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On the Berry Conjecture

By

Akio FUJII

1. Introduction

One of the most important problems proposed in  the  20 - th century seems
to be concerned with the Montgomery Conjecture [22] (cf. the subsection 3-2
b e lo w ) . The m ain point might be to get a  characterization of the distribution
of the zeros of the Riemann zeta function C ( s ) .  D yson (cf. the subsection 3-2
below ) has noticed that the  law  in the Montgomery Conjecture is exactly the
law  under w hich  th e  quantities w hich  appear in  th e  w orld  o f  physics are
d is tr ib u te d . O n  t h e  o th e r  h a n d , f ro m  t h e  s id e  o f  p h y s ic s , a  striking
conjecture has been  p roposed  to  th e  theory  of (s). I t  i s  a conjecture of
Berry's [1], with which we are concerned in th is article. T h e  m a in  purpose of
the present article  is to  g ive a  reaction to the B erry  Conjecture from the  side
of m athem atics. In fact, we shall give a  proof of his conjecture a t the level of
th e  f i r s t  approxim ation . W e  s h a ll a ls o  re a liz e  th a t  a  p a r t  o f  th e  B e r ry
Conjecture is deeply connected with the Montgomery Conjecture.

W e start w ith describing the Berry Conjecture, nam ely, (19) of p.402 of
Berry [1]. F o r  th is  pu rpose  w e  sha ll f irs t in troduce  som e  nota tions. L et
N (T ) denote th e  num ber o f the  zeros i3 - F ir  of (s) in  0 <7 . <T, 0 <13 <1,
when T *7 .  fo r any  T . W hen  T y ,  then w e put

N (T) = -12= (N ( T + 0) + N ( T ) .

Let

S (T) H -'-r a r g ( - F iT )  for 7 * 7 - ,

w here the  argum ent is  ob ta ined  by  con tinuous varia tion  along th e  straight
lines joining 2, 2 - HT, a n d  1 - H T , sta rting  w ith  th e  v a lu e  z e ro . W hen T = y,
then we put

S (T) (S (T+ 0) +S  ( T  0)).

Then the well known Riemann-von Mangoldt formula (cf. p.212 of Titchmarsh
[26]) states that
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N (T) = 1-
71,19 (T) +1+ S (T) ,

where 19(T) is the continuos function defined by

19 (T)( l o g r  i + 1 - »  - -21 Tlogrr

with

(0) =0,

F (s) being the ['-function. It is w ell know n that

T T T  ITr j . ._  1   + 7  
(y ) =  y logyr  2  8  4 8 T  5 7 6 0 r

and that

S (T) logT.

N ow  th e  B e rry  C o n je c tu re  m a y  b e  s ta te d , w ith  a  s lig h t  change of
notations, as follows.

Berry Conjecture. F o r T> To and for 0< a< TlogT, we have

1  r TV(a,T) Jo (N(B(X+1- )) — N(B (X- 1)) —a) 2clx

1 = 
Tr2 

{log (27ra) — Ci (27ra) —27ra • Si (27ca) ±7r2a —  cos (27ra) +i + c 0}

(7cri_ g p _10sin2

log-271.
r2pr +Ci(27rar.*) — log (27rar * ) —00)7r2

j, , « ) ' * r>1

say,

where p runs over the prime numbers, r runs over the integers, B (t) being the
inverse function for t>t o of the function

A (t) = 2
1-
7  (log-21-7-r —1) -F;,

r *  ( c f .  (26) of Berry [1 ]) satisfies

log2  < r * < 1 ,

bo-

we put

Ci (x)
f

:
c o

t
s t

dt
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and

Si (x)
r x s in td t

J o t

and Co is  the Euler constant.

We suppose below that r *  satisfies

log2 r * > T 'log

although it is not stated explicitly in Berry [1].
I t  m a y  b e  s t r e s s e d  th a t  the  B erry  C on jec tu re  is  c o n c e rn e d  w ith  the

number variance V (a,T) for a whole range of a.
We call

1
- - i {log (27ra) —Ci (27ra) — 27ra • Si (27ra) + n'a — cos (27ra) +1+0

the GUE part and

sin2 ( a r , )

+Ci (2rar*) — log (27rar*)
r

2

p
r

th e  arithm etic p a r t .  T h e  GUE p a r t  h a s  n o  term  conta in ing  T  explicitly,
although a may depend on T.

—
W e sha ll f irst s tudy  V (a,T ,e )  .  W e shall prove below  (cf. Theorem 1

with Remark 1 in  the  section 2) that w hen a  is small enough, namely, when
a= 0 (logT), then the GUE part dominates the arithmetic p a r t .  A n d  that when
a is  large enough, namely, when logT a<TlogT, then the GUE part and the
arithmetic part are  mixed and they produce the beautiful term

1 27ra — (log logT — (1 +i ) I).
log -

7r.2

W e  sh a ll n e x t  s tu d y  a  sim plified num ber variance, nam ely, th e  first
approximation of V (a,T) W e shall prove below (cf. Theorems 2, 2', 3, 3', 3"
a n d  4  i n  t h e  subsection 3- 3 )  t h a t  i t  i s  controled b y  t h e  s a m e  la w  as

(a,T,z- *) . In  this sense w e m ay claim  that w e prove the Berry Conjecture
at the level of the first approximation.

W e should notice here  tha t the  simplified number variance for a  shorter
a  is  connec ted  w ith  the M ontgom ery C onjecture in  tw o  w a y s , a s  w ill be
recalled in  th e  subsection 3- 2. There w e shall realize  that the Montgomery
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Conjecture is waiting us at the critical point, indeed.
W e  s h a ll a ls o  tu rn  o u r  attentions t o  a  d iscre te  version  o f the  B erry

C onjecture . It is inevitable  to  consider our problem  also  in  th is  situation if
one w ants to  try  to  understand  the  hidden p a rt o f  th e  unknow n story about
t h e  d i s t r i b u t i o n  o f  t h e  z e r o s  of (s). M oreover, m any  num erica l
computations (cf. the  subsection 4-2  below, fo r example,) aw ait a  theoretical
explanation in this context.

Furtherm ore, by  applying the  techniques u se d  in  th e  analysis for the
discrete number variance, we shall show (cf. Theorem 6' in the section 5) that
we can obtain the f irs t main term  fo r V (a,T) in the range 1 <a < T 1

-
17 w ith  a

positive c o n s ta n t  __-ç_r) <1, which coincides certainly with the  f irs t main term
o f th e  B erry  C on jec tu re . T he  num ber variance  V (a ,T ) f o r  a  sho rte r a  is
connected with th e  modified version of the M ontgom ery C onjecture (cf. the
section 5 below.)

As have been already noticed above, numerical computations related with
these problem s have been presented by m any m athem aticians, fo r  example,
Odlyzko [23] and van de L une, H. J. J. te  Riele and  D . T . W inter [ 1 9 ] .  The
la tte r w ill be recalled in  th e  subsection 4 - 2 .  Numerical computations of the
num ber variance b y  Odlyzko [23] w ill be  reproduced  in  th e  theorem s (cf.
Theorems 2', 3, 3 ', 3" and 4  in  th e  subsection 3 -3 )  and  ,  a s  a  resu lt, in the
theoretical graphs (cf. the section 6 below.)

A l l  o f  o u r  r e s u l t s  i n  t h i s  a r t ic le  a n d  th e  num erica l computations
mentioned above might perm it us to  say  th a t the distribution of the zeros of
C(s) may be controled by the eigen - values of the Gaussian Unitary Ensembles
(GUE) as fa r as the  problem  is local within the magnitude of 0 < a= o (logT)
A n d  th a t  a s  a  t r ia l  o f  th e  unification of the  loca l aspec ts and  the  g loba l
aspects, the Berry Conjecture has been proposed.

F in a lly , w e  n o tic e  t h a t  i n  so m e  s itu a t io n s  (c f . so m e  p a r ts  o f  th e
subsection 3-2 and the section 4), it is sim pler to use N + (T) in stead of N (T) ,

where we put

N + (T) = -1.
o<r sT

The Riemann - von Mangoldt formula for N+ (T ) becomes

N± (T) = 7r
1  (T ) +1+  S + (T) ,

where S + (T) = argC iT )  a s  above when T y  a n d  S + (T) = S (T + 0)

when T y .
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2. The evaluation of the right hand side 17(a,T,z - *) of the Berry's
formula

W e sha ll f irst try  to check how t (a,T ,r * )  in the Berry's formula looks
like. W e  s h a l l  g i v e  the d e ta ils  of the p ro o f  as m u c h  as possible, for
com pleteness. F irst of all

sin2 (rat— g P -1° sin2 (ira- l c2 gPf, )

2 r2pr

log — 1 _, plog r
+ 2

T _
( —

T
2pr<( t )'*.r 1 p < ( -2 7 , 1'"

lo T  )sin2 (rar- - 8 P -

logy7
-
r

r2pr

 

When 0 < a< logT, then the first term  is, by the Stieltjes integral,

E
1—cos (moo) 

1 — cos (hlog Y) __ E ,o g p1 — cos (hlogt) I
tlogt

' (Elogp) ( ) 'cltYlog Y 2

_ 1— co s (hlogY)  ( y + R  (11) rYt (1 —  cos (hlogt)  ' ,dt
YlogY J2 tlogt 

— J
 Y

R  ( t )  (
1—  cos (hlogt) )'dt2 tlogt

f :   1 — cos (hlogt) 
 d t - F R  (Y )

1—  cos (hlogY)  + 1 — cos (hlog2) 
tlogt Ylog Y log2

12 Y
 t

R

210

( t

g

)

t s in  (h logt) d t  +  
1

.
2Y   R  (t) — h (1 cos (Itlogt) ) (logt + 1)d t

t2log2t
2 7 r a lo 2) + R ( I l l—

 cos (hlogY)  + 1— cos (h log2) =Cin (27t-a r * ) — Cin (
T

 log2) log2log- 2- 1-T

R ( t)   (1 cos (hlogt) ) (logt+ 1)dt— h  
f  

Y  R

,, ( t )  sin (hlogt) dt+ f  y
J  2 r log t 2  t2log2t

2raT   l o g 2 )=log (27rar*) +G — Ci (27raz * ) — Cin (
log

+R (Y)

E

1—  cos (hlogY) 1 — cos (hlog2) +
Y   R (t)  sin

l o g 2
R (t) — h sin (hlogt) d t ± r „ ( 1 cos (hlogt) ) (logt+ 1)dt.f2  t 2logt 2  rlog`t

where we put Cin (x) = fox l - r s t dt, h = 27- (-2T77) r *  and

R (t) = Elogp —  t.
p  t
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Thus we get

117(a,T z-
* ) = — {log (2ra) —Ci (27ra) — 27ra. Si (27ra) +7r2a— cos (27ra) -l-1 +C0 }

i r 2

sin2 T

+ 1 { 1  E l ° g 2 i  Cin ( 2 7 r a  log2)
r2jor log 2 z

± R  y)  1 — cos (hlogY) 
 +  

1 —cos (hlog2)
 h  F R (t) 

YlogY log2 2  t2 logt sin 
(hlogt)dt

Y  R  (t) (1 cos (hlogt) ) (logt +1)dtl.
t2 log2t

When a satisfies further as T— >0 0 , then we see immediately, using
the prime number theorem

E,ogp= t +0 (t exp ( — A llog t)),

that

1(a,T,T*) = - -
2
flog (27ra) —Ci (271-a) — 27ra • Si (27ra)

7.r. 

+7c2 a–cos (27ra) +1 +C o +o (1) ),

because

sin2 (zar* ,  )
1E I rl°8 27r. 2  a  

{2 log2)
7 2 ( r2pr lo g --p'< (-27r 1r*? _>2 27r

\  1—cos (h lo g )1 — cos (hlog2) h rYR  (t) 
+ 1 ' YlogY log2 , sin (hlogt)dt

J 2 rlogt

Y R  (6  ( 1  cos (hlogt)) (logt+ 1)dt} =o (1),
t zio g 2t

as T—>0 0 . Here we notice that we always denote in th is  article some positive
constants by A.

When

logT< a< logT,

then the expression of V (a,T,z-*) given above implies that

1V  (a,T ,e )  =-
1

log (27ra) + 0 (1 ) - j l o g lo g T  + 0  (1 ),
Tr
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because

17r2 a —271-a • Si (2ra) = cos (2 a) +0 (—
a

)

and

ci (227a) ( a
l

) .

We suppose next that

l o g T  
>1

and moreover, —IZ T  is sufficiently large. Then

sin2 ( a )
lo g yr E i _cos (hlogp)  + 0 (1 )

r 2pr
p•<(—2rr

_  1 (Ep)  +  0  ( 1 )  .
p5I p<YP + 2 1 1

We see as in  p.220 of Gallagher and Mueller [12] that

2

h
=

E 4,1+6
 E

1  ,

,h 1+ih E ,h1+5-1-ih)
p<YY 1,<Y-r

E 1 +0 (1) =logC(1+5+ih) + O M ,
p  pi+6+111

where we put

Since

we get

=log logY+0 (1),

E
l— c o s  ( h l o g p )

 l o g  logY logiC (1 + 1
l o g ) 7 

+ih)1+0 (1)

Hence, we get
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sin2(n-ar logPT )
log9

‘-'11- = log log ( 2
7
71.' ) —logi C (1+ 1

 T  + ih ) I +0 (1)
r * log-27r

-= logz-*+log log-2-ïr —logiC (1+ 1 +ih)I+ 0 (1)
r * log -27.-r

Thus we get

17 (a,T ,r*)= -1---  {log (27a) —Ci (27ra) —27ra • Si (27ra)
7r̀

,r, l

+7r2a —  cos (2rca) +1+C 0 }
T+ —

1

flogr' * + log log-y r — logic (1+ 1 +ih )
71.2

r * '1

+Ci (27rar * ) — log (27rar*) — Co+ 0 (1)1 .

This implies that

1 1 17(a,T,z-*) = flog —logIC (1+ 7,
ar*

+ ih)l) + 0 ( 1   ) + 0 (1)
r*log r2

= -1 flog logT—logI 1C (1+ + ih )  +0 (1)).
7r2 r*logc

Since when logT< a< logT, we have

logIC (1+ 1* T
 +ih ) O(1),

r logy7i

we get the following as a  conclusion.

Theorem 1. Suppose that T> To and r*  < 1 . Then we have

(a,T ,1- *) =

— flog (27ra) —Ci (27ra) —2a  • Si (27-ca ) + e a — cos (27ra) + 1 + Co + o (1))

27ra+ i )1+0 (1)}
log* T Tr lo

logT< a< Tif

g r

logT.

2
r 2p r

Remark 1. Theorem  1 can  be  sim plified  a  lit t le  bit. W e  suppose
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that 1 < h < T . By p.135 of Titchmarsh [26] , we get

lo g  ( 1 +
Y ±i4) 

— lo g C  (1  + i h
l o g

(logh) I • (log lo g h ) 
 <  

(logT) (log lo g T ) = f 1+1-1 Y -c(u+ ih )da‹ logY logY

Hence we get

logIC (1 + 10
1
g  y  +ih)1= logIC (1 +ih )1+0 (1)

if

Thus under the condition

we get

( log logT ) I < 7 .* .
logT

( log logT ) I < z _* < i ,
logT

V (a T ,z-* )
1

—

7 2  
{log (27ca) — Ci (27ra) — 27ra. Si (27ra) +7 2 a— cos (27ra) + 1 + Co +o (1))

if 0 < a= 0 (logT)

—1 Hog logT — lo g l (1 + i 27r7, 1+0(1))
7c2

log 27.r

if logT < a< TlogT.

W e understand from the above argument that when 0 < a < logT, then we need
only such condition as log

T
2z - * < 1.

Remark 2. By p.135 of Titchmarsh [26] , we know that for t> to
1 

(1 + i t )  < (logt) (lo g  1og 1)1-

and

(1 +it) < (logt)1.

Hence for t> to , we get

2 1logl (1 +it) I 1ogt+-3-1og log logt+logA <log  logt — A.

If we assume the Riemann hypothesis, then it is well-known (cf. Theorem 14.9
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of Titchmarsh [26]) that for t>to

logl (1+it)I<log log logt.

3. The evaluation of a simplified number variance

3 -1 . A  simplified number variance. In  th e  prev ious section, we
have seen w hat the Berry Conjecture c la im s . In  the  present section and the
sec tion  5 , w e  s h a ll  s e e  w h a t  w e  c a n  p r o v e  w ith  re sp e c t t o  the  B erry
Conjecture.

W e start with noticing that

V (a,T) = (s — S --1)))2dx-i- 0 (11T ),

since

N (T )=  2
T T

n. 2
T

7r
+  

8
7

( T1 ) + S ( T )

a s  is m entioned in  th e  in tro d u c tio n . W e  have not touched th e  last integral
directly. H ow ever, w e have given much study on the mean value

fo
27ra (S (t+ T  )  S (t)) 2 dt,

lo-

which can be considered as the  f irs t approximation of the  last integral and is
called a  simplified number variance in th is a r t ic le .  W e notice only that when
we put t -=- B (x) ,

B(x+a)—t+ 27ra
t .

l o g 2Tr

Moreover, we have mainly given much study for a shorter

27ra 
T •

l o g -27r

In this section, we shall evaluate the mean value

( s  (t +  2  a 7r
7 , ) S (t) ) 2 dt

log-

for the whole range of a and prove that it coincides, essentially, with what the
Berry Conjecture claims.

In the section 5, we shall give our study on the original number variance.
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1 Tf 0 CS (B ( P )  S C1)))2d X .

3- 2 .  A  simplified number varian ce  fo r a  shorter a  and the
Montgomery Conjecture. In  th is  su b se c tio n , w e  sh a ll re c a ll th a t the
simplified number variance for a shorter a is connected with the Montgomery
Conjecture.

W e recall first that under the Riemann Hypothesis (R.H.), the au thor [6]
[7] has shown, by applying Goldston [13], that

fo
27ra (S (t+ T  )  s(1)) 2cit

log

_ T { r 2"   1—cosa
d a +

 f -F
 a2

(a) 
2  J a (1 cos (27raa)) d a ± o (1)) .

for 0<cr=o(logT), where F (a) is the Montgomery's sum [22] defined by

F (a) F (a,T) = T 1 2
T

)
(r _ r f)

logTo<,,,,T
7z.

y and y' running over the imaginary parts of the zeros of C(s) and

w (t) = 4

4-Ft2 .

W ith  respect to  F (a) , Montgomery [22] and Goldston-Montgomery [14]
have shown, under R. H., that for 0

F (a) -= a+ 0 ( 1  log logT ) + (1+0 ( ilogo glor 2 T71.g _ 2 7 r .)) )-29o T
logT

For a Goldston [13] has shown, under R. H., that

F (a) 
a 2  d a  is bounded.

F o r  a n  ind iv idual v a lu e  o f  F (a )  for a 1, Montgomery [22] has
conjectured the following.

Montgomery's conjecture.

F (a) =1+ o (1) f o r  a

uniformly in bounded intervals.

Thus if w e assume R. H. and the Montgomery's conjecture on F (a) , then we
get for 0< a= o (logT),
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27ra (S(t+ ,r, ) S(t)) 2dt
log r

—
T

{log (27ra) + Co
 — Ci (27ra) +1 — cos (27ra) + 7r2a — 27ra • Si (2ra) +o (1)1.

71.2

The right hand side is nothing but the GUE part of the B erry 's formula in
the B erry C onjecture mentioned in  th e  in tro d u c tio n . Moreover, th e  present
range of a, namely, 0 Ga = o (logT), coincides exactly with the range of a of
the appearance of the GUE part in  Theorem 1 in the previous section.

It is highly probable that the higher moments (cf. Theorems 2, 2' and 3 in
the subsection 3-3 below) of

2 ra 
S (t S

o

might be the same as those comming from GUE.
W e  sh o u ld  re c a ll h e re  a n o th e r  a p p ro a c h . I t  h a s  b e e n  o b se rv e d  b y

Gallagher-Mueller [12] that

10
/ 27ra (N+  g+ 7 ,N + (t)) 2dt

lo

2ra E , m2(,)+2f01 

27ra 
0

27-4 • Mud 0 (log2T)
<log 27r o o<r,r' r

for 0<  1 , where T> T o , the dash indicates that we sum over the different
gT7-r

r 's  and m ( r )  denotes the  multiplicity o f r. Concerning the integrand in the
right hand side of the above equality, we have the following conjecture due to
Montgomery [22] .

Montgomery's pair correlation conjecture. F or any a>0,

E T logT lf a( 1  ,sinirt M dt+o(1)} .27r 0 rt
O<T,T'

0 < r _ r , <  2 ra  
j°gL

As is noticed by Dyson, the density function

1( sinrct 2

rct

is exactly  th e  density function o f  th e  p a ir  correlation o f  th e  eigenvalues of
Gaussian Unitary Ensembles.

B y the R iem ann-von Mangoldt form ula fo r N (T) , w e see  tha t fo r any
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positive a
T T  f a d•1 =  log— t2ir 27r

0<y,r' T
0<y—r• 

1°g-27r

O < T T
 T —

 2 i r a  

1 ° g -27r

•E (S(r) —S(r T   ) ) +0 (T)
2 7 ra  

0<rl<7.

we g

Since, we [7] have shown, under R. H., that for a < TA

E s (r+ a )‹T lo gT ,
o<7.7-.7,+„>0

et 

E .1= 2Tlog 2T7r {f oaz   d t + 0 ( 1 ) } .
o<rysT

0 <r --- r'

Moreover, we (cf. pp.242-243 o f  [8 ] )  h av e  seen that th e  following is
equivalent to the Montgomery's pair correlation conjecture: for any a>0,

27raT T  rE  s T ) = 27r lo  2 7  { joa (
s i   ) 2 dt+o (1)}.

log2 z

N ow Gallagher-Mueller's Theorem 1 in [1 2 ] s h o w s  th a t  if t h e
Montgomery's p a ir  correlation conjecture holds uniformly i n  each interval
0 < a 0 a c t 1 < 0 0 , then we have

E' m2(,)= 2T7,10g2T7,(1+0(,)).

Moreover, combining this with their observation mentioned above, they show
in  th e  same Theorem 1 under th e  Montgomery's p a ir  correlation conjecture
that for any bounded a,

10 (S  (t+  2rra  ) S  ( t ) ) 2d t=  f  (S + (t +  2ra
T  )  S + (t)) 2dt

s'nira = T 1  min (ial,a) 1
7.ra 

2 da +0 (T).

It is simple to see that

f m i n  (Ia l,a ) (

s i n r a

)
2
d aira

1 = 71.2 {log (27ra) — Ci (27ra) -- 27ra • Si (27ra) + 2 a —cos(2a)+1+C0}.
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To close this subsection, we may stress tha t Gallagher-Mueller's range of
a is CI <a<C2 with some positive constants CI. and C2, w hile our range of a
i s  0 <a = o ( lo g T ). T his difference is important w hen one sees the Berry
Conjecture, in particular, our Theorem 1 proved in the section 2.

3 - 3. A simplified number variance for a whole range of a and a
comparison with the Berry Conjecture. Here we shall evaluate

27ra (S (t+ T  ) s(t)) 2cit
log 2 ; 1.

for the whole range of a w ith or without assuming any unproved hypothesis.
W e denote 2 K aT , sometimes, by h.

1og-

More generally and more recently, the author [10] has shown by refining
the previous results that for T > T o , for h in 0 <h <T  and for any integer k  in
1 <  T , we have

fo
2k! (.5 (t +h)( t ) ) 2 k d t = 2kT (Cmn (hlogL-) —Cin (hlog2))

(27r) 2k k!

+ 0 (T (Ak) k{ (Cmn (hlog-L) — Cin (hlog2) )

+ (Cmn (hlogL) — Cin (hlog2) ) ' l o g  log (h +3) ±k k

±  (log log (h + 3) ) k } )

T o  compare o u r re su lts  w ith  B e rry 's  -17 (a,T,T* ),  it m igh t be  be tte r to
sta rt w ith  the follow ing result w hich is w ritten dow n in  pp.182-183 of Fujii
[10].

2k1 (S h) S  ( t ) ) 2 k dt = 2 k T , E k + 0  (T (Ak) k  (kk

(27C) 2 k k!

where we put

E  (z ) =._ El_cos(hlogp) 
P '

Z  = (1) + w ith som e positive constant b and the dependence on the integer
k '.1  is written down explicitly. W e suppose above that

k 2 7 r  
b

<  
log2

By our analysis given in the section 2, we see that for 0 < a< logT,

fo

pSZ
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b 27ra1 — c o s  (hlogZ) 
 +  

1 — cos (hlog2) 27= Cin (2x4 ) — Cmn ( log2) +R  (Z)k T ZlogZ log2log r

_ I I f z R (t) sin (hlogt)dt+ f z R,  ( t ),  ( 1  cos (hlogt) ) (logt +1)dt
J 2 t 2logt 2 rlog`t

= log (27ra) +C, — Ci (2n- a) — Cin ( 2 r 7 log2) +0 (log (3k) )
log-2-

7
-E

+R  (41— cos (hlogZ)  _4_  1 — cos (hlog2) 
ZlogZ ' log2

z  R(t)— h sin  ( h 1 o g t ) d t + P i, “t )  „  (1  cos (hlogt) ) (logt+1)dtf2
 elogt 2  tslog`t

=log (27ra) — Ci (2n- a) + Co + 0 (log (3k) ) .
When logT <a< TlogT, then we have

2_7(z) (T) +o ( 1

(L)t)

=log logT — logl (1+ logl  T + i h )  1 +  ( l o g ( 3 k )  )
= log logT — logIC (1 +ih )1+ 0  (log (3k) ) ,

since we have for fixed b,

log1C (1 + 
1

1

o g T  
+ih )1 — logl (1 +ih ) I < 1 ° g h  < 1 .logT

This implies the following result.

Theorem 2. Suppose that 0 <  
2 r o <T. Then w e have uniformly for an

integer 1 <

27ra (S (t+ T  )  S (t)) 2 k dt
log-

2'7c

2k! 2k T (log (27ra) — Ci (27ra) + C o) k

(2r) 2kk!

+ 0  (T (AO k  ( (log (27ra) — Ci (27ra) +Co) k -i+ k k) )
i f  0 <a<logT

2k! 
2
2 7 r a  kT (log logT logIC (1+i )1) k

(27r) k! logT7-r

+0 (T (Ak) k ( (log logT — logIC (1+i 27raT   ) I) k-q + k k)
log

i f  logT < a< TlogT.



70 Akio Fujii

In particular, when k =1, we get the following.

Theorem 2'. Suppose that 0< 
2 i r n <T. Then we have

f4 r
2 ra (t + S (t)) 2clt

lo g t -c

—n.2 {log (27ca) — Ci (27ca) + + 0 (i/log (27ra+ 3) )

i f  0 < a<logT
27ra  )11 1 {log (1 +i T  

„,2
=  11'

(log logT—logIC (1 -Fi 27Ta
T  ) D))

lo

i f  logT< a< TlogT.

Thus w e have obtained the  same m ain terni as 17(a,T,r * )  a s  fa r  a s  a is
sufficiently large (cf. Theorem 1 with Remark 1 above).

I f  w e  a ssum e  the  R iem ann  H ypo thesis , then  by  m od ify ing  Selberg's
argument in pp.179-203 of Selberg [25], we get for each integer

log2r

T h is  toge the r w ith  ou r eva lua tion  o f  17 d e sc r ib e d  a b o v e  im p lie s  the
following theorem, where we omit writing the dependence on k.

Theorem 3 (Under the Riemann Hypothesis). Suppose that 0< 27- « T.
Iog

Then we have fo r each integer

2 r a

T

7 ' (.5 4+ ) S (t))"dt
lo g t :

2k! 2k T{ (log (27ra) —Ci (27ra) +Co) k

(27r) 2kk!

+0 ( (log (27ra) —Ci (27ra) +Co) k - 1 +1)}
i f  0< a< logT

2k! 27ra 2k T{ (log logT —  logi ( 1 + i 1 )  k

(27r) 2 k k! log—27r

+ 0 ( (log logT (1-H  2 7 , ) l) k - 1 ) }
log -27r

i f  logT < a < TlogT

+0 (

fo
2k!k(S (t + ) S (t) ) 21'd t = 2k7,E +0 (T E k _, )

(27r)2kk ,
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In particular, when k=1, we get

Theorem 3' ( U n d e r  t h e  R ie m a n n  Hypothesis). Suppose that
0< 2' T <T. Then we have

tog .

—
T

{log (2 a) —Ci (27ra) +C 0 +0 (1))
i r 2

i f  0< a< logT

11{lo g g glo  T — lo IC(1+i 2 7 r a  )1+0 (1 )}
7r2 

if  logT < a <  TlogT.

O ne sees in  Theorem  3 ' o r  a lso  in  Theorem  2 ' th a t w e  d o  no t have an
asymptotic formula for the case when 0 < a < 1 .  To recover this case, we pick
up some of our results m entioned in  the  previous subsection, combine it with
Theorem 3' and get the following Theorem 3" and Theorem 4.

Theorem 3 "  (U n d e r  t h e  R ie m a n n  Hypothesis). Suppose that
0< 27 -  <T. Then we have

27ra (S (t+ r  )  S (t)) 2dt
log

T f  2"   1 — cosa 
d a  + 1 

F (a) (1 cos (27raa) )da (1))7(2 0 a a
2

i f  0<a=o(logT)

7 2
{ l o g  lo gT  lo g l (1  ± i 27ra ) 1 +0 (1) 1

log-

27z-

if logT < a <  TlogT,

where F (a) is defined in the subsection 3- 2.
Theorem 4  (U n d e r  th e  R ie m a n n  H ypo thesis  and  the  M ontgom ery

Conjecture on F (a)) . Suppose that 0< 2  aT T. Then we have
Iog

27ra (S (t+ T  )  S  (t)) 2dt=
log r

—

T

{log (27ra) —Ci (2ira) — 27ra • Si (27-ca)
n .2

7r2a— cos (27ra) +1 +Co+o (1)1
i f  0 <a=o (logT)

- {log logT — log1C (1±i 2 r a  )1+0 (1)1
7r2

log-2ir
i f  logT <a< TlogT.

27ra (t + r ) S  ( t ) ) 2dt=
l o g 2r
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The right hand side is exactly the right hand side of 17 (a,T,T * )  given in
Theorem 1 with Rem ark 1. W e may repeat that even without assuming any
unproved hypothesis, the main terms coincide in  both our mean value theorem,
namely, Theorem 2 ', a n d  V (a,T,z- * ) ,  a s  f a r  a s  a  is sufficiently large. F o r
0<a<1, we need the Riemann Hypothesis and the Montgomery Conjecture as
described just above.

In the section 6, we shall give the graphs of

1
—

7 2  
{log (2 a) — Ci (27ra) — 27ra • Si (27ra) + ea — cos (27ra) +1+c,)

and

log-27-r

fo r  th e  various ranges of a, certa in  T 's and  fo r k  = 1 . W e should compare
these w ith the  empirical datas given by Odlyzko [23] and  also the  graphs in
pp.404-406 of Berry [ 1 ] .  W e could  say  that w e have succeeded in  giving a
theore tica l p roof to  expla in  th e  phenomenon shown in  th e  em pirical datas
given by Odlyzko [23].

4. A discrete version of the Berry Conjecture

4 4 . A  discrete version of the Berry Conjecture. H ere  w e  are
concerned with a  discrete version of our problem.

In  stead of the function B (t)  in the Berry Conjecture, we shall deal with
the quantity defined by

= x rc f o r  x_>._ —1,

where 19 ( t )  is defined in  th e  in tro d u c tio n . W e denote gx  b y  G (x ) and use
both n o ta tio n s . In  v iew  of th e  results m entioned in  th e  subsection 3-3 , we
may state a  discrete version of the Berry Conjecture as follows.

A discrete version of the Berry Conjecture. F o r  M> Mo a n d  for
0<a<M, we have

E (N (G (m + a))-N (G  (n)) —a) 2

m SA4

( l o g  (27ra) — Ci (27ra) — 27ra • Si (27ra) ± 7r2 a—cos (27ra) + 1 +C0+0 (1) )

if 0 < a= o (logM)

f l o g  lo gM  log j (1± i 27c
/
a
u  ) + 0 (1)1

2 k ! 27ra  12k {log lo gT  lo g i (1 + i T  ) }k
(27r) 2kk ,

71.2
log

r

if logM<a<M.
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W e  m ig h t rep lace  N  ( • )  in  t h e  above  conjecture b y  N + ( • )  without
changing th e  o ther p a r t s .  W e  sha ll see  be low  tha t w e  h a v e  a  satisfactory
result for a sufficiently large a.

4 - 2 .  A discrete number variance for a bounded a and the random
matrix theory. I n  th is  su b se c tio n  w e  sh a ll re c a ll so m e  investigations
w hich a re  connected w ith a  discrete num ber v a rian ce  fo r  a  bounded a .  It
will reveal again a  connection of the distribution of the zeros with the random
matrix theory.

Special attentions have been paid to the case for a= 1 long b e fo re . 9m or
G (m )  is  c a lle d  th e  G ra m  p o in t . G ra m  [1 5 ] o b se rv e d  th a t th e  z e ro s  of

(1 - kit) appears exactly  once in the interval [gm, gm+i) up to In other
notations, Gram's observation or (Gram's law) states that

N (g,n + i ) — N (g m ) = 1  for any integer m in

From Haselgrove's tab le  [16], one sees that

9-i=9.666908••• <ri = 14.134725-• <go<72<gi< r3 < 92 <  r4 <g3 < T 5 < 94 T 6
<g5<r7<g6<r8<g7<y9<98<rio<g9=51.733843—,

where rn  i s  the n-th positive imaginary part of the zeros o f C (s ) .  It appears
at first sight that this m ight continue to hold for m  > 9 . However as we know
at present that many counterexamples have been found since Hutchinson [17].
In fact, we know that for positive proportion of m

N (9 m + i ) — N 2

and for positive proportion of in

N (9 „i + i ) — N(g m ) =0

(cf. p.353 of Selberg [25] and p.393 of F u jii [5 ]) . These lead to the following
problem (cf. Problem in Fujii [5] ): to study the quantity

lim-1 G (k,a)

for each k=0,1,2,••• and for any positive a, where we put

G m  (k,a) = 1 { —1 N (g,n + a ) — N(g m ) =01.

In  fac t, the  problem and the conjecture w ere proposed by Kosambi [18]
for a slightly different choice of the sequence g n i+ ,„ and am. H e  was concerned
with the distribution of the number f b ,a (m ) defined by

fb,a(in) =I{rn; L (rn,a) (111 1 )  b,Mb] }

for any positive constants a and b, where L (x,a) for is defined by

l f x  tL (x,a)
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H is  conjecture s ta te s  th a t  th e  d is tr ib u tio n  i s  o f P o isson  type . M ore
precisely, for some b>0 and  a> 0,

,lim —1 1{1 <M; fb,a (n) =If
e -b bk

k!m—
for k= 0,1,2,•••.

I n  pp.124-128 o f  [3 ] , t h e  a u th o r  h a s  s h o w n  th a t  th is  is  n o t  correct for
b> bo > 0 and  fo r any a >  0  (Cf. also Gallagher-Mueller [ 1 2 ] ) .  Similarly, we
[5] can show that

1
l i m  — G  

it!

 ( k , a )

- a a k

k!

for some 1z. 0 if a> a, >0, where we put

(k,a) N+ (gm + a ) — N + (gm ) =k) I.

The computer calculations by van de Lune, te R ide  a n d  W in ter [19] tells
us that for M = 1500000000,

1 G m (0
'

 1) =0 1378M  
1— Gm (1

' '1) =0 7261M '"
1

- - Gm (21) =0 1342M

and

1 Gm  (3 1) =0 0018

Concerning this problem, we [5] have once given the following conjecture.

Conjecture. For each integer 0 and for 0<a<a 0 < co,

1 li m  G (k,a) =E (k,a) ,
m-

where E (k,a) is defined below  (cf. 2.32 of Mehta - Cloizeaux [21] and Mehta
[20].)

For 0<a<a0,

E (0,a) = H ( 1 - 2 g)

and for each integer

E (k,a) H  ci — Ai) E
where 2i's for j__() run over the eigen values of the integral operator
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2 f ( y ) = f 1,  s in  (((r x
x))

7r
7 r a ) f (x) dx.

Numerical computations in p.350 of Mehta-Cloizeaux [21] suggests that

E (0,1) =0.17—, E (1,1) =0.74-• a n d  E(2,1)

These should be compared with the datas given by van de Lune, te Riele and
Winter [19] mentioned above.

Moreover, it seems to be known to the physicists (cf. References in  Mehta
[20] ) that

kE (k ,a) =a
k = 0

and

0 0 0 0 0 0 CO

Ek2E (k ,a ) = E (k — a) 2E (k,a) +2aEkE (k,a) — a 2 EE (k ,a)
k =0 k = 0 k = 0 k = 0

a
= a - 2 f  ( a —  x) ( 

sin 
7 rx   

) dx+ a 2 .
TCX

T o  u n d e rs ta n d , m o re  e a s ily , t h e  connection o f  t h e  discrete num ber
variance with the  above conjecture, we shall first modify the  above conjecture
as follows.

Conjecture (+). For each integer k_>_ 0 and for 0 < a < a 0 < co ,

lim- 1 G-k (k ,a) = E (k ,a) .
m-co

Then w e shall show  in the subsection 4-5 under the Conjecture (± )  that
for any bounded a ( > 0), we have

E(S±(gm+a)—S±(gm)) 
2

m

1 
-4/ 

i r 2  
{log (27ra) —Ci (27ra) — 2 a  Si (27ra) + 7r2 a —  cos (27a) +1+ C0) .

The right hand side is nothing but the GUE part of the discrete version of the
Berry Conjecture for a bounded a.

O n the  o ther hand, our unconditional Theorem  5 in  th e  subsection 4-3
implies, as a  special case, that

(S  , „ „ )  —S m ) )  2l O g  ( 2 7 ( a )
2T

as 00 and  a <logM . T h is  certainly supports the  discrete version of the
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Berry Conjecture for a sufficiently large a.
W e understand that there is a gap between

E(s+(g.,a )— s,(g.)) ,

m SM

and

( g . , a ) — Vg.) ) 2 .
M

F urthe rm ore , w e  understand  a lso  tha t to  ge t th e  following asymptotic
fo rm u la , w h ic h  i s  a  consequence o f  C o n je c tu re  (± )  a n d  th e  fo rm u la
EZ=okE (k,a) =a,

E(N + (g„ i + a )  — N + (gm )) —ceM
SM

even fo r  0 <a < 1 , w ithout assum ing any unproved hypothesis, seem s to be
very difficult. Since it says that

(N+(gm+a) — N + (g m ))=  E •i—aM,
SM mSM +a

namely that

the sequence —119(7,i ) , n =1,2,3,–. is uniformly distributed mod one.
77"

In  f a c t ,  th e  la s t s ta tem en t h a s  b een  co n jec tu red  sev e ra l tim es (, for
example, p.219 of Fujii [11] ), although we [4] have proved, among others, that
a  slightly less fast increasing sequence like

brn logrn  n=n 0 +1, no +2, n o +3,.••log log log log log  loa n '

is uniformly distributed mod one for any positive constant b.

4 - 3 .  The evaluation of a discrete number variance. To study the
problem  m entioned i n  t h e  p rev ious subsec tion  theo re tica lly , w e  need  to
evaluate the mean values

(N (g + )  - N  ( q . ) ) '

fo r  each j  = 1,2,3, a n d  fo r  any positive  a. It is  ex ac tly  to  ev a lu a te  the
following mean values.

E(s(g . ) — s ( g . » ,

m S M

for each j=1,2,3,••• and for any positive a.
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We have announced the following theorem in  [3 ] a n d  [5 ]: for any integer
k  1, for positive a< logM and for M>Mo, we have

E(s(g.)—s ( g y n ) )  2 k

2k! 
(2 7 r ) 2 k k !

M(2log (a+1) ) k  +0 (M(Ak) k  (k k  + (log (a+1) ) k - I2))

W e can replace S  (• ) in  the  above result by S+ ( • )  without changing the
other parts.

These results a re  strong enough to conclude, among others, three results
concerning

and

N(9m+i) — N(Cm)

1
mlinlyt

-Gk (k,a) ,

which have been mentioned above (cf. p.393 of Fujii [5]).
When k=1, a--* 0 0  a n d  a<logM, then the main term of the above theorem

coincides with the main term of a discrete version of the Berry Conjecture.
W hen 0 <a <1111 - '7 w ith  a positive constant 1

2< 1 ,  we can extend our
proof in  [3 ] and  [5 ] and prove, in fact, the following theorems.

Theorem 5. Suppose that M> M o a n d  0 < a  < M '  w ith a positive
constant 1

2
- 17 <1 . T hen  w e  have

E (m+ a))  — S(G(m))) 2 =
„

z  -m

M l
—

2  

— flog (27ta+ 1) +0 (A/log (a+1 ) ))

i f  0 <a<logM
M  1 
2  7 r 2  

flog logM+0 (,/log logM)}

i f  logM <a<M 1 ' .

7r aW hen we treat the separated case G (m ) + 
2

  im  n  s t e a d  of G (m + a) , then
Io

the problem becomes simpler and we have the following finer result.

Theorem 5'. Suppose that M>M 0 and 0  < a (M .  Then we have

(s(G (m)
27rma  ) S(G (m))) 2E 
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M l—

2  

—
7r2 {log (27ra+ 1) +0 (A/log (27ra+ 1)

i f  0 < a < logM
M  

—1 {log logM— logl (1 +i 27r
m
a

2 )1+0 (2  7
lO g f7 -z.

i f  logM<a<M.

log logM logIC(1±i 27ra )1 )}
log2 r

Theorem 5' corresponds to Theorem 2' in the subsection 3- 3. Theorem 5
will correspond to Theorems 6 and 6' in the section 5.

W e can certainly extend our theorems to the higher moments, namely,

E (s(G o,n+ an— s(om »)"

Or

E  (s(G(m) 2 7 ) S  (G  ( r i t ) ) ) 2k ,
m A,
2 27r

although we shall omit w riting  them . W e can also  replace S  ( • )  in  Theorems
5 and 5' by S + ( - )  without changing the other parts.

In the subsection 4-4, we shall give the details of the proofs of Theorems
5 and 5' as much as possible for completeness.

4-4 .  Proof of Theorems 5 and 5'. We shall prove Theorem 5 first.
W e start w ith the  following Selberg's explicit formula for S  ( t )  (cf. p.250

of Selberg [25] .)

Lemma. Suppose that M> M o , X = Mb with a. sufficiently small positive

constant b. Then for any we have

S (t) =,(3q7r
1 E

p<.x.

1   } ± 0 (1 V  A (p) — Ax (P)  I)

--+ z-d
P < X ,

 j ) io g p  pi

+0(1E  Ax(P2).,1)+0«0-x,,----nogm)
, p lo g p . e

P<X 2

+0 ( )X (ax.̀ - 1)1 1
- Xl - ul E A x ( P ) l o g ( X P )  Ida)

p a+u
2 p<x3

where we put
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A(n) for 1

22(log )  — 2 (log4
11(n) n n X <nfor

Ax (n) = 2 (logX)

(log— ) 2

A (n) n X 2for
2 (logX) 2

and
1= — F 2m ax  (ig  1  

 2   \
cfx,t 2 2' logX

) ,

p running here through all zeros )3± ir  of C(s) for which

X2 13 4 I t - r logX •

In stead of g ,  w e w rite  G ( x ) .  By the above lemma, to evaluate the sum

E  (s(G(rn ± a) )  —S (G (m))) 2 ,

—
2

5,n

we need to evaluate or estimate the following sums.

s4= E V  am (P)  19, s 2 _ (  V  am (P)

— s  < P<X 3< M  P<X 3

s3= E E CL (p) 12k
piG (n1) 1 s3, _—  E

;VI

 

a (p) 2 k

—
A

2
1 5),? A./ P < X 3 P<X 3

 

S4 E E i-
a : ( P )  1 2k

a p l2 iG (m )
Af <

P<X 2

E
9  ' 11'1 M

E (P) 12k
p i.+2iG(m+a)

_a
p<x2

E (ax,G(m)

2

1 , 1
s5 ' ( OX ,G(m +a)— ) --

y 
—

n" a , 2'
2

114
—
2

5,■1 5 Al

and

where we put

1 a m  (p )
iG On +a)p iGOfl) '
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la(p)1( 1-12gP-- f o r  p < X3 ,logX

la' (p) I < 1 f o r  p<x-i,

k=1 an d  2, i 2 and 4, 1 il(4 and X3 2
- (lom

gm) 1 .
We shall estimate S1 first.

am (PO c-rm (P2) 
A/PiP2

S 1 =  E  E
p,,p2<x.2 —

=  E v iani(p)12 + E E 
L-d P

p<x3 111<m<A, pi*p2<x3--f s,nsm 2

=S6H-S7, say.

Since for 0<a<//1/

2
a

2
G" (m ) ± • • • =- G (m) - FaG ' (m ) +0  ( )G ( m +  = G (ron) + aGi (m) 2 miog2m

2 7 r a  =
G (M) + + 0  ( + a )

log 
G  (m )M l o g 2 M  M 2

we get

S6 2 E (G (nt+ G (m))log p))v
p<x32 —

E E T (1 — cos(  2 7 r a  1 gP))
p < x  

P G (m)  °
3—

2
Srn5M lo g  2

1ogp a 2 a + 0 ( E   
P  M l o g 3 M  

± 
M 2

)).
—Al
2

,n5M p<x3

The last remainder term is 0 (M )  under the condition 0 <a< I M
To evaluate the first sum, we shall use the same analysis as in the section

2. When

0<a<logM,

we get

E ip ( i —  0cos(  2 7 r c(m ) logp))
p<x3 log 2 7

1:x31— cos (h (m) logt) 
d t + R  ( X )

1— cos (h (m)logX3) -,----
tlogt X3logX3

+  
1 — c o s  (h  (m )  lo g 2 )

 h  ( m )  f  x 3
 R  ( t )  

 sin (h (m)logt)dtlog2 2 t2 lo g t

2r
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2c3  R  (t) (1 cos (h (m)logt)) (logt + 1)dt,J2  t2log2t

where we put

27ra h (m) =- G ( m )  .
log 27r

We have

f 2 x 3 1  —  c o s  (h  ( m ) l o g t )  
dt=Cin (h (m)logX3 ) — Cin (h (m) log2)tlogt

and

ECin(h(m)logX 3 ) (2ra + 1) +0 (M).

2

Hence, we get

S6= —
2

2log (27ca+ 1) +0 (M)

When

logM<a</./VI,

we have

Ei(1—cos(  2 7 c aG (m)  logp) = Ei(i—cos(h(m)logp))+0 (1)
Pp<x3 lo g  27rp < m

=  1L - - R ( E  1  ) +,,..)(1
)

P<M
p<mp l+Rh(m ) •

When 1ogM<a<log 2M, then

1 IE-3„t —R(E  i + ,„,„„) =log log,M log ih (m )) ± 0 (1)iC (1+
l o g ml

P<M p<m
=log logM —  logiC (1 + ih (m)) I + 0 (1) .

Since h (m) < logM, we have

log (1 - -Fih (in)) <  log log logM.

Hence, we get

S6
= -

2
-
21og logM+ 0 (Mlog log logM).

When loe  I <a CVM , then since
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d 2 (  27ralogp 

l o g
G (m) 

27r alogp 
dm 2M 2 l o g 2 M '

we get by Theorem 5.9 in p.104 of Titchmarsh [26]

E
I 

MlogM 
 )P m P Mi°g111 alogp

P<M rns-A4 P<M

Thus in this case we get

— 2log log,M 0 (M) .

Hence, we get

{2log (27ra+1) +0 (1))2

if 0 < a < lo g ll / f

{2log logM+0 (log log logM)}

if lo g M <  aCV M .

W e shall next estimate S7.

V   1   V
z _ jA / P i p z a „ ,  (pi) am (p2) .s,=

p,*pz<x3
2  -

The inner sum is

= E e ( —G (m+ a)log-Pr-,1 )  —  E e ( — G (m)logp i + G(rnF a) logp 2 )
P2

A=1 ,r M
2 -2

e ( — G (m+ cr)logp i -1-0 (m)logP2) E
111 .44

Each sum on the right hand side is of the form

E e (f (m)) ,
CM_m

2  -

where e (x) = e"i x ,

e( — G(m)log P1 ).,1,2

f (x) G  (2- + a) A 1+ G (2- ) A 2  a n d  IA I+ A 2 1 = d 0  
2

s6
=
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Since

1
+  )  (A i + A 2)

1 
( 1 + 2 4 2  + a) 

+  )

1 '.=-=
247G 2(m ) +  )1A 1 M log 2M  M 2 log2M'

we get

iog I(m )  -  P 2   ,
/17/log2M

provided that

a<

  

namely that
AlogM'

a< It/11- "

   

with some positive constant < 1 .  Hence by Theorem
Titchmarsh [26] again, we get

5.9 in  p.104 of

    

(m ) = 
G

G

'  (

(mm
)

)

3

 ( 1 +  247rG2 (In)
(m +  a ) 3 

G(m+a)
(m) 3 

G On) (1+

S7«
1  ( 1Mp,p2l o g M

Pi*P2<X 3

where 0 denotes some positive constant <1.
Hence, we get

—

2
{2log (27ra+1) +0 (1))

if 0<a<logM

{2log logM+0 (log log logM)}

if logM< a <Ai'? .
S2 can be estimated in the same manner as S7 and get

S2<M6 .

Next, we shall estimate S3.

a (p i)  • 'a (Pk)a (Pk+i) • • •ci (P2k) • *P2k iG(m)
A/pi• • -p2k

‹E E
711 PI-Pk=-Pk.1.-P2k

(P1)1 2 - • (Pk) 1 2  

Pl .  • *Pk

Si :
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, E  Epk+,.•.p2k 
p i . . . p k

29.2

= S 8 + S 9 , say.

s8«m( E  (P) 12)kcu.
P<X 3

S9 can be estimated as S7 and we get

sg<
P l•••P k O P k .1 — P2k

Hence, we get

Similarly, we get

1 
(

A / p i...p 2 k

 

10 g Pk+1» . P2k110
Pi »  Pk0 / 1 1 0 0 4   ) <me.

100 1
ki,P__; J:LNLf lo g  P c —P. k  I

S3 <M.

 

S3' , S4, S4' <M.
Finally, we shall estimate S5. By the definition of ax,c(m), we get

S 5  +S10,
(10gX)

where we put

s lo =  E  (ax,G(m)—y) m)_
'

2
115”.

and the dash indicates that we sum over all m  which satsfy

1 4  17X,G(nt) 2 -- j o g x •

Now

n1 2(B--1-) 11 <  <  •S io < E 2 —M (m) 7 ' 1 <  
3V9-12-)11
logX

13+ir
1 )

, x 3 ( B - 2  lo g .
,

logx +0(1))L 2 
B - 1- tr

logX

= S11+512, say,

where the double dash indicates that we sum over all for which
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2 l o g X  a n d  r  logM'

S12 = -( ( l o g n  ( 0 -- -
2 )'+).) (a - - - -

1

)u - 1 ) 2 ( `̀. - -f )cla=S 1 3 + say,
1 

13+ i r  2

where in S 13  we integrate over the in te rva l (.12± 2gx,i51 and in  S14  we integrate
over the in terval ( 12,12+1,,2a].

We have, by Selberg's Theorem 1 in p.232 o f  [25],

1 
 N ( 1

 2   A M  
S14 <

(log,X)' 2 logA.' logM
)

(logX)"'

where N (0',T) denotes th e  num ber o f  th e  zeros ,G+ ir  fo r  which 16> a and
0<r<T.

In the same manner, we get

S „ < f :  2 ((lo gn  (o -A -P) +1)(0- - 1
2
- ) ' 1) F a 4 ( •i)do-

+ -16—gX
jogm

< M f ° 
 2   (logV) ( a - -

1

)v- H.) (a —I) M  
(

l o g M2 2 

(logx)v•

Hence, we get

S12<
(logX)v.

Similarly, we get

Sii<
(logX)''

2 "1- logX

Hence, we get

S5,S5'< (logX)
v .

Combining all of our estimates, we get

M l  
2  7 1 . 2  

Hog (27ra+1) +0 (/log (a+1)

i f  0 <a< logM
M l—  flog logM+0 (A/log logM)}2  7r

i f  logM<a<M1-'7.

S=
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This proves Theorem 5.
W e shall next prove Theorem  5'. In the present case, the treatement of

56 and S7 becomes simpler. Now since

(p) = . 1 ( P  'i r k  - 1 ) ,p1G On) g r

h  (n i)2 r a  

l :1og 2
1

7
1i

in the evaluation of 56.
Thus we get, as in the section 2, when 0< a< logM,

56
=

 E  E l  (1
— COS (h (in) logp) ) +0 (M) = 2log (27ra+1) +0 (M)2

< P < M

When logM<a<M, since

E-(1  —cos (h (w)logP) ) =log logM+ log1C (1+i 2 rma   )1+0 (1),

p<m log —

we get

6
-= 2 (log logM —  logl (1 +i 27(ma   )1 + 0 ( 1 ) ) .

log c

Hence, we get
M  
2 f2log(27-ca+1) +0 (1))

if 0< a< logM
6 '= 27-ca —2 flog logM — logIC (1 +i )1+ 0 )2

if logM  < a <M.

Furthermore, in the estimate of 57,

f (x) G  ( x )  (Ai + A 2 ) w i t h  lA1+A21=11

Hence we do not have to  assume that a<M 1  and get

S7<Me .

Consequently, we get

lo 2r
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11±1 {2log (2n-a+1) +0 (1))2
if 0<a<logM

S1=- M2 r a  —
2

2 {log logM—  logIC (1+i ) 1+0 (1))
log -2y r

if logM<a<M.

The rest is sim ilar and we get our Theorem 5' as described above.

4-5. A supplement to the subsection 4-2. H ere  w e  sh a ll g iv e  a
p ro o f  to  th e  statem ent announced in  th e  subsection 4 -2 . F ir s t  o f  a ll ,  we
assume the Conjecture ( + )  in the following form.

M   \Gli(k,a) =ME (k ,a) +0 (A k 
(m) 

)
 uniformly for a bounded a,

where A k  is  a constant depending only on k and $(M) - - , 0 0  a s  M— > co.
L e t  a  b e  a n y  b o u n d e d  p o s itiv e  n u m b e r . U s in g  the R iem ann-von

Mangoldt formula, we get first

(S, (g„,,a) — (gm ) ) 2
SM

E(N.+ (9 m+a) — N+ (gm ) —a) 2

m SM

(N+(gm+a) — N+(gm)) 2 + a 2/11—  2a E (N + (g + ) — N+ (g m ) )
<u  SM

= Ui+ a 2 M - 2a(.12, say.

Let L be a  sufficiently la rge  constan t. Then we have

u i=  E  k2 G;t1(k,a) = k2G3f̀ (k,a) + E  eGrif (k,a) U 3 +  U 4 ,  say.
15 k 5 i L5k<logilf

Applying the above conjecture to  L73, we get first

U 3  =  M  Ek2E (k,a) +0 (  E k2A .(0,
15k<L

Using the  mean value theorem  which has been noticed in  th e  subsection 4-3,
we have

E (1\1(G (m + a) ) — N (G (m)) <M A  (a +  ,/log (a +  3) + j) 2 3

1 Su, SM

uniformly for an integer j 1 and 0 < a< logM . A t the same time, we get also

E (N+ (G(m + a ) )  — N+ (G (In)) ) 2 ' <MA' (a +Vlog (a+ 3) + j)
15m5/14
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k2Gli (k ,a)
21(log,k1
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uniformly for an integer j 1 and 0< a< logM.
This implies that for any Y»1,

Y E (N±(G(m+ a)) — N + (G (m))) 21

l'" frKlogM 15m 5A4

<MAj (a+,/log (a+  3) +1) 21 .

Namely, we have for any Y»1,

EG (k ,a) < Y- 2 ' MA' (a+  log (cr+ 3) +j) 2'.
1- k,clogm

2 2b+„2 G (k ,a)
056< log( -12 -)

< ( a +  ,V lo g  (a +  3 ) ± j )  
2
i.

2

( 2 b  L )

26+2/,2
M A12

 (:)_b41og y°2

Here we take

Ji= max (a,/log (a+ 3) ) J2 =  max (a 2,log (a+ 3) )

1—  max ([11] ,2) a n d  L= 0 -2

with an arbitrarily large constant C and [h ] denotes the largest integer
By these choices, we get

< 'iff"C 2A  U4
(C/2) 2 "

6=0

4  ) b <M ( A  ) "C 2JK M

4" C2J2 C2.

On the other hand, since

a
a - 2 f  (a  x) ( s i n 7 r x ) 2dx =  f  min dal ,a) ( s i n r a  ) 2daIrx ira

1=-- 7r2 {log (27ra) — Ci (21ra) — 27ra • Si (27ra) + 72 a— cos (27ra) +i +c 0},

we have
CO

Ek2E(h,a) = —
1

{log (27ra) — Ci (27ra) — 27ra• Si (27ra)
k=1

+7r 2a— cos (27ra) +1 +C o ) +
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fo r any  positive a .  T h u s fo r  any  positive E , we choose C sufficiently large
satisfying

Ek2 E (k,a) — {log (27ra) —Ci (27ra) — 27ra• Si (27ra)
0<k <C,I2

7r2 a —cos (27ra) +1 +C o } — a 2 1 <OE

Since C can be arbitrarily large and E  can be arbitrarily small, we get

U3 1= 2M (  {log (27ra) — Ci (27ra) — 27ra • Si (27ra)
7

7r2 a — cos (2n-a) +1+Col+ a 2 ) + 0 (M)

and

u,  = o (M .

Thus we get

= M (
1

2
 (log (27ra) — Ci (27ra) — 27ra Si (27ra)

71.
+7r 2 a —  cos (27ra) +1 +C o ) + a 2 ) +0 (M).

In the same manner, using Eic'=olzE(k,a) = a, we get

L/2 = aM+o (M) .

Consequently, we get

(S+ (go,+a)S + (q ) )  2

S M

1
7 r 2 {log (27ra) —Ci (27ra) — 27ra Si (27ra) + 7r2 a — cos (27ra) + 1 +

5. The evaluation of the number variance V (a,T) .

In stead of V (a,T) , we may evaluate the number variance

f (N  (t + a)) — N (G (t)) — a) 2dt,
2

namely,

f (S (G (t + a )) — S (G (t)) ) 2 d t ,
2

where G (t ) is the same as in the section 4. The same analysis applies to

r T
(S (13 (x 41 ) )  S  ( B  — 1 ) ) ) 2 d  t

-2-
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as will be seen below.
W e shall indicate only how to modify and how to apply the same method

as in the previous section.
For this purpose it is enough to evaluate the following integral.

rTTI V  1  ( 1  1   \ 2 ,
t\p i G ( f+ a ) p , G( , ) I ra,

▪ p<x3

where we put X = T b with some positive constant b. T his is

E i f T  ( 2 _  e i(G(t+a)-G(0)logP e -i(G (t+a)-G (M logp\) dt
p  r

P<X 32
V   1    fT

{e
-iG(t+a)logk -iG ttllogk

• L-J A /P9 -7
2
1

p*q<x3
ei(G(t+amogq-b(ologto) d

—  e
-i(G(t+a)logp-G(t)logq)

=  V +  17 '  s a y .

Moreover, it is enough to evaluate only the  following integral, since the other
integrals can be treated in the same manner.

v ( A \  =  f  ,z (G (t+ a )-G (t )l io g p d t
I T

2

Now we have

(G  (t+a) — G (1))logp= aG' (t)logp+ 0 ( a 2 1 9 --g P - )Tlog2T
27caa

2 a = of 1 gp+ 0 (( +  ) lo g p )G 7'log2T T 2
log—

ir.

Hence under the condition 0 <a< ./7 , we get

g r a a
2 a

( p )  =  f  et log Glt) 1" P d t  + 0  ( (T 2 , T ) logp).
10 T  +g2

Since

1 1 IT — t1G '(T ) 
G (t)G  (T)G  ( T )  log2 T log

2
T

'

lo g  27z. lo g  27,7

we get further under the condition 0<a<logT,

_ I T  2  2 r a a 2 
+  a )  l o g p )  + 0  (  Talogp )

Y (p)l o +o(( a
2

T
-= T  e  l o g G(T) 

27t log2T2
i  ,  f   TalOgP  )71e ,  2 G7T )   lo g p _r_ u

2  1 0 8  27r log2T .



Berry Conjecture

Hence, we get if 0 <a< logT, then

V= 11 2 (1— c o s (  2G ( T )

7 t a  logp)) + 0 (T)
2

2log (27ta+ 1) +0 (T) ,2 p 
p<x3 lo g  27

91

where we have used the sanie argument as in the section 2.
Suppose next that log2T < a < ,/ T . Then since

c/2   a lo g p alogp  
de (t)T 2 l o g 2 T '

1 ° g  27

we see, by Lemma 4.4 in p.71 of Titchmarsh [26], that

V (p)
Tlog T 

,/alogp'

Hence, we get

VI 1  „ ,,, ( V  1   TlogT   ) = 0 (T ) .
P " P j P  a l o g Pp <x3 p<x3

Thus we get when log2T < a < if f

V= 1 2+ 0  (T) = g ° g210 I T + 0 (T)2 p 2 
p<x3

Finally, if lo gT < a< logq , then

V = T
2 2 E 21-TTlogl (1 +i 2G

r a
w  )  +  0  (T)

p<x3 log 27

= -
2

2log logT+0 (Tlog log logT).

Consequently, we get
T  

 {2log(27a+1) +0 (1)}2
if 0< a< logT

V=
2{log logT+0 (log log logT)}

if logT< a< -  f.

T he other integrals o r  th e  sum s can be treated  in  th e  sam e m anner and
we get the following theorem.

Theorem 6. S uppose that T >  To a n d  0  G a  < T 1  w ith  a positive
constant < 1 .  Then we have
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—
T  

—

1

2
{log (2ra+ 1) +0 (i/log (a+1) ) )2  7 r

r T
T( G  + a)) — S (G(t))) 2dt=
2

i f  0<a< logT
T i
2  

—

7 2
{log logT-1-0 (/log logT) }

i f  logT< a < Ti - 7 ?

Similarly, we get

Theorem 6'. Suppose th at  T>  T , an d  0  < a <T 1 - '  w ith  a positive
constant. 7  < 1 .  T h e n  w e  have

r T
(B  - q ) )  S  (ie -CP))2dX

2

T i

( a+1) +0 (ilog (27ra+ 1) )12  7 ( 2

i f  0< a< lo gT
T  1 
2  

7 1 .2  {log logT + 0 ("log logT )

i f  logT<a<T 1 - '7 .

It is clear that we can obtain the higher moments of the above theorems.
It is also clear that such modified conjectures as

a
•1= l o g T { f  ( 1  (

s in T r t
)

2

) d t+ 0 (1 )}it it
0<r,r'ST ,

10< -
1

5 (r) --,9 (y)SaIr

for any a> 0 and

T

1 <t T; N(G (t+ a)) — N(G (t)) E (k,ce)
r_, 0 0

for each integer k  0 and for any  a >0
give some information on our problem for a  bounded a.

T h e  f o r m e r  is c o n s is te n t w i t h  t h e  M ontgom ery's p a i r  correlation
conjecture if

•1 --=o (TlogT).
0< rj'< T ,

27raA a 27ra +  A a  
' T  7

log- 10g log—  l o g '27r a

T h e  la t t e r  i s  a  continuous v e rs io n  o f  C o n je c tu re  desc ribed  in  th e
subsection 4 -2  and , in  fac t, has been proposed in  p.394 o f F u jii [5 ] for the
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separated c a s e .  It implies immediately as in  the  subsections 4-2 and 4-5 that
for any a>0,

(.5 (t+ a)) — S (G (t))) 2 dt=
r

T

 (N (G (t+ a)) — N (G (t)) — a) 2 dt0

=f  (1\1 (G (t+ a)) — N (G (t))) 2dt —2a f (G (t+ a ) )  N  (t ) ) )d t+  a 2 T0
CO

—T {Ek 2E(/.,a) — a 2 }
k=0
1 — T  (log (27ra) — Ci (2ra) — 2 a  • Si (27ra) + Tr2a — cos (2ra) + 1 + 0 .

Acknowledgements. T h e  au thor is  g ra te fu l to  P rofessor H iroyuki
Y oshida. Through the stimulating discussions with him on the present topics
and  on  the  E pste in  zeta functions, the  original manuscript has become finer
and  m ore  precise. (T he  re su lts  o n  th e  E p ste in  zeta functions w ill appear
elsewhere. * )

6. Some graphs

6 - 1 .  The graph of

{log (2 a) — Ci (27ra) — 2a • Si (27ra) - {- 7r2 a —  cos (2lr a) + 1 + 0 - ,

for 0__a_100.

20 40 60 80 100

* (Added in proof) It appears in J. Math. Kyoto Univ. 36-4 (1996).
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6-2-i. The graph of

2k! 27rak21  ̀flog logT  logl (1 + T  )  I f
(27r) 2kk!

for k 1, T = 102° and for 0  a  20.

6-2-ii. The graph of
2 k  

2k {log lo g T  lo g l  ( 1  + i  2 raT   )
(27r) 2kk! log 27r

0.4

0.35

20 40 60 80 100 120

0.25
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6-2-iii. The graph of

2k! 
( 2 ) 2 k 2{!0{log logT  log l (1  4 -i 

22-ra  )
k!

for k =1, T=102° and for 499900  a  500000.

6 -3 - i. The graph of

2k! 21  ̀{log lo g T  log
(27r) 2 k k!

(1 +i 
27ra

)11k

log27r

0.3

0.2

0.1

20 40 60 80 100
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6-3-ii. The graph of

for k 1, T 105°

2k! (log logT logi

a _<1000.

(270
 2k 2 27ra k2k

and for 0

(1 +I T  )1 i

0.6‘
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6-3-iii. The graph of

2k! 
(27r) 2k k ! 

21 ̀{log logT (1 +i 2 7 7  )  k

l o g27r

for k 1, T=  l e  and for 4999000 a  5000000.

0.35
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6-3-iv. The graph of

2k! 27ra 
(270 "k !

2k {log logT — logIC (1+i ) Il k

Iog

for k=1, T 1 0 5° and for 49999000 a  50000000.

0.55

  

O 5

  

7 7
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6-3-v . The graph of

2k!2 7 r a  
(277) 2kk! 

2k {log logy — log! ( 1 + i ) Il k

for k 1, T 105° and for 4999999000 a  5000000000.
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