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Compactification of moduli o f parabolic sheaves
and

moduli o f parabolic Higgs sheaves

By

Kôji YOKOGAWA

Introduction

Let f :  X  — >S  b e  a  sm ooth, projective, geometrically integral morphism of
locally noetherian schemes, D be an effective relative Cartier divisor on  X IS  and
le t e x (1) be  an . 1-very a m p le  invertible sheaf. Assume th a t S  is  o f finite type
over a  universally Japanese ring E .  I n  the previous paper "Moduli of Parabolic
Stable Sheaves" [13], we have extended the notion of parabolic bundles on curves
to higher dimensional cases, i.e. parabolic sheaves o n  a  geometric fibre X s o f  f
is  a  trip le  (E, F ., a.) consisting of a torsion free coherent sheaf E ,  a filtration
E  = F 1 (E) D  F 2 (E) D  • • • D  F,(E)D  Fi+i(E)= E( —  D )  a n d  a  system  o f  weights
0 < a, < a, < ••• < 1 <  1. M o r e o v e r ,  w e  h a v e  constructed a  coarse moduli
scheme Mgips o f parabolic stable sheaves with fixed weights a. and fixed Hilbert
polynomials H .

In  th is  article, w e shall construct a  moduli scheme /17/1,174's o f  equivalence
classes of parabolic semi-stable sheaves and  show  th a t  i t  is  projective over S
under some boundedness conditions. W e could d o  m o re . In  fac t, th e  method
used in  constructing moduli schemes o f stab le  pa irs (c f. [26]) leads u s  t o  a
construction of a moduli scheme of "parabolic p a ir s " . L e t  Q  be  a  locally free
Cox -m odule. Com bining the notion of parabolic sheaves and  that of Q-pairs, we
com e to a  notion of parabolic Q-pairs, i.e. a  parabolic Q-pair is a  p a ir  (E ., (p)
of a  parabolic sheaf E . a n d  a  parabolic homomorphism cp: E .  E .O .Q  with
cp A  = O .  T h e  w ord  "parabo lic  H iggs sheaves"  used  i n  our title  m eans
Qk(log D)-pairs ( in  th e  ca se  where 01 (log D ) is locally  free). I n  th e  c a s e  o f
curves, it is in  fact equivalent to the notion of Simpson's "filtered regular Higgs
bundles" [25]. Simpson [25] gave a natural one-to-one correspondence between
stable filtered regular Higgs bundles of degree zero and stable filtered local systems
o f degree z e r o .  In  th is  paper, since w e shall restrict ourselves to th e  moduli
problem for parabolic Q-pairs, Q can be any locally free s h e a f . Our main theorem
is the existence of a moduli scheme of equivalence classes of parabolic semi-stable
Q -p a irs . Moreover, we shall define a  m orphism  of the  m oduli schem e to an
affine space of "characteristic polynomials" and  p rove  tha t it is  projective as a
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natural generalization of results of Hitchin [7] in the case of Higgs bundles on
curves or Simpson's [24] in higher dimensional cases. Then as a special case,
we obtain the moduli scheme 117/g7j,'Îs  w hich is projective over S.

In §1, we shall give various definitions on parabolic pairs. Almost all notions
are natura lly  ex tended  to  our case. § 2  is  d e v o te d  to  the construction of a
param eter space R '  o f  all parabolic sem i-stable 52-pairs w ith fixed Hilbert
polynomials and weights. Moreover, a morphism @ of R ' to  the product of a
Gieseker space 2 and some Grassmann schemes G1 is  construc ted . T hen  the
results in [13] can be generalized to our case. In particular, the existence of a
coarse moduli scheme of stable parabolic Q -pairs is proved. §3 is devoted to
the analysis of orbit spaces of (2 x f l  G ir  which is a natural generalization of
results in §2 of M. M aruyam a [10]. In the case of parabolic sheaves, under the
assum ption that S is a scheme over a field of characteristic zero, most of these
are not needed since the projectivity of the morphism P  of R ' to  (2  x f l  0 "
is proved in our A ppendix. The notion of extensions of points in Gieseker spaces
is naturally extended to our case but it does not work well since the set of all
extensions of two points in 2 x fl G, is not a complete family. Hence, we shall
introduce a notion of "quasi-extension". In §4, we shall prove the main theorem,
tha t is, the existence of a moduli scheme of parabolic semi-stable Q -p a irs . The
projectivity of the moduli scheme of parabolic semi-stable sheaves is proved in
§ 5 .  For the moduli scheme of parabolic semi-stable pairs, the properness of the
morphism of the moduli scheme to the space of "characteristic polynomials" is
proved. W e shall derive these results by the method used in S. G. Langton [8].
In appendix, we shall show tha t the morphism V': r"— >(Z  x  

f J  G1) '  constructed
in [13] is proper in the case of characteristic zero. Strangely, the author could
not prove it without an additional condition "7 , >  0 "  w here a, is the minimum
weight. However, in the case of curves or more generally in the case where
p-(semi-)stability is the same as (semi-)stability, by changing weights, we can also
get a moduli scheme which is projective over S.

The author would like to thank Professors M. Maruyama and A. Fujiki for
their helpful suggestions and encouragement.

Notation and Convention. Let f: X  —> S be a smooth, projective, geometrically
integral morphism of locally noetherian schemes. D be an effective relative Cartier
divisor on X IS  and let 6,(1) be an f  -very ample invertible sheaf. For a coherent
(-m odu le  E  and a numerical polynomial H , we denote simply by Quot (E. H)
the Quot-scheme Quot 14 , 1s . If s  is a geometric point of S , then X s m eans the
geometric fiber of X  over s  and Es = E (D es k(s). W e denote by S i (E) the i-th
symmetric product o f E , b y  S *(E) the symmetric C x -algebra. F o r  a  coherent
C -m o d u le  F, the degree of F  w ith respect to C x ( l)  is  th a t of the first Chern
class of F  w ith respect to  e x ,(1) = e x (1) C) C x s  and it is denoted by deg, x ( ,, F
or simply deg F .  Moreover, the rank of F  is denoted by rk (F), f t(F)= deg F/
rk (F) and hi (F)= F ) .

For polynomials sf, (n) and .f 2 (n )  f 1 (n)-< .f 2 (1) (or, • 1.,(n) .f2 (n)) means that
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f1 (n) <  f2 (n) (or, .11 (n) < f2 (n), resp.) for all sufficiently large integers n. For a
polynomial H  a n d  a  num ber i n ,  H [m ] denotes t h e  polynom ial such that
H [m ](x ) H (m  +  x ).

1. Parabolic pairs

Let X  be a  non-singular, projective variety over an  algebraically closed field
k and let C ,(1) be a  very ample invertible sheaf o n  X .  Fix an effective Cartier
divisor D OE X  a n d  a  locally free « -m o d u le  Q  of finite rank.

Let us recall some definitions on  parabolic sheaves. (For details, see § 1 of
[13].)

D efinition 1.0. A  parabolic sheaf is a  tr ip le  (E, F . ,  a . )  of a torsion free
coherent C x -module E , a filtration

(1.0.1) F, (E) D F 2 (E)D • • • D F,(E)D F,,,(E) E(— D)

a n d  a  system  o f  w eights 0 <  a, < 2 < • • • < a, < I. F o r  a  parabolic sheaf
(E, F ., / ,) , w e  have a filtration

(1.0.2) U  E(— nzD) U E„D • • • E, El; 2  •  •  •

meZ cteR

w here  E„ = F(E)(— H D )  w ith  i a n  in te g e r  su c h  th a t a i <  —  [ 2 ]
(/, = x, — 1 a n d  / ,±  =  1 ) .  We often denote (E, cx.) by

A  parabolic homomorphism o f  E , to  F .  is  a n  r x -homomorphism of E  to
F  which maps E  F „ for all a  >  0 .  I n  this paper, we change the definition
of parabolic subsheaves given in  [13], i.e. a  parabolic sheaf F .  is  sa id  to  be  a
parabolic subsheaf of E . when if F  is a  coherent subsheaf of E and F, E
all a.

The parabolic Hilbert polynomial of E . is

(1.0.3) par- z (E (m ))= z(E„(m))da.
Jo

The polynomial par- z(E * (m))/rk (E) is denoted by par- PE .(m). Moreover, the
parabolic degree o f E . is

(1.0.4) par-deg (E .) = f  deg  (k )d y  + rk (E) • deg D.

par- p ( E )  is par-deg (E * )/rk (E ) and wt (E ,)  is par-deg (E * ) — deg E.

F o r  0  <  <  1 , deg E(— D) < deg E„ < deg E .  Hence, by (1.0.4), we have the
following inequalities.

(1.0.5) 0 < wt (E.) rk (E) • deg D.
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We can naturally extend the notion of Q-pairs (cf. [6], [19], [24] and [26])
to parabolic cases.

Definition 1.1. A  p a ir  (E* , 9 ) o f  a  parabolic sheaf E* a n d  a  parabolic
homomorphism 9: E * —> E* (D x .(2 is said to be a  parabolic Q-pair if 9 = O.
where 9 A  9  is  the following homomorphism

<p® I
Q - - - EayS 2 O x f 2 — E C )xn 2 f2

a n d  E* C) x t2  is a  pa rabo lic  shea f such  tha t (E  C ),Q ) OE =  Ea (D x f2. The
polynomial par- x ( E ( m ) )  is ca lled  the parabolic Hilbert polynomial of (E* , 9).

A  parabolic subsheaf E* o f  E* is ca lled  9-invariant when for a ll  0  <  <  1 ,
9 (E ;) is contained in  .E ; ® K  Q . F or parabolic pairs (E ., 9 ) a n d  (E'* ,  9 ), an
Cox -homomorphism f  o f  E  t o  E ' is  sa id  to  b e  a hom om orphism  of parabolic
pairs when 9' o f  =  (f  i c i , ) .  9  and f  is  a  parabolic homomorphism o f  E* t o
E .  ( E ,  9 ') is called a  (parabolic) sub-pair of (E* , 9) if E' is a  coherent subsheaf
of E , E ;g  Ea  f o r  a ll a  and  91 , =  9 '.

L e t F  b e  a  9-invariant coherent subsheaf o f  E  su ch  th a t E/F is  torsion
free. I f  we put Fa = E nF, then (F * , 91F) is a sub-pair of ( E . ,  9 ) .  In  this case,
we call this structure of (F * , 91F)  the induced (sub-)structure of (E* , 9). L et G
b e  a  to rsion  free  coherent quotient sheaf o f  E  w ith  quotient m ap  g :  E —> G.
Assume that ker (g )  is 9 -invarian t. Setting G, = (Ea + F)/F for all a >  0, we get
a quotient pair (G* , 0) of (E ., 9) where 9 is the homomorphism of G to  G C),52
induced from 9.

Remark 1.2. 9 induces an T x-homomorphism 9 of Q " to  e n c e " (E . ).  The
condition "9  A  9 = 0 "  im p lie s  th a t  9  is  e x te n d e d  to  a  hom om orphism  of

-algebras of S*(f2y) to .Par (E)  T h u s  w e  have a parabolic homomorphism
associated to 9:

9": E * x  S* (S2 ) E ..

Definition 1.3. 1) ( E . ,  9 ) is s a id  to  b e  p a ra b o lic  stab le  (o r, parabolic
semi-stable) if for every 9-invariant parabolic subsheaf F * o f  E .  w i t h  0  F  E ,
we have

par- P (m )  - ‹  par- PE (m ) (or, <, resp.).

2) (E* , 9) is said to be parabolic p-stable (or, parabolic p-semi-stable) if for
every 9-invariant parabolic subsheaf F * o f  E* w i t h  0  F  E ,  we have

par- p (F ) <  par- u ( E ) ( o r , resp.).

3) Let e be an integer. (E* , 9) is said to be of type e if for every 9-invariant
parabolic subsheaf F* o f  E* w i t h  0  F  E ,  w e have

par- p(F.) par- p(E.) + e.

Remark 1.4. By Remark 1.11 o f [13], w e m ay assume th a t in  the  above
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definitions, F * has the  induced structure.

Let f: X —> S  b e  a  smooth, projective, geometrically integral morphism of
noetherian schemes, D c  X  be a  relative effective Cartier divisor with respect to
f  a n d  le t  0 ,( 1 )  b e  a n  P v e ry  a m p le  invertib le  sheaf. L e t  H, H ,  be
polynomials a n d  a, , oci b e  r e a l  n u m b e r s  s u c h  th a t  0 <  <  •  •  •  < ,<  1 . Set
H * = {H ,,... H i }  and cx, =

W e denote by .F,2(H, H ,  cx* )  the family of classes of parabolic Q-pairs on
the fibres of X  over S  such  tha t (E * , 9 ) is contained in  .517,(H , H * , c(* )  if and
only if (E * , 9 ) is  a  parabolic semi-stable Q-pair on a geometric fibre of X  over
S, x(E(m)) = H(m), z((E I F ;± ,(E ))(m )) = H 1(m) and the  system of weights is

B y  th e  inequality (1.0.5), if  (E * ,  9 ) is  o f type  e , then  fo r  all 9-invariant
coherent subsheaf F  o f  E , w e  have th a t  ti(F) p ( E ) +  deg D  +  e . Hence, by
Proposition 1.6 of [26], we have

Lemma 1.5. I f  (E * , 9 ) is  o f  ty pe  e, then there ex ists an integer e ' which
depends only on e, D, Q  and rk (E ) such that E  is of  ty pe e ', i.e. f o r all coherent
subsheqf F o f  E, p(F) p ( E )  +  e'.

By virtue of the boundedness results on the families of coherent sheaves (cf.
[11]), we have the following.

Corollary 1.6. The fam ily  .3170 (H , H  c ( * )  is bounded if one o f  the following
conditions is satisfied.

1) S  is a  noetherian scheme over a .field of characteristic zero.
2) T he rank  is not greater than 3.
3) The dimension o f  X  over S  is not greater than 2.

L et us recall that a torsion free coherent sheaf E  o n  a  geometric fibre X ,
is  sa id  to  b e  of c-type e  if  fo r  general non-singular curves C =  D, • ••••
Di e 1001)1, every subsheaf  E'(  0) of E 0 x (0,• has a degree r k  (E')(p(E) + e).

Definition 1.7. 1) ( E * ,  9 ) is sa id  to  be  parabolic  e-stab le  (o r, parabolic
e-semi-stable) if (E * , 9 ) is parabolic stable (or, parabolic semi-stable, resp.) and
E  is of c-type e.

2) (E * , 9 ) is said to be strictly parabolic e-semi-stable if it is e-semi-stable
a n d  i f  f o r  e v e ry  9 -in v a rian t p a ra b o lic  q u o tie n t sh e a f  F,,, o f  E*  w i th
par- PE.  = par- P,•., (F * , ( P l r „ )  is parabolic e-semi-stable.

Let ci- 7Z(H, H * , c(* )  be  the sub-family of <9- 7,2(H, H * , / . )  such that (E * , 9 ) is
contained in  „FA' (H, H * , 1 * )  if and only if (E * , 9 ) is parabolic e-semi-stable.

By virtue of Lemma 3.3 o f [9 ] and  Lemma 1.5, we have

Proposition 1.8. The .family H * ,  C ( , )  is bounded.

By virtue of Proposition 1.8, Lemma 2.6 of [13] and by  a  similar proof as
Proposition 2.5 of [13], we have
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Proposition 1.9. There ex ists an  integer N o  such that
1) if (E t , (p)e g7f ;' (H, H , I t )  is parabolic stable, then Jr all in> N o  and  all

yo-invariant parabolic subsheaves F t  o f  E t  w ith  0 F  E ,

e '

 h ° (F „(m)) d  r k  (F) < h° (E,(m)) dal rk (E),

2) if (E t , (p)eg",f ;' (H, li t , a t ) is not parabolic stable, then for all in> N o  and
all yo-invariant parabolic subsheaves F t  o f  E t  w ith  0 0 F E ,

1
h° (F (m ))d  a/rk (F) 11°(E,(m))dairk (E),

/ I

and there ex ists a non-triv ial (p-invariant parabolic subs/teat E't  o f  E t  such that
f o r all m  > N  and i >  0,

cl
//'(E(m)) d 7/rk (E ')= 17° (E,(m))daIrk (E),

J o Jo

Iii(E (m )) =  0  and E' (in) is generated by its global sections.

Rem ark 1.10. Recall that a  coherent e x -m odule E is said to be f-torsion
free or relatively torsion free if it is flat over S and for every geometric fibre X s

of f ,  E C ) , (0, s i s  a torsion free C 5 ,-m o d u le . By the argument below Definition
1.13 of [13], we know that if E is f-torsion free, then the canonical homomorphism
E  C ),C )(—  D) —+ E is  injective.

L et (SchIS) b e  the  category o f  locally noetherian schemes over S. L e t T
b e  a n  object o f (Sch/S ). A  trip le  (E , F oc t )  o f  a  coherent e x T -module E . a
filtration F t  of E  as in (1.0.1) and a system of weights oc, is called a .flat family
of parabolic sheaves on X T IT  if E is .f i —torsion free and all El F i (E ) are flat over
T (hence, all F i (E ) are flat over T ) .  Note that a flat family of parabolic sheaves
has a filtration as in (1.0.2), hence we denote it simple b y  E „ .  A  fiat .family of
parabolic pairs is a pair (E„, (p) of a flat family of parabolic sheaves E t  and  an
C„,-homomorphism yo o f E  to  E C),S2 such that cp(E) E ,

 ® 5 Q  f o r  all x.
F or the  openness of parabolic stability of parabolic pairs, we have

Proposition 1.11. Let g : Y  T  be a smooth, projective, geometrically integral
morphism of  locally  noetherian schemes, C y (1) be a  g-very ample invertible sheaf,
D c  Y be a relative effective Cartier divisor and (E t , cg) be a .flat family of parabolic
Q-pairs on Y I T .  I f  IF (y , C y (1 )C )k (t))=  O for all i >  0 and te T, then there exist
open sets r "  and T s  o f  T  such that f o r all algebraically closed .fields k,

Tss(k)— {t E  T(k)1(E, k (t) is strictly  parabolic e-semi-stable{

Ts(k)=  t  eT(k)1(E t , (p) O k (t ) is parabolic e-stable{
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P ro o f .  By virtue o f  Corollary 2.3, there exists a  closed subscheme 124'  of
Q = Quot (E, H) such that for every object T ' of (S chlT ),

Q9 (T ') = { G EQ(T ')IG is 9 x ,,,,-invariant}.

Using the  scheme V " instead of Q  in  the  proof of Proposition 2.8 of [13], the
proof in  [13 ] holds good for our case. 0

B y  th e  sim ilar proof a s  in  t h e  usual case, w e see that every parabolic
semi-stable Q-pair (E * , 9) has a  Jordan-Holder filtration

E = E °  D  E l  D • • • E " '  0

where fo r a ll i, E ,  is  9-invariant, ((E i E i +1 ) , (74 w ith th e  induced structure is
parabolic stable and par- i ) . ( m )  =  p a r -  PE * (m ). We denote by gr (E* , (p) the
direct sum  an_ 0 ((E l lE 1 ' ) ,  ( p ) .  The Jordan-H6Ider filtration is  no t in general
unique but gr (E * , 9 ) is uniquely determined up to parabolic isomorphisms. It
is  easy  to  see  tha t g r (E ,„  (p) is also parabolic semi-stable. M oreover, every
parabolic pair has a unique (ti-)Harder-Narasimhan filtration of parabolic pairs,
see §5 for the proof.

Definition 1.12. F o r  a n  object T  of (S chIS ), set

(E * , (p) is a  fla t family of
par- A Is =  (E * , (p) parabolic Q-pairs o n  X T / T —

with the property (1.12.1)

where —  is the equivalence relation defined by (1.12.2).

(1.12.1) F o r  every geometric po in t t  o f  T , ((E,, (F * )„ a * ) , 9 ,)  is parabolic
semi-stable, x(E,(m)) =  H(m) and  z ((E,I F,, (E),) (ni)) =  H i (m), where (F,,,), is
the filtration consisting of 9-invariant subsheaves

E, = F i (E), D F 2 (E), D • F = E,(—  D).

(1.12.2) (E t , (p)( E ,  9 ' )  if  a n d  only if (1) (E * , (p) (E *' , (p') L  or (2)
there exist filtrations consisting of 9-invariant subsheaves E E °  D D  •  •  •

Ern = 0 and E ' = E ' ° D  •  •  •  D  E "  =  0 such that for every geometric point
t  o f  T , their restrictions to  X , provide us with Jordan-Holder filtrations of
((Ed * , 9 ) an d  ((k ) * , 9 '),  respectively, gr (E * , (p) = ((E' I E i+ 1 )* , (p i )  is
T-flat and that gr (E * , (p) gr (E'* , (p') L, for some invertible sheaf L on T.

For a morphism g : T ' T  in  (S chIS ), g *  defines a  m ap of p a r -  E tZ is ( T)
to par- 4 7 iN

1s
 ( T'). Then par- L'1,17,bzrx i s  i s  a contravariant functor of (Sch/S) to

(Sets). W e denote by par-Z I,21 7iN s the sub-functor of par- DTL'hài*,,,s consisting of
a ll  f la t families o f  parabolic stable Q -pairs. M oreover fo r  each non-negative
integer e , par- Zt,52,-i;, (o r, par- 2-tiNe,  ) denotes a  subfunctor of par- Eti,'/iy i s

(o r , par- Zg7iN s , re sp .)  c o n s is tin g  o f  all f la t  families o f  strictly parabolic
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e-semi-stable (or, parabolic e-stable, resp.) Q -pairs. By virtue of Proposition 1.11.
if we assume tha t H i (X , 6),(1)0  k (s))= 0  for a ll i > 0 a n d  a ll s E S, then these
are open sub-functors of par- Eg7b /s .

2. M odu li o f  parabolic stab le  pa irs

In  this section, we shall construct a  coarse moduli scheme M I,-17,62tx 1 5  o f the
functor par- L'g7b7, /s . W e shall fix the following situation:

(2.0.1) Let S  be a  scheme of finite type over a  universally Japanese ring .E
and let f: X  —> S be  a  smooth, projective, geometrically integral m orphism  such
that the dimension of each fiber of X  over S is n. Let Cx (1) be an f-very ample
invertible sheaf such that for all points s in S and all i > 0, H i (X „ C x (1) 0  ,  )= 0.
L e t D c  X  b e  a  relative effective Cartier divisor a n d  le t  Q  b e  a  locally free
Cox -module.

Fix a  non-empty family ,FZ(H, H * , OE.). We assume that all aci a re  rational
num bers . B y  Proposition 1.8, there exists a n  integer N o s u c h  th a t  fo r  every
member (E* , (p) of g -,f (H, H * , OE* ) , the conditions 1), 2) in Proposition 1.9 and
the following conditions are satisfied.

(2.0.2) F or a ll i  and  a ll in N o ,  F i (E)(m) and (E/F,(E))(m ) are generated
by its global sections.

(2.0.3) For all i, all ]  >  1  and all in > No , Hi(F,(E)(m ))= 0 and Hi((E/F i (E))
(in)) = 0.

(2.0.4) For all in  > No ,  if an invertible sheaf L  o n  a  geometric fibre X s has
the same Hilbert polynomial as det (E(m)), then

Ext x , ( '(V 1x ), L )= 0

for all ]  >  1, where r is the rank of E, V  is a free 1.7-module of rank r and Sr*(52v)
is  the sheaf C )

(':
0 1 ) r k ( 1 2 ) 5 i ( Q  v ) .

Rem ark 2.1. 1) If (2.0.4) holds, then for all ]  >  1, all free . -modules V  and
all invertible sheaves L  o n  X s w ith  the  sam e Hilbert polynomial as det (E(m)),
we have

Ext ( '( V ..S,*(S2v )x ,), L ) = 0

2) In  the  previous paper [2 6 ], fo r  a  locally sheaf Q , w e have denoted by
SNS2) the  sheaf G::: 0

1 S'(52). Lemma 1.2 o f [2 6 ]  w as w rong . B ut it becomes
correct and hence all results in  [2 6 ]  hold  good if w e change the definition of
S,.*(f2) to (2) r-01)rk(f2)Si(I2‘.) W e m ust change, in the proof o f  Lemma 1.2, 1.17
in  p.313  of [26] :

(or, f,(p'(.,( 1)'' • (p'(x„,) i - (.01.1.e F, r — I  , resPO
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to  the following.

(or, {9'(x i )i1c p '( x „,) " ( f ) I f E F , i < (r —  1)m. 0 < resp.)

We need the following result of the base change theory. (See for the proof
§1 of A. Altman and S. Kleiman [1].)

Proposition 2.2. Let f: X  — > S be a proper morphism of noetherian schemes
and let I  and F be two coherent 0 5 -modules, with F .f lat over S. Then there exist
a  coherent 0 5 -m odule H(I, F) and an  elem ent h(I, F) of  Horn, (I, F C),H(I, F))
which represents the functor

M H -4 Horn, (/, F C) M )

defined on the category of quasi-coherent 0 5 -modules M, and the form ation o f  the
pair commutes with base change; in other words, the Y oneda map defined by h(I. F),

(2.2.1) y:Hom T(H(1, F) T , M) — >Horn„,„ (I T ,  F  C  M )

is  a n  isomorphism f o r  ev ery  S -schem e T  an d  every quasi-coherent C T -module
M .  Moreover if  I is _flat over S and if  Ext/, (I 0 k (s), F k ( s ) )  =  0 f o r all points
s  of  S , then H(I, F) is locally  f ree.

Corollary 2.3. Let f: X  — > S be a proper m orphism  of  noetherian schem es
and let cp : I F  b e  an 0,-homomorphism  of  coherent 0 5 -modules with F _flat over
S. Then there exists a unique closed subscheme Z of S such that for till morphisms
g: T-4 S , g*(cp)= 0  if  and only  if  g  factors through Z .

P ro o f . By the isomorphism (2.2.1), 0 corresponds to an C s -homomorphism
H(I, F)—> 0 5 . The closed subschem e Z  o f S  defined  by  the ideal sheaf

Image (Ji) i s  the desired one.

F ix  an  in teger m  > A I, and a  free Z-module 1/n o f  r a n k  11(m ). Set
Q = Quot (1/n, .„0 x , H [m ])  a n d  Q1 = Quot (I;„ =0 5 , F i [m ]) .  L e t 0 : 1;„ C),
Cx 0  3  f (m ) (or, 0,: Kn ® - X Q .  —> É,(m)) be the universal quotient on X Q (or, X Q i ,
resp.). Let Q° b e  the open subscheme of Q such that for all algebraically closed
fields K,

(K) = {x E Q(K)1 E X ,  is  torsion free].

Let U, be  the maximal open subscheme of Q , such  that for a ll points x  o f U1

and all j  >  1 , H i (E;(m)lx) = 0 and f ,(01 ): Kn 0 6 u ,  — > f i , ( E i ( m ) l x „)  is  surjective
where f i i s  the projection of X u , to  Ui . Note that . f i ( Ê i ( m ) I x u d  i s  a locally free
Cu i -module of rank H i (m). Hence, the quotient map f, * (0,) defines a morphism
of y,: U1 —> G1 w here  G1 = Grass ( 0  ,,,e)s , Hi(m)).

In §3 of [13], we have constructed a closed subscheme T of Q°  x  s IT =  U ,
and a flat family of parabolic sheaves ("É(m)x ,., 1 ,)  of length / and a surjection

C) 1: i „Ox ,. f(m) x ,. where is a  filtra tion  o f  ri(m) x i . such  that
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f(m ) x ,,/i",,,(E(m) x ,.) is isomorphic to f i (m)x ,  as quotients of 1<„ These
have the following universal property.

(2.4.1) Let T be an object of (Sch/S). Assume that a flat family of parabolic
sheaves (E, oc,) of length I o n  X , and a surjection  1 ; „  C x . „  E have
the following properties.

I. F o r  all geometric points t  of T and all i, the Hilbert polynomial of E (or,
E/F1 ± 1 (E)) on  X, is H [m ] (or, I -U m ], resp.) and Hi((E,/F,,,(E),))= 0 for
all j >  I.

2. F o r  a ll i, the  natural homomorphism of CT to  ( f , ) * (E /F ,,,(E )) is
surjective.

Then there exists a  unique morphism of T to T such that (E, oc*) and (lo' are
given by the pull back of ( -Ex , , and  4),-: I/„ —> E(m)x ,,.

A s in [9], le t P  be a  finite union of connected components of Pic x i s  which
have a non-empty intersection with v(Q) where v is the morphism of Q to Pic x i s

determined by det ( f (m ) ) .  Let Z  be a Gieseker space such that Z  is a P N -bundle
over P  in étale topology and for each K-valued geometric point x of P , the fibre
Z x  is isomorphic to

P(Hom K ( A' (Vn, CD „K), H
°
(1 , ) ) ')

where Lx  i s  the  invertible sheaf corresponding to x and  r  is  the  rank of Ê  on
fibres. Then we have a m orphism  T of Q  to  Z  defined in  § 4  o f  [9 ] , roughly
speaking, it maps a point of Q which corresponds to a  quotient t): JÇ, 0 .,C x  E
to  a point

A A d e t  E

of P(Hom K ( A r (Vni O E K ), H
°

(det E ) r ) .  N ote th a t, b y  Proposition 4.9 o f  P I
T1Q o is an immersion. Let be the restriction of T X Fly Q°

 X flué  Z  x  I-1G;

to  T.

 Z  x

closed
immersion

By Proposition 2.2, there exists a  coherent (O r -module H(T(m),,.. (E(m) 0 ,
S2),o ) such that the  scheme V (HLE. (m) x ,,, (E(m) x  S2) 1,)) represents a functor

(Sch/F) 9 TI-->  H om „ (E(m)„, (E(m) Q )„).

B y C orollary 2.3, it is easy to  see that there exists a  closed subscheme R  of
V (H(E(m),, , (

-
E
-
(m)(D x  S2)x , ) )  which represents a sub-functor of the above
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(Sch I F) 3

191 (/)(r. g(m )x ,)) g  ( 14 i(E(111 ) )  ® X  ) X T  for a ll i  and  (f) A = 0]

where 0 A yo is the homomorphism defined as in  D efinition 1.1. From  now  on,
let us denote f(tn) x R  (or, 0 0 1:  1Ç ® 6

X,, — >E0/14R) by E(m) (or, 0: 1„
(m ), resp .). T hus, o n  X R ,  w e  h a v e  a  universal family o f  parabolic pairs

((Ê(m), Ê . oc,), rp) and a surjection .0 where (7) is a  "parabolic" homomorphism

: f(in) T(m) C)„ Q.

Since (-p, A =  0, w e have a homomorphism

É(m) S* (52 ) É(m)

which is naturally defined by 0.
Now, by the condition (2.0.4), Remark 2.1 and Proposition 4.7 of [26], there

exists a  P -schem e 2  su c h  th a t 2  is  P N -bundle in  é ta le  topology and  fo r a
K-valued geometric po in t x  o f P, the fiber 2 , is isomorphic to

P(Hom e x „( A'(1;1 =SNQ v )x,; ),

By the argum ent in §4 in [26], we obtain a morphism

f: R

which is determined by the following homomorphism

Ar(in OESNQ V )X „ ) A'12(1) A r(E(M ) 0  X S N Q  V  ))

A' (TÉ(m)) det (f (m)).

Therefore, by f and the m orphism  R—>T 4 Z  x G G i w e  o b ta in
a morphism

Cif : R 2  x  f l  G .

By virtue of Proposition 1.11, there exists an open subscheme R " (or, RS) of R
such that a  geometric point x  of R  is contained in  R " (or, R s, resp.) if and only
if the  corresponding parabolic Q-pair ((E(m), o(* ), ii#x x  is strictly parabolic
e-semi-stable (or, parabolic e-stable, resp.) and the homomorphism

(2.4.2) H°(01x,.): 1<// ® k ( x ) H ° ( É ( m ) l x , )

is  an isomorphism.

Proposition 2.5. T h e morphism R ' x  H '  G1 i s  an  im m ersion .

P ro o f .  Let b e  the Quot-scheme Quot (I;„ 1-1[m]) and let
1;,, C),,,S,*(Q v )x o E ( m )  be the universal q u o tie n t. By 0 ° , we denote an open
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subscheme of consisting of a ll points x such  tha t ^1 (m)l x ,  i s  torsion free and
the restriction of 675 0 k(x ) to 1;,, . , ,  C x x  = I;„ C),S ° (.(2 ) , ,  V S,.*(S2')x ,  is
surjective. (7) 0 k(x) „, x.,  defines a m orphism  of -0 ° t o  Q° . The surjection on
X,

V„, 0  ( S 2 E(m) ® x 5 (Q")) E(m)

defines a morphism of R  t o  -0 ° . Moreover, the homomorphism

A r( , 0 ( Q  v )x ,o ) A9a01) r(P(m)) det ( (in))

defines a m orphism  of t o  2  whose restriction to  0 ° i s  an im m ersion by
Proposition 4.7 o f  [ 2 6 ] .  T he  com posite  o f these tw o m orphism  is clearly

R  2 . Thus, we obtain the following commutative diagram.

R x Hui —Q° x Hui--
q).1 I iw
x 11G ;- 6 1 '°  x  FIG; - -+  Q °  x  FIG ;Z  x  HG ;

itz - t vN o te  t h a t  -0 ° is  isom orph ic  to  V  (H( I;„ C).,( Ur=-
1

1 ) r k ( 1 2 ) s  k.se nx ,  E(m))) a s  a
Q-scheme. Then using Corollary 2.3 repeatedly, we can easily show  th a t  the
morphism of R  t o  -0 ° x  f l  u 1 i s  a  closed immersion.

In  th e  proof o f  Proposition 3.1 of [13], w e have constructed a subscheme
X  o f  Q x  Q; x  G; w hich is characterized by th e  follow ing property. F or an
S-morphism g: T-4 Q x  Q; x  Gi ,  le t gQ : 

1'Ç1 C ) , C - - *  E (g Q i : , c „  E i o r
0  Y o  be the quotient corresponding to the T-valued point of Q (Q ;

o r  Gi ,  resp.) which is determined by g. Then g  factors through X  if and only
if (i) E. i s  a quotient of E and __7(; C) T C„.„ as the quotient of V„ ,Cx ,  and (ii)
in the exact commutative diagram obtained by (i)

— 9 ' i  0  T  67) .1 (7- J i l l  0  E X T T  X T - >

0 F;+, E E.

Ji ® 
T 1 0 X T

F 1, 1 i s  surjective.
Set 4  =  47 x Q ••• X  Q  X .  I t  i s  a subscheme of Q x  HQ ; x  H G ,.  W e have

proved in [13] that the projection II of A  to  Q x  FIG; i s  an im m ersion. By the
Q-morphism of R  to Q ° x  HG ; a n d  to Q ° x  f l U1, we obtain a morphism of R
to Q° x Hui x  n G i .  By the conditions (2.0.2), (2.0.3) and the above property
of X ,  the morphism of R ' to Q ° x  Fl u, x H  G; is factored by a subscheme

n(Q° X nu ; x G1).

It follows that the morphism of R ' t o  -0 ° x  f l UI x  HG ; is factored by

= (z1 n(Q° X nu ; X fiG ; )) x Q 0 -0()
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T he  m orphism  R "  A ' i s  an im m ersion because R "  A' —> x  f lU 1 i s  the
im m ersion. Moreover, the projection n x I op o f  A ' t o  0

°
 x  HG ;  i s  a l s o  an

im m ersion. Thus, q/- 1,s. is  a composite of the following three immersions

R " 4' x Gi 0x

Set G =  S L ( I )  which acts o n  R, Z  and  G1. It is  easy  to  see  tha t q f is  a
G-morphism a n d  R "  (or, Rs, resp.) is  a  G -invariant open set of R .  We shall
say that a  Q-invertible sheaf L  has a  G-linearization when there exists an integer
in such that L® "  is  an  invertible sheaf and has a  G-linearization. As in the case
of parabolic sheaves, we choose a  G-linearized Q-invertible sheaf

L =  6 (p a r -  P E .(m)) 0  COO.
i= 1

on 2 x fl1  G 1, w here E . is a n  underlying parabolic sheaf for some member of
eF f ;  ( H , e ;  =  at + , — at; f o r  i — 1   f (1 1+1 — 1)  a n d  0 2(1) (or, (0O O ) is
the tautological Q-invertible sheaf o n  2  (or, G1,  resp.) w hich has the  canonical
G-linearization. (6)2(n +  1 ) is  a n  invertible sheaf (n = dim (X/S)) b u t in  general
(02(1) is no t invertib le .) T he open  se t consisting o f  a ll semi-stable (or, stable)
points w ith  respect to  th is G -lineariza tion  is denoted  by  (2 x n,L,G i)s (or.
(
2

 x  FE=
Recall some facts on stable points of 2 or G1. Let x  be a  K-valued geometric

point of 2 x  FE= , Gi. W e denote the point of 2 (K ) (or, O K ) )  determined by
x  b y  Tx  ( o r ,  g i  r e s p . ) .  W e  u s e  th e  sam e sym bol g1,,, for the surjection

V, ® K -3,1 1,x  which corresponds to  x  and moreover, we denote its kernel by
14' ,x . Tx is regarded a s  a  K -valued poin t o f a  Gieseker space Ps. ( Q v ) , „ ( ,  
K, r, L x )  (cf. §3) where L .,: i s  the  invertible sheaf corresponding to 'p(x)E P(K).

For the convenience of readers, we shall recall some notations and definitions
on Gieseker spaces (cf. [ 2 6 ] ) .  Let Pa ( V, r, L) = P(H om ,(A r(V C ),,Q ), L)v ) be a
Gieseker space where X  is a  scheme over a field k, V is a  k-vector space, Q  (or,
L ) is a  locally free Cox -module (or, an invertible sheaf, resp.) and  r  is a positive
in tege r. F o r vector subspaces 1/, ..... J  o f  V , and non-negative integers r 1 ,...,r t .
we denote by [V ; IA an image of the following natural homomorphism:

A'''( 111 Ok•f2 ) 0 x „ - . 0 x ,, A r`( 1 0 k ,Q) — > Ar (Vic Okf7).

If r; =  1, a  symbol [• • •, V,•••] is simply used instead of [•••, V; 1....]. Moreover,
if V is generated by one element e, then [•••, e,-••] is  u se d . Let T be a  K-valued
point of P,(V, r, L) which is identified as a non-zero homomorphism T : Ar(1,„ ' 0 4

Q) + LK . V e c to rs  e1 ..... e1 o f V, are said to be T-independent if TI'lei   e,. V K ;r—  i]

O. Otherwise, those are sa id  to  b e  T -dependent. N ote that those vectors may
contain sam e vectors. L e t  W  b e  a  subspace o f  VK . Vectors e 1  e  i n  W  is
called a  T-basis o f  W  if e 1 ..... e1 a r e  T-independent and  for all vectors e  in  W,
e1 ..... e1 , e  a re  T -dependen t. The maximal (or, minimal) length o f  T-basis o f W
is denoted by dim,. W (or, dirn T  W , resp.) and  called the  maximal (or, minimal,

resp.). Those are G-invariant open subsets of 2 x f l G.
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resp.) T-dimension o f W  In  general, dim„ W< dim„ W and if equality holds,
then it is denoted by dim, W.

W e need the following criterion of semi-stability of points of 2 x  FE= 1 G 1.

L em m a 2 .6 . L et x  be a  K -valued geometric point o f  2 x Assume
that the point Tx  in  2 (K )  has the following property:

(2.6.1) For all subspaces W  o f  I;n ® K,,  dim„, W= dim„, W

Then the point x  is semi-stable (or, stable) with respect to the G-linearized invertible
sheaf  L  if  an d  only  i f  for all non-triv ial v ector subspaces W  o f  1, 0 K ,  the
following inequality holds

par- PE * (m)(dim„ W. dim s  (1;, 0 ,K ) —  r dim„ W )

+ ;; (dirn, W. dim s  WL „. — dims  ( „ ® K ) •  dim k ( . n W)) > 0
= 1

(or, > 0, resp.).

P ro o f . Set T  = Tx , V  = V K  and N  H ( m ) =  d im „ V  Let ). b e  a
non-trivial one parameter subgroup of G  and let e 1 , . . . , e ,  be a basis o f V  such
th a t e a ) =  2r'e 1 w h e re  r, • • • •  <r,  and = O. T h e n  b y  Proposition 2.3  of
[16], we see easily that

11 6 2 4 " ( 7 , = — min {rd , + + 0  CI}
< d i ...... tl,. < N

Let Wi b e  the vector subspace generated by e 1 , . . . ,e 1. Let k ,  be  the minimum
integer such that 4 ,  is T-independent. If a  sequence o f integers k 1 , . . . ,k p are
defined , then  le t k p + , b e  the minimum integer such that  are
T-independent. Thus we have a sequence of integers k , < ••• < k ,.. By the proof
of the claim (3.3.2) of [13], we have that

j u e2(11(T, 2 )  = _ r k i .
=

If i  appears a i -tim es in the sequence k 1 , . . . , k „ then dim, W i =  d im , I V ' +
Thus we have that

116 2 1 1 1 ( T, = — (dim, W i — dim,
1= 1

The rest of the proof is completely same as tha t of Lemma 3.3 of [13].

Let o- (W, x) be the left-hand side of the above inequality. Since dim, (1;„
K )= H (m ) and dim s =  11(m) — I i (m), w e have the following description of
o- (W, x):
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o
-
(W, x) = H(m) • (par- PE(m) • dim. W— e i dim, (J n Pv) — dimK

i=1

P roposition  2 .7 . 1 ) q
-
J(R") g (2 x Gr.

2) @ (Rs) g (2  x
3) If  a point x is in R ." but not in R', then fr (x) is not in (2  x FE= 1

P ro o f .  L et x  be a K-valued geometric point of R ' and W  be a non-trivial
vector subspace of K„ C:),.K. Then we have a  parabolic pair (E * (m), (p) on X .
and a surjection (P, : 1/n, C) E(m) which correspond to  x E R ss(K ). L et 9'
be the following surjection

V. „ E(m) ( D x  S* (52 ) E(m)

an d  le t 9 ;  b e  its  restriction to 1;, ® S7 (Q " ) .) . The K -valued point Tip (x) o f
2 corresponds to  the homomorphism

Ar (V C) (f 2 ) x ) - A"(E(m)) det (E(m)).

By Lemma 3.7 in  the  next §3, we have that

(2.7.1)W = = W= rk (9;(W ®1( (g7  v )x.,))•

B y L em m a 1.2 o f  [2 6 ]  a n d  Remark 2.1.2, 9 (W (D x  S7(g2  v )x „) is generically
isomorphic to 9"(W  S * ( f 2  v )x ) .  Let F(m) be  a subsheaf of E(m) containing
(P'( W OK S* (g2 v )x „ ) s u c h  th a t  E(m)/F(m) i s  to rs io n  fre e  a n d  F(m)/(P'( W OK
S*(f2y) x ,) is a  t o r s io n  sh e a f . T h e n  b y  (2 .7 .1 ) , d im „ ) W  r k  (F). Since
H ° (C ) :  V„, C — >  f l

°
 (E(m)) is  an isomorphism, we know that (cf. [13] (3.4.2)

and (3.4.3)) dim , h i)(F (m )), dim, (Wn 1/17
; ,4,(, )) h

°
(F(m) nF,, i (E(m))) and

therefore

a(W, @(.x))> H(m) • (par- PE  (in) • rk (F)— h
°
(F(m))clŒ)

where F ( m )  h a s  the induced struc tu re . Since 9'(W C), S * (Q  ),) is 9-invariant,
so is F (m ). Hence, the assertions 1), 2) follows from Propositions 1.9, (2.7.1) and
L em m a 2.6 . To prove 3), le t E * be  the 9-invariant parabolic subsheaf of E *

given in  2) of P roposition  1 .9 . N ote  th a t the  parabolic structure of E'* i s  the
induced structure. Set W  =  H

°
(E'(in)). Since E'(m) is generated by its global

sections and 9-invariant, 9 ;(W C ), S7(S2v),  ) =  E '(m ). H en ce , b y  th e  above
argument, W  =  r k  ( E ' )  a n d

o- (W T'(x)) = H(m) • (Par - P E » ) • rk (E') — 100m ))d  pc) =

By Lemma 2.6, q/(x) is not in  (2  x 1=1
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Let k s s  be the scheme theoretic image of R "  in (2 x G i) " .  Then by
virtue of Theorem 4  of [20], there exists a good quotient : R "-4  Y and Y is
projective over S. S e t  117/12-17iN s  = Y — —  R " ) .  T h e n  Mg71,Ws  is  q u a s i-
projective over S. M oreover M- L-1 N s  c o n ta in s  MtiNei s  =  (R 5)  as an open
subscheme.

Theorem 2 .8 .  M t iN s  i s  a  coarse moduli scheme of par- Z1,1?"„N Ì's ,  that is.

Mg?'),"tiei s  has the following properties.

(2.8.1) For each geometric point s o f S, there exist a natural bijection:

Os : par- iiO: Mg7b7 5 (k(s)).

(2.8.2) F o r  T e (S c h IS ) a n d  [(E * , 9)] E par- £12
-17bWi s  (T ) ,  the re  ex is ts  a

morphism

m
li(E,(P)1 • .0/D/X/S

such that fo r  all points t  in  T(k(s)), fRe„*. 0 1 (t) = Os ((E * , (P)lx,)•
morphism g: T' —>T in  (SchIS),

re re
JI(E*.011 o  V J P  x  g )* (E * .9)•

Moreover, for a

(2.8.3) I f  M 'E(SchIS ) and maps

O's : par- Z 1,1
27iNei s  (k (s)) M'(k(s))

frf E*,(p)1 :
T M '

have the properties (2.8.1) and (2.8.2), then there exists a unique S-morphism T  o f

mg7i,w, to M ' such that T (k(s)) , Os = Os and T of4* ,9 ) ] =  for all geometric

points s o f S and fo r  a ll [(E * , 9)] e par- 47 iN s  (T).

(2.8.4) Mg7hŒrZs  is quasi-projective over S.

P ro o f .  Though the proof is essentially the same as in the case of moduli of
stable sheaves, we give the proof for completeness. (2.8.4) is already proved. Set

= par- I t i N i s  and M = Mg7iNi s . Let s be a geometric point of S. We have
a - natural map

R2(k(s))1G(k(s)) - - 1 ( k ( s ) ) .

F or e a c h  pair (E * ,  9 )  in  E (k (s )), b y  (2.0.3), h° (E (m ))=  H (m ). T ak ing  an
isomorphism Vm (:) k(s) H ° (E(m)), by (2.0.2), we obtain a surjective homomor-
phism 1 ; ,  (:),e x s  —> E (m ) . By the universal property of Rs , (c/i , (E * , 9)) defines
a k(s)-valued point of R ' .  Hence, ms i s  surjective. Moreover, by the property
(2.4.1) for points of R ,  7 T  is  injective. S in c e  (k(s)): Rs(k(s))—> M(k(s)) induces
a bijection Rs(k(s))IG(k(s)) M ( k ( s ) ) ,  we obtain a bijection 0,: Z(k(s))- M (k(s)).

T o  p rove  (2.8.2), assume th a t  Te(SchIS ) and [(E ., 9 ) ]e Z ( T )  are given.
Then by virtue of the properties (2.0.2) and (2.0.3), E' = (f,),(E(m)) is locally free
of rank  H(m ) and the canonical map (fT )*(E')—> E(m) is  surjective where J .  is
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the projection of X ,  t o  T. Let T =  U,I T,1 b e  an  open  covering o f  T such that
is  free for each Take a n  isomorphism 17,n C),,,OT Â E I T ,. B y the

universal property o f R5 ,  a surjection

Clx„ fT)*(E'

and (E t , 991,,,, defines a morphism h i  of TA to  R ' .  On T  =  n Ti„ a T-valued
point f3  o

 )62 o f  G  transforms h , to  h„. Since M  is a  geometric quotient of Rs,
o  h , = 'o h , on Thus we have a morphism o f T to  M . N o te  that

by the same argument, = f (,•* ,(p)„  for each invertible sheaf o n  T. Clearly,
g,,, (p) i s  the desired one.

Finally, le t  u s  prove (2 .8 .3). T h e  universal parabolic p a ir  (f(m) * , CP)Ixi,s
(simply denote by  ( ( n i ) ,  (74) o n  X R, determines a morphism

co: R sp a r -  EifiiiN eis.
Since 6- *((E(m) * , ço)) 14(CE(m) t , (74), we have a commutative diagram

G x  RS - >6 Rs
P2

R 5 pa„.-- f-0 6 1s .

where o- i s  the action of G  o n  R s and p2 i s  the projection. The property (2.8.2)
implies that there exists a m orphism  6  o f  p a r - E tg yis  to  M '. M o re o v e r , w e
have that

6 ° = E(m)*.0)1•

-, 1(1(m)*.011 ° —  f [ (' f(m).,0)1 ° P .Hence, we see that f; e Since M is a  geometric quotient
of R5 b y  G, there exists a unique morphism T: M —> M' with T o = f f;t („,, o )] .
Then by the universality of R5 , we know easily that T has the property in (2.8.3).

By the similar arguments as in §5 of [9], we know that there exists a unique
morphism v e ,e ,  o f  M IA N e/ s t o  M t iN efs'  if  e e ' .  Moreover, Mg7iNei 5  c an  b e
regarded as an open subscheme of /14 rie/s'  through V e e . T a k in g  inductive limit
of {/1/1:717gtie/s }, an  S-schem e M tiN i s  is obtained.

Theorem 2.9. M I/2 7i,', /s is a coarse moduli scheme of par- ii7batx/s • Moreover.
MI;17x i s  is separated and locally  of  f inite ty pe ov er S.

P ro o f . Since M = M .g7gi*x 1 s  is  the union of open subschemes Me = Mg7i7iei s

which are quasi-projective over S, it is locally of finite type over S. Moreover.
M  x s M  is  covered  by  open subschemes M e x s M e .  Let 4  (o r , 4e) b e  the
diagonal morphism M —> M x s M  (or, M e  M e  x 5 M e, resp.). T h e n  Anme x s

M e is closed in  me x s M e .  Hence, 4 is closed in M  x s M , i. e. M is separated
over S. F o r  all K -valued geom etric points s  o f  S, M(k(s))= U e Me(k(s)) and
l(k (s))= U el e (k (s)) w here  E  = par- Egigîx i s  a n d  l e  = par- H e n c e , H e n c e ,
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clearly M (k(s))=  l(k (s )) in  a  natural w a y . It is easy to see that X  =  lim Ee and

there exists natural commutative diagrams for e < e'

M

where ge is  a  m orphism  given by th e  property (2.8.2). Hence, there exists a
natural morphism g  of I  to M .  Finally for each morphism h of L' to M'E(Sch/S),
there is a m orphism  ye of M e to  M ' such  tha t y e .  g" = III,—  By the property
(2.8.3), we know that ye '  =  ye for e < e'. Hence, we get a unique morphism
r  of M  to M ' w hose restriction to  M e is  ve. Since the restric tion of r g  to Ze
is the same as  tha t of h, I) . g  = h. Clearly, such r  is unique.

3. G L (V )-orb its of 2 x  F I G;

In  this section, we shall analyze orbit spaces of (2 x  HG,) with respect to
GL(V).

Let X  be a  smooth, projective variety over a field k and Cx (1) a  very ample
invertible sheaf. F ix a  locally free (° -m o d u le  Q  o f f in ite  ra n k . A s in  §3  o f
[26], for a k-vector space V of dimension N , a  non-negative integer r  and an
invertible sheaf L o n  X , w e denote by Pn (V, r, L ) a G ieseker space P(Hom, x

( A r(V L )v ) o n  which th e  algebraic group G = GL ( V )  acts a n d  there is
the G-linearized invertible sheaf C(1). Let a , = (or, N *  =  {N 1 ,..., N,})
b e  a  s e t  o f  rational num bers (or, positive integers, resp.) such that 0 < <
••• < a, <  1 (or, 0 < Ai i < •••<  N ,<  N , resp.). Set e, = II+ 1 ( I i+ 1  =  1). We
denote by G ( V, N 1)  the Grassmann variety Grass(V, N ,). O n  G ( V, N1). w e have
a  natural G-linearized invertible sheaf 9 G ( v ,,,, ) (1). M o re o v e r , w e  d e n o te  b y
0 0 (V, r, L, N * , a ,)  the  scheme

P,(V, r, L) x  F(V, N )

with a  G-linearized Q-invertible sheaf

e (1 ) =  
(N  

where F(V, N * ) i s  a  flag variety consisting o f  all flags V D  W 1W ,  w i t h
dim k=  N — N i a n d  where C ) _ - , . . i r g o / . N , i ( E i )  is regarded as a Q-invertible sheaf
o n  F(V, N * )  by a  canonical inclusion F(V, N * ) c FE= G (V, N i).

I n  th is  section, w e sha ll fix  Q , hence  w e deno te  0,(V, r, L, N .  1 * )  ( or,
P0 ( V, r, L)) sim p ly  by  0(V, r, L, N * , a* )  (o r , P(V, r, L), resp.). Moreover for

=  Go (V, r, L, N * , a ,) , the above / (or, ed is sometimes denoted by 40) (or, r(e),,
resp .) a n d  1 (0 ) is c a l l e d  t h e  leng th  o f  0 .  F o r  a  K -v a lu e d  p o in t  x  o f
O(V, r, L, N * ,  c(* ), w e  denote  by  T x ( o f ,  g i,x ) th e  p o in t  o f  P(V. r, L)(K ) (or.

0  ® 6G( v.N;) (0 ,

i = 1
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G(V, N ; ) (K ) ,  resp.) d e te rm in e d  b y  x . W e  u se  th e  sa n ie  sym bol g1„  for the
surjection gi „: VC ) k K  J i „  which corresponds to  x  a n d  its kernel is denoted
by F " ( V ) .  Moreover, for each 0 < a <  1, we set

V ; = „(V ) if <

where a, = a, — 1,=  1  and  F o ,(V )=  V  C )„ K .  W e denote by F(V, N„. a.)
the scheme F(V, N ) when this additional structure "a V:" is given for each flag
F ( V )  which corresponds to  each po in t x  on  F(V, N ,>,). N o t e  that

1
(3.0.1) dim, V eiN i > 0.: d a  =  N — Efo 1= i

F ro m  n o w  on, set =  0( 1/, r, L, Œ *), 0' = 0(V', r', L ',a . )  and
0" = 0(V", r", L " .  N ,  a."). Let us recall that the notion of extension of points
in Gieseker spaces (c f . [1 0 ] a n d  [2 6 ]) . It is generalized for our case.

Definition 3 .1 .  Let T, T' and T " be K-valued geometric points of P (V, r, L),
P (V' , r',  L ') and P (V" , r", L"), respectively and let 0: L' 0, L" L  be an injective
homomorphism. The point T is said to be a  0-extension or, simply, an extension
of T " b y  T ' if the following conditions are satisfied;

(3.1.1) r = r' + r",

(3.1.2) there exists an exact sequence

0 V ' (D k K VOkK —2—* V " C ),K

such that

(3.1.2.1) the following diagram is commutative (mod K ").

A i.' (I7K
' 0 K

°
K) 0 X  K  

A r -  (VIC C1 IC Q K) A' ( VIC 0 K 
Q

K)
r g ( T " .  n ' " ( g O i d s 2 1 1 1 I T

LK

In this case, T' (or, T") is said to be a subpoint (or, quotient point, resp.) of T.
L e t  x ,  x '  a n d  x "  b e  K -v a lu ed  g eo m e tric  p o in t s  o f  0 ,  0 '  a n d  0 " ,

respectively. T h e  p o in t  x  i s  s a id  t o  b e  a  0-quasi-extension or, s im p ly , a
quasi-extension o f x "  b y  x ' if  T x  i s  a  0-extension of T , b y  Tx ,  i.e . the  above
conditions (3.1.1) and (3.1.2) are satisfied and  moreover, in (3.1.2), the following
holds.

(3.1.2.2) F o r all 0 a 1, f (V )g _  V ; and g(V) g_ V .

Moreover, th e  p o in t x  is said to  be 0-extension (or, extension) if, in addition,
the following induced sequence is exact for a ll  0  <  <  1 .
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(3.1.3) 0 1/,‘"? 1/),7 0

Remark 3.2. If x  is  a  0-extension of x" b y  x ' a s  above, then by virtue of
(3.0.1) and (3.1.3), we have that

(3.2.1) N — ei N i =(N' — Ei N i) +(N" —
1=1 i = 1 1 = 1

Definition 3.3. Let x, x ' and x" be K-valued geometric points of 0 , 0 ' and
0 ", respectively and let 0: L ' (:),L"  L  be an injective homomorphism. Assume
th a t x  is  a  0-extension of x" by  x ' and let

O k K L  VC) k K V" ® k K 0

b e  th e  underlying exact sequence o f the  ex tension . T h e n  x  is  s a id  to  b e  a
0-direct sum  o f x ' and  x"  if  there exists a K -linear m ap  i :  V" (),K —> V C) k K

such that g  i g  V: for all 0 1  a n d  that T I
=  0  whenever s> r".

The notion of isomorphisms of K-valued geometric points is naturally defined,
for two K-valued geometric points x and y  in  0 , x  y  i f  a n d  only if these are
in  th e  sam e G L (V )-orbit. I f  x ,  a n d  x , a r e  tw o 0-direct sum s of x ' and  x",
then we know that x, x , (se e  L e m m a  2 .1 6  o f  [1 0 ] ) . Thus a direct sum of x'
and  x" c a n  b e  d e n o te d  b y  x ' x " . M o re o v e r , le t x ;  b e  a K -valued geometric
p o in t o f  e (V '(i),  l , L'(i), a ' ( i ) , )  ( 1  i  t )  a n d  p u t r i = 1 1 + ••• + l and
V(i) = V'(1) 0 • • • 0 F(i). Let 0 i : L(i — 1) L ' ( i)  L ( i )  be a sequence of injective
homomorphisms (1 < i <  t, L(0) = (1 „.). W e can define 0 1-direct sum of x 1_, and
x ; inductively. Each x i i s  a K-valued geometric point of 0 (V (i), r i , L(i). N(i).,

a(i),K ) and it is denoted by (•••((x', C)x',.)C) x)C)•••) 0 xi). By a  similar argument
as in Lemma 2.19 and Corollary 2.19.1 of [10], we can denote x i by x x ; .

Lem m a 3.4. Let Z ' (or, Z") he a GL (V') (or, GL (V"), resp.)-inuariant closed

subset of 0 ' (or, 0", resp.) and let 0: L' C),L" L  be an injective hotnomorphism.

Then there exists a  GL (V)-invariant closed subset Z  o f  0  such  that for a ll

algebraically closed fields K  containing k,

Z(K)=  1x E  (K) Ix has one of the following properties (3.4.1), (3.4.2)1.

(3.4.1) x  is a 0-quasi-extension of x" in  Z"(K) by x' in  Z'(K).

(3.4.2) There exist points x ' in  Z' (K), x" in  Z "(K )  and an exact sequence

0 o  s u ch  th a t  T I-
0  and f o r  a l l  0  <  G

f (V )  V  and g (V ) g

P r o o f  W e can find that there exists a subscheme U 0 o f H om , ( V ', V) x

Hom k (V, V ") such that for all fields K  containing k, U o (K)= {(f, g)10 —> V K' 4 VK

VK"  - *0 is exact}  (cf. Lemma 2.6 o f [10 ]) and  on  U 0 ,  w e  have  a  universal
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exact sequence

7  , T,O „- -v  v u ov u o vuo O.

Let

y: (1/ 0 (D, 52) C) A r  (Vu o f 2 ) Ar (Vu o  (  S2)

be a homomorphism defined by

A ( V i  A  • • •  A  1),., ) ( 4'1 A  • • •  A  Wr - ) )

= (I ®i )  A  • • •  A  ( I ®  1)(v r ,) A iv, A

where v, (or, w1)  are local sections of V1 0  Ø k Q
 (o r , Vu o( 2 ,  r e s p . ) .  Taking

Hom, u0 (— , Lu o )v , we obtain a homomorphism

H O M xu 0 ( A l . " ( V „  O k  f 2 ) Xuo r '(V U o  ® k  Q ), 
L u o ) v 4  MU0

Flom xo „  A r (  vuo ( I Q ) ,  L a' Nu.

where M = Hom x ( Ar'( V ' (IQ ) (D x  Ar - (1/ 0 k .S2), L Y  and N =  Hom x ( Ar(V 0,
Q ), L )v  . Let e m v o  (1) be  the tautological invertible sheaf on P ( M )  P ( M )  x  k

U0 and let M ' be  the kernel of the natural quotient map

c(* (Mu o) Cm(1)

where q  is  the projection of P (M 00 )  to U o . Set

Z o P ( q * ( N u o )1q*(y )(M ')) P(q*(N u o )) P(M ) X k P(N ) X k Uo .

Then we obtain the following commutative diagram

Z o

(*) P(N) x 
k 0

P(M ) X k Lj o

/g
U

Let x =  (Tx , ( J ,  g x ) )  be  a  K-valued geometric point of P (M) X  k  u 0  where
is a homomorphism (mod K<)

Tx :  A''(1/1 O k .(2)10 Ok,(2) - 4 L K

and ( f , ,  gx )  determines an exact sequence

0 ----v v„ V'

Then the fibre p '  1 (x) i s  a closed subscheme of P (N ),I '(  V ,  r ,  L ),  and we can
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find that

(3.4.3) Te P(V , r, L) K (K ) i s  in p- 1 (x )(K ) if and on ly  i f  To (A r'(f  ® 1) A
( 'id ) )  =  T  as a point of P(V, r, L)K (K ), or To ( A r'(f ® 1) A ( A r id)) = O.

On the other hand, from a surjection

Ar'(V„ ( I Q )  Ox u o  A r " ( VU0 ( I Q
) O k Q )  a C u o

 A r " ( V L:o ®k Q)

defined by :4 (i.e. ( A r id) A (  A r - ( ®  1))) and the injection : L' ® L " —> L . we
obtain a surjection

Hom x u o ( A'(1/„ a  S2), L'u o )v C) u „ Hom x , ( A'"(Vtro ® k Q) , L 'i;„) v

HOMx u o ( A'' ' ( Vt of 2 )  O x 0 „ A r - ( 1/[113 O k (L ' Ox L '')u o r

Mu o

Hence, by the Veronese embedding, we have a closed immersion :

P(V ', r', L ') X k P(V ", r", L") X k U 0  C--> P(M ) xk UO.

Now set F = F(V, N ., a.) , F' = F(V', F" = F(V", 1\1;,1;) and r  =
F x k F' x  k F " .  Then there exists a closed subscheme U , of U0 x k l -- such that
for all algebraically closed fields K  containing k,

U 1 (K ) = { ((f , g), V *, V'*, V"*)
f (V '" ) c  V  and g (V ) c  V "'}
for all 0 < a <1

 

Taking the product of (*) and F and combining natural isomorphisms

x U 0 x  F' x  F " P (N ) x  U 0  X  T7 ,

0 '  X  0 "  X  U 0  X  F  P ( V ',  r',  L ')  x  P(V ", r", L ") x  U , x

we obtain the following commutative diagram.

x  U0 , F Z ' x  Z " x  U 0 x  F

x  U0 x  F ' x  F"  * ; >  U 0 x

Set

Z, = fo' - 1 (4 - 1 (U ,)n i(Z ' x  Z " x  U , x  F)).

By virtue of (3.4.3) it is easy  to  see  that Z = 704' (Z ,)) is  the desired set where
is the projection of 9  x U 0 x  F ' x F" to  O . W e  must prove that Z  is closed

and GL (V)-invariant. It is not difficult to verify that the properties (3.4.1) and
(3.4.2) are GL (V)-invariant, hence Z  is GL ( V )-invariant.

Set H = GL ( V') x „ GL ( V " ) .  It is easy to see that all morphisms in (*) are
H-morphisms and hence Z , is H-invariant. Moreover, U0 is a principal H-bundle
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over the Grassmann scheme G(V, dim V ') and  Z ,  is proper over U o , therefore
b y  P roposition  7 .1  of [16] and  its proof, Z ,  is  a  principal H-bundle over a
proper G(V, dim V')-scheme Z 2 . Since H  a c ts  o n  0  trivially, the projection

Z,—> 0 factors through Z 2 . Therefore Z  is closed because it is the image of
the complete k-scheme Z 2 .

For a K -valued geometric po in t x  of 0 , o (x ) denote its G-orbit.

Lemma 3.5. L et x, x' and x" be K-valued geometric points o f  0 , 0 ' and 0",
respectively and let q5: L' x  L" L  be an injective homomorphism. A ssume that
x  is a  0-ex tension of  x "  by  x'. Then the closure of  GL (V )-orb it o (x ) contains
the orbit o(x' x").

P ro o f  Let R be a  discrete valuation ring over K with residue field K .  Let
i  be a  section of the underlying exact sequence

0 VK 0

of the  ex tension  x . T hen  17K  =  U , C) U2 w ith  U , =  u (V ) a n d  U , =  i(V ," ).  We
may assume that i ( V )  V .  T a k e  an automorphism g  =  id  7E • id„, o f VQ ( K )

where 7E is  a uniformizing parameter o f  R .  S e t x , =  a(g, x). Using a  natural
decomposition

Hom,o , ( A r (VK  O K  f2 K ), L K )

=  10,0H O M K K ( A s (U1 01J2 K) Ar— s(U2 OK °K) , L K ),

7'x  can be denoted by E .: = 0 "/",:'  with

E Hom x  K  ( A s (U i O K  S2K ) A '  5 W 2  OK QK) , LK)•

By the condition (3.1.2), for a ll s with r — s >  r " ,  T,: 0  a n d  Txr' 0  0 .  Hence,
we have

=  E Trs - '

T h e  p o in t  7-  = Ers = r , Txs c a n  b e  r e g a r d e d  a s  a n  R - v a lu e d  p o in t  o f
P (V . r , L ). S in c e  t i7 .  a s  p o i n t  o f  P (V , r, L )(Q (R )), T(mod 2.r) = T, and

I[u2 :s,v„ ; ,.-s] — 0 whenever s ».", we know that 7'(mod 7r) and the flag structure
for x  determines a point x' C) x".

Recall the definition of excellent points of Gieseker spaces (cf. [10], [26]).

Definition 3 . 6 .  A  K -valued geometric po in t T  o f  P(V, r, L) is  sa id  to  be
excellent, if T  has the following properties.

(3.6.1) F o r all vector subspaces W o f  1/K ,

dim i . W = dim ,. W.
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(3.6.2) F or a ll su b p o in ts  T 'e  P(V ' , r' L ')(K ) o f  T  and for all vector
subspaces W of V ,  if e e ,  is a T'-basis of W., then f (e 1),..., f  (e 1) is a T-basis
of W where f :  V ' O k K —> V C) k K  is an injection which makes T ' the subpoint
of T.

A  K-valued geometric point of is sa id  to  be  excellent if Tx  i s  excellent.
Note tha t if T  is  excellent, then for all subpoints T 'e P(V ' , r', L ')(K ) o f T

and for all vector subspaces W of 1/1 ,

diM r  W =  dim.. W = dim T  W.

The following lemma is (5.3.1) of [26] and is  a natural generalization of a
part of Lemma 4.4 of [ 1 0 ] .  We give a proof since it is omitted in [26].

L em m a 3 .7 . L e t  T  b e  a K -v alued geom etric point of  P(V , r, L ). Assume
that there ex ists a surjective homomorphism  V , ,  C )  ,5 " 2 „ E  w ith E a  coherent
9,0 ,-tnodule of  rank  r > 0  such that det E  L K  and T  is giv en by  the follow ing

homomorphism.

Ar(VK O K  OK) - - -> E det E LK.

T hen T  is excellent. M oreover, for all K -vector subspaces W  of  VK,

dim„ W= rk (0 (W 0 ,5 2 )).

P ro o f  We may assume that k  = K  and det E = LK . S in c e  d e t E  is torsion
free, for every subm odule M  of A r (V C ) I Q), T M  =  0  if and only i f  Td m , =
where is  the generic point of X .  Let e 1 .....e 1 b e  a  T-basis o f W . Then
TI[e, ..............0  0 .  Therefore there exist elements w 1 ,..., w ; o f  Q  and v1 ,...,v ,._,
of (FOE ,(2), such that

T M e i  O w l ) A  • •• A (e iw i )  A  1.)1 A  •• • A  lir _ i) 0 .

Hence, (p(e, w1),...,y9(e 1 C) w1)  is linearly independent over k ( ) .  Since any
element e  of W is T-dependent on e 1 .....e 1, w e know  that for any element w of
Q . cp(e w )  is linearly dependent on ço(e w  ,  ( p ( e  C )  w 1), and s o  is  p(v)
for any elem ent u  o f (W  (j) ,52 ). Therefore, the length  i  must be  equal to
rk (0(W  C)„,Q)). Thus the condition (3.6.1) and the last assertion of our lemma
were proved.

Next, let us prove the condition (3.6.2). Assume tha t T  is  a 0-extension of
T " P(V ", r", L ")(K ) b y  T' e P(V ' , r', L")(K). Let W be a K-vector subspace of
V . F o r  vectors e 1 .....e 1 in  W, we have a following commutative diagram.
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r ' -  i ] A r  14,

[e 1 ..... e1,r '  -  i ]  ®  A  r '

T„ , ®
[e 1 ..... e1, VK ;  r  -  i ]

L' L "

B y th is commutative diagram, if  e 1 ..... e1 a r e  T'-independent, th en  so  are
T-independent. Conversely, assume that e 1 ..... e1 a re  T-independent. It is easy to
see that dim i , 1/1 =  r' and there exist vectors e1 + 1 ,...,e r , in V  such  tha t
is a  T-basis of V .  T h e n O. H e n c e ,  T' .... er,1 0 O.
particular, e 1 ..... e1 a r e  T'-independent.

Lemma 2.3 is rewritten for as follows.

Lemma 3.8. L et x  b e  a  K-valued geom etric point of  0 .  A ssum e that Tx.
has the property  (3.6.1). Then the point x  is semi-stable (or, stable) with respect
to  0,(1 ) if  and only  if  f o r all non-trivial vector subspaces W o f  14,, the following
inequality holds

(3.8.1) (N  - W - r dimK  ( Wnys')da > 0

(or, > 0, resp.).

Lemma 3.9. L et x, x' and x" be K-valued geom etric points of  0, 0 ' and 0"
respectively and let 0: L ' D ,L" -4  L be an injective homomorphism. A ssume that
x  is excellent and is a  0-ex tension of  x" by  x ' with underlying exact sequence

„0 v—4,
 K v ,  - 2 -* V," O.

Then x ' and x" satisfy  the condition (3.6.1) and for all v ector subspaces W o f  V ,
the following inequality holds

(3.9.1) dimT  W > f ' ( W ) +  dirnT ,„ g(W).

Moreover, i f  W contains f(1/ ), then

(3.9.2) d i m  W = r' + dim,,,g(W).

P ro o f . W e regard V  as a  subspace o f 14, by f. Let v1 , , 1 , ,  be a  Tx -basis
o f  Wn 17,, a n d  le t  w1 ,..., we  b e  e lem en ts  o f  W  su c h  th a t g(w i ),...,g(w e )  i s  a
Tx -b a s is  o f g (W ).  Then, by virtue of (3.1.2.1), w e obtain  a  following natural
commutative diagram
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[y 1 , ...,v d , V K ; r' - d] [IV , ; r" - e]

r' d, w 1 .....w e , V5  r "  -  e ]

[y 1 , ..., v d , r' - d] 0  [g(w  ,),...,g (w  e ), VK" r"  -  e ]
i

[y 1 ..... va , w ..... we , VK ; r -  cl -  e ]

L' 0 L"

Since 711 0  0  and  T  Ix " . [g (w , )  ....................................................0, we have

Tx' 0  7 1x"1[1 , ,,....v d ,V - K :r ' -d ]o tg (w 1 ) ....... g ( w ) .V ; ; r " .................O.

Hence, by the above diagram, 7 , ,  .... "a, 11, 0 O . It follow s that

(3.9.3)(3.9.3) dim T  W > d +  e.
,  —

Since x is excellent, x' satisfies (3.6.1) and hence d = - 1 ( W ) .  It is sufficient
to prove that x" satisfies the condition (3.6.1) and that for W 2 T/I , (3.9.2) holds.

I f  W  V ,  then d = dim T , V  =  r'. F i x  a  Tx -basis F o r  vectors
We of W, the injection i  in the above diagram is an isom orphism . Hence.

we know that TIJu, , , ;1. - r '  - 0  if and only if Tx l[ g ( „,, ) ............

0  O. This fact implies that g(w ,),...,g(w e )  is  a  Tx -b a s is  of g(W ) if and only if
is  a  Tx -basis o f  W  Hence each Tx -b a s is  o f g(W ) has the

same length dim T , W -  r'. T h u s  x " satisfies the condition (3.6.1) and we obtain
the equality (3.9.2).

L em m a 3 .10 . Under the sam e situation as in L em m a 3.9, assume, moreover,
that

1
(3.10.1) - ( N  - 1 E 1 N ) = -

1

(N ' N [)  = -
1

(N " -1 e ,"N [') .
r'

Then

(1) x ' and x " are sem i-stable w hen x  is semi-stable.
(2) I f  x ' an d  x " are  excellent and semi-stable, then x  is  semi-stable.

P ro o f .  (1) Assume that x  is sem i-stable. For each vector subspace W  0
of 1/,, by (3.6.2), (3.8.1) and (3.10.1), we have

0  (N W - r I d im , (W n V :)da

=  - ( N ' W - r' dim, (Wn .
r'
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Hence, by Lemma 3.8, x' is semi-stable.
To prove that x" is semi-stable, take 0 W V,". Since the sequence (3.1.3)

is exact, we have an exact sequence

0 —4 1/„'"̀ g (W)fl v.sc: wn V 0.

Then, by (3.8.1), (3.9.2) and (3.10.1),
i.

0 _<(N — 1E ; N ; )dim i y  '( W ) —  r f  d im k (g - 1 (W )nVx')da
o

= (N W+ r')

r ( I  dimK (wn d  +
(

d im , •, d oc)
o

1/

= r ( N " N ;") dim,„ W— r" d i m k (Wn .

Hence, by Lemma 3 .8 , x  is semi-stable.
(2) Assume that x ' and  x" are excellent and sem i-stable. Let W  0  be a

vector subspace of I .  T h e n ,  by th e  ex ac t sequence (3.1.3), we obtain the
following exact sequence

0 n n n g( W).

Hence, by (3.8.1), (3.9.1) and (3.10.1), we have that

(N — E Ei Ar)dim T y I o dimK(Wn17,„)doc

> (N  — 1r. ; N ;)(dim.,. , (wn 17.;,) + dim,s g(W))

— r (dim, ( V n + dim, ( n g(W))) doc
Jo

(N" dimT „ g(W) —„
o

dim„ (1/., ng(W ))(17)

>0.

Therefore, by Lemma 3.8, x is semi-stable. 0
Proposition 3. 1 1 . L e t (/),: L 1 _, ® L';L ; be injective homomorphisms (1 < i

< t, L o  = (0 ,) , 0 < r, < •-• < r ; =  r  be a  sequence of integers and le t  D; be a
GL ( V)-invariant closed set of 9 ; = 0 (1 , r 1, 1.1 , N , ) (1 < i < t). Assume that
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f o r every algebraically  closed ,field K containing k, all the points of  D 1(K ) are
excellent and that

1 1(e1) 1 1(e,)
(3.11.1) — E t:(0,)N1)= •-• = —(N` — E E(0,) .,19 .

r, =1 r, t=1

Let S, be a k-rational, stable, excellent point in 0; = r;, L',, N , 4 )(k ) where
r; = r, — r1_ ,  a n d  k  i s  t h e  alg eb raic  c lo su re  o f  k. T h e n  th e re  e x is ts  a
GL (K)-invariant closed se t Z, = Z(S ,,...,S ,) of  DS  = Ds,5 ( 9e ,(1) 0  ( ' D , )  such that
f o r every algebraically closed ,field K containing k,

Z,(K )= fx c D ,(K )Ix has the following property (* ),} .

(*),: There ex ists a  K-valued geometric point x, in  each DS  = Dr(6,, (I ) ®  Di )

such that x , S,, x, is a  0,-extension o f  S, by  x,_, (2 < i < t) and x = x,.
M oreover if  Z (S ,,. . . ,S ,) is  n o t em p ty , th en  GL ( k )-orbit o(S ,,...,S ,) of

S,C).•• e  S, is a unique closed orbit in Z(S,,...,S 1).

P ro o f . If (*), holds, then by ( 3.2.1), we have that

(3.11.2) N' — E  

= (N' — E — (N ' '  E  1 1)

where = E((9,)i  a n d  cy = H ence, w e m ay assum e that (3.11.2) holds
because otherwise Z, =  0  is desired one.

W e  p r o v e  t h e  first assertion  b y  in d u c t io n  o n  t. W h e n  t =  1 , set
Z , =  o (S ,).  Since S i i s  stable, Z ,  is closed in  D r .  Obviously, Z ,  is desired
one . A ssum e the  assertion  holds f o r  t — 1. T hen  there  ex ists a  GL (1/,_ ,)-
invariant closed set Z ,_ , of D,_, such that Z 1 _ , satisfies the property (*),_ i . Let
Z ,_ , (or, o(S,)) be the closure of Z ,_  (or, o(S,), resp.) in D,_, (or, 9 ,  resp.). Then
by Lemma 3.4, we obtain a  GL (I)-invariant closed subset Z  of 0 , such that a
K-valued geometric point x of 0, is contained in  Z (K ) if and only if x  has one
of the following properties.

(3.11.3) x is a 4,-quasi-extension o f  a  x  in  o(S,)(K) by a  x  in  Z ,_  (K ).

(3.11.4) There exist points x ' i n  Z ,_ , (K ),  x "  i n  o(S ,)(K ) and an exact
sequence

I 1 k  K - " —* 1;C ),,K C)kK —> 0

such  tha t T.I [ f ( v ,_ v ,
and g ((1 )) g

W e claim that Z, = z niv  is desired  one. Let x  be a  K -valued geometric
point of Z,. If x has the property (3.11.4), then j ( K _  Ok K )<  r ,_ , .  By

= 0 and  fo r all O < 1, f  '(( Vt)
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virtue of (3.11.1), we have that

(N, — et.]d i m 1 . , . / . ( 1 -1 0kK ) —  r t f - k 10n(K ))da
0

<(N e — E et
i nr, _ — r, dimK d O.

0

By Lemma 3.8, this inequality contradicts to semi-stability of x. Hence, x satisfies
the condition (3.11.3).

We claim that x is not only a 0 T-quasi-extension but also a 0 1-extension. Let

0
, Le, g

O kv t  ke9k - >  O k  K --+ 0

be the underlying exact sequence of the quasi-extension. W e must prove that for
a l l  0 < a < 1, [ ' ( ( l ') )  = (k ) a n d  g ((1)D = (I/,') „. T hese  are  triv ial for

=  0 . By the condition (3.1.2.2), f -
 i ((k) 2,) ( k _ , ) ., and y((K )) (VT ') . Hence,

it is enough to prove that

Since x is excellent and semi-stable, by Lemma 3.8, Lemma 3.9, (3.0.1) and (3.11.1),

0
J o

 d im ((1 K) I (Vt - otd

1
< — (N I —  e N ) dimT„f ( 1;-  1  O k  K) — (Al t -  —

r,

— 1 (N t — E et, AP; ) — (AP- 1  — 1)

= o.
Hence, for a ll /  with 0 < 1, f  1 ((K)) = (k _ . Therefore we obtain that
gW )  (IX ! f ((k _ i r„). Hence by (3.0.1) and (3.11.2), we have that

dim K  g((1 ) dc
o

Nr 1)

To 
dim K  ( 1 ' ) / f ( ( 1 ' _ d

fo

dim K  ( d .

Hence, for all 0 < a < 1, we have that g( 0 )
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By equalities (3.11.1), (3.11.2) and r, — r,_ 1 =  , we get easily equalities

1 1 1
— E cti Nti ) —  (I\ P - — 1 r.r 1 N H ) = —(N" 

r, r t  - 1  r ;

Hence, by virtue of Lemma 3.10, x' and x" are sem i-stable. Therefore x' (or, x")
i s  i n  Z,_ 1(K )=  Z ,_ , n Dsts_ 1(K )  (o r , o(S ,)(K ) =  o(S ,) n 0 ( K ) ,  resp.). T hus x
satisfies the condition (*),.

Conversely, if a K-valued geomeric point x in D ,(K ) satisfies the condition
(*),, then x  is a  0-extension o f a  x" in  o(S,) by  x ' in  Z ,_ ,  and by Lemma 3.10,
x  is  sem i-stable. H ence, x is in  Z ,(K )=  Z  n D r(K ).

Let us prove the last assertion by induction on t. If t =  I, then Z(S 1) = o(S 1 )
is closed in D .  A ssu m e  that our assertion holds for t —  1. Then o(S,  S „ )
is a  unique closed orbit of Z(S 1 ,...,S,_ 1 ). L et x  be a K-valued geometric point
o f Z (S ,,...,S ,) such that o(x) is c losed in  Z (S ,, . . . ,S , ) .  Then by (*),_,, there
exists x' in Z(S 1 ,...,S ,_ ,)(K ) such that x is a 0,-extension of S , by x '. B y virtue
of Lemma 3.5, 0(x' s , )  0(S"..,,S i ). Hence,

o(x) = o(x) o(x' C) S,) o(S,,..., S,).

Hence, o(x) = o(S,,...,S,).

4. Moduli of parabolic semi-stable pairs

In  th is section, under the situation (2.0.1), w e shall show th a t the functor
par- 4 7 iN is h a s  a  m oduli schem e. W e m ay assume th a t  S  is connected and

= 37
.0 (H, H * , *) is not empty. r or r  d e n o te s  the rank of members of 3 .  Set

115  =  H — E 1 E,H 1

H ,  is the parabolic Hilbert polynomial of members of ,*-7 . L e t  (4' be the family
of parabolic Q-pairs such that (E'* , 9 ')  is contained in if and only if there is
a -strictly parabolic e-semi-stable Q-pair (p)6,97 and a Jordan-Holder filtration
E = E ° D  E " =  0  of (E,„ (p)  such that , (p ' )  is isomorphic to some
((E i / (p ,,i) where (E l / Ei)*  h a s  the induced structure defined by the parabolic
struc tu re  o f E *  a n d  0,, i  i s  t h e  parabolic hom om orphism  of (E V E ), , ,  to
(E i /Ei) *  i n d u c e d  f r o m  0 .  F o r  such  (E '* , 0 ' ) ,  w e  h a v e  par-P E ; =  P .
T h ere fo re  th e re  ex is ts  a n  in te g e r  M  d e p e n d in g  o n ly  on 3 7  s u c h  t h a t
deg E' > M .  By virtue o f  Corollary 1.2.1 o f  [1 2 ], it is easy  to  see  that  i s
bounded. H ence, there is a  finite set of families

:F o
( H

l , 1*1 ),..., H N H N* o o

such that (§ c U;v_, ,Y- 7 ; a n d  n o 0 for all i. Note that for all i, P  =  P , . We
may assume that .:Y7  =
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By Proposition 1.9 and the proof of Proposition 2.5 of [13], we have

Lemma 4.1. For each non-negative integer e, there exists an  integer in such
that if  in> me ,  then f o r all geom etric points s of  S  and f or all strictly  parabolic
e-semi-stable Q-pairs (E,„ (p) on X s w hich is contained in some th e  c o n d i t io n s
(2.0.2), (2.0.3), (2.0.4) and the following condition are satisfied;

(4.1.1) f o r all (p-invariant parabolic subsheaues E; of  E, w ith E'  0,

h° (Q m ))d a  rk  (E ') . p a r -P O O

and moreover, the equality  holds if  and only  if

par-P E ; (m) = par-PE . (M ) =

We may assume that m e > m e , if e > e'. Set „Fie H ,, L e t
be a free E-module of rank Il i (me ) and let R i a n d  P i b e  the schemes constructed
in  §2 for g if and Ke instead of c,Fq2 (H, H ,  oc„) and 1/m . O n  X , , ,  we have a flat
family of parabolic sheaves (Ei(me), P , ,  a',), a  universal parabolic homomorphism

k(m e), k (m e )„ x  Q  and surjections;

Ke 0 7 1 )X i i i E i i n( e )  4- 0* (me ) 4 -.4 (me),

where E i
i (m ) is  E i (me )11.) + ,( -É i (m„)).

Moreover, let 2 ; be  a  P t-scheme such that 2 i is  a  Pm -bundle in étale topology
and for a K-valued geometric point x  of P i , the fiber (2,), over x is a Gieseker
space

Ps,t(nv ),(V i,,, 0 K , Lx) 1

where L x  i s  a n  invertible sheaf corresponding to x. Then as  in  §2 , we have a
GL ( k . e ) - m o r p h i s m  i t : R i —> 2 1 and

—
R 1Z i  x n i  G

P i

where is a Grassm ann scheme Grass (K e ,
By virtue of Proposition 1.11, for each integer e ' with 0 < e' < e, there exists

an open subscheme Rif (e, e') (or, M (e, e')) o f R i su c h  th a t a  geometric point x
of R i is contained in  R r(e, e') (or, R (e, e'), resp.) if and only if the corresponding
parabolic Q-pair ((P ( ne ), , oci*. ), 0  k(x) is strictly parabolic e'-semi-stable (or,
parabolic e'-stable, resp.) and the homomorphism

' 2 , is slightly different from 2  which is defined in  §2, tha t is, if we define 2 ; a s  in  § 2 , then the
fibre (72 1) , m u st be C)sK, r i, , I„). B u t a l l  a rgum en ts  in  §2  h o ld  g o o d  f o r  this
modification because we have a relation r >
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(4.1.2) H°(01 k(x )): K, ® k(X) — > H ° ( -O m e ) 0 k(x))

is an isomorphism.
By virtue of Proposition 2.5 and Proposition 2.7, the GL  (l )-morphism

Rif (e, e') — >(2 ; x  H

is an im m ersion. Let 1-R-7s (e, e') be the scheme theoretic closed image of kr (e, e')
in  (2, x  f l 1

 G i.i ) .

L em m a 4.2 . For all k-valued geometric points y  of 13
1, every geometric point

of Ftr(e, e')y i s  excellent in (2 i)y = P s ;,( , (V  0 ,k , r,i, L y ) .
l X k

P ro o f . Let 0-
; b e  a Quot-scheme Quot 0  =SNP v ) , H  [me ] )  and let

i l O s s 7 ( t 2 v)xa , E'(m„)

be the universal quotient. The homomorphism

Ar ' (K,, S7(52v) x a ,) A' -' 4 7 1 )  r  (P1(me ) ) det (E- i (me ))

defines a m orphism  of 0; t o  2. L e t  u s  denote its scheme theoretic image by
Qi . B y v irtue  o f  Lemma 3.7, every geometric p o in t  o f  (Qi)y i s  excellent in
(2  i ) y .  Since the morphism R 1 -- 21 is factored by 0- 1, e') is a subscheme
of Q, x  H Therefore, every geometric point of fin e , e ') , is  excellent.

Let s be a k-valued geometric point of S and let (E * , 9), (E;, (p') and (E,';, ço")
be parabolic  Q -pairs o n  X„ satisfying the conditions (2.0.2) and (2.0.3) with
N , = 0. Assume that w e have an exact sequence of parabolic pairs

(4.3.0) 0 —> (E;, 9') (E4, (E',;, (") — > 0.

Set V = H ° (E), r = rk (E ), L = det E, N 1 = dim k H ° (E I Fi + ,(E )) and let , ... ,
be weights of E4 . F or E ; (or, E ;), let us denote similarly those for E ; (or. E,';)
b y  a tta c h in g  ' (o r , " , re sp .) , fo r  exam ple V ' = H ° (E'). W e  h a v e  a  natural
surjections V  O k  x s —> E and also have n' or tr for E' or E" respectively. Then
n  defines a k-valued point of Ps ;„(.0 ,, ) (V, r, L ) by

r (  V O., S7(52' )) A rE det E = L .

where ij = (pa ( n 1). M o reo v e r, for each i, a  natural surjection ci),: V = H ° (E)
—> H° (E I Fi4 .,(E )) defines a  k-valued point of G(V, N 1). Thus, n  a n d  (Pi  0,
defines a k-valued point x of  6  = 0 5;t( „2„) (V , r, L, ‘,14 , a,). Similarly, we get a
k -v a lu e d  p o in t x ' (o r , x " )  o f  0 ' = )(V ', r', L ', ,  a ; )  (or, 6 " =
(V ", r", L", a,;), resp.).

L em m a 4 .3 . Under the above situation, x  is  an ex tension of  x " by  x ' w ith
the underlying exact sequence
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1 1 ° (.1) Hc) (q)(4.3.1) 0 — > V ' —4. v —L-> V" —> 0.

M oreover, x  is a direct S U M  o f  x ' and x" under (4.3.1) if  and  only  if  the sequence
(4.3.0) splits as an  ex act sequence of  parabolic pairs.

P ro o f .  Set =  S7 (52 '). W e have an exact commutative diagram

0 V  ( I  H°( f )® "1 ®' v " c ã

0 E' E" 0.

The condition (3.1.1) is  clear. T o  prove the com m utativity of the diagram in
(3.1.2.1), we may assume tha t 5, E, E' and  E" are free and E  E '  E "  because
it is enough to  prove that o n  a  o p en  se t U  of X s with codim (X ,  U )<  2  and
moreover, the question is local on X .  F o r  V ' 0 , ,6  a n d  h 1 ,   b,.-
V (:), SI we have that

4)(Tx'(cli ,a r ,1® ((f

q5((il."(a1) A  • • •  A  I T ( a r ' ) ) 0  (iNg ' (b1)) A  • • •  A  ii " (Ohr"))))

=  0(07( (a 1 ) A A iHa„))C)(g(ij (b,)) A  • • • A g (ii (b ))) )

= f (If (a ,)) A ••• f (O a r )) A ri(b1 )  A  •  •  •  A  ii(b,.„)

=  ii(f ja l )) A  • • •  A f ' (a r ,)) A  ii(b 1 ) A  •  • •  A  ii(hr ")

= Or),

where f' =  H ° ( f ) ,  g' = H ° (q) 0 1 and cP is  a  natural isomorphism of L' 0 L" to
L .  Thus, the condition (3.1.2) is  p ro v e d . F o r  each 0 < c < 1, V ,ff = ker ((p i -  1)
and E ,, =  F 1(E ) when oc,_ <  a pc,. By virtue of (2.0.3), ker (0 ' )  =  1-r (F 1(E)).
Hence, we have that H ° (E J =  V ; for e a c h  0  <  <  1 . T h e re fo re , the condition
(3.1.2.2) and (3.1.3) hold by the exactness of (4.3.0).

T o  p ro v e  the second assertion, assum e tha t the re  ex ists  a  k -linear map
i: V" -> V satisfying the conditions in  D efinition 3.3. Let E -  b e  the image of

(i 0 1): V" (j),S *(SP )->  E .  Then E -  is (p-invariant. S ince i  is  a section of
g', g (E " )=  E " .  Hence, E ' + Er" = E .  If E' f l E" i s  n o t  zero, then r-  =  rk (E - )
> rk (E ") =  r". Take local sections o f  E" and a,. of E' so that

are  linearly independent over k ( )  where is  the  generic point of X .
Moreover, take local sections of i (V") k  S

* (S2 v ) a n d  b,,, ,...,b ,. of
f ( r )  O k S*(S2v ) such that FIN  = a;  f o r  a ll j. Then 0 0  which
contradicts the condition Tx Ifi(v - );r".v ;r — 0 in Definition 3.3. Hence, E" n E' is
zero and so E" -* E " is  the isom orphism . Applying this argument to  E„
w e  k n o w  th a t  the  im age  o f (i 1): 1/,? S*(f2y) E  is  a  ço-invariant
submodule E ; of E" such  tha t glE ": - >  E ;  is an isom orphism . T hus( -J1..1 is
the desired sec tion . Conversely, if (4.3.0) splits as an exact sequence of parabolic
pairs. I f  i  is  th e  given section, then H ° ( i )  is clearly the section of H ° (g) and
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H ° (i)(V (') c  V x". Since n"(H ° (i)(V ")Ok ( ' Xs ) = E" and its rank is r", T I
= 0 for s > r". 0

B y  v ir tu e  o f  P ro p o s it io n  3.11, w e  o b ta in  t h e  fo llow ing  resu lts  on
GL (17,, e )-orbits of RI' (e, e').

Proposition 4.4. L e t  s  b e  a k -v alu e d  geom etric  point o f  S  a n d  let
((E,) * , (pi) be parabolic e'-stable Q-pairs on X , such that C) 1((E1)* , cpi)
is in = L e t y  be  a k -valued point of  P, corresponding to an inv ertible
sheaf det ( ,(nie )). T h e n  th e re  e x is ts  a  GL (Vi e )-invariant closed subset
Z ( 0 1 ) * , • .• ,((Et)* , (Pt)) of( I ) ) y  =  (v if  ( y )  n Rsis (e, e') such that

(4.4.1) q'',(Z (((E,) * , (pi))) is closed in  (2 , x
 f l

 GI.,)sys,

(4.4.2) for every algebraically  closed .f ield K  containing k,

ZW EI) * , (pO,. • • ,((E1) *
, (pt))(K ) =

e (e, e')),(K)1gr (CÉ ,C) (Ei(me)*, (pi(me))1(}

(4.4.3) the GL ( Vi e)-orbit of  x o  corresponding to C) i (E i (me )* , (pj (ine) )  is  the
unique closed orbit in Z' (((E,) * , (pi)).

P ro o f  Assume tha t ((E i )* , (p) (or, (j) = ((E .,)* , 9,)) is  in (or. 3 i , resp.)
and let (or, y i ,  resp.) b e  th e  k-valued geometric po in t o f IA, (or, P,,, resp.)
corresponding to L'i = det ( ,(me )) (or, L . =  O f

t
= det (Ei (me ) ) , resp.). Then we

have a natural isomorphism (/),: L 1_ 1 0  L '; L i . Note that 37 -e, = = hence,
= 1. By virtue o f  Lemma 4.1, Ei (me)  is generated by its global sections for

each i. Hence, we have a surjection

 

Let x,' be  a  k-valued poin t of Rse. (e, e') to
Set

Oh, ( E- J mel* , (pi (!ne)) ).

zç = (xi) e x

B y  v ir tu e  o f  L em m a 4.2, app ly ing  P roposition  3.11 t o  th e  c a s e  where
D1 =e ,  e')„,, and S, = z , w e obta in  a  GL ( Vi . ,)-invariant closed set Z(z z1')
o f R' e')y which satisfies the condition (*), in  P roposition 3.11. For a
permutation .5 o f  {1,..., t} , a  GL (14 . „)-invariant closed set is
sim ilarly defined. S e t  Z ' = Z ( z  ,  4 0 )  w here .9; i s  the permutation
group of {l ..... t}. T h e n  Z ' is the GL (Vi . ,)-invariant closed set of R ' (hence, of
( 2 ,  x n i G i . g). W e c la im  tha t Z ' is c losed  subset o f  R" @ ,( ( R 5,s(e, e'))„).
Since C = R' —  R" is  a  GL (14 . ,)-invariant closed se t, if Z ' nC  is not em pty. it
contains the unique closed orbit z1') of z', 0  z ; in  Z ' .  By virtue of
L em m a 4.3, o(z1,...,z 1') = @,(o(n, C),(E ; (tni.) (p(me ) ) )  w h e re  7 i s  a  natural
surjection
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.e ® s x .
=

 0  i V C ,,e  ® E x .
- *

 0  i  E i(M e )•

Hence, Z' n C  is  em p ty . Set Z  = ZW E 1),, (p,)) = 11-71 ( Z ' ) .  Let us
prove that Z  is the desired set. Since @ ,(Z ) = Z ', (4.4.1) and (4.4.3) are already
proved.

Finally, let us prove (4.4.2). Let x  be a K-valued point of (Kr(e, e'))„ such
th a t  gr ((f 1 (ine )* , (P1 )x) = ( P 1 ( 1 0 1 K .  T h e n  w e  c a n  f in d  a  Jordan-
Holder filtration of (E* , cp) = (E 1 (ine)* , ç791 ),

0 = J o (E) J i (E) c • • • OE J,(E) = E

where J i (E) are (p-invariant subsheaves of E .  Set J i (E) = J i (E)/Ji _ ,(E ) . Then
(J (E ), (pi )  and (i(E) * , Cpi )  are strictly parabolic e'-semi-stable (see Lemma 3.5
of [10] which can be easily extended to our case) with respect t o  the induced
structures where (pi  and (Toi  are the canonical induced parabolic homomorphisms.
By our assumption, there is a permutation of {1,...,t] such that (.11(E)* , Cpi )
( o (ine)* , yom i) (me))„. Now by virtue of Lemma 4.3, we conclude that @,(x) is
in Z(z ( 1 ) ,..., 4 0 )(K) Z '( K ) .  Hence, x is in Z(K).

Conversely, assume th a t  x  is  in Z ( K ) .  Take a Jordan-Holder filtration as
above . T hen  (J,(E)(—  m e)* . (1),(— me ) )  i s  a  member o f some Hence, we
obtain a K-valued point w; of (2,, x where u; is  a K-valued point of

corresponding to det (4(E)) as z i is obtained from ((E;) ,  çoi). M oreover, w e
know that !i' 1 (x) is in Z(w',,...,w,'). On the other hand, 'i' 1 (x) is in Z '( K ) .  Since
Z(wi,...,w ,') and Z '(K ) are GL (Vi e)-invariant closed subsets o f R' = ks,s(e, e'),,

n Z' (K) contains a closed orbit. By the uniqueness of the closed orbit
in Z(w',,..., w) or Z '(K ), we conclude that o(z i,...,z ,')= Therefore,
C),(E ; (me)* , (p(me)) and C ),(J ,(E ) , 0 ,)  are in  the same orbit, equivalently
Cpi(Ei(me) (1)(m e)) = 0 i (I,(E),„ (T),). 1 1 1

By virtue of Theorem 4 of [20], there exists a good quotient

(e, e') Y

and Y is projective over S. S e t

1141;7b7ieïse' =  Y — e') — (e, e')).

T hen /47i,Neïse ' is  quasi-projective over S. Moreover, it contains M17
-17,61/*Zise' =

e')) as an open subscheme.

Proposition 4.5. 11711,170W" h as the follow ing properties:

(4.5.1) For each geom etric p o in t s  o f  S , there ex ists a  natural bijection

0 ,: par-Z I,W , (S p e c  (k(s))) (k(s)).

(4.5.2) F o r TE(Sch IS )  an d  a .f lat f am ily  of  strictly  parabolic  c ' -seuil-stable

0-pairs (E* , (p) on X T /  there ex ists a morphism of  T to lag7N . , '  such that
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.ftei0 ( t )  =  ( [( E  *  0  T  k(t), ço 0 T  k(t))])

f or all points t in  T (k (s)) . Moreover, for a m orphism  g: T ' T in (SchIS).

-11k.e.:P) g 9)*(E*,9) '

(4.5.3) If  M 'E(S chIS ) and maps par- 7 ' s  (Spec (k(s)))—> M'(k(s)) have
the above property (4.5.2), then there ex ists a  unique S-morphism 'P of 11/11,17N .

se.

to M' such that V I (k(s)). 0, = O s an d  W f(E' f o r  all geometric points s
of  S  and for all (E m , cp), wheref ( 'E * .9 )  is  the morphism given by the property  (4.5.2),
f o r M ' and O .

P ro o f . F o r  t w o  K-valued geom etric p o in ts  x ,  a n d  x ,  o f  ks,s(e, e'),
(x i ) =  ( x 2 ) if and only if o(x 1) n 0(x2 ) is  no t em pty . Let K  be an algebraically

closed field. F o r  K-valued point x  of (Rr(e, e)) y ,  set gr (x) = gr ( ( ( m e ) * . rp 1 )x )
If  gr (x) (D,(E i (me)* , (P,(ine )) , b y  Proposition 4.4 , x  is contained in  GL (',.e)
invariant closed subset Z(x)— Z(((E i ),„ q ) )  of (Rs,s(e, e'))y satisfying
conditions (4.4.1), (4.4.2) a n d  (4.4.3). By (4.4.2), x is  in  Z ( x ) .  B y (4.4.1) and
(4.4.3), we conclude that for x  and x' in (K r (e, e '))(K ), (x ) = (x ') if and only if
gr (x) gr (x'). Moreover, if x e (Rs,' (e, e')),(K) and x' e (e, e') — ( e ,  e ') ,  since
I s (e  e') — ( e ,  e ')  and Z(x) are closed in r ( e ,  e'), ( x )  (x'). Thus (4.5.1) is
p ro v ed . The construction of the morphisms in (4.5.2) is completely same as that
of (2.8.2). Finally, the morphism of (4.5.3) is similarly constructed as in the proof
of (2.8.3) b y  the  isomorphism o- *((E(m) * , pn(E(m )*, i6)) and  the  fact that
/1-711,1 7barie(se' is  the geometric quotient. 0

The construction of a moduli scheme of the functor par- is completely
same as in  §4  of [10 ], th a t is, M ti ),*x i s  = lim 7h2fiefse.

Theorem 4 .6 .  In  the situation of  (2.0.1), there ex ists an S-scheme 7 7xs
w ith the following properties:

(4.6.1) /17/g7b77„i s  is locally  of  .f inite type and separated over S.

(4.6.2) There exists a  coarse moduli scheme M"* .2 * o  par-
f 2 I D I X I S f a r - 7 i N i s  an d  it

is contained in 1217 b'îx l s  as an open subscheme.

(4.6.3) For each geom etric point s of  S , there ex ists a  natural bijection

0„: par- E 1-;7; /*x / s  (Spec (k(s))) M ti>7>c1s(k(s))•

(4.6.4) For T e(S chIS ) and a f lat .family of parabolic semi-stable pairs (E * . (p)
on X T /T , there ex ists a morphism .4 , , , p) o f  T  to  M tiN i s  such that f or all points
t in T(k(s)), L 5 * ,(p) (t) = 0,([(E * Ø  T k (t), q C) k (t))]). M oreov er, for a morphism
g: T ' T  in  (S c h IS ) ,

g = 1(1 x

(4.6.5) I f ' e(Sch IS) and maps par-( S p e c (k(s)))(Spec (k(s))) M'(k(s)) have
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the above property  (4.6.4), then there ex ists a  unique S-morphism of 1171giiN i s

to M ' such that T (k (s)). O s = OS  anti -1 0 f(E* , ) =- ,.1,) f o r all geometric points s
of  S  and forai! (E * , (p), where fiE' ..,p) i s  the morphism given by the property  (4.6.4)
f o r M ' and O .

P ro o f . T he  proof of (4.6.1) is completely same a s  Theorem 2.9. (4.6.2) is
already proved. (4.6.3) is clear, because we have that

par- Xg7i,"/*x i s  (Spec (k(s))) = U par- E 1,;7bWis  (Spec (k(s))).

Moreover, (4.6.4) and (4.6.5) are easy by Proposition 1.11 and the proof of Theorem
2.9.

If  .97
.4 7 k i s  is  bounded , then  there  ex ists a n  integer e  such that .97 AIVI i s

= .3/7°,7/;;;;,"ies . Hence, we have

Corollary 4.7. if' V * 0 • I s  is hounded, then MLI7b7x 1 5  is quasi-projective over S.

5. Compactness of moduli spaces

In  this sction, we shall prove some compactness theorems. As in the case
of semi-stable Higgs bundles, we shall construct a  m orphism  from  th e  moduli
scheme o f parabolic semi-stable pairs to  an affine space o f characteristic poly-
nomials and prove the properness of the map along the method of S. G. Langton
[8 ]

F irst o f  a ll, le t  u s  generalize the  no tion  o f GO semi-stability o f  parabolic
pairs. L e t  k  be a  field. F o r  a  parabolic sheaf E *  o n  a  f ib re  X ,, set

d • m"
par- E* -   + pi(E*)1115-

11! i= 1

where d  is  the  degree o f  X , a n d  n  is  the dim ension of X , .  L et u s  introduce
the lexicographic order into R x ••• x R, i.e. (i1> 1 1,) < if  and  only
if pi  < ji5 for j = m i n  p i / 1 1 .  In §1, (p-) semi-stability was defined only on
parabolic pairs on schemes over algebraically closed fields, but we need them over
arbitrary fields.

Definition 5.1. Let k  be a field over S and let (E., (p) be a  parabolic Q-pair
on a fibre X ,. (E * , (p) is  sa id  to  be  semi-stable of level i, if for all cp--invariant
coherent subsheaves F of Ec with 0 F  E ,  and with torsion free quotient Ed F,
we have

(IL (F *), *)) (111(E* ), iii(E * ))

where k i s  th e  algebraic closure of k  a n d  F* h a s  th e  induced structure, i.e.
F „ =  F  n (EAT.
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Remark 5 .2 .  Semi-stability o f level 1 is equivalent to n-semi-stability and
semi-stability of level n = dim X, is equivalent to semi-stability. Clearly, for each
i, semi-stability of level i  implies that of level i — 1.

Definition 5.3. Let k be a field over S and let (E* , (p )  be a  parabolic 0-pair
on a fibre X k .  A filtration of (E* , (p)

0  c  (E „  9 1 ) c •• • c (Er* , (p1) = (E * , (p)

is said to be a Harder-Narasimhan filtration of level i, if for each j ,  the following
conditions are satisfied;

(5.3.1) ( E ,  (pi) has the  induced structure.

(5.3.2) E i  =  EilEl - 1  i s  torsion free.

(5.3.3) ((Ej) * , (P-i) with the induced structure is  semi-stable of level i.

(5 .3 .4 ) t (E ) , , Pi(E i
* )) >  (P (É 1). • • Pi(E i*+ 1 )).

Harder-Narasimhan filtrations of level 1 (or, o f level n )  are  sometimes called
jt-Harder-Narasimhan filtrations (or, Harder-Narasimhan filtrations, resp.).

Proposition 5.4. Let k be a ,fie ld  over S. Every  parabolic Q-pair (E * . (p) on
a .f i b r e  X , h as  a unique H arder-N arasimhan .f i lt ra t io n  of  lev el i.

P ro o f .  First of all, le t us prove the proposition by  induction on the rank
of E under the situation that the base field k is algebraically closed. If rk (E) O.
there  is no th ing  to  prove. A ssum e the assertion holds fo r all parabolic pairs
of rank < rk (E).

Let 37  b e  a set of all (p-invariant coherent subsheaves F  of E  such that EIF
is  torsion free and that

(Pt (F * ), Pi(F * )) (P  (E* ),...,

where F * h a s  the induced structure . N ote  tha t by  Riemann-Roch theorem,

1 j ( wt (E( E ) c , ( X ) ) *)1
p i (E )  —  

(n — 1)! 1.
112 ) rk (E) j

M oreover, w e have  inequalities 0 < wt (E) < rk (E) deg D .  Hence, th e  se t o f
degrees o f members of „,97  is  bounded  be low . B y  v irtue  o f Corollary 1.2.1 of
[12] „ .*7  is bounded and hence, the set of polynomials

{par-PF * (m)1F e,i9-7  a n d  F * h a s  the induced structure}

is a  finite set. Thus, there exists a  member F  in ;97  such  tha t Cu i (F *),..., 'OF *))
is  maximal among all members of .5} -  (w ith  respect to induced structures). L e t
u s  tak e  su ch  a  m em ber F  in  ,? f  w h o se  ra n k  is  m axim al am ong all such
m em bers. Then (F t , (p) with induced structure is semi-stable of level i. By our
induction hypothesis, ((EIF) * , 0 )  with induced structure has a  un ique Harder-
Narasimhan filtration o f level i;
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0 ((E 7 F) ,F) * , Cp) c • • • OE ((Er I F) * , Cp) = ((El F) * , 0).

W e claim that the filtration

0 (F  *, 9) c (E  9 ) (E ; 9 ) =  (E * , 9)

gives a Harder-Narasimhan filtration of level i where each (E, 9 )  has the induced
struc tu re . W e may assume th a t El F O. I t  is enough to prove that

(F* ),..., Pi(F *)) > ((EV F) * ) , ..., F)*)).

We have an equality

par- r (F * (m)) + par- x t(E 1 /F )(m )) =  par- y,(E, (m)).

Hence, we get

rk (F) (par- P F* (M) — par- PE (In )) = rk (E l l F) (par- P1 ( n i )  — par- P F1 IF (in)).

Therefore, by the choice of F,

* ),..., *)) > (111((E 11F)*),...,Iti((E 1 F) * )).

Now we shall prove the  uniqueness. The following lemma is easily proved, so
we om it its proof.

Lemma 5.5. Let (E* , 9 ) and (E , 9 ')  be parabolic pairs which are semi-stable
of  level i. I f  there ex ists a non-zero hom om orph ism  of  parabolic pairs of  (E t , 9)
to  (E ,  9 ' ) ,  then the following inequality holds

(p t(E* ) , . . . ,P i(E* )).

L e t  0  OE (Et' ' ,  9) OE • • • 9 ) = (E* ,  9 )  be another H arder-N arasim han
filtration of level i. If F OE E 'i and F = 0), then we have a  natural
non-zero homomorphism of parabolic pairs

( F ,  (p) ((E'i I E i - 1 )* , 0).

Hence, by Lemma 5.5, we obtain a n  inequality

( p i ( F ) . . . . . p . ( F ) ) (tii((E' l I E l - 1 )* ) , ...,10 E ' l 1 E l - 1 4)).

If j  > 2, then the right-hand side is less than (p i (Et' l ),...„u i (E t' l )). It con trad ic ts
the choice of F .  Hence, j  =  I. Then by the above inequality and the choice of
F , w e conclude that F = E " .  T h i s  a n d  o u r  induction hypothesis imply the
assertion.

N ow  le t  u s  p rove  ou r proposition over arbitrary fields k. L e t k b e  the
algebraic closure o f k. By induction o n  the  rank  o f  E , it is enough to prove
th a t the  first term  of the Harder-Narasimhan filtration of level i  of (E t , 9 )  is
defined over the base field  k. S et Q = Quot (E/X k / k ) .  T h e  first term  of the
Harder-Narasimhan filtration of level i  o f  (E* , 9 ) c  co rresponds to  a k-valued
point of Q .  Let x be the scheme point of Q defined by the k-valued point. We
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claim  that the residue field K  of the local ring ((Q . ),  m ust b e  k. N ote th a t the
extension of fields K lk  is  a  finite ex tension . If K lk  is not purely inseparable.
then there exist at least two embeddings of fields of K  to  k  over k. It contradicts
the uniqueness of the Harder-Narasimhan filtration of level i. Hence, K lk  is  a
purely inseparable field extension. Set B  = K  O k k. B  is  an artinian local ring
with residue field k. W e have an exact sequence o f  , K -modules

such that F,T gives the  first term  of the Harder-Narasimhan filtration of level i
of (E,T* ,  9 0 .  Note tha t F  and G  are (p K -invariant and torsion free because these
h o ld  o v e r  k. H ence , se tting  F, = (E,e)K n F , (F * , 9 K ) becom es a  parabolic
pair. L e t  u s  consider the following homomorphism

F ( ) K B
1

3+E i l
 g ' GC)ick C),TB.

L et m  be  the maximal ideal o f B. If is  no t zero, then for some i, w e have
O K  B) G  O K  k O k m i an d  ''. (1" C)„ B) G  O K k O k tni + 1 . H ence , w e  ge t a

non-zero homomorphism

F OK B OB B lm G 0 K k O o n i lm i + 1

T h e re  is  a n  e le m e n t o  of H orri(m i /m i ' ,  k ) such  that (1 G , ® (5) o is n o t
z e r o .  Since „ K B ) g_ G„O K k a m i ,  we obtain a non-zero homomorphism
of parabolic pairs

(l G ® 0 ) (F )  — q  (G

B y  t h e  sa m e  a rgum en t u s e d  i n  t h e  a b o v e  p ro o f  o f  t h e  uniqueness of
Harder-Narasim han filtrations, s u c h  a  non -ze ro  hom om orph ism  does no t
exist. Hence, we conclude that m ust be z e r o .  It im plies that two quotients

Jk®l B
E, G„ and EB' - - - * G C),k  0 ,T B

are  same quo tien ts . Hence, corresponding B-valued homomorphisms o f  Q  are
also the same one, i.e.

( K  a (t a l e  13) =- (K 3 CI — ) 1 0 a e B ) .

Therefore. K  = k  and F  is defined over k.

Corollary 5.6. (E * , 9) is semi-stable of  level i i f  and only  if  for all 9-inv ariant
coherent subsheaves F o f  E  w ith 0 F  E ,  th e  following inequality  holds

(p i (F* ),...,p,(F * )) <(p ,(E * ),...,p,(E * )),

w here F * has the induced structure.

From now on, le t R  be a  discrete valuation ring over S and let K  (k  o r 7r)
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be the  quotient field (residue field or uniformizing parameter, resp.) o f R .  For
a  coherent 0,0 ,-module E, we denote E ln E = E C ) R k by  E.

T h e o re m  5 .7 . L e t  (E ,„(p ) b e  a  .f la t  fa m ily  o f p a ra b o lic  Q-pairs

X R I R .  Assume that (E ,,  9 ) ,  i s  semi-stable o f le v e l i. Then there exists a

9-invariant &,-submodule E' o f E  such that EK' =  EK and (E'* , 9') is a flat family

of parabolic pairs on X R IR  and (E ,' , 9')k is semi-stable of level i where E,= E' n E,

fo r  a 0 and 9 ' is a parabolic homomorphism induced from 9.

Proof . Let (F , ,  (P) be the first term of the Harder-Narasimhan filtration of
le v e l  i  of (E * , 9- ). S et E u ) = ker (E  E  E / F ) and E t '>  =  E , n E "  f o r  all

>  O . T hen  EV ) i s  9-invariant.
We claim that (E (* ) ) , 9) is  a  flat family of parabolic Q-pairs o n  X / R .  It is

sufficient to prove that fo r a ll a  >  0 , E /E ,V ) is  R -f la t, EV1 1 = E (," (— D) and
th a t  E u ) i s  torsion free C Ç ,-m odule. S in c e  7rE/nE" ) E / E " ) E / F  and

E( 1 ) /7E, we have an exact sequence

(5.7.1) 0 El F E") F O.

Hence, E( ' ) i s  to rs io n  f re e . F o r  a ll a  >  0 , since E ( 1 ) /E„( 1 )  i s  a  subsheaf of a
torsion free R-module E lE , ,  E w lE l"  is R-torsion free, i.e. R-flat. F inally , since
EJE,V ) is a subsheaf of a torsion free (0-module E/E" ) , we get natural injections

E.„(— D)1E111 (— D) ( E Œ/ E ) x (— D) E/ EU OE,  E/E ( 1 ) .

Hence, Pc,1_ , = E" ) n ( — D) = EV ) ( — D).
Let (F (*' ) , 0) be the first term of the Harder-Narasimhan filtration of level i

of (E (*1 ) , 9 ) .  We claim that

(5.7.2) fil.1(r*"),...,111(F n ) (p1(F a ) , . . • , Ii1(F * )) ,

where th e  equality  holds only  i f  y  m aps F ( 1 )  t o  F  injectively. L e t a  b e  a
non-negative real num ber. N ote  th a t F  E ( 1 ) /7rE a n d  th a t F  +  7E/7E.

W e have natural isomorphisms

EV- )  — EV )  +  7E" )17rEw,

(E / F )=  E„ + F / F E E( 1 )/ E") 7 rE c, + trE 1 l7 E '"  and

1.% = F n = (E( 1 )n(E„+ 7rE))/nE EV ) + 7E/rcE,

where (E/F) * h a s  the induced structure from E * . M oreover, since

7rE n (EV ) + rcE" )) = (7E n E" ) n E,) + nE ( 1 )  = 7rE"),

we have an exact sequence

0 7E, + 7E"1 17E1 " E ,w +  7E17Ew E" +  7E/7E

Compatibility of .f  (o r , g) a n d  9  is easily verified. Thus, th e  sequence (5.7.2)
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induces an exact sequence of parabolic pairs

0 ((E/F)*, 0) --f--+ (E;», 0) (F *, 0) O.

Now, let us provide ( f  ( F ( 1 ) )* , 0 ) (or, (g(F ( 1 ) )* , Cp)) with the induced substructure
(or, quotient structure, resp.) from (P * C p ) .  Then ( f  ' ( F ( 1 ) )* , 0 ) (or, (g(F " ')  C,o))
becomes a  su b -p a ir  o f  ((El F) * ,  0 )  (or, ( F  0 ) ,  resp .) and  w e  have an exact
sequence of parabolic pairs

0 ( f (F ( 1 ) )* , Cp) (F(*", 0) (g(F"))*, Cp) 0.

If g ( F )  is  no t zero, then w e have

ti i (F (
*")) (g i (g(F ( 1 ) )* ),..., it i (g(F ( 1 ) )* ))

*)).

If ,f - '(F " ))  is  no t zero, then

(5.7.3) (111(f (F" ) )* ),..., ti,(f (F ( 1 ) )* )) < (Pi(F *),..., lii(F *)).

Hence, the inequality (5.7.2) always holds. Suppose that the equality holds, then
g ( n )  is  no t zero and we obtain the equality

(f1; )) p1( ,' ))) = (ti i (g(F ( 1 ) )* ) ,...,,u ; (g(F ( 1 ) )* ))

If f  - 1 (F ( n )  is  no t zero, then by the equality

rk ( f  - 1 (F ( 1 ) )) • (Par- P f -  I  (Fv) ) (m) — par- Pfl,i)(m))

= rk (g (F ( 1 ) ) ) . (par- Pi-v (0  —  par- Pa( f m ) .(m )),

we get

( t i i ( f -  (F " ))* ), -  (F " ))* )) = (F (: )), lii( P *
1 ) )).

which contradicts (5.7.3). Thus we conclude our claim.
L e t u s  construct (E (: ) , 9 )  and (F (; ) ,  0 )  inductively. Set ( E ,  (p) = (E * , (p)

and (F (
*

( ) ) , Cp) =( *, Cp). Repeating the construction of (E ;», (p) from ( E .  (p ), we
obtain a  sequence of flat families of parabolic pairs ( E r ,  9 )  (rri = 1, 2,...) which
is called the  sequence o f elementary transformations of level i  of (E * . (p). Let
( F r ,  0 )  b e  th e  f irs t te rm  of the H arder-N arasim han filtration of level i  of

9 ) .  Then E(m+  1 )  =  ker (E 1' )P r n ) / f ' ) .  B y  v ir tu e  of the above argument,
we have tha t for a ll in,

+1)» <

w here  the  equality  ho lds on ly  if  th e  n a t u r a l  m a p  9  ofm +  1 )  t o  F-1 "0  i s
injective. W e  c a n  e a s i ly  p r o v e  t h e  th e o re m  u s in g  t h e  following lemma
successively.

L e m m a  5 .8 . L e t (E* , (p ) be  a f i a i  f am ily  o f  p arab o lic  p airs  o n  X R I R.
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("' + 1 ) ))d
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A ssum e that (E t , O K  i s  ,vemi-stable o f  level i  and (E t , g4k is sem i-stable of  level
i — 1. L e t (EV , (p) (ni = 1, 2,...) be  the  sequence of  elem entary  transformations
of level i. Then f or sufficiently large integer ni , (Fr ) , Gp- ) is semi-stable of level i.

Proof  of  L em m a 5.8. W e  have inequalities

,(F  * ),... , [OF *)) ([1,( P *1) ),..., 11,(F !,"))

(/-1 1(iF (*2 ) ) ,
 • • • Pi(FV )))

>  •  •  •  >  ( [ 1 ,  (E * ), , p f (E * )).

Since E *  i s  semi-stable of level i — 1, we have

0 ,1 ( F * ) , . . •  Pi -1 (F  *)) (1.1 ( E ) . . . . .  P i- i(E * )).

Hence, for all m, we have

(p1(FV), P i- 1 (F r ) )) =  ( p  ( E ) Pi — i(E*)).

Therefore, we have a descending sequence of rational numbers

[ (F * ) >  p i (F (
*") p i (P *2 1

)  >  •  •  •  >

Since the  system of weights o f  FIV is  a  subset o f tha t o f  E V  i.e . tha t o f  E *,

there exists an integer M such that for all in, ,t(i(PV )E —

1 

Z . H ence , for sufficiently

large integer N,

_ +1))

T h e n  th e  n a tu ra l h o m o m o rp h ism  0  o f  F ( m+ 1 )  t o  F (
'"

) i s  injective for all
in >  N .  W e m ay  assume that rk (F ( N ) ) = rk  (

( N +  1 ) )  p .  
F o r  all in  >  N,

we have

Hence, deg FOE
(m) = deg E( "' "  for all OE > 0 and  for a ll in > N .  W e m ay assume

w ithout loss o f  generality that N  = O. W e  c la im  th a t  p i =  pi (E* ) ,  then since
(p, ( F V ) ,  ,  p i ( F r ))) = (p,(E (V ), p i ( "E!‘")))  for in > N , (EV  , g5) is  semi-stable of
level i. W e may assume th a t R is complete.

By the argument in the proof of Lemma 2 in §5 of [8], we have the following.

Lemma 5.9 (S. G. L ang ton ). A ssume that R  is com plete. L e t E  be a  torsion
.f ree  coherent (f x -module o f  rank  r  and le t E  = E " D  E " ) D • • • D E (m) •  •  be a
sequence of O x -submodules such that E' '1 + D  7 rE ('") an d  E ( ''' )1E (m+ 1 )  i s  a  torsion
f ree  (0 rm odule  f o r all  m .  L et F(m) be  the  im age  o f  the natural homomorphism
Om : E(m+ 1 ).— E " ) .  A ssum e that f or all in , (P„, m aps F('n + 1 )  to  F (m) injectivelv ,
rk (F" + ") = rk (F ( m) ) = p  a n d  deg (F ("1 + 1 ) ) = deg (F1 1 1). T h e n  th e re  e x is ts  an
integer N  such that for all in > N , (P„,: P"' +  " F ( " ')  is an isomorphism  and there
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exists a coherent (O x -submodule F of E that F le n F  E ctn-s-Nve  E (v) .

L et us apply this lemma to our sequence

E, — E ° )E , " )• - •  D  E (m) D •-•

for /  >  0 . Then we obtain an  integer N, such that for all in > N,, (m+1)

F (nn) is an isomorphism and there exists a  coherent C5 -submodule F, of LIN ) such
that

(5.8.1) F I F ') I rcm

Since E ',  =  a n ) ( — D ), w e  m a y  assume th a t  N ,  is independent o n  /. Set
N = N .  B y  v ir tu e  of (5.8.1), we have tha t F,+ 7rmE,( N ) =  E r ± " ) . Hence,

F ,  =  n (F ,,+  m "  E )  =  n
M  > ,n >0

Therefore, for all / > 0 , F ,  is  9-invariant and F, = F nEa,(N)(F F o ).
W e claim  that (Ft , 9 ) is  a  f la t family o f parabolic pairs. W e m ust prove

that F  is flat over R, Fl7rF is  a torsion free e x ,-module and  tha t for all > 0,
FIF„ is flat over R  and  F, + i = F(—  D ) .  W e have a  natural injection

Fl7EF E (N+177 E (N) E(N)hrEuso

Hence, F/7F is a torsion free 6),,-module and  E(N ) /F is flat over R .  Since for
all cc > 0, F/F„ Em /EI N ) a n d  E(N ) /E,(N ) i s  R-torsion free, F IF , is R-torsion free
i.e . R-flat. E N) / F , is relatively to rs io n  free . In  fact, E N ) / F 2  i s  a  subsheaf of
E(N ) / F  w h ich  is  f la t  o v e r  R .  Hence, E„(N ) / F , i s  f la t  o v e r  R .  W e  have an
isomorphism

(E(„NV F,)k E („N VE(,N ' .

Therefore, (E,m/F,), is a torsion free C, k-m odu le . Since torsion freeness is open
property (cf. [12]), (E,(N ) /F ,), is also torsion free Cx „-m odule. Thus, by Remark
1.10, the  natural homomorphism

( — D)/F,(— D )  (E 7 ) /F2) 0 , ( 1 ,(— D) EN)/F2 --+ E ( N ) /F

is  injective. Therefore, F 1 = D) n F = F,(— D).
Now, (F., 0 ), is isomorphic to (F (: ) , Cp). In fact, by  (5.8.1), for a ll Y  > 0,

E ,(7 + 1) ± TrE(N)/ n E(N) F(N).

(F., (p)K i s  a sub-pair of ( E r,  (1))K . Hence,

(ti ((F .)x ),...,P M F .)0 ) 1 gE(,,N ) )0, kii((E (: ))0 ).

Since (F., (p) a n d  (E (: ) ,  9 )  a re  flat families o f  parabolic pairs, b y  th e  above
inequality, we obtain



Compactification of  m oduli 495

ili(Fr)) = iii((F*)k))

(12 1(E (
* ),... , Iii(E (

*
N1)).

In  this inequality, th e  equality holds because (F*
(" ) , (i)) is  th e  first term  of the

Harder-Narasimhan filtration of level i  of (E (: ) , 0 ) .  Thus our claim holds.

Now, let us define a morphism of the moduli scheme to a  space of charac-
teristic polynom ials. F o r  a  parabolic Q-pair (E t , (p)  o n  X k ,  its characteristic
polynomial is defined a s  fo llow s. Let t  be a n  indeterminate and  let

t —  9: E C) x  S*(52)[t] E (1) x  S*(Q)[t]

be an S*(Q) [d-homomorphism defined by

(t — 9)(e a) = e 0 at — 9(e)a

where e  (or, a) is  a local section of E  (or, S* (52) [t] , resp.) and 9(e) is regarded
as a local section of E(1). x .Q OE EC) x  S * (Q )[t]. Let r be the rank of E .  Taking
r-th exterior product over S *(Q )[t], we get a homomorphism

Ar(t — 9): ( r  E) C) S*(f2)[t] ( Ar E) C) x  S*(Q)[t].

L et U  be the maximal open set of X , such that El, is locally free and let n  be
the natural inclusion of U to X „. Since E  is torsion free, codim (X , — U, X k ) > 2.
Hence, det E r/* (Ar El u ). Thus we obtain a homomorphism

q* ( Ar(t — ço)l u ): (det E ) (  x  S *(0)[t] (det E)C),S *(f2)[t].

Tensoring (det E )V  a n d  taking the image of 1 of S *(0 )[t], we obtain an element
9 ( ,,,,p) (t) o f H °  (X  ,„ S*(Q)[t] x ,). L et us ca ll it  the  characteristic polynomial of
(E* , (p). 0 (E ., ) (t) is determined by its restriction on U .  Moreover, for each open
set U' U  such that El, is free, 9 (E ,,,, ) (t)l u . is in fact the characteristic polynomial
of the r x  r matrix with elements in  H ° (U', Q v ). T h e re fo re , 9 (E* ,,p) (t) is in

ri o II °  (X k , S i (Q)x,)t r1 1 ° ( X  S * (Q)Pix ,)

and the coefficient of t r is 1 . Set

9 ( E * . o (t) = + a 1 ((E *, 9))t '  +  •  +  a r ((E t , 9))

where ai ((E * , 9)) is  in  H ° (X „, S i (Q)s k ).
B y  Proposition 2.2, there exists a  coherent C s -module H(C x , C)::: 0

1 S  (Q))
such that A = V  (H(C x , S l(Q))) represents a functor

(Sch / S) Horns, (C s T , C)'i =
-  S i (0 ) 0 .

In particular, for a field k  over S, we have the natural identification
r - 1

A(k) H° (X k , (Q )x d •

The polynomial 9 (E*. ,„) (t) is regarded a s  an elem ent o f  A (k) which corresponds
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to (a,((E * , (p))) under the above identification.
Characteristic polynomials determine an S-morphism 0 of the moduli scheme

M tg rx i s  t o  A .  I n  fact, w e have constructed Mtb'tx / s  a s  a n  in d u c tiv e  limit

lim M IA7,b'W  and MtiNeise is a good quotient of FZ1'(e, e). On Xiz r ( e ,,,) , we have a

universal (parabolic) homomorphism

Ê O x Q.

L et U  be the maximal open set of Xizn e ,e) su c h  th a t Êl u is locally  free. Then
we know that

U) = det

where n  is  the natural inclusion m ap o f  U  to X ( ,,,,) (c f. the  proof o f Lemma
4.2 o f  [9 ] ) . Thus 14( Ar(t — rp)) determines a morphism of iis,s (e, e) to A . T h is
is clearly a  G L  (I/1 , e)-morphism with respect to  the trivial action of GL (1/1, e)
o n  A. S in c e isi s  a  categorical quotient o f  ks,s(e, e), induces a
morphism 0,, of Mg7bNeis '̀ to  A .  It is easy to see that for e ' > e , 0 , =
for the  natural open immersion M12-17i 1 ei e'. T h u s  w e  o b ta in  a
morphism 0  of A-41,17b7,/,  t o  A .  Clearly, for each parabolic pa ir (E* . (p) on a
geometric fibre X ,, w h ic h  corresponds t o  a  k-valued  poin t x  of M 'A iiN ei ,
0(x) = 0 (, * .q,, a s  a  p o in t o f  A(k).

Theorem  5.10. L et R  he a  discrete valuation ring over A .  Then the natural
map v: Horn, (Spec (R), HomA (Spec (K), A71-- Ifinitx1s) is bijective.

P ro o f .  By Theorem 4.6, 11411,*i,7x 1 s  is separated and locally of finite type over
S. Hence, 0  is separated and locally of finite ty p e . Therefore, by the valuative
criterion of separatedness, v is  injective. T o  prove the surjectivity. let us take
an A-morphism g  of Spec (K ) to  /17/g7gtx / s . Then g  is contained in f o rfor
some e. Hence, there exist a  finite extension K ' of K  and a K '-valued point x
of fisNe, e) s u c h  th a t  (.,c) is  the K'-valued point

g' : Spec Spec (K) A7,11,1*
"D ID / X IS '

L e t R ' b e  an  ex tension  o f R  whose quotient field i s  K '.  T h u s w e  have a
commutative diagram:

Spec (K') - -÷  Spec (K )-2 ---, S4-1.127iirì ;s
i

Spec (R') — > Spec (R)

If g' is extended to an A-morphism of Spec (R') to  Mg7i1'rx / s  then since R' n K = R ,
we obtain .a desired extension of g. Hence, we may assume that R  = R ', K  K '
a n d  g = g'. T h e  K -v a lu e d  p o in t  x  c o r re sp o n d s  t o  a  strictly e-semi-stable
parabolic pair (E,`,, (p') on  a fibre X K . Let E ' be a  coherent ( 5 u -submodule of
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i (E 1 )  such  tha t i* (E ')=  E ' where i  is  a  canonical open im m ersion of X ,  to
X , .  Set

9 = i * (9 1 ): i ( E 1 ) i * ( E 1  ( j ) , ( 2 ) - , i * (E 1 ) 0„.(2.

Since 9 A  9 = 0 ,  9  induces a homomorphism : i * i)o x s * (1 2 v )_+ i* (E 1 ).

L et E  b e  the  im age of E ' (j),S * (Q v ) b y  the hom om orphism  (p". T hen  E  is
(p-invariant.

W e claim  that E  is a  coherent &, R -m o d u le . L e t U  be  an  open  subset of
X ,  such  tha t E 1 1„ is locally  free. T h e n ,  b y  v ir tu e  of the Cayley-Hamilton
theorem, .cP (, ,) (9 1) ,  =  0  as a homomorphism of E l lu  to  (E ' C ),Sr(Q )) u . Since
E ' is  torsion free, (4 ,,p1 )(9 1 ) = O. L e t OW e  e ri=o Fr(X R , S I (Q), K )t r - i  b e  the
polynomial which corresponds to  the given morphism Spec (R) —* A .  Since çb(t)x„
is given by (P ( 4 , i ) (t), OW  is  m o n ic . Set

4 (t) = tr + a 1 t ' + ••• +

where a, is in H ° (X„, S i (S2),R ) for each i. Since 9 (9 )„ K = 0 as a homomorphism
o f  E ' t o  E' x S " (Q ) , 95 (9) = 0  as a hom om orphism  of i ( E l )  t o  i ( E 1 ) 0 x
Sr(S2). H e n c e ,  f o r  each  lo ca l section 0  o f  Q " ,  a  lo c a l se c tio n  o f  algebras
S* (Q ')x .:

Or + 0(a 1)0" - 1  +••• + O(a)

annihilates (E 1). Therefore, we know that the im age E 9a (E' C),S*(fly)) is
same a s  9 "(E ' ® S 7  (Q ")) ( c f . th e  proof o f  Lem m a 1.2 o f  [2 6 ]  a n d  Remark
2.1.2). T h u s  E  is  cohe ren t. B y  Proposition 6 of [8], there  ex ists a  coherent
e x R -module E' OE i* (Elx„) such that i* (E') = Fl and  E x' h i s  to rsion  free . We
prove this fact by giving E ' explicitly a s  follows.

L em m a 5.11. L e t  E  be a coherent 0, K -module .flat o v e r R . A ssume that EI, K

is  0 , K -torsion free. T h e n  E ' =  E "  n i* (E1, K ) is a relatively torsion free coherent
6),K -module and the restriction of a natural injection E  E '  to the f ibre X , (or, X,; )
is isomorphism  (or, generically isomorphism, resp.) where E "  and  i* (E„ K )  are
regarded as submodules of  i,, (E

P ro o f . N o te  th a t  i* (El x ,,) is quasi-coherent. H ence, th e  m o d u le  E ' is
coherent because it is a quasi-cherent submodule of a coherent module E " .  Let
U  be an open subscheme of X ,, such  that E l, is locally  free and U n X ,  is not
em p ty . T hen  c lea rly  E l, =  E l,. H ence , E x , ‘  = E'1,0 ,  and E Ix , is generically
isomorphic to Since E ' is R-torsion free, it is R-flat. B y  the assumption,
E'lx„ = El„ K i s  to rsion  free . T o  p rove  the torsion freeness of we may
assume that X  R = Spec (B) and E  is the sheaf associated with a torsion free finite
B-module M .  W e m ust p rove  tha t M "  n M,/rc(M "  n M,r) i s  a torsion free
B/rEB-module. Note that an  element m lee M„ is in  M "  if  a n d  only if for all
elements feMv, .f (m ) is in 7r" B .  Take an element m le e M "  n M , and assume
that there  is a n  element beB\nB such that h  •  m leen (M " n M O . T h e n  for
all elements feMV, f (hnn = h f (m) B .  Since f(ll)E 7"B a n d  h 7rB, f (m)
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is in  70 + 1 B , i.e. m /7" is  in  rt( M "  n M ).

N o w , se t E ' =  E "  n I ( E x . ) .  Then E ' is cp-invariant and relatively torsion
free. By the properness of Quot-schemes, there exists a unique coherent subsheaf
E , of E ' such that E OE'l x .h, = E, 1 a n d  E l E ; is flat over R  for e a c h  0  <  <  1 . S in c e

Ox Cx( is  injective, E'/ E' C) x ( x (— D) is  flat over R .  Hence.
E', = E' D ) .  T h u s , w e  o b ta in  t h e  f l a t  fam ily  o f  parabolic  pairs

, (p). By virtue of Theorem 5.7, we have a (p-invariant coherent subsheaf E"
o f  E ' such that (E , ço) w ith the  induced structure is  a  f la t  family of parabolic
pairs, (E , (p), = (E * , O K and  (E , (p), is semi-stable. Thus by virtue of Theorem
4.6, we can extend the given A-morphism of Spec (K) to/1711-1

27b7,,, over Spec (R).

If ,F,(H, H * , * )  is bounded, then for some e, 11711,17b7x i s  = Sig7iNeise which
is  quasi-projective over S. Hence 0  i s  a quasi-projective m orphism . B y  the
valuative criterion of properness and Theorem 5.10, we have the following.

Corollary 5.12. I f  the fam ily  ,F,(H, H * ,1 * ) is bounded, then the morphism
0: 11-41;7b7x i s —* A is projectiv e. In particular, if  S  is a noetherian schem e ov er a
.f iehl of characteristic zero, then 0: 1171,17i,"i*x  i s

 A  is projective.

In  th e  ca se  tha t Q  =  0 , w e  have th a t  A  = S  a n d  th a t  /1 4 1 1 ID*. IS  —f2 IX DIX /S •

Therefore we have

Corollary 5.13. I f  th e  fam ily  ,F (H, H oc * ) is bounded, then the  moduli
scheme of  semi-stable parabolic sheaves M I,17Z*s  is projective over S. I n  particular,
i f  S  i s  a noetherian scham e over a  .f ield of  characteristic zero, then A -1 7 i27s  i s
projective over S.

A .  Compactification o f  moduli o f  parabolic sheaves in  the  case  of characteristic
zero

In  this appendix, we shall deal with only parabolic sheaves and assume that
contains a field of characteristic z e r o .  Then we have the following "strong"

boundedness results (see for the  proof, [11]).

Proposition A.1. For each positive integer r, there exists a non-negative integer
e such that all p-sem i-stable sheaves w ith its rank  < r are  of  c-type e.

By Proposition 3.4 1) of [13], w e have a morphism F" x G r .
If, in  §2 , w e set Q  =  0 , then W F" = R 's  and  (Z  x  riG irs =  x  Gr.
Hence, we use  nota tions in  §2  assum ing Q  =  0 . The construction of W:  E—*
(Z  x FIG) depends on in fixed at the first p a rt o f  § 2 . Hence, we denote W, F. Z
and G1 by W„„ T,,,, Z,,  a n d  G1,„, respectively. O ur aim in  this section is to prove
the following.

Proposition A.2 . A ssume that > 0. Then there ex ists an integer In such
that the m orphism  W„, : (Z „, x  FE= , is p ro p e r. Hence, it is a  closed
immersion.
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In the case of curves, this is proved by U. N. Bhosle [2] Proposition 3 . Since
we deal with higher dimensional cases, we need some boundedness results.

F o r an  integer L, we set

(H, H ., g .)= { E .
1E . is a parabolic sheaf on some fiber X s

with the properties (A.2.1) and (A.2.2).
•

 

(A.2.1) The Hilbert polynomial of E  (or, F i , i (E)) is  H  (or, H 1, resp.) and
the system of weights of E .  is  a..

(A.2.2) F o r  so m e  in te g e r  in  > L , th e re  e x is ts  a  generically surjective
homomorphism cp o f  1;„ 6)„ to  E(m) such that

(A.2.2.1) for all i, there exists a  vector subspace W, of V,„ 0 k(s) of dimension
H(m) — H i (m) such that H

°
((p)(W,) g FINF + t(E) (r)) and

(A.2.2.2) th e  po in t o f Z„, x f l  G1,„, determ ined by 
-
1;„ 0  k(s) k(s)1143

and Ar yo : r(1<,, 0 k(s)) (det (E(m))) is contained in  (Z„, x 11 Gi ,)"(k (s)).

Lemma A .3 . There exists an integer L, such that the .family ,?,.Q114)(H, H .,
is bounded.

P ro o f  We need the following lemma which is equivalent to "Fundamental
lemma" in  [9].

Lemma A.4 (Lemma 2.6 in  [1 3 ]). L et S  be a  locally , noetherian, connected
scheme, f: X  —÷ S be a smooth, projective, geometrically integral morphism of relative
dimension n and le t 0 ,(1 )  be an f  -very ample invertible sheaf on X .  L e t  a  be a
rational number, r be a positive integer and P(m) be a polynomial of degree n with
the highest term hm"In! where h  is the degree of  C,(1) on .f ibers of  f . Then there
ex ist integers L  and  M  such that if  F is a torsion f ree coherent O x s -module of
rank  r' < r f o r some geometric point s o f  S  and if  F  h as  the properties;

1) for general non-singular curves C = D, • D 2  •  •  •  •  •  Dn _ 1 , D 1 c1()„ (1)1, every
coherent subsheaf  E(0 0) o f  F  x .  £ 1

C h as  a  degree < rk (E)a,
2) p(F) M ,

then l'or all in> L , the .following inequality holds;

h° (F(m)) r' P(m).

A pply Lem m a A.4 t o  th e  c a se  where a =jm  + e  (po , u ( E )  a n d  e  i s  a
non-negative integer as in Proposition  A l ) ,  P ( m )  i s  a  polynom ial such that
P(m)-< par- P E ( u n )  a n d  r  =  r .  Then there exist integers L ,  a n d  M  such that if
a  coherent sheaf F  of ra n k  < r  o n  a  fiber X , satisfies the  above conditions 1)
and 2), then for all integers in  > L ,, we have

h
°
(F(m))/rk (F)< P(m ).

We may assume that for all ni > L ,, P(m ) < par- P O O .  Hence, for all m  L o ,
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we have

(A.4.1) h° (F(m))/rk (F) < par- FE  (in).

To prove the boundedness of i,-,211L (H, H , 1 , ) ,  it is sufficient to prove that
there exists a n  integer /I such that for all members E .  of Y  ( H ,  H , a . ) ,  E  is
of type /3. Let E .  be a  member of .A d' (H , H ., a.)  and E ' be the last term of
the  Harder-Narasimhan filtration of E. Set

W =  ker („ (14(s) H°(E(m)) H°(E'(m))).

If x  is  the point defined in  (A.2.2.2), by Lemma 2.6, we have

0a ( 1 4 '  x)

= H(m)(par- P Om ) dim T x  W — E E i  dim, (, ) ( wi n W) — oci dim k ( s )

By the condition (A.2.2.1),

dim k o , (Wi n W) d im k ( s ) T4 — h
°

( F i+ 1  (E(m))),

where F1  ,(E'(m )) = Image (F i + ,(E(m)) c E(m )— » E'(m )). Hence we have

0 < par- PE (ni) dirn T  W — 1E, 1/17; — dim 1 W

EEi h
°
(F i + j  (E'OO))

= par- PE .(nd(dim ,, W — rk (E)) + c dim k ( s ) (V„, 0 k(s)/ W)

+ I f q h° (F i+ 0110)

1 i< — par- P E *  (m) rk (E') + h
°
(E',(m))d a

o

where E',(m ) has the induced struture. Therefore

(A.4.2) par- P (111) 11° (E;(1n)) dOE/rk (E').

O n  th e  other hand, by virtue of Proposition A.1, fo r general non-singular
curves C = D, • D 2  •  •  •  D„_ 1 , D 1 e le) c ,(1)1 a n d  fo r  all non-trivial coherent sub-
sheaves E" of E'

1,1(E'lc) + e + e = a.

Clearly, all E'a  (0 a < 1) satisfies th e  above condition. '  Hence, by (A.2.1), if
,u(E') M  (hence, p (E )  < M ), then for all ni > 4 ,  we have

(E (m ))d  /rk (E') < par- PE. (M)
0

Therefore, if we take L = L 0 , 1(E ') > M .  It follows that there exists  a  integer /3
depending only o n  j i g .  M  and r such that E  is  of type /3. 1=1
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Therefore, there exists a n  integer L , > L o  s u c h  th a t  fo r  a ll  ni >  L ,  and
E,e.1.51 L° (H, H * , c(* ) , we have

(A .4.3) hi (E(m)) = 0, hi (F i (E)( n)) = 0 and hi ((E I F i (E))(m)) = 0 for all j  and
i > 0 .

(A .4.4) E(m), F i (E)(m) and (E F j (E))(m) are generated by its global sections.

Lemma A .5 . L et E *  b e  a  member of (,)AQ1L  (H, H * , o(* )  an d  le t n i  b e  an
integer > 1. 1 . I f  a  generically  surjective homommphism ço: V 0 C x , E ( m )  and

c k(s) satisfy  the conditions (A.2.2.1) and (A.2.2.2), then H ° ((9): 1/,, 0
H ° (E(m )) is an  isom orphism . Hence qi is surjective. M oreover, there ex ists an
integer L2 > L , such that all m em bers E *  o f (H,(H, H * , 1 * )  are  parabolic
semi-stable.

P ro o f . S e t  W = ker (I-n i p ) ) .  Then d im T W  =  0  a n d  b y  the condition
(A.2.2.2), we have

0-( W  X )
0  XEi dim (W, n W) — a, dim W.

H(m)

Since we assume a, > 0 . w e  have W =  0. By the condition (A.4.3), H ° (p) is  an
isomorphism.

Set

E* is the last term of the Harder-Narasimhan
filtration of some member E* of /),2/L  (H, H .  7 * )

Since th e  Harder-Narasimhan filtration is unique, the  family A'L ' (H, H * , a * )  is
bounded. Therefore, there exists a n  integer L 2 su c h  th a t  fo r all members E* ,
all 0 < a < 1 and all ] >  0, h (E )  = 0 and par- PE (m ) < par- P E ( m )  for all ni > L 2

if E ' 0  E. Note that the inequality (A.4.1) hold for E* . Hence for all members
E'*  o f  .41'2 (H, H * , 1 * ) , w e see that there is a n  integer n i >  L2  such that

par - P5 (m) par- PE;(in).

It follows that E' = E.

Proof  of Proposition A .2 . Let ni be an  integer > L 2 .  We use the valuative
criterion. L et R  b e  a  discrete valuation ring w ith th e  residue field k  and the
quotient field K .  Set C  = Spec (R). Assume we have the following commutative
diagram :

C — p

x  H Gi r

(H, H * , oi* ) =

where p  i s  th e  closed point o f  C . I 's  is  th e  subscheme o f  Q x HQ ; . Since
Q x  j] Q, is prober over S , th e  S-morphism o f C — p  t o  Q x HQ; is uniquely
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extended to  a  S-m orphism  0  o f  C  t o  Q x fl Q1. Hence o n  X c 5
 there  exist

surjections V„, C) x  — > E(m) a n d  I;„ 0 C x , —> E,(m).
Consider the canonical homomorphism E(m ) — > E ' (n)). Since E  " (n i) is a

torsion free C x e -module, it is flat over C .  Moreover it is easy to see that E " (m )
i s  l c. -torsion free. I f  th e  H ilb e rt polynomial o f  E  "  o n  f ib e rs  is  H ' , then
E(m) C), K c  E "  ( m )  K  defines a morphism of Spec (K ) to  the Quot-scheme
Quot (E" (m ), H' —  H [ni] )  a n d  by properness o f  Q u o t (E "  (m), H' —  H [ni])
over C, it is extended to a unique morphism (5 of C to Quot (E " (m ), H' — H P O .
T he kernel E(m ) of the  quo tien t m ap defined by (5 is  fc -torsion free  and its
Hilbert polynomial on fibers is H  [m ].  Then we have injections :

—
E(m) E(m) E " (m ),

where has the following properties:

(A.5.1) C ), K : E(m) ®R  —> E (in) Ø R  K  is an isomorphism.

(A.5.2) C)„ k : E(m) (j) k —> E(m) R  k  is generically isomorphism a n d  its
kernel is the torsion sheaf of E(m) C), k.

Since we have surjections on X K :

E(m) R  K E(ni) ® K -->> E , (m) C) R  K  — >> — >> E (m ) O R  K.

There exist surjections of 6, c -modu1es flat over C;

E(m) E,(m) -->> — ) >  ( m )

which induce the above sequence of surjections on X , .  W e obtain a flat family
of parabolic sheaves on X .  H e n c e , o n  Xk, we have

0 C x, -É(in) R k E. 1(m) R  k  — >> - ->> E  (m )  )  k ,

where V (DC„,<E  (in) OR k  is generically surjective. L e t  x  be the k-valued point
defined  by  the  m orphism  g  o f  C  t o  (Z  x . E a sily  w e  se e  th a t the
homomorphism k H

°
(Em) 0 Cr , k) maps T4 H ° (F H - i ( E(m)) 6-X,)

w here  F1  1  (E (m)) ker (E(m) E s). Therefore E(m ), O R  k  is a  m em ber of
1L 2  (H, H ,

 a,) . By virtue of Lemma A.5, we see that V,„ 0 E(m) OR k
is surjective and E (m) R  k  is parabolic semi-stable. H e n c e , C ) , k: E(m ) OR k
—> (m) d c  is  a n  isomorphism and  therefore the im age of p  in  Q x n Q1 is
contained in F .

Remark A .6 . In the case of a , =  0 , if we change the system of weights by
a

*  + e = rt a  + e 5• ••5 a  + e l  s o  th a t  0  <  + e < • • • < a l + E <  1, th e n  w e  c a n
apply Proposition A .2. Changing weights, (semi-) stability may be different to the
o r ig in a l o n e . B u t  b y  s u c h  a  change  a s  above, p-(sem i-)stability is not
changed. H ence, in  th e  c a s e  o f  curves, o r ,  i n  higher dim ensional cuses if
p-(semi-) stability is same as (semi-) stability, we can recover the case "a, =  0".
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By virtue of Theorem 4 of [21], there exists a  good quotient M  of Fss. Let
s  be a k-valued geometric p o in t . I f  w e prove the following (1) and (2), then we
can easily prove the  n ex t C o ro lla ry . The proof of (1) and (2) is easier than  the
analysis of orb its  in  (4, x  f l Gi. „,)ss given in §3, so  w e  om it its proof.

(1) F o r  parabolic  stable sheaves (E1) .....(E)  o n  X s s u c h  t h a t  (1) 1 (E1),
corresponds to  a k-valued point of 1- " ,  the  o rb it o f  x , o f  r ( k )  corresponding
t o  C) 1 (E1)*  is closed.

(2) F o r  each  semi-stable parabolic  sheaf E. ,  corresponding  to  a k-valued
point x of r s ,  the closure of orbit of x contains the point corresponding to gr (E* ).

Corollary A.7. /17/ has the following properties.

1) For each geom etric point s of  S , there ex ists a natural bijection:

0 s : par- ZIN*s (k(s)) 117 (k (s))

2) For T e(S chIS ) and a f lat f am ily  of  parabolic sheaves E *  o n  X T I T such
that E *  has the property (1.14.1) of  [13] and for every geometric point t of T , E * 1x,
is parabolic semi-stable, then there ex ists a morphism

.rE.: T M

such that f o r all p o in ts  t  in T(k(s)), .( 1) =  0 ([E* 0 )  w here  [•] m eans the
equivalence class defined by (1.14.2) of [ 1 3 ] .  Moreover, for a morphism g: T' — >T
in (SchIS ), we have

fE ,, 0 g  — A lxx g)*(E .1'

3) I f  M' E(Sch IS) and maps

: par- £ 1,47Z*,,:e (k(s)) M' (k (s))

have the above property  2), then there ex ists a unique S -m orphism  T  of  M e  to
M ' such that T (k(s)) ,  Os = O  and T , =  ,  for all geom etric points s of  S  and

•

f o r all E * , where 
• E"* i s  a m orphistn given by  the property  2) f or M ' and O 's .

4) /17/ is projective over S.
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