—1)
hence we have:

Sh(k—1) T (m —k —h(k - 1))f€h(k—1)

Kh(k—1) +1
 Su(k) + Eny1 + (m =k —h(k) = 1) kpg—1)
N KEh(k—1) T 1
—m—k—h(k),

which gives dp,—1 k-1 = dm—1,k, since, using (5.2) we have:

1 —1
dip=(1— —"—— .
Gk ( m—k—h(k:))
Hence we have:

IIliIldeC = dmfl,O =d*.
Jko
To prove that d* < d,,, it will be enough to prove that
2

Rm—1 —1 '

(5.4) <2+

It’s easy to check (5.4) for m = 2,3 (see Examples 1.2 and 1.3), so we can
assume m > 4. Since h = h(0) < [%—‘ we have m — h > 2.
If s, > 2 and m — h > 2 then clearly

(5.5) 2kp +2 < sp 4+ (m — h)kp,

which gives d* < 2, and (5.4) is obviously satisfied. On the other side, if s, = 1,
then h =1 and k1 = 1. In this case (5.5) still holds true, unless m < 3.

Hence d* = dg, and applying Theorem 1.1 we complete the proof of The-
orem 1.2. O

6. An example of operator not verifying Assumption 1

Before to give the proof of Theorem 1.3, we give a sufficient condition for
the operator L to verify Assumption 1 or 1’.

Let
AQ = (7'1 — T2)2 -+ (7'1 — T3)2 -+ (7'1 — T4)2 + (’7’2 — T3)2 + (’7’2 77’4)2 + (’7’3 77’4)2
Az = (11— 12)% (12 — 73)% (13 — 71)2 + (12 — 73)% (73 — 74)* (T4 — T2)?

+ (13— 1) (ra — 1)2 (11 — 73)2 + (u — 11)% (11 — 2)% (12 — T)?



Well-posedness for hyperbolic higher order operators 865
Ay(= ) =[] —m)?
i<k
A= (11— 1) (13— 14)* + (11 — 73)%(10 — Tu)? + (11 — T4)* (12 — 73)*

The functions As, Ag, A4 and A are symmetric polynomials of the charac-
teristic roots, hence, by Newton’s Theorem, they can be expressed as functions
of the coefficients of L.

We note that if L verifies Assumption 1, that is:

T1—T2%Lml, 7'2—7'3%#62, T3—7'4'Fb‘tn3,
with k1 < k9 < k3, then:

Az ~ t2/{1 , Ag ~ t4/{1+2/12 , A4 ~ t6/11+4n2+2/<3 A ~ t2/{1+2r@2 ,
whereas if L verifies Assumption 1’, we have:
A2 ~ t2m , Ag ~ t4n+251 , A4 ~ t8m+2€1+252 , A ~ t4m )
Hence, assuming that:
Ay = t262 , Aj = t263 , Ay~ t264 , A ~ t25 ,
we can easily see that if § > 207, then L verifies Assumption 1 with

/*61:(51, I€2:(53—2/€1, ;‘63:(54—3/*61—2/*62,
whereas if § = 201, and 63 > 361, then L verifies Assumption 1" with:
5261, 61:(53—2/’6, £2:54—4/€—€1;

finally, if 5 = 26; and 03 = 307 then L verifies both Assumptions 1 (with
K1 = kg = 01, and k3 = &4 — 5d1) and 1" (with k = ¢; = §; and fy = 64 — 567).

The proof of Theorem 1.3 is similar to that of Theorem 1.1, and it will be
enough to prove (4.4).
We have:

+o0 if min(2k + ¢2,A3) <1
min(2/~€ + 62, Ag) + 62
ds0 = 4 min(2k + fo, Ag) — 1
2I€ — 62 =+ H’lin(?li —+ 62, Ag)

Kk —flo +min(2k + o, A3) — 1
+o0 if min(k +£1,A3) <1

if 1< min(?li +£2,A3) </tly+2

if min(2/<; —+ 62, Ag) > 62 + 2

~ 61 +min(n+£1,A3)
ds,1 = min(k + €1, A3) — 1

2k — 41 + min(k + £1, A3)
k— {1 +min(k + £1,A3) — 1

if 1 <min(k+401,A3) <2+

if min(k + £1,A3) > 2+ 4
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_ +o0 if min(k,A3) <1,
dso =< min(k,A3) +x .. .
Il'liIlEK,:A:;))— if min(k,As) > 1,
_ {+OO if min(2k, Ag) < 2,
da,0 = ¢ 2k + min(2k, As) )
: i if min(2k, Ag) > 2,
min(2k, Ag) — 2 if min(2r, A2)
B {—i—oo if min(x, Ag) < 2,
da1 = { 2k + min(k, As)
’ "%/ if mi Ay) > 2
min(k, Ag) — 2 if min(r, A2) ’
_ +o0 if min(k, A1) <3,
di,0 = { 3k + min(k, A;)
' — "7 if min(x, A1) > 3.
min(k,A;) — 3 if min(r, A1)
Estimation of |M3(7y)||v|. Since:
R R P /o oy
. VS 3 2
£ 1€
Liv—L 1 "
62 sl Loy W B
|74 — 71 It |€] 2 ¢
| | < |L4’U—L1 ’U| < |L24’U—L34U| |L12U—L131}‘
~ |7'4*T1\ ~ |T4*T1\|7'2*73| |7'4*71||7'2*7'3|
(6 3) < ['Ub < |t|1_2K E (t)
. ~ 2~ 3 2 )
e lel” Tt l]
moreover:
|Log v| < |Li24 v — Lasg v| < 1 [,
[T =7l |72 = 73|~ |ma = Tl Ir2 = | [T — 7| T g2t g
|Laq v| < |Liga v — Lasq v 1 (0]
[t — 1l |m2 — 73] ~ Jra — il 2 — 73l [ — 2] e e 3
|L12 v < |L123 v — Ligq v < 1 o
[T — 71| |m2 = 73| ™ |ra = 7| Ir2 — 7|78 — Tl 7 g3mjgP P
|Lis v < |Li2s v — Liga v 1 0]
ma = 7illre — 7] ~ [ra — 7l lr2 — sl [re — 7l ™ g2mtta P
hence:
(6.4) ol S s [0l S 3 VER(D
| T g T gt Y
On the other side, by Assumption 3, we have:
| M3(74)|

(6.5)  |M3(7a)| = |72 — 71| |72 — 72| |72 — 73]
|Ta — 71| |74 — T2 |74 — 73]

2k4+-La—A3]t |13
gm[n—&-z 3] Hie
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Combining (6.1), (6.2) (6.3) and (6.4) with (6.5), we get four different

estimates of |M3(74)| |v]:

| |[2K+Z2—A3]++4 1

[ M3 (7a)| Jv] < 3 TV Ea(t)
ty It]
‘t|2m+€2+4—min(2fc+527A3) 1
(6. - - LVED
I |[25+£27A3]+71<;+3
[Ms(7a)| |v] S VE

12 [t]
‘t|n+52+37min(2m+62,/\3) 1

(6.7) 2 W
|M3(74)] |v] S 2t AT 202 VE,
~ ty It
. ) 2 minCr e As)

t ]

_ + _9._
| Ma(7a)| o] S [tPrttm sl —2nmtatd )

(69) _ ‘t|1 min(2k+£2,A3) |t| \/T

Note that if we use the estimation

|L1’U—L2’U| < |L12’U—L13U| |L12U—L231}‘

[v],

||N

instead of (6.3), we get:

| ‘K—e1+€2+2—min(2n+€2,/\3) 1
|M3(7a)| o] <

t 1t

which is weaker than (6.8) if {1 > k.
Now we combine these estimates to estimate |Msz(74)] |v].
If min(2k + ¢z, Az) <1 from (6.9), we get:

[ M(7)] Es(t) .

1
ol S —
]

Es(t) ,

|1 =72 Y m =Tl =T | = Tl — T Y R [E]2

If1 < min(2ﬂ+€2,A3) < Uy + 2, we use (68) for tl(f) < |t‘ < tg(g)

and (6.9) for t(€) < [t| < T, with ta(€) = |¢]~(1=1/do)/(tatD),
‘ |€2+27min(2n+€2,A3) 1
t 1t]

lo +2—min(2/€+£2 ,A3)
4 1

| Ms(74)] Jv| < Es(t)

< Es(t)

t It]

we have:
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< ‘é»'(1—l/go)[1—(Zg—min(2m+€2,A3)+2)/(52+1)] i

i Ey(t)

-1
< gt/ il B (t)

for t1(&) < [t] < t2(€), and:

—min(2k 1
[Ms(ra)| fo] S Jrf! Tt 7 V(1)
|t| Ve

< ‘€|(1—1/50)(min(2*€+427A3)—1)/(52+1) % X0

< t; min(2k+£2,A3)

-1
S| —

i Ey(t)

o+ _ min(2k + o, A3) + Lo
for t < <T, if < ’
or ta(§) < [t| < T, if do < min(2x + l2, Ag) — 1

If 6o +2 < min(2k + €2, A3) < K+ Lo + 3 we consider (6.7) for t1(£) < [t <
t2(€) and (6.6) for to(€) < |t| < T, with to(&) = |¢]~ 171/ d0)/(vHD): e have:

‘t|l<,+£2 +3—min(2/{+22 7A\;) 1

|Ms(74)] o] < p 7 VE(1)
t3 2]
t§+g2+3—min(2ﬁ+22,1\3) 1
< — \/ Es(t
< 7 m 2(t)
< ‘£|(1_1/d~0)[2—(m+lg—min(2n+€27A3)+3)/(H+1)] ﬁ Ey(t)
~Y t
< Jg|V/d W Es(t) ,
for ¢1(§) < |t] < t2(€), and:
‘t|Z2+27min(2H+52,A3) 1
| M ()] o] S V()
t It]
t§2+2—min(2ﬁ+227A3) 1
< — /Es(t
SE VR
< ‘€|(1—1/50)[17(ngmin(QnJrZz,A3)+2)/("5+1)] ﬁ Ey(t)
~Y t
< left/de H Es(t)

Kk — fo + min(2k + 5, Az)

for to(€) < |t| < T, if dy < ,
or ta(8) < [t < T it do < e e + g, Ag) — 1
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If min(2k + £2,A3) > K + €> + 3, we consider (6.6) for ¢1(§) < [t| < 12(€)
and (6.7) for t5(&) < |t| < T, with to(€) = |¢|~ 7Y/ d0)/(5+D): we have:

|t|2f€+€2 —min(2k+£2,A3)+4 1

|Ms(74)| o] < 7 I Es(t)
t2){+£2 min(2n-+f2,A5)+4 |
S 2 il Es(t)
< |£|(1—1/80)[3—(2n+z2—min(2m+42,A3)+4)/(n+1)] % Bal)
< JgV/ m Es (1) ,

for t1(&) < [t] < t2(€), and:

|t|n+22+3—min(2r@+fg,/\3) 1

|Ms(7a)] o] < 7 0 Es(t)
tg+22+3 min(2k+£2,A3) 1
S Es(t)
t7 [¢]
< |§|(1—1/50)[2—(m+éz—min(2n+fz2,A3)+3)/(~+1)] ﬁ Es(t)
~ t
< |g|H/ o m Ex(t) ,
oy Kk — Uy + min(2k + €2, A3)
for ¢ <[t <T,if dy < .
or t2(&) < |t] < T if do < Kk —Llo +min(2k + o, A3) — 1
Estimation of |A[Ms](73,74)||Lsv|. We have:
1t
(6.10) [Lav| S 2P Es(t)
|Liav — Loa v MQ |t|1 "
6.11 L < < Fo(t
CAD IS Tl Sl S agee VY
(6.12) Lyo| < | Lisv — Log v < |Li2av —Ligav| = |Ligav — Laga v
. \7’1—7'2| ~ \7’1—7'2||7'2—7'3\ |7'1—7'2\|7'1—7’3|
[T
(6.13) < GE Es(t) .

On the other side, by Assumption 3, we have:

M3(t3 ’ | M3(73)] Kl —Ag |12
— — < 1—433

’74—73 73 = 72l 73 = 7| |75 — 71| |73 — T2| |73 — T4 Sl €l

Ms(. Ms (T

] (1) ’7\74771||T4772\ My (7a) < T e

T4 — T3 |74 — 71| |74 — T2| |74 — T3]
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we get:
K 1— +
(6.14) | AL [M3) (3, m0)| S [t g

Combinig (6.10), (6.11), (6.13) with (6.14), we get three different estimates
of |Ay[Ms3](73,74)| [Lav|:

|t‘fc+£1+3—min(n+21,A3) 1

(6.15) |Ay [M3](73,7a)| [Lav| S 2 T 5 (t)
1
{1+2—min(k+£1,A3)
t 1
©16) 1Ml L] e VB
|t‘1—min(l~e+51,A3) 1
©17) Al ) Lol £ P VB

Now we combine these three estimates to estimate |A[Ms] (73, 74)].
If min(x + 41, As) <1, then (6.17) gives

AL M (73, 72)] [ ] < % VB .

If 1 < min(k + €1, A3) < €1 + 2, we consider (6.16) for #1(£) < [t] < t2(€)
and (6.17) for to(€) < |t| < T, with to(€) = |¢|~(A71/40)/ (64D we have:

l14+2—min(k+£1,A3) 1

ty |t]
l1+2—min(k+£1,A3) 1

S t2 - m /Eg(t)
1

7 : 1
< |§|(1*1/d0)[1*(41+2*mm(ﬁ+51,As))/(41+1)] m Es(t)

t
(A [Ma (s, 70) L o] < 12 B

-1
5|§|1/d°m

Es(t)
for t1(&) < [t] < t2(€), and:

—min(k 1
| AL [Mz] (3, 7)| Ly v] S [ 70004 B (1)

It]
1—min(k+£1,A 1
Sty (R +1,82) m Es(t)
5 |£|_(1_1/JO)(1—min(f€+117A3))/(€1+1) % Eg(t)
< 1¢|1/do 1
Sl it Ex(t)

min(k + €1, A3) + ¢4

<[t <T,ifdy < '
for t2(§) < t| < T, if dp < min(k + £1,Az) — 1
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If min(k + €1,A3) > €1 + 2, we consider (6.15) for #1(£) < [t < t2(€)
and (6.16) for t5(€) < [t| < T, with to(&) = |¢|~(171/40)/(r+D) we have:

‘t|n+€1+37min(n+él,A3) 1

|A1[M3] (73, 74)| [Lav| < 7 it Es(t)
§ t;+51+37min(n+Z1,A3) 1 G
~ ] o] ¥
< [¢] /A0 (st mmin (et 1,A8)) /(61 41)] % X0)
S WP VR .

for t1(&) < [t] < t2(€), and:

‘t|E1+2—min(n+E1,A3) 1

|A1[M3](73,74)| Ly v] S

V Es(t)

t 1t|
tgl+2—min(fc+€1,/\3) 1
< — £/ Es(t
~ t |t| 2( )
—1/dq — —min(k 1
< |§|(1 1/do)[1—(£1+2 (k+21,A3))/(L1+1)] Es(t)

Il

i 1
< lg]t e 7 VER
2K — 51 + min(ka + 61,A3)

k — {1 +min(k + £1,A3) — 1
Estimation of |As[Ms](72, 73, 74)| |L3sa v|. Since:

t
Laso] < t|—|€| VE(D

|Liga v — Loasq v

for to(€) < |t| < T, if dy <

|Laav] S S VEa(t)
|71 — 72|
and, thanks to Assumption 3:
M (T M; (T
1A [ My (75, 70)| al72) s(rs)
(T — 73)(T2 — T4) (13 = 72)(T3 — Ta)
Ms(74)

K— +
< J T el

)

(T4 — 72) (T4 — 73)
we get two different estimates of |Aq[Ms3](72, 73, 74)| |Lza v|

‘t|n+2—min(/§,A3) 1

(6.18) |Ag[M3](T2, 73, 74)| [Lzav] S i 0 Es(t)
—min(k 1
(6.19) | Ag[M3](72, 73, 74)| |[Lag v| < ¢ 7m0 — /Eo () .

It
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If min(x, Ag) <1 from (6.19), we get:
1
| Ao[Ms](72,73,74)| [Lzav| S o] Ey(t) .

If 1 < min(k,A3) < K+ 2, we consider (6.18) for t1(£) < [¢| < t2(€)
and (6.19) for t5(&) < [t| < T, with to(&) = |¢]~(171/40)/(+1). e have:

‘t|n+2—min(fc,A3) 1

|Ag[Ms](72,73,74)| [Lsav| S T Es(t)
1
tm+2—min(m,]\3) 1
<2 00— Eo(t
~ t It] 2(t)

~ . 1
< [ (1= 1/ o)1= (2 -min(s, A9) /(1) m A0

S I VD
for t1(&) < |t] < t2(€), and:

—min(k 1
| Aa[M] (72, 73, 7a) | [Lga v] < o]0 o Es(t)
—min 1
St L VE()
7 ; 1
< |11/ do)(1—min(k,As))/ (w+1) i Es(t)
71
S gt I Es(t)
min(k, Asg) + &
min(k, Az) — 1"
Estimation of |My(7y)||v|. Since:

for to(€) < |t| < T, if dy <

Mo(T rk—Ao]T
| Ma(74)] <|t|[2 2] |€‘27

|M(14)| = |74 — 71| |74 — 73] S
|Ta — 71| |72 — 73]

using (6.1)-(6.3), we have three different estimates of |Ma(74)]|v]:

|t|2m+47min(2H,A2) 1
(6.20)  [Ma(ra)|[v] S ATl iV Es(1)
1
tm+37min(2n,A2) 1
621)  [Ma(m)| ol S |Ma(r)| o <

~ T E2t7
P g VW

2—min(2k,A2)
t 1
id VE (D) .

<L
(6.22) | Ma(14)] |v] S t1 €] |t]
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Now we combine these estimates to estimate |Ma(74)||v|.
If min(2x, Ag) < 2, (6.22) for t1(§) < [t| < T gives:

1
|Ma(7a)| |v| £ I Es(t) .

If 2 < min(2k, A2) < K+ 3, we consider (6.21) for ¢1(§) < [t] < £2(€) and
(6.22) for to(€) < [t| < T, with ta(€) = |¢]~(1~Y/4)/(++D); we have:

|t|n+3—min(2m7A2) 1 t;+37min(2n,A2) 1

[Ma(ra) ol & =7 VE2(1) S o7 VE2(1)
1€l 1t 17 1¢] i
< |§|(1—1/50)[2—(/€+3—min(2n,/\2))/(K,—‘rl)]—1|i B (1)
~ t
< 1/30 1
ST o VER(H)

for t1(&) < [t] < t2(€), and:

|t|2—min(2fc,1\2) 1 2—min(2k,A2) 1

t
|Ma(74)] |v] S e ] mN T g m
< |§|(1—1/50)[1—(2—min(2,~c,A2))/(,Lg_t,_l)]_l 1 20
l
a1
< lg)t i VE:(D)

.5 _ k+min(2k, Ag)
< |t < S 1
fort2(8) <Ml =T, i do < o iy =1

If min(2r, A2) > K+ 3, we consider (6.20) for ¢1(£) < [t < t2(£) and (6.21)
for to(€) < |t| < T, with to(€) = |¢|7 171/ d0)/ (5D we have:

) |t|2n+47min(2m,A2)i ) t§ﬁ+4—min(2ﬁ,A2) 1

RIS =i @ VRO S T gy VRO
<[] (1= 1/d0) (3 (2x—min(2m,A2) +4) / (x-+1)] -1 1 X0

|t]
S I 5 VERD
for t1(§) < [t| < t2(€), and:
" § |t|m+3—min(2m,/\2)i ) t;+3—min(2n,A2) 1
(ol S =y VB S g VRO

< |€|(1—1/&0)[2—(5+3—min(2f§,A2))/(5—}-1)]—1 % Eo(t)
S IR VD

K + min(2k, Ag)

< < . s < .
fort2() <l =T, i do < Lo iy =1
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Estimation of |A;[Ms](73,74)||Lav|. Since

My (73) | M2 (73)] “A
Ta—T3| 73 = 72| |73 — To| |13 — 74| ST e
Mo(74 Mo(74 —A
Molra)| _ pry ) ALyt g,
Ty — T3 |74 — 71| |74 — T3]

we have:
PEWRES
AL [M) (73, 7a)] S 1 el
hence, using (6.10) and (6.11), we get two different estimates of |A [M3] (73, 74)|:
‘t|n+3—min(r@,A2) 1

(6.23) | A [Mo](73, 74)| |[Lav| S e T VEs(t)
1
‘t|2—min(ﬁ,A2) 1
(624) ‘Al[Mg](T37T4)| |L4 ’U‘ S t27|§| m Eg(t) .
1

Now we combine these estimates to estimate |Ma(74)] |v].
If min(k, A2) < 2, (6.24) for t1(§) < |t| < T gives:

1
[Ma(7a)| o] S il Es(t) -

If min(k, Az) > 2, we consider (6.23) for ¢1(§) < [t[ < ?2(£) and (6.24) for
t2(€) < |t| < T, with t5(&) = |¢|~1=1/40)/ (5D we have:

|t|n+3—min(n,1\2) 1

Mo(r)| o) S — \/Est
Mam)| o) S gy VB
t/{+3—min(m,/\2) 1
S VEO
tlel 1t
—1/do)[2— (k+3—min(k K a1
< |§|(1 1/do)[2—(k+3 (k,A2))/(k+1)] 1m Es(t)
< |¢|1/do 1
S [l I Es(t)

for t1(&) < [t] < t2(€), and:
|t|2—min(f@,A2) 1

tlgl Jtl

t2—min(/f,A2) 1
2 V Es(t)

~ootlel e

< [¢|(1-1/d0) (1= (2-min(s,A2)) /(4 1)) -1 % VEs(t)

[My(ra)| o] S

Es(t)

a1
< e[t/ Tl
Kk + min(k, Ag)
min(k, Ay) — 1"

Es(t)

for to(€) < |t| < T, if do <
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Estimation of |M;(ry)||v|. Since

r,A1]T
M ()] S e el

using (6.1) and (6.2), we have two different estimates of | My (74)||v|:

|t‘m+47min(n,A1) 1

gleRr
|t‘37min(H,A1) 1

ZeE g Ve

(6.25) [My(7a)| Jo] S Es(t)

(6.26) |Mi(a)] |v] S

Now we combine these estimates to estimate |Mj(74)||v|.
If min(k, A1) <3, (6.26) for 1 (&) < |t| < T gives:

My (7 o] S = VE(D)

2|

If min(x, A1) > 3, we consider (6.25) for ¢1(§) < [t[ < t2(£) and (6.26) for
ta(&) < |t| < T, with to(€) = |¢| =1/ do)/(+HD): we have:

|t|r€+4—min(f$,A1) 1
| My (1a)| [v] < I V Es(t)

r+4—min(k,Aq)

t 1
S g 5 VE(1)
glelr
—1/do)[2— (k+4—min(k K 21
< |§|(1 1/do)[2—(r+4 (r,A1))/ (r+1)] 2m Es(t)
< 1/do 1
S 1€l Tl Es(t)

for t1(&) < [t] < t2(€), and:

|t|2—min(f@,A1) 1
15272 7 V EQ(t)
e I

2—min(x,A1) 1

S T52272 7V Ea(t)
t1 €] [t]

[ My (ra)| o] S

—1/dq —(2—min(x K — 1
§|§|(1 1/do)[1—(2 (kA1) / (r+1)] 2m Es(t)
< |¢[1/do 1
S €] Tl Es(t)

3k + min(k, Aq)

< < . s < .
for t5(&) < [t| < T, if do < min(r, A;) — 3
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