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Rational homology cobordisms of Seifert fibred
rational homology three spheres
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Takayuki MUKAWA*

1. Introduction

The relation between a 3-manifold and the 4-manifolds which it bounds is
important in many aspects of low-dimensional topology. For example, under
the situation that ¥ is a Q-homology 3-sphere and ¥ — S2 is a cyclic branched
covering of degree p™ (p: prime) branched over a knot K in S3, if K is slice,
then 3 bounds a Z,-homology 4-ball.

The application of gauge theory to homology cobordisms of homology 3-
spheres was initiated by Fintushel and Stern [FS1], and has been developed
into several directions by many authors ([FS2], [F], [M], [R]). In [FS1], Fin-
tushel and Stern defined a numerical invariant for Seifert fibred Z-homology
3-spheres, and showed that if the invariant is positive, then the Seifrt fibred
Z-homology 3-sphere can not bound a positive definite 4-manifold whose 1st
homology contains no 2-torsion.

In this paper, we treat the case where the 1st homology contains 2-torsion,
in other words, Q-homology cobordisms of Seifert fibred Q-homology 3-spheres
by applying the fundamental works of Fintushel-Stern [FS1] and Donaldson
D2], [D3].

Let M3 be a Seifert fibred Q-homology 3-sphere with Seifert invariant
{0; (1, =b), (a1,51),- -+ s (n, Bn)}, where ay,...,q, are pairwise relatively
prime integers > 2. (For Seifert invariants we use the definition in [NR].) We
assign to M3 the orientation as the link of an algebraic singularity. Then, by
plumbing, M3 bounds a simply connected, negative definite 4-manifold. Define

C=0q- - an(fb + Z?:l(ﬂl/al))a and

*k k k
R(M):——?)-l-n—i-zz1 ZZcotﬂac tzé—lsm27;—l,
where oo = ay - - - ap, and ¢;cf =1 (mod o) for i =1,... ,n. (Note that ¢ > 0

and H;(M3;Z) = Z..)
Then following is our main result.
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Theorem 1.1. If R(M) > 0 and ¢/a < 4/c; (i = 1,...,n), then M3
cannot bound an oriented, compact, smooth, positive definite 4-manifold V*.
In particular, any connected sum of M3 cannot bound a Q-homology 4-ball.

Note that when M? is a Z-homology 3-sphere and H;(V*;Z) contains no
2-torsion, our theorem coincides with Fintushel-Stern’s result ([FS1, Theorem
1.1)).

On the other hand, Yu ([Y]) showed that when M?3 is a Zy-homology 3-
sphere and H;(V*;Z) contains no 2-torsion Fintushel-Stern’s result still holds,
if we add the condition ¢/a < 4/a; (i = 1,...,n) (, which corresponds to
compactness of moduli space).

Theorem 1.1 can be considered as a corollary of the following theorem
which concerns the non-existence of certain orbifolds:

Let X* be a pseudofree orbifold in the sense of [FS1]. This means that
there is a smooth, fixed point free S'-action on a smooth 5-manifold Q°, and
its orbit space Q°/S* is X*. Let Fi,...,E, be the exceptional orbits of the
Sl-action on @Q°, and let Z,, (resp. (a;;ri,s;)) be the isotropy (resp. the slice

type) of F;. (Here, we assume that ay,...,a, are pairwise relatively prime.)
FE; corresponds with a singular point of X*, whose neighbourhood is a cone
on the lens space L(a;,b;). (Here, r;s; ° = b; (mod a;).) The quotient map

Q% — @Q°/S' = X* becomes a prln(:lpal S'-bundle when it is restricted to
D(X*) = X*\ UL, int(cL(a;, b;)). Its Euler class e € H?(D(X);Z) is called a
pseudofree Euler class of X*. Define
ple) == t[{n(f); f € HX(D(X);Z), f*> = €%, f = e(mod 2),
ij(f) = x5 (e)Vi}/{v ~ —v}]
(Here, 7 : H?>(D(X);Z) — Fr H?(D(X);Z) is the projection onto the free part,
and ; : L(a;,b;) — D(X) is the inclusion (j =1,...,n).) and

ab—l

wkr; wks; wk
R(X,e) = —2¢* —3+n+ cot — cot —— sin? —.
0= IEDY o
Then, we have
Theorem 1.2.  There does not exist a pseudofree orbifold which satisfies

the following conditions:
() the intersection form on X* is negative definite,
i) Hy(D(X):R) = 0,
(iii) ¢ (Tor HQ(D(X);Z)) =0 where ¢ : ID(X) — D(X) is the inclusion,
(iv) —e? < 4/aZ (i=1,...,n),
(v) ple) =
(vi) R(X, e) > 0.
Since both theorems are proved similarly, we will prove Theorem 1.1 only.
We briefly explain the difference between Fintushel-Stern’s result and ours.
In Fintushel-Stern’s case (also Yu’s case), the number of reducible self-dual con-
nections is a priori odd by Hodge theory. On the other hand, reducible connec-
tions correspond to singular points of moduli space. By using Zs-cohomology
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class, Fintushel-Stern concluded that the number of singular points must be
even (, hence obtained a contradiction). In our case, since we allow H;(M?3;Z)
and Hy(V*;Z) to contain 2-torsion, two difficulties arise. One is that other
types of reducible connections than S' may exist. The other is that even if
reducible connections are all S', the number of them is always even. For the
former, we will show that the anti-self-duality equation is transverse enough to
exclude such reducible connections in generic situation. In order to deal with
the latter, we use integral cohomology class of moduli space ( , which was intro-
duced by Donaldson [D2]). To carry out this we explicitly calculate orientation
of moduli space by extending Donaldson’s method ([D3]) to orbifold case.

The organization of this paper is as follows. In Section 2, we assembled
basic facts about orbifolds and gauge theory. There it is proved that the num-
ber of S!-reducible connections is always even, by computing the homology of
the orbifold. This fact is not used directly, but important for our approach
as mentioned above. In Section 3, it is proved that other types of reducible
connections than S' are removed away by a generic perturbation. In Sections
4 and 5 we calculate orientation of the moduli space. Finally, in Section 6 we
prove Theorem 1.1.

The author would like to express his gratitude to Professors T. Ochiai,
K. Fukaya, M. Furuta and Dr’s Y. Hashimoto and H. Ohta for advice and
encouragement in preparing this paper.

2. Generalities

From now on, we suppose that a Seifert fibred Q-homology 3-sphere M3
with R(M) > 0 and ¢/a < 4/; (i = 1,... ,n) bounds an oriented, compact,
smooth, positive definite 4-manifold V*. By surgering out the free part of
Hy(V*;Z) we can assume that H;(V4;R) = 0.

(a) Pseudofree orbifolds

Let C denote the mapping cylinder of the Seifert fibration M — S2. Then
C is a 4-manifold with n singular points which have neighbourhood which are
cones on the lens spaces L(a;, —(ac})/a;) and the boundary of C' is M3. The
rational intersection form of C' as a rational homology manifold is definite. We
choose an orientation of C so that its intersection form is negative definite. This
orientation is compatible with that of the boundary M?3. Define the pseudofree
Sl-action on M3 x D? to be the diagonal action of the S'-action on M3 by
the action of the Seifert fibration and the S'-action on D? as multiplication of
complex numbers. The orbit space (M3 x D?)/S! is identified with the mapping
cylinder C. This S'-action on M3 x D? is compatible with the obvious S!-
action on V* x S! via the S'-equivariant diffeomorphism ¢ : 9(M3 x D?) =
M3 xSt — M3 xSt =9(V*x SY) ((z,2) — (27! -z,2)), so these actions glue
together to give the pseudofree Sl-action on Q° := (M3 x D?) U, (V* x S1),
and the orbit space Q®/S! = C Upss (—V*) =: X* can be naturally considered
as a negative definite V-manifold. (Note that this X corresponds to the one
in Theorem 1.2.)
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We compute the slice type of the S'-action on Q°. Let (ay;v;) denote the
slice type of the Sl-action on M? at the Z,,-orbit, where 3;1; = 1 (mod «).
By definition, ¢ = a(—b + Z?:l Bj/a;) and ccf =1 (mod @;), so 1 = ¢cf =
a(Bi/ai)e; (mod o). Hence, v; = (ac))/a; (mod o). The exceptional orbits
of the S'-action on Q° are naturally in one to one correspondence with those
on M3 x D?. Hence, the S'-action on Q® has n exceptional orbits with slice
type (a3 vi, 1) = (ou; (owel) /e, 1) (i =1,...,n).

Let us compute the (co-)homology of X*. Define

4. : I, i_acf
%1% C’\Ulnt<c (a, o , and

i=1 v

D(X%) = X*\ O int (CL <a Jff)) = W4 Upa (—V4).

i=1 v

By the exact sequences

- —Hy <U L (ai,*%> ;Z)HHQ(W;Z)H H, <W, UL <ai,fa:i ) ;Z)
i=1

=1

and
— Hy(M;Z) — Hy(W;Z) — Hy(W,M;Z)

I
0 7
— H(M;Z) — H(W;Z) — H(W,M;Z)

i ;
— Ho(M;Z) — Ho(W;Z) — Ho(W,M;Z) —0,
| | |
0 0 0
we see that Hy(W*;Z) = 0 and Ho(W*;Z) = Z. Hence H,(D(X*);R) = 0 and
i*(Tor H2(D(X*);Z)) = 0, where i : 9D(X*) — D(X*) is the inclusion.
By definition, the pseudofree Euler class e € H?(D(X*);Z) of X* is the

Euler class of the principal S'-bundle Q°|p(x4y — D(X?). This lies in the
image of the inclusion

H*(W,M;Z) = H*(D(X*), V% Z) — H*(D(X*); Z).
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Define the cross section s of the complex line bundle (Q®|y4) x g1 C — W4
associated to the principal S'-bundle Q°|y+ — W* as follows:
M3 x D?
51
[(z,2)] = [((z, 2), 2)]

s:W4(CC: )—>(Q5|W4)><S1(CC(M3><D2)><51(C.

Then we have

ww,az) M g, (W,L(ai,“i>;2> ~ H(CZ) = Z
«
M
‘ - 51(0) - %] -

Thus we have

H*(W,M;Z) = H*(D(X),V;Z)(=Z) C H*(D(X);Z) .

l—e

We compute the rational self-intersection number e2 € Q of e.
By the following diagrams

HY(0W,M;Z) — H*(W,0W;Z) % H*(W, M;Z) — H*(0W, M;Z) — H*(W,0W;Z)
I I I I I
0 Z Z O 1Zr, 0
l=e — Prq1
1=f — a=ae

0
c- act ack
— H2(W,0W;Z) = H? (W,U L (a;,——L |;Z) — H2 [ OW, UL | as,——L ) ;Z
(0% (0%
| I I
7 Z ZLe¢
1 — 1
1= f — C(I: f/)
— H3(W,0W;Z)

I
0

c=f'n[w,ow]
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H?>(W,M;Z) — Hom(H?*(W,M;Z),Z),

| |
Z Z

l=e — (Z>31—1€7)

we have up to sign

{eU [, W, 0W])
(e U f/,[W,0W])

(e, f N [W,0W])

QlaQ |~ R |r

Since X* is negative definite, it follows that e < 0.
Hence we have

Proposition 2.1. ¢*= —c/a.

(b) The setting for gauge theory

The quotient map Q% — Q°/S' = X* of the pseudofree S'-action on Q°
can be naturally considered as a principal S'-V-bundle. In fact, over each
L(ei, =(ac})/a)

5 . _— g3 1
Vlyommery = 52 S
! !
L <a —%) = S%/Za,,
(6

and this extends naturally to the S'-V-bundle over cL(a;, —(ac})/a)

l)4 XZ% Sl
!

DY/Z. =cL (a—£> .
«

Let L — X* be the complex line V-bundle associated to Q® — X*. L sta-
bilizes to an SO(3)-V-bundle E = L®R. Let adE be the V-bundle associated
to E by the adjoint representation (or equivalently the standard representa-
tion). Let Aut E be the fibre bundle associated to F by the conjugate ac-
tion. Choose and fix a Riemannian V-metric on X% and a smooth SO(3)-V-
connection Vg on E. Using V( and the Levi-Civita connection of X%, we take
Sobolev completion of various function spaces.
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Notations:

Cr := {L3-SO(3)-V-connections on F} = V" + L2(Q'(adE))
Gp := {L3-V-gauge transformations on E} = L3(Q"(Aut F))
Cr :={V € Cg; V is irreducible}

Ap :={V €Cg; Fy + .Fv =0 (i.e. V is anti-self-dual)}

Az = ApNCh
Bg :=Cg/GE
By :=Cr/GE
Mp = Ag/Ge
My = Ag/GE

Here and hereafter, L3 is the space of sections whose derivatives up to 3rd
order is of L? class.
The moduli space which we will consider is M g.

(c¢) Compactness of the moduli space

By Uhlenbeck’s bubble theorem [U1], [U2], [D1], ends of Mg correspond
to the “curvature concentration phenomenon.” Since pi(E) = e? = —c/a >
—4/a; (i =1,...,n), the curvature can not concentrate in the neighbourhood
of either a smooth point or a branched point [FS1], [FL].

Hence, we have

Proposition 2.2. Mg is compact.

(d) Virtual dimension of the moduli space
Consider a connection V € Ag. We then have the Atiyah-Hitchin-Singer
complex [AHS]

v

d
= Q'(B) = Q3(E) — 0

0— QO(E) —
which has cohomology groups HY, HY,, HZ .
Let us compute

—dimHY + dim Hy, — dim HE,.

For g = e(2mV=1k)/ai ¢ Zq,;, let r;(g) and s;(g) denote the rotation angles
of the action of g on D*. Then r;(g) = (2racik)/a? and s,(g) = (27k)/cu,
because the slice type of the S'-action on Q° at the Z,,-orbit is (a;; (ac)/a, 1).

Also, the rotation angle of the action of g on S! is t;(g) = (27k) /.

By Kawasaki’s index theorem over V-manifolds [K], we have

— dimHY, + dim HY, — dim HZ,

- <Ch(E®R C) <2+ nTx e(TX)> <1 - IM) ,[X]>

3 2 12
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+zn:ai > {%(—1—cot”é—g)cot@>}(3—4sm2@>.

i=1 " g€Z,g#1

Here, the first term is

o) - (1@ ¥ e(TX>)
5 3 "1
=22 2 o(x LS (o) + xg())

i=1 " g€Z,g#1

(Here, o(X) is the signature of X, x(X) is the Euler number of X, 04(X) =
cot(ri(g)/2) cot(si(g)/2), xg(X) = 1.)

= 2342 Zm > ( ot#—kl).

i=1 9€L,g#1

Thus, we have

— dimHY + dim Hy, — dim Hz,

=—2e2—3+§i:i 3 cot "9 o 319 L
2 — (e 2 2

1< 1 i(9) si(9) 2 ti(g)
- — 1 t t——=](3—-4
* 2 Z Q; Z ( 2
=1 9gEL,g#1
2 "2 N nactk  whk o o
=— -3+ +E — g cot — t — sin® —
i=1 0 k=1 i ‘
= R(M).

As in [FS1, Corollary 6.3], R(M) turns out to be an odd integer > —1.

(e) S'-reductions

Definition 2.1. We call V € Cz an S'-reducible connection when the
following equivalent conditions are satisfied. (See [FU] for the proof of equiva-
lence.)

(1) (E,V) admits a reduction of the structure group to S* C SO(3).

(2) I'v = {9 € Gr; g(V) = V} is equal to S'.

(3) V= VI @ d, where VL1 is an SO(2)-V-connection on an SO(2)-V-
bundle L; which satisfies L1 @ R = FE, and d is the exterior differentiation on
the trivial one-dimensional bundle R.

First we have a classification of topological S'-reductions of E.
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Lemma 2.1. Ly ®R is equivalent (as an SO(3)-V-bundle) to L ®R if
and only if

(i) e1(L1)? = e1(L)?,
(ii) e1(L1) = e (L )(mod 2), and
(ili) i%c1(Ly) = £ifer (L) € H?(L(oy, —(acs /a;); Z) for each j=1,...,n
(Here i; : L(ozj7 (acj)/a;) — D(X) is the inclusion.)

Define

ple) = f{r(f); f € HQ(D(X);Z),f2 =¢?, f = e(mod 2),
i (f) = xij(e)Vi}/{v ~ —v}],

where 7 : H?(D(X);Z) — Fr H?(D(X);Z) is the projection.

By Lemma 2.1, up to orientation, the number of topological S*-reductions
of E is just p(e) - |[H1(D(X);Z)|. As we remarked in Section 1, this number is
even when H;(V;Z) has 2-torsion.

We compute pu(e). By the following diagrams

HY(M;Z) — H*(W,M;Z) — H*(W;Z) — H*(M;Z) — H3(W, M;Z)
| I I | I
0 Z Z

Zc Zn—l
1 — 1
e|(W,M) =1 — c¢c= €|W
and
Z = H*(W,M:Z) = H*(D(X),V;Z) ™ H*(D(X);Z)
le | inj.
7 = H*(W;Z) C H*(W;7Z)® H*(V;7Z),
we have

HY(M;Z) — H*(D(X);Z) — H?*(W;Z)® H*(V;Z) out H?(M;7Z)

| |
0 e — (c,0) Ze

From this, it is easy to see that u(e) = 1. Geometrically, this implies that the
free part of the 1st Chern classes (in H?(D(X);Z)) of topological S'-reductions
of E is unique up to orientation.

(f) Canonical isomorphisms between determinant lines associated to
addition of instantons

First, we define determinant line bundles. For a V-bundle £ — X with
structure group SO(3) or U(N), let C¢ be the set of L3-V-connections on &,
Ge be the set of L3-V-gauge transformations ob &, and B¢ be the orbit space
Ce/Ge-
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By assigning to each A € C¢ the determinant line
A(®D4) := det(Ker® 4) ®g det(Coker ® 4)*
of the 1st order real elliptic operator
Dy = —diy ®d}: Q' (adf) — (Q° & 03 )(adf),

we obtain a real line bundle ]_[Aec§ A(®4a) — C¢. The action of G¢ on C lifts
to the determinant lines. We remark that, for any A € C¢, the action of the
isotropy group 'y on A(D 4) is trivial. Hence, the bundle HAecs A(D4) — Ce
descends to form a bundle A¢ — Bg, which we call the determinant line bundle
of gg.

Let E be a U(2)-V-bundle over X%, z be a smooth point in the V-manifold
X4, X be a small positive number, and

p:(adE), — A% T X

be an isomorphism of SO(3)-spaces. For any U(2)-V-connection A on E, we
denote by A = A’f,J a connection formed by flattening A over the annulus:

Q={yeX;MN VX <d(z,y) < MNVX}

and attaching a “flattened instanton” Jy of scale A\ according to the glueing
parameter p ([D2]). Here N and M are fixed large numbers.

A is carried by a U(2)-V-bundle E — X with

a1(E) = e1(E) € H*(D(X); Z),
es(B) = e2(E) € Q,
‘cL(ai,fu:f) o E|CL(OH’7M;) (as V-bundles) (i=1,...,n).

The following theorem is due to Donaldson [D3, Proposition (3.20)].
Theorem 2.1.  There is a “canonical” isomorphism
Jo : Aelia) = Aglig

which is well-defined up to positive constants.

3. Non-existence of O(2)-reducible connections

When there is no 2-torsion in the 1st homology of the base space, the
structure group of an SO(3)-bundle may reduce to S only. So, it suffices
to consider S'-reducible A.S.D. connections for the singularity of the moduli
space. However, in our case, since H'(D(X);Z) may contain 2-torsion, other
types of reductions may happen.

The types to be considered are the following:
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homology 1 finite cyclic | Zo ®Zy | ST | O(2) | SO(3)
group subgroup
of V of St
isotropy | SO(3) 0(2) Zo®Zy | ST | Zs 1
group or
of V St
Here,
-1
1 ,
1
-1 -1 1
Z2 D Z2 -1 5 1 ) -1 ’
1 -1 -1
(P > P eSO )}
{( ) P e SO )} {(Q 1);@60(2),det@:—1}.
Since p1(F) = ¢1(L)? = €? < 0, E is not flat. Hence, the reductions whose

holonomy group is a finite group can not exist.

The reducible connection V with holonomy group O(2) can be decomposed
as V = V1@ Ve corresponding to the splitting £ = n® € of the bundle, where 7
is a non-orientable O(2)-V-bundle and € is a non-orientable real line V-bundle.
We call such a reducible connection to be O(2)-reducible. The isotropy group
of O(2)-reducible connection is Zs. So cobordism argument would fail if Mg
had such a singularity. However, as we will show in Theorem 3.1, we can find
a generic perturbation such that no A.S.D. connection is O(2)-reducible.

Theorem 3.1.  For a generic V-metric on X%, E = L ® R has no

O(2)-reducible A.S.D. connections.
To prove Theorem 3.1, it suffices to prove Theorem 3.2.

Theorem 3.2.  Let n be a non-orientable, non-flat O(2)-V -bundle over
X*. Then, for a generic V-metric on X*, n has no irreducible A.S.D. V-
connections.

The proof of Theorem 3.2 occupies the rest of this section.
(a) Index computations

Suppose that n — X has an A.S.D. connection.

First, by the following diagram

HY(D(X):Zs) -5 Tor HX(D(X):Z) C
P | i |
HY(OD(X):Zs) -2 Tor H2(9D(X);Z)

H*(D(X);Z)
i* |
C H*(0D(X);Z),
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it is easy to see that i* H*(D(X);Zy) = 0. (Here, i : 0D(X) — D(X) is the
inclusion.) Hence, adn is trivial when restricted to 0D(X).
Using this, the index of the Atiyah-Hitchin-Singer complex

D dP
0 — Q°(adn) <= Q' (adn) — Q2 (adn) — 0
is:

— dim HY, + dim H}, — dim H?,

_ <ch((ad17) & C) (2 + pl(gX) + e(TQX)) (1 B p1(1T2X)) ’ [X]>

+Zn:ai > {% (—1—cot#cot#)}-l
_ _% {(U(X)+x(X)) —iim_l (m@m@ +1>}

+Zi > {; (1cotri2g)cotsiég))}

i=1 Y ez g1
= —(1 = b1 (X) + b3 (X))
=—1.

(b) Transversality
Notations:

X*: asin Section 2
7 : a non-orientable, non-flat O(2)-V-bundle over X*
adn : the V-bundle associated to i by the adjoint representation
C;, : the set of irreducible L3-V-connections on 7
Gy ¢ the set of L3-V-gauge transformations on 7
B;, . the orbit space C; /G,
Mety := C*(GLT(TX))
Here + means orientation-preserving. k > 4
metx = C*(End(TX))
g : abase V-metric on X*
Q%(adn)s_; : the L3_,-completion of the space of i-forms with
values in adn (i = 0,1)
Q2 (adn)s2 : the L3-completion of the space of self-dual 2-forms (with
respect to g ) with values in adn
ASD; = {(D, p) € C; x Metx; Fp is anti-self-dual with respect to p*g}
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Proposition 3.1 (cf. [FU]).  Define a map P by
P:Cyx Metx — Qi(adn)Q
(D, ¢) = p+((¢7") Fp).

(Here, py : Q% — Qi is the projection onto the self-dual part.) Then, P is
smooth and 0(€ Q2 (adn)s) is its reqular value.

Proof. Smoothness is clear.
We will prove that (6P)(p,,) is surjective.

(0P)(D.p) o TpCh@®Ty,Metx — Qi(adn)g

I
(51P)(D7¢) D (52P)(D7¢) : Ql(adn)g D metxy — Qﬁ_(adn)g

Here,
(01P)(D,y) : Q' (adn)s — Qi(adn)g,
A= pi((p7 1) dPA)
(52P)(D7¢) . metX — Qi(adn)g
r—=py((e~ ) (r*Fp))

It suffices to prove Coker(6P)(p ) = 0.
Choose and fix an element ® € Coker(dP)p,,).-
For an arbitrary A € Q!(adn)s, we have

0= [ el a).0),
:/(dDA,go*fb)wg
X
:/(AvdD*(i)@*ga
X

where dP+ is the formal adjoint of d” w.r.t. ¢*g, and ¢*® = ®.
Hence,

(3.1) dP<d =0 (point wise).

Similarly, for r € mety, we have

0= [ (™0 P 0),

- / (r"Fp, ®)p=g-
X

Hence,

(r"Fp,®)y+g =0 (point wise) for all r € metx.
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Hence, by [FU, Lemma 3.7], we have

(3.2) (Fp, ®)aan =0.

P(D, ) = 0 implies that Fpp is anti-self-dual with respect to ¢*g, so we
have

(dPdP+ 4 dP+dP)Fp = 0.

By the elliptic regularity, Fp is continuous.
Since D is not flat, there exists an open set U in X* such that

(3.3) Fp#0 on U.

Note that the fibres of adn are 1-dimensional, since the Lie algebra of O(2)
is 1-dimensional. Hence, (3.2) and (3.3) imply

(3.4) ®=0 on U.

On the other hand, the anti-self-duality of ® (with respect to ¢*g) and
(3.1) imply

(3.5) (dPdP+ + dP+dP)® = 0.
By the unique continuation theorem [A], (3.4) and (3.5) imply ® = 0.
Hence, ® = 0. Thus, we have proved Coker(0P)p,,) = 0. O

Proposition 3.2.  ASD;/G C B} x Metx is a submanifold.

Proof. This is proved just as in [FU, Theorem 3.16]. |

Proof of Theorem 3.2.

P=10) = ASD; C Cix Metxy = Q3 (adn)

l l
ASD;/G, C By x Metx
I L
Metx = MetX

Just as in the proof of [FU, Theorem 3.17], @ turns out to be a Fredholm
map. Hence, by the Sard-Smale theorem [FU], there exists a Baire subset
Met'y in Metx such that Met'yconsists of regular values of 7.

Now, we suppose that 771(¢) # ¢ for some ¢ € Met'y.

Let [(D, )] be an element of #=1(¢). Then, D is an irreducible A.S.D.
V-connection on i w.r.t. ¢*g and its Atiyah-Hitchin-Singer complex

D dP
0 — Q°%adn) L Q' (adn) — Q% (adn) — 0



Rational homology cobordisms of Seifert fibred rational homology three spheres 565

has an index equal to —1, since by Section 3 (a) we have
(3.6) —dimHY, + dim H}, — dim H%, = —1.

Since D is irreducible and the center of O(2) is Za, we have
(3.7) HY, = 0.

Just as in the proof of [FU, Theorem 3.17], we have

dim Coker (07)((p,,) = dim HZ,
dim Ker(87)((p,) = dim Hp,.

Moreover, since ¢ is a regular value of 7, we have

(3.10) dim Coker (07)((p,,) = 0.

(3.6) through (3.8) and (3.10) imply dim H}, = —1. This is a contradiction.
Hence, it is concluded that 771 () = ¢ for all ¢ € Met’.
Thus, we have proved Theorem 3.2. O

From now on, we assume that X* is equipped with a generic V-metric
which satisfies Theorem 3.1.

4. Orientability of Mg

Since the maximal exterior power AP T 905, of the tangent bundle of 9%,
is the restriction of the determinant line bundle Ag to 9%, in order to prove
that 91}, is orientable it suffices to show that Ag is trivial.

The adjoint bundle of the U(2)-V-bundle L& C is F = L ® R, and Bg is
naturally considered as the quotient space of the following action of H!(D(X);
Zg) on BL@Q :

H'(D(X); Z3) x BLgc — Brec-
(p, [VFOE]) = [VEEE @ V7]

Here V?* is the flat connection on L,, where L, is the S L_V-bundle over

X* whose 1st Chern class ¢1(L,|p(x)) is the image of p by the Bockstein
homomorphism:

B HY(D(X);Zy) — HQ(D(X);Z).

This action naturally lifts to the action on Argc — Brec, and its quotient
is Ag — Bg. Hence it suffices to prove the following two Lemmas:

Lemma 4.1. Apgc — Brec s trivial.

Lemma 4.2. H'(D(X);Z2) acts trivially on each fibre of Apec —
Broc-
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(a) The proof of Lemma 4.1

Let ¢ — X be an U(n)-V-bundle and I — X be an U(1)-V-bundle. Choose
and fix a U(1)-V-connection V'. A natural map ¢ : B — Beg ([V¢] —
[V¢ @ V!]) is then defined.

Corresponding to the bundle splitting

ad((®l)=adl ®R® (R 1%,
the operator
Dveavt = —dyigy © derceavl QN ad(C@ 1) — (@ Qi)(ad(c ©1))

splits as follows:

Ql(ad|(‘c o) =& (g Qi)H(ad(g @)

Q' (ad¢) — (2° & Q%) (ad()
2 b
Qo L ed" 00 ®02
@ @

D *
Qo) EET (e 2) (ol
It follows that

top
U Aegr = Ae ®r R ®r (A (complex vector bundle)).

Hence, for an arbitrary loop ¢ : S* — B¢, we have

(w1(Acar), t«[B]) = (w1 (tl¢ar), [¢])
= (w1(A¢), [9])-

Hence, in order to prove A — B is trivial it suffices to show A¢gi — Bea
is trivial. Hence, in order to prove Lemma 4.1, it suffices to show A g r-yemgc
— B(Ler+)emegc is trivial for a large m € Z.

Let ¢ be a smooth point in X*. We define

Guo(LoLyomac = 19 € Groremaec; 9 = id. at zo} and

E(L@L*)@meag = C(L@L*)@m@g/gwo,(L@L*)®m@£ :

The determinant line bundle is clearly defined over E( LoL-)emgc, too. In
order to prove Argr-yemgc — BLgr-)emgc is trivial, it suffices to show
Arer-yemaec — Brern+)emec is trivial.

As an auxiliary tool we introduce the following V-bundle FF — X and its
gauge group:

The bundle (L & L*)®™ @ C|p(x) — D(X) is trivializable. So, choose
and fix a trivialization of (L @& L*)®™ @ C|p(x) — D(X). We restrict it to
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OD(X) = U L(a;, —(act)/a;) and extend it to U ;cL(ay, —(acf)/a;) by
the trivialization. Thus we have a V-bundle F' — X. Define

Guoo.r ={9 € Gr; g =id. at zo},

g;o’(L@L*)@m@g = {g € Guo,(LoL-)emagc; g = id. at the cone point

of cL (ai,—aci> for 1 <i Sn},
&%)
!

o F = {g € Gz, F; g = id. at the cone point

of ¢L (ai,aci> forl1 <i< n}
Q;
Lemma 4.3.

(i) gzo,(LEBL*)®m®£/g;0,(L@L*)@m@g = H?:l Gaw

U(m) x U(m) if o #£2,

where G, = :
! U(2m) if o =2.

(i) Gag,r /Gl p = Timy SU(2m + 1),
(ili) G, (Lar-yemaec 18 homotopy equivalent to Gi .

Proof. The proof of (ii) and (iii) are easy. So, we prove (i) only.
G, 1s the set of values which a V-gauge transformation of (L & L*)®™ &
C — X can take at the cone point of cL(a;, —(ac))/c;). Hence we have

Go, ={P € SU@2m+1);P-diag (h,h™' h,h™, ... [ h,h™1 1)
= diag(h,h= ', h,h™ Y, ... Jh,h7 Y1) - P for Vh € Z4,}

~ JU(m)xU(m) if o #2,
-~ |U(@2m) if a; =2.

Here,

diag(h,h= ', h,h™t, ... h,h7h 1) =
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By the homotopy exact sequence of the fibration Cpgr«jemgec —
B(rgr+)emac, we have

(4 1) 1= T (C(L@L*)GB‘"L@Q) - WI(E(L@L*)@’"@Q) ;WO(Q(L@L*)@"L@Q)

d WO(C(L@L*)GBWL@Q) = 1.

By the homotopy exact sequence of the fibrations

G, (LoL*)&m g

0,(LOL*)®™mpC zo,F'

gﬂﬂoy(LéBL*)@mEBQ — &7 and g$07 - g )
z0,(LOL*)®mpC z0,F

we have

<g$07(L®L*)®m®C
1 R EEEEEE—

/
g —>7T0(gxo’(L€aL )GBM@(C) onte 1O (gzoy(L@L*)@m@Q)
zo,(LOL*)®m@C

=

1=n (g ) ~ ()
(4.2)
o (gfoa(L@L*)ea"L@Q) _1

gwo,(L@L*)@”"@Q

70(Gao,F)

IR |

Moreover, we have
70(Go. ) = [X*, SU(2m + 1)].
= [X*, K(Z,3)].
= H (XY Z)
= HY(D(X*);72).

(4.3)

By (4.1) through (4.3), we see that an arbitrary loop in E(L@L*)@m@g
can be represented by ¢, (t) = [(A*#,4)Jx) ® 0] (t € S') for some [y] €
HY(D(X*);Z), where A* is a V-connection on a U(2)-V-bundle over X4, ¢’
is a V-connection on a U(2m — 1)-V-bundle over X*, and p is a lift of v to
Hom(adE, A2 T* X). (See [D3])

On the other hand, A gr-)emgec — E(L@L*)@m@g is trivial over ¢, by
Theorem 2.1. _

Hence, A(LGBL*)@"L@Q — B(L@L*)®’”@£ iS trivial.

The proof of Lemma 4.1 is complete.

(b) The proof of Lemma 4.2

An orientation ax of det H'(X)®@det(H°(X)® Hi( )) is called a homol-
ogy orientation of X4. Note that since by (X) = b1(X) = 0, ax is uniquely
determined by the orientation of X%.
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Let (VE @ d) ® VP (resp. VI @ d) be a reducible connection on L & C,
compatible with a decomposition

LeC=(LeC)®L, (resp. L&C=(LaC)®C).

A homology orientation ax of X* and the complex structure of L naturally
determine an orientation o;yrgagve (L, Ly, ax) (resp. ojyraq (L, C, ax)) of
the determinant line Aracl|i(vigaeve (resp. Argc|vrga) corresponding to
(VI @ d)® VP] (resp. [VE @ d]) ([D3]).

In order to prove Lemma 4.2, it suffices to show that oyyrgq (L, C, ax)
and ovrgaeve (L, Ly, ax) assign the same orientation to the trivial bundle
Arec — Brec R

By Wu’s theorem [W], for a sufficiently large [ € N, X4 = X*41(S? x $?)
becomes an almost complex V-manifold whose almost complex structure is
compatible with the orientation of X*. (Here the connected sum is formed in
the smooth part of X*.)

Two operators

—d'edt 0 -0 el and —9"@0:0% — (9%) e’
have the same symbol under a natural identification, so there exists a canonical
isomorphism between det ind(—d* & d™) and det ind(—9* & 9). (Here (Q‘;{)(C =
Q(}( EBQ% -w, and w is the fundamental 2-form of X 4). Qgél and Q()JZ’Q are complex

vector spaces by the almost complex structure of X4 We make (Q%)C into a
complex vector space by:

(4.4) I w=-1, I-1=uw.

Then —0* @ O is complex linear. We define the homology orientation
ag of X* to be the orientation of detind(—d* & d*) induced by the complex
orientation of detind(—0* & 0).

We assume that X* = (X*\ B) U (I(S? x §?) \ Byig2y52))s Where By
and Bl‘l(sgxsz) are open 4-balls in X% and [(S? x S%). Note that L — X

(resp. L, — X) is trivial in B%. We choose and fix its trivialization, restrict it
to OB%, and extend it to 1(S? x S?) \ Bfl(szxsz)' Thus we have a line bundle
L — X (resp. L, — X).

As in the proof of Lemma 4.1, Aﬁ@g — Bi@g turns out to be trivial.

Let A(Lgc)er, (resp. Argc) be a reducible connection on L @ C which is
compatible with a decomposition

LeCx(LeC)®L, (resp. LaCx=(LaC)®C),

and is trivial over B% with respect to the trivialization fixed above. Extend
Arecyer, (resp. Arac) to 1(S? x §%) \ Bjgz, g2y trivially. Then we get a

(resp. A; ) on L & C, compatible with a

reducible connection A Lac

decomposition

(LeC)®L,

Lec~(LeC ®Ll, (resp. (L®C)®C).
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Let o4 (L, Ap,aX) (resp. A ol (L, C, ay)) be an orientation of the

(Eea@@ip]

determinant line A ﬁEB(C'[ i (resp. A tacl| A, C]) which is determined by
= =4 iec

(Leo®L,]
a g and the complex structure of L.
Then, by the excision argument ([D3, Lemma (3.26)]) we see that

(.Z/,@, CUX)

(L7 va O‘X).

OlALgc] (L,C, ax) _ O[AL@Q]
La Lpa O5X)

(4.5) (
0 .

Maeoer,] %Ateot,]

On the other hand, since ax and the complex structure of X* “unifor-
mally’ determine orientations of the determinant lines corresponding to re-

ducible connections on L ¢ C which are compatible with a decomposition
LoC=(LeC)®L, (resp. L&OC=(LaC)®C),

it follows that oyvrgaeve (L, Ly, ax) (resp. ojyrgq(L,C,ax)) and
O[A@@g)@LP](L’ L,,ax) (resp. oja, (L, C,ax)) assign the same orientation to
Arec — Brec. Hence we have

O[VL@d) (La Qv OéX) OlALgc] (L; Qv CYX)

(4.6) _ .
oviadeve] (L Lp,ax) (A ecern, (L Ly, ox)

By (4.5) and (4.6), we have

(L,C,ayx)
(ivipzaj() .

(4 7) OIVLgd] (Lv G, aX) _ O[Aﬁ@g]
ovredeve) (L Lp.ax) o,

(teeg)@ip]

We want to prove that the left hand side of (4.7) is equal to 1. We consider
the right hand side of (4.7). X A
Let I be the complex structures on Q;(E @ L) and (Qg( ® Qix)(K eL)

which are defined by the almost complex structure of X4 and (4.4). Define

_ * + . 1 7 0 2 2
DL =(1-1)D;, e, Io [(0<t<?
Aﬁ@g o ( B ) Apoe X T Apge X - 5 ’
Since ®Y 2 commutes with [ ¢, detind DY 2 inherits an orientation in-
Lec LeC
duced by I%.
In the following decomposition
1 . R
@jimg D GAReL) — (%o QiX)(K ®L)
| I |
¢ A 0,1 0,2
—0*®0 : QX — (Q%)C@QX
53] @ 53]
= 1 R 2 R
(-or®d); : QYecl — (e} ecl
5] @ 52

(0 @0 ¢ Wleckt — (e} ecl
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the complex structures defined by L and by the base space X* agree on the
second term and are opposite on the third term. Similarly, for the first term,

our homology orientation ¢ uses the same complex structure as that defined
by I¢. So the orientation of det ind Di{i@m@ﬁ defined by a ¢ and the complex
structure of L compares with the orienta‘;ionpof detind®Y 2 o defined by
I with the sign reeete

(71)ind(—5*®8)£,1 )

1/2

Similarly, the orientation of det ind ® i

defined by «a 4 and the com-

(Leg)®L,

plex structure of L compares with the orientation of det ind 3311/ 2 ~ defined
(Leo)®L,

by I with the sign
(_1)ind(_5*@5)£—1'

On the other hand, we can give detind®'/? — B toc @ trivialization by
orientations of fibres defined by 7. B
Hence, by continuity in a parameter ¢ € [0,1/2], we see that

oy (LCag) .

O[A@eagmp](Lv Ly ag)

Hence, we have proved Lemma 4.2.

Theorem 4.1. 9% is orientable.
L@R

5. Comparison of orientations at reducible connections

Let VX @ d be an S'-reducible A.S.D. V-connection on E = L @ R, where
V% is an A.S.D. V-connection on L and d is the exterior differentiation. Let
VL @ d be another reducible A.S.D. V-connection on E, compatible with a
decomposition

Ex=L oR.

Let o(L) (resp. o(L)) be an orientation of Ap|yrgq (resp. Aplyr aq)
defined by ax and the complex structure of L (resp. L').

Theorem 5.1.  The orientation which o(L) assigns to the trivial bundle
Ag — Bg and the one which o(L') assigns to Ag — Bgr compare with the sign

(71)ind(75*®5)L,1 7ind(75*@5)L,,1 .
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Proof. This is proved by a similar argument as in Section 4. So for
simplicity we assume that X* is a Kahler V-manifold.

Moreover, we assume that the homology orientation ax of X* coincides
with the orientation of det ind(—0* @ 9) : Qg(’l — (%) e ng) defined by the
complex structure of X4,

In the following decomposition

Dvigg : OkReL) — Q% e )ReL)
I | |
9 d . Qg(’l — (Qg(-)(c D Qg(’Z
D b b
(o ®d), : ecl — (9900} eclL
@ & o

(—0r @8 : %' ecLlt — (9% %) ®c L™,

the complex structures defined by L and by X* agree on the second term and
are opposite on the third term. Similarly, for the first term, our homology
orientation ax uses the same complex structure as that defined by —0* @ 0.
Hence, the orientation of Ap|jyrgq defined by the complex structure of X 4
compares with o(L) with the sign

(71)ind(75*€B5)L,1.
Similarly, the orientation of A E|[v L 3] defined by the complex structure of X*
compares with o(L’) with the sign
(_l)ind(fg* @), 1 )
On the other hand, orientations of fibres of A — Bpg defined by the

complex structure of X4 determine a trivialization of A — Bg.
Hence, o(L) and o(L') compare with the sign

(_1)ind(—5*®5)L_1 —ind(—0*®d),, 1 )
|

Now, recall that u(e) = 1. Hence, if {L; @ R}Y_, U{L;' @ R}Y_, are the
set of all topological S!-reductions of E = L ® R ( , where L = L), we may
assume that

ci(L) —ci(Ly) € Tor H*(D(X);Z) (i=1,...,v).
Then, c1(L)|L(ay,(acs)/a;) = €1(Li)|L(a;,(act)/ay), Decause
(Tor H*(D(X);Z)) =0 (j = 1,... ,n).

(Here, ¢ : 0D(X) — D(X) is the inclusion.)
Hence, by the index theorem [K], we see that

ind(*é* S é)L—l = ind(fg* S 5‘)L._1'

Thus, we have
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Theorem 5.2.  In the situation above, the orientation which o(L) as-
signs to Ap — Bg and the one which o(L;) assigns to Ag — Bg coincide
(i=1,...,v).

This is translated in terms of an orientable manifold 91}, as follows.

Theorem 5.3. We assume that the singular points Mg \ M3, of the
moduli space Mg is {[VEi @ d|}r_,, where Vi & d is an S*-reducible A.S.D.
V-connection on E, compatible with a decomposition

which satisfies
ci(L) —c1(L;) € Tor H3(D(X);Z) (i=1,...,v).

Then, we have the following:

(i) The 1st cohomology of the Atiyah-Hitchin-Singer complex (modulo the
Sl-action) associated to VL @ d is identified with a neighbourhood U; of [V @
d] in Mg, and U; \ [V @ d] is equipped with an orientation naturally induced
by the complex structure of L;. Moreover, {U; \ [V @ d|}¥_, with these ori-
entations belong to an oriented local coordinate system of M%,.

(ii) U; is the open cone on CPEM)=1/2 " If we remove these cones from
Mg, we obtain a compact manifold My whose boundary consists of v disjoint
copies of CPEM=1/2 " Then  the orientations of the boundary components
CPEM)=1)/27g which are induced by an orientation of M}, coincide.

6. Proof of Theorem 1.1

As we have shown in Sections 2 through 5, 9 g has the following properties:

(1) 95, has a natural structure of R(M)-dimensional smooth manifold,
where R(M) is a positive odd integer.

(2) Mg is compact.

(3) Singular points of 9 g correspond to the set of gauge equivalence classes
of S'-reducible A.S.D. V-connections on E, which is non-empty and finite.
Each singular points has a neighbourhood of the cone on CP(E(M)—1)/2,

(4) M}, is orientable. If we choose and fix an orientation of 9}, then
the orientations of boundary components CP(M)=1)/2’s wwhich are induced by
that of 9%, coincide.

If R(M) = 1(mod 4), this is a contradiction. For, by Tom’s theorem,

Q* ® Q = Q[CP?,CP*, CP°, ...],

where Q0 is the oriented cobordism ring.

In general, we argue as follows.

Let ¥ be an oriented closed surface in D(X). Fix a spin structure on %
and let Vi and V_ be the complex spinor bundles of +(1/2)-spinors on X.
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For any connection on A on L@ R|y, — X, we can define the twisted Dirac
operator

Dsa : D(Vy@r (LOR)[s) — T(Vo @r (L ®R)|s).

We can construct the determinant index bundle det ind Ds; — Bs;, where B3, is
the set of gauge equivalence classes of irreducible connections on L @ R|s.
Pulling this back by the restriction map r : 9}, — 55, we obtain a complex
line bundle r*(detind Dx) — 2}, which we denote as detind Dy, — IM7F;, for
simplicity.
Let {[VE @ d]}¥_, be the set of singular points of Mpg. Here V¥ ® d is
an S' reducible A.S.D. V-connection on E, compatible with a decomposition

E~L,®R.
We may assume
ci(L) —ci1(L;) € Tor HA(D(X);Z) (i=1,...,v).

Proposition 6.1 (cf. [D2, Lemma 2.28]).  When we restrict det ind Dy,
— ML, to a link CPEM=D/2 of (VL @ d], we have

cl((det indDz)|CpR(MZ)—1 ) = 2<01(Li), [ED : h,

where h € H?(CP(EM)=1)/2. 7y is the 1st Chern class of Hopf line bundle over
CP(R(M)-1)/2

Proof. Complex line bundle over CP(E(M)=1/2 are in one-to-one corre-
spondence with S'-equivariant complex line bundles over CE(M)+1)/2 wwhere
the 1st Chern class of a line bundle over CPE(M)=1)/2 corresponds to the
weight of the S'-action on the fibre 0 x C of CP(EM)+1)/2 5 ¢ — CE(M)+1)/2
over 0 € CEAM+1)/2 Qo the 1st Chern class of (detind Ds)|cpran-1y/2 —
CPE(M)=1)/2 corresponds to the weight of the S'-action on 0 x C, which is
nothing but the weight of the action of I'gr; g4 on detind Dy, gr; gy, -

Since I'yr;gq = S acts on L; with weight 1, 'y, acts on

Vier (LioR)s=Ve®c(Li® L' ®C)|x
=V ®cLi®Ve®c L' ®Ve®cCly

with weight 1, —1 and 0, respectively.
Hence, I'yz, g4 acts on

det ind Dzvai@db =detind Dy 1, ®c detind Dy, ; -1+ ®c det ind Dy,
with weight index Dy, 1, — index Dy, ; -1. By the index theorem,

index Dy, z, — index Dy, ;1 = (ch(L;) A(E), [£]) — (ch(L;HA(E), [£])
= 2(c1(Li), [E])-
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Hence, we have

cl((det indDZ)LCIP’R(MZ)_l ) = 2<01(L1'), [ED - h.

Recall that
ci(L) —ei(L;) € Tor H*(D(X);Z) (i=1,...,v).

So, if we choose ¥ to be an oriented closed surface which represents the ho-
mology class dual to ¢;(L) € H?(D(X);Z), then for each boundary component
CPEM)=1)/2 of M5 we have

cl((det ind DZ)‘CPR(J\Q)—I ) =2 h,

which is independent of the choice of boundary components.
Thus we have

R(M)—1

(ci(detind Ds) ™ 2 |yg, [09p])

R(M)—1 RO -1
2

= Z<Cl (det ind 'Dz) 2 ‘ R(M)—1, [(CP
i=1 cF ?

_ i<2 R(A;)—l hRUg)_l ’ [(CPR(A?—1]>

i=1

D

R(M)—1
2

> 0.

= U -

On the other hand, by the general theory of algebraic topology, we have

R(M)—1

AMp]) = (i*cy(detind D)~ =, 8[Mg)),

R(M)—1

(c1(detind Dyy) ™ 2

|69515’
where 7; OMp — My is the inclusion,

= (¢y(det ind Ds) ", 79[ ])
= 0’

since %0 = 0.

This is a contradiction.
Hence, we have proved Theorem 1.1.
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