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Estimates for degenerate Schrödinger operators
and hypoellipticity for infinitely degenerate

elliptic operators

By

Yoshinori MORIMOTO

Introduction and main theorems

In  Chapter II o f [1] Fefferman and Phong estimated the eigenvalues of Schrödinger
operators —i. + V (x )  o n  R "  by using th e  uncertainty principle. Inspired by their idea,
in  th e  present paper we give some L 2 -estimates fo r degenerate Schrbdinger operators
of higher order, which are versions and extensions of Theorem 4  in  Chapter II of [1].
A s applications, we consider the hypoellipticity of infinitely degenerate elliptic operators
o f  se c o n d  order. Som e p a r t s  o f  th e  present paper (Theorem 1 , 2  an d  6  below) are
announced in [13].

Consider a  symbol o f th e  form
11

(1) a (x, e)= E  a k (x )1 $ 1 ,1 2 P k + V (x ) , X E R  ,
k 1

where p k  a re  p o sitiv e  rational numbers,  V ( x ) 0  belongs to L " ( R " )  and

(2) k - 1
ak (x )=

5 =i
for

Here K(k, JD a r e  non-negative rational numbers. I f  x a E R "  a n d  if  6 =- (5 1 , ••• , 5„) for
13i > 0 , we denote by 136 (x 0 )  a box

(4) 1(x, e);

Clearly the volum e of /35 (x 0 )  is equal to 1. L e t C denote a set of boxes B6(x 0)  fo r  all
x o a n d  a ll a. We denote by m / ( . )  the Lebesgue measure in  12'. We se t mk =p k —1 if

i l k  is integer and  m k=[ph ] otherw ise. Set
k  -1

Theorem 1. L e t  a(x, C ) b e  th e  abov e sy m bol an d  le t W (x) be a  real-valued con-
tinuous function in  R " .  A ssume that there ex ists a constant 1-2 - - m o < c1  such that f or
any  B=B 5 (x 0 ) EC
(4) m 2.(i(x, e)EB ; a(x, C)>._ max W ( x ) l ) c  ,

(B**)

Communicated by Prof. N . Iwasaki, February 8, 1990



334 Y oshinori IVIorimoto

w here 77 is  a natural projection f rom  R to R .,' and B** denotes a suitable dilation of
B  whose modulus depends only on p k an d  ,c(h, j). T hen f o r  any  com pact set K of R.,"
there ex ists a constant o c > 0  such that

(5) (a(x, D)u, u) ci< (W(x)u, u) fo r any  uECO*(K).

w here ( , )  denotes the 1, 2 in n e r product. (cf. Theorem B  in  [11]).

R e m a rk . T h e  lower bound o f  c  in  (4) is  0  w hen all If  a ll ak (x)—=_—_1 then
the constant ci s : i n  (5) can be taken independent of K .  The theorem holds even i f  each
variable x ;  is  rep laced  by  th e  vector x ,= (x ji , ••• , x i ) .  T h e  rationality assum ption of
ilk and K(k, j) can be removed.

In the polynomial potential case the theo rem  becom es fa irly  sim ple . I n  order to
explain this fac t, fo r  a  0< it_ .1  we redefine a  s e t  C h of boxes

(6) l3 {(x, e ) ; x i— x0 l --56;/2,j  I

fo r a ll x o a n d  a ll 6.

Theorem 2. Let a (x , e) be  the  sy m bol o f  th e  f o rm  (1) w ith V (x ) replaced by  a
polynom ial U (x) in  Rn of order d, w hich is not alw ay s non-negativ e. T h e n  f o r  any
compact set K  o f R " there ex ists a positive 11=--- hi c . 1 satisfy ing the follow ing property :
If the estimate

(7) max a(x, e) 0
ah

holds fo r  any  B, B ,,(x 0 ) E C , then w e have

(8) (a(x, D)u, u)._0 fo r any  uGC7(K).

H ere the positive h depends only  on d, n, p k and K(k, j) except K.

R em ark 1. W hen all ak (x)__=_1 then we can take h > 0 independent o f  K .  Further-
m ore, if  a ll p k = 1  then Theorem  2 is nothing b u t o n e  p a r t  o f  Theorem 4  in  Chapter
II  o f  [1].

2 .  W hen V (x ) an d  W (x) in  Theorem  1 a re  polynomials, Theorem 1 follows from
Theorem  2  b y  p u t t in g  U(x)=V(x)— h 2 P0W(x), w h e re  p o =  max p h . I n  f a c t ,  th is  is

l kLre

obvious if  w e  note th a t  fo r 0<h

max { a(x, e)-11 2 PoW(x)1_11 2 Poi max a(x, E)— max 14/(x)}.
B, :: 031)

Next we consider the  case th a t th e  potential V (x ) depends o n  a  la r g e  parameter
M > 0 . Assume th a t V (x )= V (x  ; M)E C -  sa tisfies th e  following : T here  ex ists a  K>0
such that fo r any m ulti-index a the estimate

(9) sup a ‘Y (x )
Rn
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h o ld s  w ith  so m e  constant C „ .  T h e n  w e  have the  interm ediate between Theorem  1
and 2 as follows:

Theorem 3. L et a(x , $) be the saine as in T heorem  1. A ssume that V (x )=1/(x ; M )
0 satisf ies (9). Set

(10) w(x0)_— inf max a(x, $)
3  1 3 3 ( x 0 )

If  w (x ) satisf ies w ith a>0  and c 0 >0

(11) inf W ( X ) C o M '

Rn

then f o r any  com pact set K  of  .121,  there ex ists a constant c K >0  such that

(a(x , D)u, u) cK (w (x)u, u) f o r any u ECT,(K),

prov ided that M  is suf f iciently  large.

W e rem ark that the  function w (x ) defined by (10) is upper sem i-continuous. If  all
coefficients a 0 ( x )  o f  a(x , $ )  a re  c o n s ta n ts , by  analyzing  th e  right hand side o f  (10)
Theorem 3 becomes more clear a s  follows:

Theorem 4. A ssum e th at a(x , $ )= Ie k l2 rk +V (x ) and  that V (x )=V (x ; M )>A )
k =1

satisfies (9). Let ro , r 1, ••• , r n be  positive integers satisfying r i ti i --, r o  f o r  any  j=1, ••-, n
an d  se t fo r an  in teger d>0

(12) ind(x)= E la,..v(x)12,e/co: r

l a : I< d

1+21" 0 )

w here  la: r1-= E  a i l-J . I f  there ex ist a d >0 , a c 0 >0  an d  a a>0  such that
J=I

(13) inf m d (x).>_Co ll,12 r, '
Rn

then w ith a  c >0  we obtain

(14) (a(x, D)u, u)_>_c(m d (x )u, u) f o r u E S  ,

prov ided that M  is suf f iciently  large.

W e rem ark that i f  V ( x ) .0  is  polynomial then  T heorem  4  still holds w ithout as-
sum ptions (9 ) a n d  (13). Theorem  4  in  th e  c a s e  o f  a l l  p k = 1  is  due  to Mohamed-
Nourrigat [6] (see Proposition 3 o f  [6]). In  [6 ], th e y  a lso  s tu d ie d  t h e  lower bound
for the  Schrödinger operator w ith m agnetic vector fields of the form

(15) a(x , D) , I i i ( x ) ) 2  + V  ( x )
)=1

with V ( x ) 0  an d  A i (x ) real-valued. Their interesting result (Proposition 4 and  Theo-
rem  7 o f  [6 ]) leads u s  to  th e  following extention o f Theorem 1:
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Theorem 5 .  L e t  a(x, D) b e  the operator of  the f o rm  (15) and let V(x)ELl o c (Rn)
and A; (x)EC 1 (R n ). I f  Bi k (x)=(aAi/axk—aAk/axi) w e assume that

(16) Bik(x) 0  o r  _<0 in  R' .

L et W(x) be a real-valued continuous function in  Rn and let

(17) ii(x, E $.1± V (x )±  E  B i k (x)H
j=1 j,  k = 1

I f  there  ex ists  a  0 < c_ 1  satisf y ing (4) w ith a(x, E) replaced by  ã(x , e ) then w e have
w ith a coustant c'>0

(18) (a(x, D)u, u) c'(W(x)u, u) f o r any  uES

A s an application of Theorem  1 we consider a second order elliptic operator with
infinite degeneracy a s  follows:

(19) L=DT-Fx1IM-kxlkxrDld-f(x)D2, in R 4 ,

w here 1, k and  m are positive integers and

f (x )=  exP( - 1/xir — 1/1x21')±exP( - 1/1x11 À - 1/1 x21').

H ere w e assume that

(20)t . > 0 , 0 < K  < l , 0<2< min (1+1, k+1).

Theorem 6. L et L  be the operator of  the f o rm  (19) w ith (20).
(i) Suppose that I f  0<a<m+(k+1)/(1+1) then L  is  hypoelliptic in  R 4 and

moreover f o r any  u g..)'(R 4 )  we have

(21) WF Lu=WF u

(ii) Suppose that k > 1 . I f  0<a<m +1 then w e have (21).

T h e  p ro o f  o f  T h e o re m  6  w ill b e  c a r r ie d  o u t  b y  u sin g  th e  L 2 -apriori estimate
method a s  in  [8 -1 0 ] . Theorem  1  w ill be  u sed  i n  order to derive som e fundam ental
estimates (see Lemma 5.1 and  5.2). In  the  case  of (i) o f  Theorem  6 , th e  assumption
o f  o- i s  optimal under th e  additional condition on  7 a s  follows:

Theorem 7. L et L  be the operator of  the f orm  (19). A ssume that

(22) 0<K<1 0<2<k±1 ,

(23) z-_-k+1±m(1+1).

I f  o- _m+(k+1)/(1+1) th e n  L  i s  n o t  hypoelliptic in  any  neighborhood of  the origin
in  R 4 .

T h is  non-hypoellipticity result follows from  th e  analogous method a s  in  Theorem
1 o f Hoshiro [4] (see Lemma 6.1 in Section 6 , w here w e also use  Theorem  1 requiring
the  cond ition  (22)). T h e  assum ption (20) o f  Theorem  6  o n  2 (resp. K,) seems to be
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necessary because it is necessary fo r  th e  operator frozen w ith respect to  the variable
x2 #0 (resp. x 1 0) (see th e  rem ark in the end of Section 6).

T h e  operator d iscussed i n  Theorem  6  and 7 is fa irly  com plicated . As a simple
example o f th e  operator o f  th e  fo rm  — (X i-EX ) w ith  X ,  re a l v e c to r  fields, we con-
sider the  following :

Theorem 8. L et a(t) C - (1 e )  satisf y  a( t ) * 0  f o r t O an d  be m onotone in (- 0 0 ,  011
an d  [0, 00), respectiv ely . L e t L  be a  dif ferential operator o f  the  form

(24) L=DT±a(x1)2(D2-f-f(x i)g(x2)D3)2 in  W

w here f ,  g E C -  satis f y  f ( t ) # 0 ,  g ( t ) > 0  f o r t # 0 .  A ssume that

(25) lim t log g(t)=0 ,t_.0

(26) lim ta(t) log f '( 0 1  =0 (cf., (1.7) o f  [4])
0

T hen L  is  hy poelliptic in  W  and moreover f o r any  u E 0Y (W ) w e have (21).

T he p lan  of th is  p ap e r is  a s  follows : In  S e c tio n  1  w e  s t a t e  a n  inequality  of
Poincaré type (see L em m a 1.1). T hough  it seem s to  be  know n b u t w e prove it be-
cause the  suitable reference can not be found. In Section 2, using th e  inequality given
in Section 1 we prove Theorem  1 following the spirit of Fefferman-Phong [1-3]. The
proof o f  Theorem 2  in  S ec tion  3  is a lm ost paralle l to  the  one o f  Theorem  4 o f  [1]
except that w e repeatedly use the polynom ial property (b ) in  Lemma 3.1. In Section
4 w e first prove Theorem  3  by  reduc ing  to  the polynom ial potential case, and prove
Theorem 4 by using a n  elementary lemma (see Lemma 4.1) together w ith Lem m a 3.1.
In Section 4 w e also prove Theorem  5. Section 5 is devoted to  th e  proof o f  Theorem
6, w here Theorem  1 re a lly  w o rk s . In Section 6, w e prove  T heorem  7 by solving an
eigenvale problem (see Lemma 6.1) similarly as in  [7] and [4]. In Section 7 we prove
Therem 8 using th e  idea o f  proof o f  Theorem  1 and  Theorem  5.

Though Theorem  1 is  sta ted  fo r  operators o f  h ig h e r  o rd e r , its  application in the
present paper is restricted to th e  second order hypoelliptic operators because the  hypo-
ellipticity in  higher order case seems to be more delicate (cf., [8]). T h e  author wishes
to  trea t h igher order case in the future.

1. Inequality o f  Poincaré type

In  th is  section w e g ive  a sim ple but im portant estim ate  to  th e  proof o f  Theorem
1, w hich is an extension of the one given in  [1 , p . 148]. L e t k  be  a positive integer
a n d  w r ite  k  — 1= E 6,2) f o r  b.,= 0  o r  1. W e denote ( -1 ) 1 b ,  b y  sgn k  a n d  fo r  a  non-, o
negative integer m and  vECT(R n) w e set

G1,n(x , y)= E (sgn k){v(x k(y —  x)/ N)—  v(x +(le —1)(y — x)/ N)} ,
k =1

w here N=2m.
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Lemma 1 .1 .  L et Q  be a  convex set in R .  I f  in  is a  non-negative integer, there
exists a constant cr„,„>0 depending only on m and n such that

(1.1) E ID'i)(x)1 2d x c n i ,
( d i a m Q ) - 2 0 " 1

y)12clxdy .1=m+1 IQI Q .Q

Furtherm ore, i f  0 < 2 < 1  there ex ists a constant c > 0  depending only on m and n
such that

(1.2) I D P v(x) — D19v(3t)l z

1 1- 1 x Q
92 dxdy

(diam Q) - 2 (1n1
y)12clxdy.

IQI QxQ

T h e  estimates (1.1) and  (1.2) seem  to be know n bu t w e  sh a ll g iv e  t h e  proof be-
cause th e  suitable reference can not be found. W e prepare th e  following:

Lemma 1.2. Let in  be  a non-negative integer and let FcEC - (1?'). Then w e have
2.

(1.3) E (sgn k){.P(k2 - m)—F(( 1e —1)2 - )}
k= 1

'2-m(m+1 • • •  ,
i F( 7 3 +1 )(go(0))d0 ,.0 0

where 0=- (0 0 , 6+1 , ••• , m ) R '  and

gc)(0)=2 - ' 0 0 +2 - me i + 2 ' '02+  ••• + 2 - 1 0„,.

Pro o f . I f  I  denotes th e  left hand side o f th e  above formula w e  have

2n1

(1.4) J=2-7)1 (sgn k)F'(19,,2 - '+ (k -1 )2 - 7 4 )}-d 0o0 k = 1

1{21/1 - 1

E  (sgn 2k)(F' (0 02- m ±(2k —1)2 -  )
0 k= 1

—F'(0 02- - m d-(21z —2)2'))}d0 0

because sgn (2k —1)= —sgn 2h. Since sgn 2/z= —sgn k w e  have

(1.5) /=2-27" E  (sgn k)F"((0 0+0 02 - m +(k —1)2 ' ) } d0 0)0 0 k = 1

N o te  t h a t  t h e  in tegrand  i n  t h e  right hand side o f (1.5) is sim ilar as the  one in  the
middle member o f (1.4). T h e  repetition o f  th e  preceding procedure yields th e  desired
formula (1.3). Q. E. D.

Proof  o f  Lemma 1.1. F o r  ve- CW s e t  F (0 = v (x + t(y — x )). 'Then it follow s from
Lemma 1.2 that

(1.6) G(x, y)=(— 1,)m - '2 - 1 2 ( 1"+1 ••• E  D"v(x+ÇØ(0)(y— x)) (y  — x)̀ ' dû
0 0  l a i= o H - 1
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In  view of the Schw artz inequality, w e have

c lr i

301 2 C • • • ) E  1/Pv(x - i- ço(OXY — x))1 2 1Y — x r ( m + D c/0
JO o In 1=m +1

Integrating w ith respect to  x  a n d  y  over Q x Q  a n d  noting that Q and
Q  is convex w e see that

(diam Q ) 2 ( m + i ) Ç I  GI,n(x, y)I 2 dxdy
Q x Q

< Cm E I D'v(x+go(0)(31 —  x))1 2 dxd yd0 ,
ini=m+1  J  Q x Q

w here J= [0, U m .  If J 1 =  0 J ; ; ço(0). 1/21 and  .J2 =J\J 1 , b y  m e a n s  of change of
variables w e  have

J Q x Q  
ID'v(x+q)(0)(y—x))1 2 dxdyd0

< Q dx .1. , , i1 ,2 D"p(z)1 2 dz/99(0)"}d0

-I) Q d 2 D 'V (W )12div /(1— y a(0)0d0 .

Since cp(0) 1/2 o n  J i a n d  1.—Ço(0) 1/2 o n  12 w e  o b t a in  (1.1). W e  sh a ll p ro v e  the
estim ate  (1.2). I t  fo llo w s  f ro m  th e  fo rm u la  in  Lemma 1.2 w ith  th e  right hand side
integrated by 0m th a t

Gg'(x, y)=C.5 1 ••• E  (DPv(m)—DAv(z))(y—x)A (100 ••• dO m _i ,
0 0 =

w here w =x+yo(0 1)(y— x) and  z=x+yo(0 ',0 )(y— x). Here (0', 0 70 = 0 .  W hen (x , y)
v a rie s  o n  Qx Q, ( w ,  z ) belongs to Q > a) because  Q  is  c o n v e x . S ince w—z=(y—x)/2
a n d  I a(tv, z)/5(x, 3)1=(1/2) n. w e  have

(diam Q) - 2 ( "L+ 2 ) - " G.gt(x, 3)1 2 dxdy
Q x Q

11)19v(w)—Di3v(z)1 2

C m ,„  E 0, dwdz ,
isi=nt (2.Q I —zIn+"

w hich is our desired estim ate (1.2). Q. E. D.

2  Proof o f  Theorem 1

W rite pk•=qk/Pk and tc(j, k — q(.1 , k — j)/  p(j , k — j), respectively, by using rela-
tiv e ly  p rim e  in te g e rs  P k ,  qk>0  a n d  p ( j ,  k — j)>O, q(j, k — j ) (), respectively. W e

k -1
take  a convention w ith  p ( j ,  k — j)=1 if  q (j, k  —  j)=0 . S e t r o =  I I  (9 k H p ( j ,  k — j)). If

k 1j = 1

K  is  a  com pact set of R " ,  w e take  a  sufficiently large  integer I ,  such that

(2.1) Kc{ x ; 2  x ; 2 1 0 r o o i ,  j= 1 ,  • • •  ,  n } .
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If  /0 =  II Q  denotes th e  r e c ta n g le  in  th e  right hand side a n d  if  Q3 a re  intervals in

R ,,,  w e cu t /0 in to  IT  2roit'l congruent sm aller rec tangles b y  c u t t in g  Q"; in to  2r00 )̀
2 -1

subintervals w ith equal length. It should be noted that all r o / p , are in tegers. F u rther-
m ore w e cut each sm all rectangle b y  the same w a y .  S ta rting  w ith  10 ,  w e repeat this

procedure 10 t im e s .  I f  1 ,= fl (P,) is  one of rectangles in som e step  o f  this procedure,
w e  have

(2.2) (diam QD - 2 P)=(diam Q )- 2 P1 , j=2, • • • , n .

Hence, i f  C K =  max max a,(x ), w e have
sElo

(2.3) a,(x)(diam Q 2 Pi CKR, , f=2, ••• , n .

Here an d  in  w hat follow s R , denotes (diam Q )- 2 P1. Furtherm ore, noting that diam Q',
1, fo r any 0<s_<1 and  a n y  j E {2, ••• , n }  w e have

(2.4) a•(x)(diam Q';) - 2 P.i _s 4 0R,, o n  { x ; x ie  diam Q ,  1= 1 ,  • • •  n —1 }.

k -1
w here IC0=  m ax II k— j).

O k k k n  j= I

O n and after /0 + 1  step , we modify the w ay  how  to  cu t a  rectangle 1, a s  follows ;
in  o rder tha t (2.4) remains v a lid . F o r  1=1, • •• , n —1, let I t denote a  hyperplane x 1 =0

a n d  le t  a(v, 1)=1 if E r / , # Ø ,  = 0  otherwise. W e  c u t  J,= IT Q'j in to  ff 2 r  ( " j ) 1 P1

j=1

congruent sm aller rec tangles /„, (1 ,= / , , )  b y  c u ttin g  q j  into 2 ' . 7)(!`j subintervals

w ith  e q u a l le n g th . H e re  r(v, j )  a r e  determ ined succesively b y  r(v, 1)=r 0 a n d  f o r

(2.5)r ( ,  j)= r0+  E  a (v , /),c(1, 1 —1)r(v, 1) .1=1

It should  be noted again  that a ll r(v , f )/ p i are in te g e rs . F o r /E {1, • • • , n —1 } l e t  L u )
b e  t h e  sm allest rec tang le  in  the  cutting procedure such that /,„, i ) D ./. and  ai,„ ( i ) n Z i

0 .  Clealy, vn(1)=v i f  a(v , 1 )=1 . I t  is  e a s y  to  s e e  th a t  f o r  a  patch 1,-= H of
.7=1

1 , and j 2, ••• , n1 w e have

(2.6) a,(x)(diam Q)') - 2 Pi= .

i f  x = (x i , • •• , x n )  satisfies

Ix1L=min (d1, 1) fo r /E{1, ••• , n-1 },

w here d 1 =2 - “ '" ( 1 ) ;' ) /Pidiam Qvi "" ) . H e re  w e  ta k e  a  conven tion  w ith  r(7.11 (1), 1)=7- 0
diam  Vi"")> 1. Note that

(2.7) 1,, c  f l  x ;  I x i l >_ min{d i , 1 )1,zcs,

a  su b se t o f  {1, •• • , n -1 } such  that lc— g, m eans a (v, 1 )=0 . If  follows

if

w h e re  g ,  is
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from  (2.6) and (2.7) th a t (2.4) s till h o ld s  f o r  L •  because diam Vi'=c1 1 f o r  l E  {1, ••• ,

n -1 }\ g ,,. Since we have

n - i

(2.8) L • C ; lx11 2'`'" ( 1 ) ' /Pid11,t=i

it follow s from  (2.6) that
1

(2.9) a,(x)(diam Q',")-21`.7 ( -1 z )R „ ,

w h ere  M /
, --max max1x11'(`-'-`)). I f  r 1 f o r  / E l l ,  •-• , n - 1 1  are

ro
defined succesively b y  (2.5) w ith all a(v, /)=-1 then we get r 1 r(1.), 1). So, with another
constant C  w e  h a v e  (2 .3 ) fo r an y  L , in  th e  cu tting  p rocedure . In  th e  last o f  this
paragraph w e rem ark that i f  r*= 1 +  m ax r,/ p, a n d  i f  (1 ,0 *  deno tes t h e  2 "  times

dilation o f  ./„, then  w e have

(2.10) 1,c(1, 0* •

W e m ay assume that

(2.11) -T  m ax IV(x)>: R oQ ? )  2 1 '0 ,
.1- 1 ref  0

1

w here A  is  a  la rg e  number that will be chosen later o n .  Indeed, th e  theorem  is trivial
otherw ise because o f  t h e  u su a l Poincere's inequa lity . W e repea t th e  above cutting
process and  stop  the  cutting w henever w e a rrive  a t  ./„ satisfying

1
(2.12) —A maxmax W (x)< R , (_•_(diam Q0 - 2 P1).

T h is  w ill even tua lly  happen , s in c e  e a c h  tim e  w e  c u t L  th e  left hand side shrinks,
while th e  right hand side grow s. C onsequently , the rectangle /0 i n  (2.1) i s  patitioned
into subrectangles {/,} each o f  which satisfies (2.12) and

2 2

,
r

-
,  

max W (x).-_ R, .
A  reuo.

Indeed, in  view  o f  (2.10), th e  estimate (2.13) holds because / , in  (2.12) arose by cutting
a rectangle for w hich (2.12) fails. B y  m e a n s  o f  (2.3), (2.4) and the argum ents in  the

preceding paragraph, for each 1,=-- I I  ( ) ;  of the  partition  10 = U 1 , w e have,=1

(2.14) a,(x)(diam , j=2, • • • , n .

for a  constan t C ', independent o f  y  an d  m oreover w e see  tha t f o r  a n y  0< s< 1 there
exists a  subset p ,  o f I ,  satisfying

(2.15) 111n (10 Er-111,1

and  where

(2.16) a,(x)(diam (4) - 2 /9>6 2 , 0R „ j= 2 , ••• , n .

For j-= l, ••• ,  n an d  ziECW(K) w e set

(2.13)
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F i ( x i ,  Y i  Y i ,  • "  Y i - i ,  x i + 1 ,  • • •  ,  x ) = G ; i ( x  • Y i)•

where v i(• )=-11 (Y1, ••• •, xi+i, ••• x i i ) .  In what follows we write y i, -1 --=(Yi, •-•,
and  4 - j = (x ) ,,

1
, ••• , x n ). U nder this notation a ; (y )=a ; (yi, - ').

Lemma 2.1. W hen p i  is integer, there ex ists a c1 >0  such that

(2.17) a(x ) D liu(x )1 2 dx
( d i a m  Q " ; ' ) - 2 P i

i„

>< ai(y1-1)11";(xJ, y i ; x77-')2dxdy

I f  p i  is not integer, w e have the same estimate as above with the left hand side replaced
by

(2.18) a;(x) D7iu(x)—D7Uiu(x1 - 1 , y i, 4 —i )12 
x  j _ y i  1 + 2 (p i-n t i) dx dy

Pro o f . Apply Lemma 1.1 in  the case of the dim ension n = 1 . F ro m  th e  estimate
(1.1) o f Lemma 1.1 w ith  v =v ,, we obtain

ci 
( d i a m  Q D - 2 P i c

r•(x •  y ••
'  

xn-i)12clxidy;
I QY I ' n

Multiply a5(3, 1- 1 )1(til ILI -1 - i n  both sides and  in tegra te  w ith  respect to  (x 1 , yq - i)  and
(y1 - 1 , 4 - i)  over J H  Q .  Then w e obtain  (2.17) because of

k * j

T h e  rest o f  th e  lemma also follows from the  estimate (1.2) o f  Lemma 1.1. Q .E.D .

W hen all p ;  a r e  integers, w e have

(2.19) (a(x , D)u, u) , a , ( x ) 1 D p u ( x ) rd x - 0  V ( x ) 1 u ( x ) 1 2 dx
J=1 .T o1 0

= {,7_ ,T,,a; (x)11) l iu(x)12dx+L.,,V (x)lu(x)12dx} -

Consequently it follows from (2.17) o f Lemma 2.1 that

(2.20) (a(x , D)u, .(24 V (x)1u(x)1 2 cbc}
.J=1 10

c E  ,

w here  a ; deno te  the  right hand side o f  (2.17). If  some p , is not in teger, w e see that
for a  constan t C
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C .Çai (x ) 1 ID;  1Piu (x )1 2 dx

yi, 2

10.R'
d x d y ;  .a f (x)

lx i— Y ;11+2"-'"

{ • }dxd_vi. { • } dxdy i .
, x

From  this and the second part of Lemma 2.1 we also have (2.20) in the general case.

F o r x ,  y e l ,  we consider z (y ; x ) , (z i (y ; x ), ••• , z „(y ; x ))EL  such that each com -
ponent z i (y ; x )  equals o n e  o f  x i d-k(y i —x j )2 - "ti fo r  k E IL  • • •  , 2 " 'il .  T h e  num ber of

considerable z (y ; x ) is equal to N o ------2'fo (m0= m i )  and  so we denote them by z r (Yi=1
r=0, •• • , N o - 1  w ith  a convention z °(Y x)=Y•

Lemma 2 .2 .  For any  x e l ,  there exists a subset 1,°, x o f  L . satisfying

(2.21) m„ ( 1;),, x) co I , co>0 ,
such that

(2.22) V (z'(Y ))-c11?„ fo r  y e n . ,  •

Here c o and c , are positive constants independent o f v , r and x.

Pro o f . S et J'={ z '( y  ; x ) ; yE L }  fo r a  fixed  xE L , w hich  is  a  rectangle contained

in  L , a n d  so write (P i ' ' ' .  fo r  intervals qj'  in  R x j . Setting 6 ; •=diam we
J-1

have

(2.23)

where N i =m ax Consider a box  B C  such  tha t

13= - 1,!. X (11  lei; I -5.6.;721) .

It follows from (2.14) that
maxla—V1_<ATil'o{(n-1)C,,+1}R,,

w h e r e  po=m ax  p i . I f  w e  c h o o se  A  in  (2 .1 1 )  i s  la r g e  e n o u g h  to  s a t is f y  A >

22 r °+ 1 NP°I(11 - 1)C ±1} w e  have

(2.24)m a x l a — V  2 ' m ax W .
C I ,)*

If  the  modulus o f th e  dilation (•)** in  th e  th e o re m  is  la rg e r  th a n  N 12 " tim es then
we get

(2.25) m ax  W  m ax W .
(1 )* r (B **)

„

In  view of (2.23) and (2.24). it follow s from  th e  hypothesis of th e  theorem  that there
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exists a  subset of J  w i t h  ifin(fpr .';')- c  i" 1 such that

(2.26) V(z):2--1 max W
;T( B . )

if

w h e re  th e  la st e stim ate  fo llow s from  (2.13) and (2.25). L e t bebe  the preimage of
J ; ) o f  th e  mapping y—>zr(y; x). Since m„(/':,1)_.c L i  and c>1— NV w e see that

LI for r, tE {1, •• • , No},
No

w h e r e  c '> 1 - 2 N .  B y  induction w e  o b ta in  (2.21) fo r  c0 > 0 if  w e set /2... = n I
r

for whose point w e have (2.22) because of (2.26). Q. E. D.

L e t zr(34; xl)GR i d en o te  th e  f ir s t  j  components o f  z r (y , x ).  S e t (Di , r (x , y)=
y i  ; zr(y1 - 1 ; 4 - 1 ), x 7

7
- i)1 2 . T h e n , in  v ie w  of change of variables (x ,  z r (y ` ;

A - 3 + 1 )— (x, A - ' ) ,  w e have

(2.27) (diam 
ai(zr(34-1, y)dxdy

11 ,1 ' ,x i ,

because I a(x, z , A - j')/a(x, y)1 _>_1/Ni . F or a  zr(y ; x) w e also have

(2.28) V(zr(y; x))1u(zr(y, x)1 2 dxdy
„.

I u(z)1 2 c/xdz

because la(x, z)/a(x, Y)I
N ote t h a t  J ,r  (c1 „ ) i s  the contraction of I ,  whose modulus is not smaller than

1/Ar1 . In view  of (1.6) and (1.16), we see that for any fixed x E i, and any zr(y) . 1 , xi - 1 )
we get

(2.29) x"))(diam Q;) - 2 g,

(s/ATI ) 2 "01?„ if  y c k ,

w h e re  J  is  the sam e subset of 1 , as in  (2.14) and (2.15). Indeed, th is fo llow s easily
if  w e remined the w ay how  to  find  L.

Choose an  s satisfying (1—s)n - L>1—c0/2 and set 12,x=12r)L. T hen  w e  have

(2.30) m,a2, x)_>: 2' co I

In  v ie w  o f  (2.29) a n d  (2.22), it fo llow s from  (2.27) and (2.28) th a t for a constant C
independent of v we have

R ,
51(2.31)C S , _>_

,
dx5 EçOi Y)+AoldY,

— 111 .

where we have set A o =  I u(zr(Y ;

We shall show that
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(2.32) E Y)+A02-1" I 0(41 2 .
J=1 r

Note th a t the  first te rm  o f  F 7, equals u (y r ,  x „ ) .  Since 0) 0 (x , y)= 1F„1 2 , w e have

ao n ,o(x, u(Yri, x,,) I g

— 16I  u ( y r ' ,  k ( y . — x, ) 2 - " )1 2 .

Since similar estimates also hold fo r w„ ,,.(x, y ), we get

2 Econ. r(x, El u(z'CY 11- 1 , x)12 - 16110

.
Here for w e  have set

Ai = xll-j+1)12.

Noting th e  first te rm  o f  f '„_ , and  so  on , we get

2 Eco„-I, r(x,

Repeating this procedure, finally we obtain

2(01,0(x, u(x) .
Hence we obtain (2.32).

I t  fo llo w s  f ro m  (2.31) a n d  (2.32) t h a t  fo r  a  c o n s ta n t  c > 0  independent o f  1) we
obtain

(2.33) S cR lu(x)1 2 dx

because o f  (2.30). N oting  (2.12), f ro m  th is  a n d  (2.20) w e  g e t  t h e  estim ate  (5 ) of
Theorem 1.

I n  t h e  r e s t  o f  th is  section, w e shall show  rem arks stated in  In troduction. The
constant cx • in  (5) can be taken independent o f  K  if  all a k (x )_-1. Indeed, if  we parti-
tion  R "  into congrusnt large rectangles like 10 a n d  apply th e  above argument to each
rectangle , w e can easily  see this fact because another dependence o f  K  derives only
from  the constant C ', in  (2.14). Theorem  1 holds even if  each variable x , is replaced
b y  the  vector x j =(.xi, ••• , xi ) ). A c t u a l ly ,  t h e  preceding argum ent is still valid  for a
cube (2-7„ in  /-11./) . T h e  rationality assumption o f  p k a n d  fc(k , j) c a n  b e  re m o v e d . In
order to find this w e consider one o f  the  sim plest case; a (x , e )=V -I-eV '+V (x ). In the
cutting procedure, instead o f  (2.2) it is on ly  required  that w ith  a  C>0

(2.2)' C-1(diam ()0 - 2 (diam Q0 - 2 /̀ C(diam Q 2 .

T h e  m o d if ic a tio n  o f  th e  ra t io  o f  cutting  num bers in  each step enables us to obtain
(2.2)'. T h e  general case can be also found by this modification of cutting intervals.
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3. P ro o f o f  Theorem 2

T h e  properties in  th e  fo llow ing  lem m a can  be  seen  essen tia lly  i n  Chapter II of
[1], b u t w e sta te  and  prove them  for the  convinience o f  th e  reader.

Lemma 3 .1 .  L e t I  b e  a rec tang le  in  R "  and let P(x ) be a polynomial in  R ' of
degree d.

(a) I f  II denotes the dilation of  I  of  the m odulus N >1 then there ex ists a constant
C >0  depending only  on N , d  and  n  such that

(3.1) max I P(x )IS C  max I P(x )I.
I t

Furtherm ore, there ex ists a  constant C' depending only  on N , d and n  such that

(3.2) max P(x)—  min P(x)_<C'Im ax P(x)—  min P(x)} .

(b) In  addition, assume on I. T hen  there  ex ists a sim ilar rectangle l ' c l  with
diam / '=c  diam I  on w hich w e have

(3.3) min —

1  
max P.

— 2

H ere c  is a positive constant depending only  on d  and n.
( c )  I f  P  an d  I  a r e  th e  sam e as in (b) then f o r any  0<d31 there ex ists another

sim ilar rectangle 1 " c l  w ith diam /"=/3 diam I  on which

(3.4) max P— min P<C"13 max P.
In 1 1

H ere  C " is  a constant depending only  on n  and d.

P ro o f .  If  T o i s  a  un it cube  in  R n  a n d  i f  F(y )  i s  a  p o ly n o m ia l E  a a y "  i n  R "
ia l5d

then fo r  a  C d > 0  w e have

(3.5) C m a x  a, max  I F(y)I Cd,n max I (la I •
a To a

Indeed, this follows from the  equivalence o f  tw o norm s o f  a  finite dimensional vector
sp a c e . L et I  be centered at x o and let /= Ix=x0-1-ty  ; y  T o } fo r  a  t =(t i ,  • , t„)ERn,
where t y =( t iY i ,  • • •  ,  t o ) ) .  I f  P ( x ) =  E  b a (x—x o)" then it follow s from  (3.5) that

CV„ max I b t " j  m a x  P ( x ) I d, 7, m a x  b a r  l•
aI a

S in c e  w e  h a v e  t h e  analogous estim ate  f o r  m ax 1P(x)1 w e  o b ta in  (3.1) because
I t

m a x  b „ta  N I '' N I  m ax !ba r  1. Set
a a

Q(x)=P(x)—  min P(x ).

T hen  by  (3.1) w e see that
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max P(x)—  min P(x ) max1Q(x)1
I t

Cmax1Q(x)1

=Cim ax  P(x )—  min P(x)} .

Note th a t w e  have the  sam e estim ate fo r  — P(x ) . T h en  w e  g e t (3.2) w ith  C 1 =2 C - 1
because max—P , — min P  an d  so o n .  W e shall prove (b) and  (c). Since similar esti-
mates a s  (3.5) hold fo r af F(y ) , w e see  tha t f o r  a  C "=C 1,/i ,„

m ax 17141 < C" max 1F1
ToT o

S o , if  F.>_() w e have
(3.6) 1F(y)—F(y0)1<C"(max F)X y—y o l

To

I f  F(Y0)=max F  then w e get
To

F/2 f o r  1 y —

A pplying this to F(y )=P(x 0 d-ty ) w e have (3.3). T h e  estimate (3.4) also follows from
(3.6) if  F(y 0 )== min F(y). Q. E. D.

To

W e shall prove Theorem  2 b y  th e  alm ost sim ilar w ay as in  the  proof o f Theorem
4  in  [1.1. For a  com pact set K  w e take the sam e rectangle I n a s  in  th e  sec tio n  2. If
U(x ) is  a  constan t the  theorem  is triv ia l because w e see U 0  by m eans of the  hypo-
thesis (7). So w e m ay assume th a t U  is  no t c o n s ta n t . T a k in g  a  sufficiently large /0

w e m ay assume that
max U(x)— min U(x) R 0 .

10

W e  c u t  I ,  b y  t h e  s a m e  w a y  a s  in  th e  se c tio n  2 and  repeat th e  cutting procedure.
However, we stop  the  cutting w henever w e arrive at /, satisfying

(3.7) max U(x)— min U ( x ) <R ,1, 1,

instead o f (2.12). In  view  o f  (2.10) and  (3.2), it follow s from  t h e  sam e  rea so n  a s  in
the section 2 th a t fo r a  constan t C1 > 0 depending only o n  d  a n d  n  w e have

(3.8) Ci {max U(x)— min U(x)} __R,.

In place of Lemma 2.2 w e prepare the  following:

Lemma 3 .2 .  Set P(x)=11(x)—  min U (x ). T h e n  f o r an y  x E l, th e re  e x is t  a  subset

g „r o f  I„ satisfy ing

(3.9) m n(g. x) co11, 1. c0 > 0 ,

such that f o r an y  r=0, 1, ••• , N0 - 1
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(3.10) P(z ' (y ; x))_>.c i l?, if

Here c o and c, are positiv e constants independent o f  y , r and x.

Pro o f . Note t h a t  P 0 .  If  follows from (3.8) that

(3.11) max P C -i:JR ,.

A pply t h e  p a r t  (b ) o f  Lemma 3.1. Then there exists a  subrectangle ./,(0) similar to
with diam ./,(0)=c diam I ,  such that

min P:(2 C 1 ) - - 1 1?,.i v (0)

S e t  J ,(0 , r )  b e  th e  im a g e  o f  1 ,(0 ) b y  th e  mapping y — z r(y ; x ), where r # 0 .  If  (.)t
denotes the  4N 1 / c  times dilation, w e see that (J ,(0 , r)) D L .  B y m eans o f  (3 .1 ) we
have

(3.13) max P _ (C C ,) '/?,
J„( 0, r )

fo r  an  absolute constant C .  A pply t h e  p a r t  (b )  o f  Lemma 3 .1  again . T hen there
exists a  subrectangle r )  similar to J ,(0 , r)  with d iam  J(0 , r)=c  d iam  J,(0 , r) such
that

(3.14) min P ( 2 C C 1 )- 1 R ,.
r)

L et /,(0, r) be the  preimage of r )  by th e  mapping y  z `" (y ; x )  and  le t J ,(0 , r , r ')
b e  th e  im a g e  o f  ./,(0, r) b y  t h e  mapping y — >z ''(y ; x ), w here r '* 0 , r .  Note that
(J,(0 , r, r '))ItD I, if  (•) 11 = ((• ) t ) t . The repetition o f (3.1) yields

(3.15) m a x  P _(C 2 C 1) - '/?„ .
J „ (0 .  1 ,  r , )

B y  t h e  p a r t  (b ) o f Lemma 3.1 , fo r J ,(0 , r , r ')  w e have  the  similar estimate a s  (3.14)
w ith C  in  th e  right hand side rep laced by C2 . Recall z ° (y  ; x )=y  a n d  repeat the
above procedure fo r  rE {1, 2, ••• , N0 - 1 }. If  we se t g , x =/,(0, 1, ••• , N 0 - 1 ) ,  we obtain
(3.9) and (3.10) with co =(c/4/Vi )' - '0  and  c i = C - N0/2C2 ,  respectively, because

(/„(0, 1, • , 1?))1 D./„(0, 1, • ,  k -1 )

D /,(0 , 1 , •••  , k). Q. E. D.

Using Lemma 3.2 instead o f Lemma 2 .2 , by means of the argum ents in Section 2
after Lemma 2.2 we have (2.33) with V (x ) replaced by P ( x ) .  That is , we obtain

U (x)lu(x )N x
1,

>.{c'R,H- min U(x)} Iu(x)1 2 c/x ,

where the constant c ' is independent o f  K  because the constant co a n d  c ,  i n  Lemma
3.2 a re  independent o f  K.

(3.12)
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Hence, fo r  th e  proof of th e  theorem  it only rem ains to prove

(3.16) c'1?„+ min U (x ).0

p rov ided  th a t h  is suffic ien tly  sm all. T o  prove (3.16) w e u se  the  pa rt (c) o f Lemma
3.1. Note th a t  min P = 0 .  T h e n  in  view  o f  (3.7) w e  se e  th a t f o r  a n y  0</3.<1 there

exists a rectangle sim ilar to  / , w ith  diam /1= 13 diam 1, on which

(3.17) max U— min C"fiR„.

Set 6f = 13(diam Q)) fo r  1 and  consider a  b o x  B,,EC h  such  tha tJ=1

h3-11/2}}) •

It follow s from  (2.14) that

a(x , )-1 1 (x )_ /1 2 te' 13- 2 1 - 0̀CZR, o n  B

w here C = (n  —1)C/K  + 1, p '=  min p, an d  tt o =m ax  pf . Using the assumption (7) for the

above B 7,  we have
max U(x)_>_—/I 2 P'p - 2 P0C R,.

From  this and  (3.17) w e get

(3.18) min U — (C"13+10 1`73 - 2 P0C))R, .

F ix  a  sm a ll 13  sa tisfy ing  C"13 c 7 2 .  T h e n ,  i f  h  is  su ff ic ien tly  sm a ll su ch  th a t
h2 1 'p - 2 1 0̀C1k<c72 w e have (3.16). T h e  proof o f  Theorem  2  is completed.

T o  end th is  section w e  re m a rk  th a t the  upper bound o f  h  is independent o f  K  if
all a ( x ) = l .  Indeed, th e  c o n s ta n t  in  (3 .18) th a t d e p e n d s  o n  K  is  on ly  C'/,, which
derives from (2.14).

4 .  P roofs o f  Theorem 3-5

T he  proof o f  Theorem  3  is carried o u t in  th e  a lm ost sam e w ay as in Section 2.
For a com pact set K  take  a  rectangle  /0 a n d  divide ./o in to  U  L . b y  th e  sam e w ay as

in Section 2  such  tha t (2.14)-(2.16) h o ld . T h e  proof will be completed i f  w e  show that
Lemma 2.2 still holds under th e  assumption o f  Theorem  3.

It follow s from  (10) th a t w ith  6,=diam  Q  w e  have

(4.1) max 1/1/(x0 ) max max a(x ,
B g r o)

max a(x, e) ,
Et

w here B t= /"X  ie; l/21 an d  P,K1'  denotes four tim es dilatoion of By means
o f (2.14) w e have a ( x ,  C)—V(x) I - CK R, on B t .  If  A  is chosen sufficiently large then
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i f  follows from (2.13) and  (4.1) that

(4.2) max cR„ .

In  view  o f  (11) and  (2.12), we get chain Q C/11 - ''' w ith  a'=o ./2 p 1. U sing (2.16) we
have for some 6.>0

diam Q CM , j=1, • • • , n .

Taking P ( x )  to  be  the  part o f the  T aylor expansion o f  V (x ) about the center of L  u p
to  [x/6.]+2, b y  (9) w e have

(4.3) 17(x)—P(x)l< CM - '7o n  P , i ' t  .

If  M  is  large enough, w e see P-1-1.0 o n  I r  b e c a u se  V 0 . A p p ly in g  L e m m a  3.1-(a)
to PH-1 an d  noting that R cM ,  f ro m  (4.2) and (4.3) w e get m ax V  R .  Since we

can utilize Lemma 3.1 fo r  V (x ) in  the  help o f  (413), b y  th e  sam e w ay a s  in  th e  proof
of L em m a 3.2 w e  se e  th a t L e m m a  2.2 s till h o ld s . N o w  th e  proof o f Theorem  3 is
accomplished.

T h e  proof o f  Theorem 4 requires a n  elementary lemma.

Lemma 4 .1 .  L et f ( t ) =t - r+a t '  w i t h  r>0 and a 0. T h e n  th e re  e x is ts  a  con-j=1
s tan t  C =C (d , r)>0  such that

Cd
(4.4) C-1 E cW o+r)_< inf f ( t) ,<C  E a .'i/ o+r).

j=u 1>0 j = 0

d
P ro o f .  W e m ay assume th a t a 0=0  and a O. Note that f ( t ) =1 - 1 ( E ja,t)+' — r).

j=1
L et r be a sim ple positive root o f  f '( t ) = 0 .  L et T j  b e  a  p o sitiv e  root of j a i t — r=0
i f  a) =0 an d  = c o  o th e rw ise . Set r * =  min r . S in c e  I" w e have

0

d
inf f (t)_< f(r * )=r;,-,' E a i r0>0 j=1

thus w e  ge t the second estim ate o f (4.4) becausa a , = r r ''+ ' ) / j .  T h e  first estim ate is
also obvious in  view  o f  f (t) t - r -Hai t i  and  the  Holder inequality. Q. E. D.

Remark. S e t  g(t)=-a t  a n d  s e t  g * (t) =g ( t )  fo r t (0, r* 1 and g ( t ) = g ( r )  for

t> r * . Since f ( r )  f ( r * )<( d / r± l ) g ( r * )  w e see that

(4.5) inf f (t)._(d / r +1) inf (t - ' g * (t)).1>0 1>0

W e shall prove Theorem  4 .  W e m ay assume th a t  d > K / a .  S ince  a(x , $ )  is non-
degenerate, each rectangle I ,  of the  partition  10= U I, sa tisfies (2.2). Hence, in  order

to  d e r iv e  (4.1) w e  n e e d  o n ly  (10) w ith  6=--- (6„ ••• , 6„) satisfying (3) =5Ii , ' i f  r) a re
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in teg e rs  g iv en  i n  Theorem 4. F o r  th e  proof of Theorem  4 it suffices to show that
in d (x 0 ) is equivalent to  w (x 0)  defined by (10) w ith  t h e  ab o v e  re s tr ic tio n . T h a t is , if
w e set 51=tri, th e  proof o f  Theorem  4 is reduced to th e  following:

Lemma 4 .2 . L et 17_0  satisf y  (9) f o r  >0  and  le t m d (x o)  be def ined by  (12) f o r a
larg e  in teg er d>tc/o . . I f  m d ( x )  satisf ies (13) then there ex ists a constant C =C (d , n )
independent o f  M  such that f o r any  x 0 , 1?"'

(4.6) C - 'in d (x o )  inf {t2 0+ max V  (x 0+33)}  5.Cm d(x  ,1..>0 yEro

prov ided that M  is  large  enough . H ere  ay =(triy „ ••• , V ny „) an d  T o i s  unit cube.

P ro o f . Set t* = min (t, p lti - c ) fo r a  la rge  constan t p  w hich w ill be fixed later on.
I f  il)(x 0)  denotes th e  middle member o f  (4.6) then  w e have

(4.7) 1.7)(x0), in f ft - 2 0+  max V(x0+30)1,
( >0 YET°

w here  a* y  is  d e f in e d  b y  th e  fo rm u la  fo r  ay  w ith  t  replaced by t * . Setting P ( y )
E (x OW' ) 1 ' w e have

Itt:r1<d

(4.8) m ax 117 (x0+5y) — P(y)1 1
yE

i f  .11/1_>:M , for a sufficiently large 11,„>0  because o f  (9) an d  d » /c /1 7 . Since  P ( y ) ± 1 .0
o n  T o it fo llow s from  the  equivalence o f  th e  norm  tha t fo r  a  c =c (d , n)>0

d-1
max (P(3 )+1 )_ c (1 7 (x 0) + 1 +  E( I 3 V ( x 0)1)t} ==_g(t * ).
yEroj = 1  i a : r 1 = j

In  view o f (4.7) and  (4.8) w e have

inf {r" 0  - g (t * )}.1>0

W e shall prove th e  first mequality o f (4.6). W e m ay assum e 1DPV(x0(1)*0 fo r  some
a o w i t h  0< 1 ao : ri <d . I n  f a c t ,  o therw ise , t h e  f irs t in eq u a lity  o f  (4.6) is obvious.
Apply Lemma 4.1 to  f (t) = t - 2 ' 0 g ( t )  and note  that the infinimum is a tta ined  a t 7 with

0< 77* --= min (1ad 2ro) - 1 / 0  2 , 0)
0 <j<d

w h e re  a i=  E D1 7 (x0)1. I t  fo llo w s  f ro m  (13) th a t  .z- z-* .<.pM - '  if  we choose a
la:r1=f

sufficiently large  p .  In  view  o f  Remark o f Lemma 4.1 w e see  w ith  a  constant c>0

in f  it - 2 r 0 - g(t * )} inf It - 2 '0-Fg(t)}.t>0 t>0

By means o f  (4.4) o f Lemma 4.1 w e  g e t ii)(xo)±2 cmd(x0) f o r  a  c > 0 .  T h e  first in-
equality  o f  (4.6) is  p ro v ed  in  th e  help o f (13). W e shall prove the second inequality
o f  (4.6). Note that
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(4.9) max I V (x04 - 6Y) — P(Y )  ‹C d /l/Plt d .
yET0

Since P(Y )+C d 1Wt':->_0 o n  T o it fo llow s that

d - 1
max (P(Y )+CaM li N C { V ( x 0 ) +E (  E  lac.,xv(x.))ti+cdm , td}
yEra ;=, ia :r1= .7

By Lemma 4.1 w e see that

fi(x 0) in f  (t - "o+h(t))0>0

' Ci (md(x0)+M 2 - 7 - 0 /( d + z r0 ) ).

In  view  of (13) w e obtain the second inequality of (4.6). Q. E. D.

A s stated in Introduction, if V(x) is  polynomial then Theorem  4  is valid  w ithout
assumptions (9) and (13). In  fac t, those assumptions were employed only o n  th e  poly-
nomial approximation of V (x).

In t h e  r e s t  o f  th is  sec tion  w e  sh a ll p ro v e  T h eo rem  5 .  If  Y i =D i —A ; (x ) then
(1' ; —iY k )(17

; ± iY k )=Y ,d 1 7 —B i k (x). H e n c e  w e  h a v e  1117 )/1110 +11Ykull 2 - (Biku, u).
Exchanging j  an d  k ,  i f  necessary, in  view  o f  (16) we obtain

(4.10) n(a(x , D)u, IlY Jull 2 +({17 (x )± 113»,(x) 1} u, u),
j=1j  lt =1

w here a(x , D) is  the  operator o f the  form  (15). L et A j (x) b e  a  prim itive function of
11; (x ) w ith  respec t t o  xj ,  th a t  is , ax .:24; (x )=A ; ( x ) .  Substituting v(•)=u(y1 - 1 , x 1

7
1, - ) )

•exp{i71; (34- 1 , •, 4 - .1) }  into (1.1) w ith  m=0 an d  n=1 a s  i n  t h e  proof o f  Lemma 2.1,

w e obtain for a  rec tangle  I=  ti  Q (Q ,C R x j )

( ) ; ) '

(4.11)
(diam 

X.Ç ii(yr , x;',:-.012dxcly ,

w here f i(x )=u(x )exp { — i7l i ( x ) } .  Use (4.11) instead o f  (2.17) by regarding IT ;  a s  D .
T h en  in  view  o f  (4.10) we can proceed th e  proof o f  Theorem  5 b y  th e  sa m e  w a y  as

in Section 2 because I fi(x)I 2 d x = iu (x )1 2 dx .

5. P ro o f  o f  Theorem 6

Throught th is  s e c t io n  le t  L  denote  a  differential operator defined by (19) that
satisfies (20) and 0<a<min fin+1, m+(k+1)/(1+1)}. It fo llow s from  th e  usual Poin-
caré inequality that fo r  any  compact K c11 4 th e re  ex is ts  a  CK >0 such that

(5.1) 11/11125_-CK(Lu, u) fo r  uEC7(K ) ,
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because o f ( Lu, u)_11D 1u112 . F o r  a  rea l 72>0  set

L,7= F x7t 14-F Al k f ( x ) 7 7 2 in .

T hen  w e have

(5.2) v)=11Div112+11xiD2v112

±  x lixrD3v112 ±(f (x )ev, , fo r y C','(1?3 ).

L em m a 5 .1 . For any  s>0 and any  compact KcIV there exists a 72(s, K)>_1 such
that

(5.3) x;xT(log 77 8 )vP < (L ,y , y) for yE C7,s(Kx

i f  72>= 72(s, K).

Pro o f . F o r 77>0  and  s>0 set

a(x, e)=eid - V - Fexp (-1/1 x11 2  — 1/1x, 1')722

W(x)= xr(log 7) 3 )2 .

F or the  proof o f (5.2) it suffices to show th a t th e  estim ate  (5) o f  Theorem  1 holds if
K fo r  a  sufficiently la rge  7 2 g ,K .  W e shall check the condition of (4) in  the  case

o f  1> k .  If  K  is  a  c o m p a c t se t  o f  R 2 a n d  if  p={k+1±m(1-1-1)} - 1  a n d  q=(/-Fl)p we
se t Q i= ix E K ;Ix i l ph(log 72)- P, I x21 _p2(log 7 2 )-2 ).  Here p i  a r e  sm all positives and
in  w hat follow s w e require that

(5.4) P2<pi<1/s, p i < l/r*,

w h e re  r *  deno tes t h e  m odulus o f  th e  dilation o f  (• )* * .  Suppose th a t  B EC  satisfies
Tr(B)cf2 1 . T h e n  it  fo llo w s  f ro m  (5.4) tha t m ax  W(x)<(log )7 3 )2 P. Noting that

(4p,) - z(log 72)2 P o n  a  h a l f  o f  B , w e g e t (4) in  v iew  o f  (5.4). If  r (B ) is contained in
1 x i } <p i (log 72) - 1 /(k+"In K  th e n  w e  o b ta in  (4 ) b e c a u s e  w e  s e e  th a t  m a x  W ( x ) ‹

7r(B**)
CK (log 178 )2 /(k+1 ) and 7_._,_(4p i ) - 2(log 77)2 1 (k+" o n  a  half o f  B .  I f  B  satisfies

(5.5) 2r(B)c I I x21 p2 (log 72)- 2 l nK ,

(5.6) m ax 1 xl 1 P 1(log )2) - »,.(B)

th e n  w e  s e e  th a t  m a x  W (x )(b r*)'(log  ri 2 )2 - 2 2 1 3 3  a n d  xVV.(b/4) 2 '(8p 2 ) - 2 (log )7)2 2 o n  a
:,03**)

quater of B .  In  view  o f  1 -_k and  (5.6), w e obtain (4) f o r  th is  B .  T he cond ition  (4)
fo r  o ther BEC is also obvious because w e see that exp ( - 11x11 2 - 1/x21')722 >.77 on

(5.7) I x11 >„—(p1/2)(10g 77) - 1 /( k + 1 ) , I x2 I (P2/2)(log

i f  72 is  large enough that (2/p 1) 2 (log 77) 2 1 (' -' 1 ) and (2/P2)(10g 7))q' a re  less than  l o g  1/2 .
I n  t h e  c a s e  o f  k> 1, th e  co n d itio n  (4 ) is checked by th e  sam e w ay a s  above i f  we
replace q  o n ly  in  (5.5) and  (5.7) b y  1/(m+1). Q. E. D.
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L em m a 5.2. Let X (t)wC°(R ')  satisf y  suppXc{  t  1 } .  Fo r an y  5 >0 , an y  s> 0
and any compact K c R 2 th e re  exists a  ( 5 ,  s ,  K ) 1  s u c h  th at  i f  >(ô , s ,  K )  th e n  w e
have

(5.8) x(log  i f  )X(x,/ô)v(' (L 5 v, y ) f or v  C '(K x R ')

and moreover

(5.9) ((log if )X(x 1 /5)v( 2 ^ (L ,2 v, y ) f or vEC°°(KXR 1 )

P ro o f .  Setting
a(x 1 , 1)= +exp ( —ô - ') exp ( - 1 /  x ,

W (x 1)=x (log if)2
w e see that the estim ate (5 .8) is reduced to  (5) because  (a(x 1 , D,)X(x 2 /ô)a, X(x 2 /ô)v)
(L,v, y ) .  T he cond ition  (4 ) is  fu lfilled . In  fac t, w hen  B C  is contained in { x 1 {
p(log ) _ h / ( 1 ) }  the condition (4) holds with a sufficiently small  p « s ' .  In  o th e r  c a se ,
(4) is obvious because < t+1. The estim ate  (5 .9) is a lso  reduced to  (5) by setting

a(x 2 , 2 ) E + ô  2 ?  exp ( - 5 ' )  exp ( - 1 /

W(x2)=(log if)2,
because (L v , v )^ ô 21 (a(x 2 , D 2 )X(. 1/ô)v, X(x 1 /ô )). Q.E.D .

W e shall prove that if  v ØJ'(R') and  p o (O ,  (0, 0, 0, ±1)) then  p 0 WF Lv implies
p0 EWFv. L e t  h(t) b e  a  C ( R ')  function such that  h= J  i n  t  1  a n d  h='O i n  t 3/2.
F or a  5> 0  le t  çb ? C ° (R 4 \0) satisfy

 çL = l
 in  ± S e 4  E '}fl{ le> 3/2o  a n d  çbo=0 in

{± 35e,2L  } \ J { 5 ) ' } .  Here = ( ' ,  )  and we choose one of ±  signs according

to po (O ,  (0, 0, 0, 1)) or (0, (0, 0, 0, — 1)). Set (x)=  f JIl(xk ) and  se t  çca(x )=(x /ô). 1 f

we set  ¶ o ( e ) h ( ( M ' e i  —3)/ô)çbf) fo r  a  p a ram ete r M 1 , then  fo r an y  a  th e re  ex is ts
a  C,, such that

(5.10)D ' ? J J CaM <E)'1+S

w ith any real 0 s a  b ecau se  w ith  a  C > 0  w e  h av e  C ' M/<e> C o n  s u ppD?F
F ix  an  in teger N > 0. T ake  a  sequence  { ( e ) J 0c S ( 0  such  tha t

and  for any  a  the  estim ate

(5.11)D ? / ' f  C N ' "  'M '<E>""0 s  a  L

holds w ith a  constant C ,, independent of N  and .  I t  sh o u ld  b e  n o ted  th a t  ?P J  can  be
taken of the form  5 h ( e 4 ; M ) ç b 5 ( )  w ith

 ç l ' , = l
 i n  {±5e4 e ' } n { 3/25}. H e r e

one of ±  signs is chosen follow ing the above convention. Sim ilarly, take a sequence
{ (x)} ,C C (R 4 ) such  that
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and  for any  a  th e  estimate

(5.12)

h o ld s  w ith  a  c o n s ta n t  C a' independent o f  N  and  j. W e m ay assume th a t wi  can  be

w ritten a s  in  ço3 (x )=
4

 h i (x k ) .  Here (p ÇG means that 0=1 in a neighborhood of supp
k=i

Lem m a 5.3. i) L et g (x ) be a  C"-function satisfy ing the sim ilar estim ates as (5.12).
T hen there ex ists a constant C o independent o f  N , M  and j  such that f o r any  real s>0
the estimate

(5.13) Re ( [g (x ) ,  r i (D)1u, u)<(C °N )2 M-1(i+c,N2s+sm-s)lup, uES ,

holds w ith a constant C, independent o f  N, M  and j.
ii) L et K  be a f ix ed com pact set in I?' and g (x ) be a poly nom ial of  degree d  with

coefficients independent o f  N  and  M .  Then there exists a constant C 0 = C o . K  independent
o f  N, M  and j  such that f o r any  real s d  the  estimate

(5.13)' Re ([g(x), W i (D)1u , u)<(C o N) 2 M - 1 (1+C a N 2 8 M -  u 11 2u  E  Q (K ),

holds w ith a constant C, independent o f  N, M  and j.

P ro o f .  If  g (x ) i s  C"-function, in  view  o f  (5.11) a n d  (5.12), it  fo llo w s  f ro m  the
Calder6n-Vaillancourt theorem  that fo r  any integer q>0

q-1

(5.14) Re ( [ g ( x ) ,  i (D)1u, u ) C  ; IV" M - i C , N 2 q+6 M - qi , u E S  .
• =1

If  q= [s ] + 1, fo r the  proof o f  (5.13) it suffices to show  th a t fo r  som e Cg w e  have

CsJ
(5.15) E C J N 2 i M - j_<C,N 2 M - (2-FC,N 2 8 M - s ) .

j= 1

In fa c t, if  N 2 A4. - ' m in  min (C 1/2C, 1/2) R  then  w e have
2 , j -1

[s ]
C iN "M — j < C IN 2 M — j (1 ±  E 2- 0=2C1N2 M- 1  .

j= 1

I f  N 2 M - 1 .>_R  then  w e have

[s ] [s ]
E C i N "M - - ' =N 2 M - ' E CAN 2 /MY - ' - 8 (N 2 /M) 8

j= 1 j=1

Cs3
" N 2 /1/— '  E C i R 5 - i - s(N 2 /M)s .

j= 1

[s ]
T hus w e have (5.15) with C s =  E  C,Ri - ' - g/C1 . W h en  g (x )  i s  polynom ial it follow s

j - 1

from  (5.11) that

(5.14)' Re (Eg(x), T i (D)1u, u)< Ci Nj M - 1 11u112 , uECW(K).
i= 1
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By means of (5.15) w e have (5.13)' for any s d.Q .  E .  D .

Lamme 5.4. L et K  be a f ixed compact set satisfy ing Ksupp sa 2 3. T here ex ist a
constant C, independent o f  M  and N such that f o r any  s>0 and some C,,>0 we have

(5.16) (log M ') 2 Re ([L , ço; (x ) r i (D)] u, ço . f(x)W ; (D)u)

<(C o N) 2 {(Lu, u)d-C8N" + "M - s llu112 }, nEC7(K)

proviaed that log 11/18 C o N  and .11/1 M, f o r a sufficiently large M,>0.

Pro o f . Note that

(5.17) [L, çc) .,(x)T. ,(D)1=[L, ço,(x)]?I' ,(D)+5),(x)[L, ,(D)]

We see that

Re ([xT k xrn TA, pi(x)] 40;(x)u)-(CN)9 x /Ixrit 112 for uES

H ere a n d  in  what follows we denote different constants independent of N , M  and s
by the same notation C .  From this we have

(5.18) (log AP)' Re ([x i k xrDL 501(x)]gr ,(D)u, w,(x)r,(D)u)

(CN) 2 11(1og Ms )xtxTT'i(D)u11 2

<(CN) 2 { II (log Ms)T,(D)x ilxru ' +(log M ') 2 11[Ax", f)(D)]u11 2 }

Using (5.3) of Lemma 5.1, for any s>0 w e have

Iklog Ms)T i (D)xlxy'ur5_CII(log I D4 1 ' )h((M - 1  1 D4 1 —3)/23)x/f.xTur

<C(Lu, u) fo r uEC",;(K),

if Mil/L, for a large M ,> 0 . It follows from (5.13)' and (5.1) that

(log .A4')2 I Exifxr , C(Miull z

(log /144 )4 M - J{CK (Lu, u)+C,N 2 8 M - 8 110 2 1, u ,

if log M 8 .__Co N, where C0 =C O3 K is  the same as in  (5.13)'. Therefore, if log M' CON
and M M 's  fo r  another large M's >0 such that 5!s4 /(log M;).<1, w e have

(5.19) (log M ')' Re ( [x ” ço,(x)]V j (D)u, ço,(x)V j (D)u)

<(CN) 2 {(Lu, u)+C s N " 'M - sdul12 1-.Q , uECT,s(K).
Note that

(log A/13 )' Re ( [4 1 M, y) ; (x)]gr i (D)u, çoi (x ) r i (D)u)

N) 2 (log M 8 )2 11X(x2/3)x (D)u112

(C N) 2 {11(ing I D41')h)(M - 1  1 D4 1 —3)/23).xlX(x2/6)u11 2

+(log M ') 2 11[X(x2/3)xl,Y . .i(D)1u112 },

w here X(t) i s  th e  sam e as in  Lemma 5.2. Using (5.8) and (5.13) (and also (5.13)') to
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estimate the  first term and second one, respectively, we obtain

(5.20) (log M") 2 Re ([4' DL ço,(x)]T* j (D)u, ço,(x)W i (D)u)_< (2 , u E C (K ),

if  M  satisfies th e  same condition as in (5.19). Similarly, using (5.9) we get

(5.21) (log 11/18 )2 Re ([ K  so.,(x)]W,(D)u, so .,(x)W j (D)u)...<—Q , u E C (K ) .

Since Po_<C k ,„,x1xr fo r a  constan t C k . m  we have

Re ([f(x)14 w,(x)]u, go,(x)u).<(CN) 2 11f(x)1 "u11 2

_.(CN) 2 11.xixrulr fo r  uES

Noting the m iddle term o f (5.18), we have

(5.22) (log M T Re a f (x)/YI,ço) (x)]g ri (D)u, go i (x)W (D)u)

, u EC(K) .

Summing up (5.19)-(5.22) we obtain with a constant C

(5.23) Re (EL, g()1 (x)1g i (D)u, w i (x)W AD)u)

_<(CN) 2 { (Lu, u)d-C,N 2 8 + 8 11/111u111, u C',7(K ) .

if log Ms___CN and O n the other hand, since coefficients of L  a re  independent
o f  x4 , by noting th e  form o f  W. ; we see that

(5.24) (log M') 2 Re (çoi (x)EL, •(D)ju, yo i (x)V ri (D)u)

(log M 8 )2 CN 4 (11X0(D)u 112 + C,N " + "M - s - 'll u112 )

where X0 E S7, 0 satisfies

suppZoC{231e411e'l?—:.6141}n{2-le41/M4}.

Note that with some 0<p - 1/2 we have

(5.25) APPIIX0(D)u 11'5 C  I D 'Iru r

_<CK (Lu, u) fo r  u E C7(K) .

which follows from the well-known Htirmander theorem (and also Theorem 2). If
log M s..C N  then we have

(log Ms) 2 (CN) 2 M - 2 P (log ./148 )4M - 2 P.<1

provided that M_>:/l/' fo r  a  la rg e  M ';> 0 . So under this condition we have

(5.26) (log M T  Re (ya., ( x ) [L ,  j (D)]u, q, j (x)T .
 i (D)u)

(CN) 2 1(Lu, u)-1-C 8 N "÷"M - 3 11u112 1, u E Q (K ) .

Together with (5.23) we obtain (5.16) in  view o f (5.17). Q. E. D.

Lemma 5 .5 . Fo r an y  in te g e r N 1  th e re  e x is ts  a constant C o independent o f  N
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and M  Such that f o r any  real s> 0  and some constant C , independent o f  N  an d  M  we
have

(5.27) (log /143 )2 NIk06?Ifau p C oN(log

+I(C0N)2N+2M2-1-C3(log m3)2N1\T23+Lom-s u E S •

prov ided that M _M , f o r M , the same as  in  Lem m a 5.4.

P ro o f .  W e m ay assume th a t  log Ms _>:Co N because of the te rm  (C 0AT)2- 2 M 2 I1u112 in the

right hand side of (5.27). It follow s from  the expansion formula of pseudo-differential

operators that for any  s> 0  w e have w ith  a C 3 >0

(5.28) (LwiCu, ço,Y ) u) Re(w i T ; Lu, yo j Yri u)

+ R e ([L , OriSoi+IT.i+iu)

+C,N 2 10 MMu  112 , u ES ,

In w hat follow s w e denote by R (s) the last term  of the righ t hand  side. W e see that

(5.29) (SPiWiLu SP/W0-5- (ça ?1! II Ilu

.11T.23(p2aLu 11 11 u 11 +R(s)

because Tirr=çoigriT2sw2s+çoiT;( 1 — ço2,3). In  v ie w  o f Ç9a=ç90, gr3=1ro, it follows from

(5.1) and (5.28) th a t w ith  C o CK  w e  have

(5.30) lkoa1tau112-<C0(LOrou, ço ogi ou)

_C o {Re(yo o gr o Lu, T oT o u)

+Re (CI-, woToiçoigriu, googr o(piC u)+ R (s)} , u E S .

Using (5.29) and (5.16) to  estim ate the first term  and the second one w e have

IlwaVau 112 5-00f 11 V2402/. u 11 u 11 +R(s)}

± C o(log Mg) - 2 (C 0N) 2 {( 4 5 .
1u, çoigriu)+R(s)}.

Apply (5.28) to  estim ate the te rm  (4 1T 1u, yol T o i)  in the r ig h t  h a n d  s id e  and repeat
this procedure N t im e s . T h e n  w e  have

IlgoB s u r (log M ) - 2 1 1 T -) ( 23g92.3Lu 11 11u 11 + R(s))T s 
)=-0

+ C o(log AV)
- 2 N ( C o N

)
2 N

{ (L çO N T N 11 ,  ÇONT. NU)+R(S)}

C0N(11W249 2i3LU if 1111 11 +MO
+ ( c

0
N)2N+2(l0 g  m 8) _2Nm211u  112, u E S,

because of WN -=q1.27, and /1//- 2 14r2ulli5CIlull 2 • Q. E. D.

It follows from  (5.27) th a t for any N i a n d  a n y  s>0
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(5.31) (log M s ) N IIRTau II Co(N+1)(log M s )N OW2açosaLu II Ilu II)'"

{(C oe) V  M (N+1)+C s Ng+"2N IN!Ilull, u ,

where we used _I\TN eNN! and (log t)Nt'_< N I .  We may assume that (5.30) holds with
N=0. M ultiply both sides o f  (5.31) b y  el,v /N !  w ith  a  fixed 0<s 0 <1 satisfying
min Coeso , 2 ,}  <1 a n d  sum up with respect to N=0, 1, 2, ••• . Since log Ms M'os/e o

we have

(5.32) M'os CoM2"s( qr2bv2aL u II II u11)1 /2 + CsMII u II

C °M"os CagozaLu + C,MIIu u

where C s d e n o te s  the  different constant depending o n  s but independent o f M .  Since

SO is independent o f  s>0, by setting so s = s '± s "+ 1  fo r any s', s 1 we obtain with a
constant C  independent o f  s', s" and  M

(5.33) M"' Ily05grau (
2 - C M "' + 8 ") 11V2ago2dL u u u

i f  M./1/1(s', s") f o r  a  sufficiently la rg e  M (s ', s " )> 0 .  Even i f  1 .M M (s ',  s " )  the
estimate (5.33) holds i f  we choose another sufficiently large Since Walzçca=

alweT5 - 4 . awa(1—gra), it follows from (5.10) that

(5.34) M " j,çoaull 2 M" lIçoaTsull 2 +Cs , ,s-IluVs , •

Substituting T a u  into (5.33) and  noting that 2,-,w,a1.,?" ?If (I) —Or ,(1 h-  46—  - 23 7-25— 2,39)2(3— —  4 5 „

means o f (5.34) we have

(5.35) M " LT6/2406u112-CM"'+")f1,oço,oLU112+Cs,,s„Iliie,„, 7./ EL5

Here we estimated M - 2 "IIT, 6 0 2 by CIIu e s , because of (5.10). I f  6, 1>0 then it follows
from (5.35) that

(1 +  s M ) - 2 1  M2S' -211 yr,312çool 112

_<C, , ,s, {(1+6M) - z 1 M " ' " - 2 11T24925LuIrd- M - 2 11uIrs-}-

Note that M  an d  th e  symbol of A = (1 +  D ' ) "  a re  equivalent o n  supp T25.
s ' by s'±1 we have for any M>0

(5.36) 11(1-1-E/1)-V5/2yosuH•

.<Cs , ., „ {II(1 - 1- 6A) - i graço2aLulILH-48 , +s-FM- '11u11-2-8

We prepare th e  following :

Replacing

Lemma 5.6. I f  h(t) is as abov e ana 7,, E S  then w e have

(5.37) log {(3—)/(3+ö)} v(t) I 2 d t 5 ._N l h ( ( M - '1- -3)/(3)v(t)1 2 dt}dM/M

log {(2-1-3)/(2-6)} ,r , I v(t)I 2 dt
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P ro o f .  The estimate follows from the exchange of the order of integration.

Integrate with respect to  M E [1 , co) after dividing both sides of (5.34) by M.
Then we obtain by Lemma 5.6

(5.38) 11(1±6A)-106/2pull;'

C e,v ill(l+sA ) - 1 02ay92sLullis , +43, +3+11uK9-, u E S ,

for any real s ',  s 11 >0.
W e a r e  now ready to prove that p o =(0, (0, 0, 0, ±1))EW F L v  implies p o EWF v

for any vE.V(R 4 ). Without of loss of generality we may assume that v e '(R 4 )  and
hence vEH _,,, f o r  a  la r g e  s " > 0 .  Choose 1 > 0  such that 1 4 s '- - E 4 s " ± 5 .  Then by
taking a  sequence fiv i M i c S  such that

Wj — *V in ,
from (5.38) we see that

(5.39) 11(1--FeA)-Vai2çoavn, Cs , ,v, {11(1+6A) - 1 026v2aLvilL'+4s , +3+11vIrs „ 1

if > 0  is sufficiently small such that 0 2 A92 5 L v E S .  Letting s  ten d  to 0  in  (5.39), we
have 03/2W aV eH e. Since s ' is arbitrary, we have N E W F v.

We consider th e  ca se  where p 0 =-Ix 0 , (0, 0, 0, ± 1 ))  with x 0 = (x 01 ,  x0 2 , x 0 3 , x o ,)#0 .
If a > 0  is  the m inim um  of x 0,1 /2 for j  with x 0, # 0 , we have (5.39) with w (x ) replaced

4
by ç (x)= h((x,— x 3). In fact, Lemma 5.4 still holds with the corresponding cp.,

) =1
to '7,3 because supp h'((x ,—  x  o,)/ (3)(11x ,=0}  = . Therefore, we also see that p o EW F Lv
implies N E W F v. The case where po=(xo, (7/, n4)) with 77 /*0  is reduced to Corollary
2  o f [10] because we have with p > 0

II D' K (L u, u) for u E C ( K ) .

It should be noted that the  microlocal version of Theorem 1 o f  [10] holds (see Lemma
1.1 o f  [1 0 ] ) .  Now the  proof of Theorem 6  is completed.

6 .  Proof o f  Theorem 7

For an  a > 0  we se t Q a= { x cR 2 ; x 5 a ,  j = 1 ,  2}. A s  in  [ 7 ]  a n d  [4 ], we con-
sider the eigenvalue problem with a  parameter ri> 0  as follows:

(A - kf (x)722 )v =pg(x )v in Q a
(6.1)

vlana=0 ,

where J1=1)1+ D2h(3(1 x 2 1 —  a)/ a)D2, g(x )=.4k  x r and

(6.2) f  (x )=  exP (-1 /Ix ilr-1 /x2)-1 - exp  (-1 /1x1 ,1 2 - 1 / 1 x 2 ) .

Here h(OcCe(R 1 )  is  the  same as in  the biginning of Section 5. Throughout this sec-



Estim ates f o r Schr&tinger operators 361

tion, w e assume that

(6.3) 0<K<1, 0<il<k+1,

(6.4) ralz+1+m(l+1), o • . - m-F(k-1-1)/(l+1)

Lemma 6.1. T he eigenvalue problem  (6.1) can  be  so lv ed . T h e  sm allest eigenvalue

!A n) an d  th e  corresponding eigenfunction v(x; 7)) w ith .ç v a lV(X ; 72)1 2 d X =1 satis f y  the

following:
(I) Fo r any  a>0 there ex ists a constant C i independent o f  a an d  ri such that

(6.5) p(77).5C1(log 77) 2i f  77____7).

f o r a sufficiently large  r7a >0.
(II) For any  f ixed positive b<a we see that

(6.6) lim v(x; n)l 2 dx=1.
Qb

P ro o f .  Consider th e  Dirichlet problem

(6.7) _Co.)=F, vl3s2a =0,

where f (x)722 . F o r u, vECC;(f  2a) w e have

(6.8) v)=(Diu, D i v)+(xfD,u, xfD 2 v)+(hD 2 u, D2v)+(feu,  y ) .

L e t  SC b e  t h e  Hlibert s p a c e  th a t  is  th e  completion of C7(Qa) b y  th e  norm  Ilulim=
u)jc. H ere  (u, v) j i  d e n o te s  t h e  r ig h t  h a n d  s id e  o f  (6.8) and  i t  is  the positive

Hermitian f o r m . It follow s from  th e  Poincaré inequ a lity  th a t IluIl L 2( Qa ) Ca llullA  f o r
a n y  uEJC. Since L i,  is elliptic  in  a  neighborhood of aQa a n d  subelliptic in  Qa ,  there
e x is ts  a  G re e n  operator g , from  ,4C onto ,IC such that in  SC' and g,..t,=1
in  SC, w here N ' denotes th e  dual space of F .  F u r th e rm o re , .g , is  a compact positive
Hermitian operator in L 2 (Q,,) (see Mizohata [5, Chapter 3 ]) .  W e  sh a ll show th a t the
smallest eigenvalue /X i)) is given by

(6.9) / ( '2 ) ,  inf v )/(gv , v )>0  .
vec°0°(2 a )v*0

T h e  positiv ity  o f  t h e  r ig h t h a n d  s id e  fo llo w s fro m  th e  Poincaré inequality. Since
Q(Qa) is  dense  in  LAS 2 a )  w e have

p(72) 1 =  s u p  (g,,gg,,u, u)/(Qu, u ).
.E c7 (Q a )

uto

I f  H=LT 2 V,l2/2 th e n  w e  have

re(72)-1= s u p  ( 1 1 w , w ) ,
wec7(Q a )

11w1=1

because the  im age of g;) /2 f r o m  CT(Q.) is  dense  in  1, 2 (Q a ). T a k e  a  sequence {w i}C
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C°,;(Q.) such that 11=1 and  (Hwy , wy)—>p(27) - 1 . Note that

— p(72) - 1

—2 p(72) - ' (H w  , w  .)+  p(72 )' --->  0 ( j  0 0 )  .

We see that g o ggV 2 w,--g;/zw,/p(72)—>0. Since Q,2 is  compact and iggV 2 u),} is  a  bounded
se t in  L 2 (Qa), there  exists a  subsequence w , k 1 s u c h  th a t  Ig o gfl,y 2 w, k }  is  convergent
and s o  ig;/ 2 1 4 ),,}  is also convergent. If vo=lim g;/2 w ,,EL 2 (Q .) then we have te( )g o gvo

=v o a n d  v0#0 because Q,2 i s  positive. T herefore , -r „vo=p(Ogvo a n d  vol1ya = 0 .  For
the  proof o f  (6.5) w e set

(6.10) f2o= {x R 2 ; 1/25_ xi (log 7)2 )P _.<1, 1/2 x o(log 71
2 ) 5_11,

w here p = {k ±1 - km(1±1)} - ' a n d  q= (/±1 )p . W e see  tha t ,Q,cf2.,4 fo r  a  la rg e  i7>0.
It follows from  (6.4) that

f(x)77 2 2, g(x)a4P - (k +"'+' 2(log )2)2 P- 2 i n  Q 7 7  •

Since h(3(1x21—a)/a)=0 o n  Qo , th e  right hand side o f (6.9) is estim ated above from
the constant times of (log 02 2

,  multiplied by

inf ((Did-(log 722 )-2 p 1  IA+2)v, v)/(v, v)=0((log 77) 2 n ),
.,, c°,;(sao )

v*0

so  that w e obtain  (6.5). Since v o = v (x ; n) belongs to C (2 a ) w e have

vo )a L i lD iv o l2 +1xiD2v o l2 ±f(x))2 2 1v1 2 }dx

> c

Q,o 5 {1Dov o r+exp ( - 1/x21̂ ) lv o r}dx ,

where s21=s 2 an fl x,i b} . Since a(x2, $2)=a+exp x21')772 and W(x2)=2 - 2 (log 72)2 '
satisfy the condition (4) o f  Theorem  1 w e have

C a te(72) vo)_>_cO(log 77)2 0 t  Iv , 2 dx

I n  v ie w  o f  x<1, it follow s from  (6.5) th a t  lim Ivo l2 d x = 0 . I f  Q2 = Q n {  x 2 1 _ b}
77- •e° QI

and  Q2.1-- - ‘22n{ I x, I a(log 72)-'1('')} then  w e have

(_C o vo , vo )„c(; . 0 {1Div o r-kexP(-1/1x»)72 2 1v,7 1z }dx

acg7)5Q 2 ,i lv o rd x ,

so  th a t lim rd x = 0 . If X(x0=h(x i (log 72)' 1 ( k +' ) )  then
72— D2,1
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(..C,,Xv,,,X7., ,) ,2 2 {1D,Xv,,1 2 -Fexp(-1/1..v,P)n z lXv,1 2 }dx

-?-t'b(log )2) 2 /1  1Xv,) 12 c/x
.(2.2

363

Here the  last inequality follows from  Theorem  1. Since

X v )= ia(n)(gy,,, Pv>1)+Re ([DT, Xlv v , Xv,,)
c: 1t(72)00g 0 - 2 k 1 ( k + 1 ) +C i (lOg n) 2 / ( k + ' )

w e  se e  th a t lim 1Xv„1 2 c/x= 0. In  view  o f  Q„\a,=Qil.)02 w e obtain (6 .6 ). Q.E.D.

Proof  o f  Theorem  7. Suppose th a t  L  i s  hypoelliptic in  som e neighborhood Q  of
th e  o r ig in  i n  R'. I t  fo llo w s  f ro m  th e  Banach closed graph theorem  that fo r  any
integer r> 0 and  fo r any  open sets w c o 'c Q  there  exists a n  integer r '> 0  a n d  a  con-
s ta n t C  satisfying

(6.11) 11Du L2() C E IlD 'Lully, ( ' )+11/tIlL2(„, , )} fo r a n y  u C- (ro').

If  (p,, , ixE R 4 ; .x;  <a} fo r  a  sufficiently small a> 0 and if

u i,(x)= exp I N/ p(ox2-F inxiiv (x„ x2;72).

f o r  v(x„ x 2 ; )2) i n  t h e  above lem m a, w e have Lic 0 in  wa / 2 . Substituting u,„ into
(6.11) w ith  w=a),,birlf x2>01 and co' =(.002, by means of (6.5) and  (6.6) w e have 0<c02'
. C ' 7)1  w i th  p=C1 1 2 a/2 i f  72 is sufficiently la rg e . I f  we choose r p th e n  the  estimate
is absurd fo r la rge  n . T h e  proof o f  Theorem 7  is completed. Q. E. D.

R em ark. A s  s ta te d  in  In tro d u c tio n , th e  other hypothesis O<À< min (k+1, 1+1)
(resp. O<K<1 under the  condition c). 1) seems to be necessary because it is necessary
for the  operator frozen w ith respect to  the  variab le  x 2 # 0 (resp . x i  0 ) .  In  fac t, for
exam ple, th e  o p e ra to r  f ro z e n  w ith  respec t t o  x 2 0  is  equal to  DT+xlitA +4kD,1+
exp(-1/1x 1 1A)Di a f te r  the  change of the  sca le . W e  can  co n stru c t the solution u,,(x)
-= exp (-N/ii(n)x,+inxi)v(xi) contradictory to (6.11) by considering the eigenvalue problem

{

{DT+ exp( - 1/1x11 1 " ) 2 }v=xTs tt()2)v in  (— a, a),

v=-0 on x i =  + a ,

w here s= min (1, k) and j= 2  o r  3 according to s=1 o r  =k.

7 .  Proof o f Theorem 8

In  the  proof o f  Theorem 8  w e m ay assume th a t f(0)= 0 b y  ta k in g  the change of
varibles, otherwise,

x i = x ; ( j= 1 , 2 ) , .x.3 =x-F-f(0)1 Q g (t )d t.
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W e m ay also assume th a t  a ,  f  and g  are bounded because our consideration is local.
A t  f ir s t  w e  s h a ll p ro v e  th e  theorem  in  the  case  w hen a  vanishes infinitely at the
o r ig in . T hen w e m ay assume that a O. A s in  S ec tion  5 w e  s e t  f o r  a  r e a l  ri (not
alw ays positive)

Y,=D2H-f (xi)g(x2)n, L,2=DT-ka(x1)2Y; .

N oting that for an in teger k>0

(7.1) 13.13,-=_(D1d-i4a2Y ,2)(D 1—ix'fa 2 Y
a 0 'r D1]—(k x'f - ia 2 +2x ila a ')Y  ,

for any  compact set Kc1-1 2 w e  have

({a 2 (x l
iT)gri}v, v)5_C K (L,v, y ),v E C ( K ) .

In fact, this follows from

1(k x1- 1a2 +24aat)Y 141 C K(IlaY ,Y112 + ) Y112 ) YE C(K )

and the Poincaré inequality

(7.2) 11Y112. -  CI( y ) , vEC7(K)

Here and in w hat follow s w e denote by C  K  different constants depending o n  a  fixed
compact set K .  If we also consider (7.1) w ith  P ,  replaced by 1r); th e n  w e  have with
k =1 or 2

(7.3) f ' gn y ,  v) - CK (L,v, v), v E C (K ) ,

because x 'ff'(x i) h as the definite sign if we choose k  even or o d d , su itab ly . If  follows
from  (7.3) that

(7.4) C K (Lv , v ) .:1Div112 + IlaY 72v112 +( I tex'ff'gn y ,  y),v E C ( K ) .

From  now  on, for the proof of the theorem  w e shall show  th a t for a n y  s>0 and
any  compact K c R 2 th e  estimate

(7.5) Ila(xi)(log 1)71 1 )012 (L v , y) for vE C °(K )

holds i f  1)71 K ) for a  large n( s , K ) (cf., Lemma 5.1).
I n  o rd e r  to  m a k e  th e  id e a  clear, at first w e shall p rove (7.5) assuming g(0)>0.

Since (26) still holds w ith  f '  replaced by a2 (t)tk f ' (t), in view  of (7.4) the estimale (7.5)
is  a direct consequence of

Lemma 7.1 (cf., Proposition 3.1 o f [4 ] ) .  L et a, r E c - ( R i )  satisf y  r(0)=0 and

(7.6) a(t)>O, r(t)>O, ta'(t)_ 0 i f  t O .

Furtherm ore, assume that

(7.7) ta(t)1 Hog r(01= 0 .t-40
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Then fo r any  s>0 there ex ists a  Cs > 0  such that f o r  an y  uEC7(1V) w ith  supp uC
Ilx1511 we have

(7.8) ({/2-PC2r(x)}u, u) s(a(x) 2 (log C)2 u, u) i f  C>= __Cs .

Pro o f . S e t a(x, e)=V+V(x) w ith  V(x)=1 2 1(x) a n d  W(x)=sa(x) 2 (log C)2 f o r  s>0.
The direct application of Theorem  1 does not work when a  vanishes infinitely at x=0
(see Remark 1 b e low ). W e  have to  re tu rn  to  its  p roo f. It fo llow s from  (7.7) th a t  for
any  s>0 there exists a  a(s)>0 such that

(7.9)0  —  xla(x) log r(x)<1/s if xi <a(s)

F o r  th e  b re v ity  w e  assum e t h a t  a (x ) is  even  func tion . S ince  a(x) is  monotone in
[0, 00), fo r any C>0 there  exists a unique positive roo t xc such  tha t

(7.10) sa(x) log C=xV .

W e m ay assume th a t x  is  sm a lle r  th a n  a(s) if is sufficiently l a r g e .  It follows from
(7.9) th a t i f  xc5  x <6(s) then

r(x)C= exp {log C+ log r(x)}

expilogC—(sIxIa(x)) - ') >1.

Since T(x) c >0 o n  I 6(s)51 x1511, w e see that

(7.11) 1(x)(_1 o n  {x f?'; x r,51x1511,

if fo r  a  sufficiently large  Cs . D iv id e  J = [-1 , —xclU[xc, 1 ] in to  four congruent
intevals J k (k=1, ••• , 4) and divide each J k in to  tw o  congruent in tervals. W e repeat
th is cutting  until the  decomposition J =  I, satisfies

(7.12) C1125(diam /,) - z .

T hen  w e have C' 1 2 _(2diam L) - 2 . If  follows from (7.11) that

(7.13) V(x) C on L  if is sufficiently large.

If  K o =[— xc, xd a n d  if  uE  C (i x 1}) then  w e have

(7.14) 2(a(x, D)u, I Du(x)z c 1 x-1- V (x) u(x)rd x

IDu(x)rdx-1-5 V(x)1u(x)rdx

w here K t  is  four times dilation o f  Ko. It follows from Lemma 1.1 that
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Q 0 c [.Ç* K o { ( d ia m  K ) - 2
0 )- 2 1 0 ) 1 2 + 1 7 ( 3 ) 1 1 0 ) N  d y k  K  d  x

K0 

c'sa(xc)2(log C)2o lu ( x ) 1 2 d x

because o f  (7.10) and  (7.13) w ith  J.  replaced by K t\ K o . By means o f  (7.12) and  (7.13)
and  Lemma 1.1 w e have

S2 c"C'i211,1u(x)12c/x.

Sum m ing up above two estim ates, in  view  o f  (7.14) w e  g e t  the  desired estimate (7.8).
Q. E. D.

Remark 1. W e  c a n  a p p ly  T h e o re m  1 d irec tly  if  th e  co n d itio n  (7.7) is  streng-
theened to

(7.7)' liin tci(At) l o g  r(01 =

w ith  a  sufficiently large 2>1 which depends on the modulus o f  the dilation B** in the
condition (4).

2. T h e  lem m a still holds w ith 1(x) replaced by T(x) sin2 1/x. In  fac t, since C' 1 2 ._
(2 diam L) - 2  w e  s e e  t h a t  sin2 (1/x) CC- '/2 o n  a  half of L . C onsequently , it fo llow s
from  (7.11) that

(7.13)' in ,({xcl,; V (x )>C ' 1 2 }).>_11211,1

Using this instead o f  (7.13) w e  g e t th e  same conclusion.

In  the case when g(0)=0, th e  estimate (7.5) is obtained from  th e  following lemma
because Y,1 c a n  b e  reg a rd  a s  if  D2 , a s  sta ted  in  th e  proof o f  Theorem 5 (see (4.11) in
Section 4).

Lemma 7.2. Let a , r b e  the sam e as in Lemma 7.1 and let g(t)EC - (IV ) satisfy
(25), g(0)=0 and g (t)> 0  i f  t# 0 .  I f  V(x)=C1(x 1 )g(x 2 ) a n d  if  10 = Ix e R 2 ; lx i l
then fo r  any  s>0 there ex ists a Cs >0 such that fo r  any  u cC (1 0 )  lye have

(7.15) (I M - ka(x1) 2 M+V(x)} u, u s(a(x 1 )2 (log C)2 u, u) if

P ro o f .  It follow s from  (25) th a t fo r an y  s>0 th e re  e x is ts  a  C0 > 0  s u c h  th a t  if
then

(7.16) g(x2) 1 o n  {(s log () - 1 _5.

I f  xc i s  the  same a s  in  the proof o f Lemma 7.1 a n d  if  y --=- (s log C)- 1  w e  set

w1=1xE/ 0 ; lx il<x;}
and

co2={x E10; I x2I <Yck
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Then 1 0\(w1lJw 2 )  is composed of four congruent rec tangles. W e divide each rectangle
in to  fo u r  sm alle r co n g ru en t rec tan g les . W e repeat th is cu tting  procedure . L et L=

(c R x i x R , , )  deno te  o n e  o f  c o n g ru e n t rectangles o n  so m e  s te p  (, th a t  is,
/0\(a) 1u w ,)= -(JL ) . W e repeat th e  cutting and stop i t  i f  L. satisfies

(7.12)' C'i2 (diam L) - 2 .

T h e n  w e  h a v e  Ch/2 . (2 diam L) - 2 . N oting  tha t diam 1, is equivalent to diam Q:-; w ith
j= 1 , 2 , by m eans o f  (7.16) and  (7.11) w e have

(7.17) V(x)C2 o n  L. if  C is sufficiently large.

W e also divide 531\co2 (a n d  (7,2 \w 1)  into congruent sm aller rectangles as follows:

J i , , , x

()2\w1= U  21, - = - Q rL2

w h e re  t h e  d iam eter o f  Q V  (resp . Q)" )  is  e q u a l to  th a t  o f  (4  (resp . Ço)). S et Ko =
w inah  an d  le t K t denote four times dilation of K .  I f  LI E  C7(I 0) then  w e have

(7.18) 4({DN-ce(x1)2DP-V(x)Iu. u)

il D1nI 2 -1-1a(x1)D2u1 2 +V(x)1u1 2 Idx
e r;

H- 11 , {•}dx+ {• }d x + 4 i•Idx

w here J I „ ,= [ - 2 x ,  2 x ]x Q ',' and  j ) = Q ) " x [ - 2 v ,  2 y .  If  follows from  Lem m a 1.1
and  (2.17) o f Lemma 2.1 that

(7.19) .Qo>c IxeIu(x)—n(yi, x2)I 2

j )

+a(Y1) 2 Yi 2 U(Y1 , x 2 ) — U (Y)1 2 +  V001 U(Y)1 2 }CIY1/ Ko ldx

_ c'sa(xc) 2 (logC) 2 L c o lu(x)I 2 dx

because o f (7.10) and  (7.17) w ith  L  rep laced  by  IC,;\(co1Uw2). E xchanging th e  order
o f  DI and  cr2 IA and  noting  that (diam Q )") - 2 —Ci/2 w e  a lso  have

(7.20) I a(x1) 2 n 2 1 u(x)-71.(xi, Y2)1 2

.12 ,„ "L„\o,2

± C 1  2  ILO 1, y U(Y )I2 +I (Y )IU(Y )1 2 }  C  Y ll  .1 ” dx

s(logC) 2
.ç la(x i )u(x)I 2 dx
j2,'



368 Y oshinori Morimoto

Similarly we have

(7.21) Q,, c'sa(x c )2 (log C)2u ( x ) r d x

(7.22) ,Q,,.. eci,211,1u(x)12dx

Summing up (7.19-22), in  view  o f  (7.18) we obtain the  desired estimate (7.15). Q.E.D.

L e t X(t) be C°°(R 1 ) fu n c tio n  su c h  th a t suppXC{ T h e n , by substituting
X(x 1 /5)y into (7.5), in  view  o f  (7.2) w e see  tha t for any 5>0, any s>0 and any compact
K c R 2 th e re  ex is ts  a  79(5 , s, such that

(7.23) )(log17718)X(xj/3)025.(L,v, y) f o r  vE CW(K),

provided that 1771_7)(3, s, K)(cf., Lemma 5.2). W e  re m a rk  th a t if  com pact se t 1,-Z of
2 3 is  c o n ta in e d  in _:31 f o r  a  5>0, then  fo r an y  s>0 there exists a constant
C=C(s, IZ) such that

.(7.24) 11(log A)u112 <=s(Lu, u)+ClIu11 2 , u C (IZ).

In  fac t, it follow s from  (7.23) that

11(log ( D3I +1)u)r< s(Lu, u)+Cllur, uEC7(170 •

T h is  yeilds (7.24) because we have w ith  a  ca >0

(7.25) 2(Lu, u)__IlD1u11 2 +11aD2u112 — (suPlgl 2 lla/D3ull 2

II Diu112 +ca) D2u ql1D3u11 2 , u E C ( I ) .

The form ula (21) in  th e  region is c lear by  m eans o f  (7.24) a n d  Corollary 2
in  [10].

To consider (21) in  th e  region near x1=0 w e prepare th e  following:

Lemma 7.3. L et i(e) ,S , satisfy  01<jc- .1 and suppiC S 0 3 1  f o r  a  30 >0,
w here e'=(ei, Es). I f  K  i s  a com pact se t in  1-13 and  i f  3>0 is suff iciently  small than
there ex ists a  CK such that

(7.26) Ila(x01 D I 112. CK (L u, u)

f o r uECT(K) satisfy ing

(7.27) suppuci I xi1 43l.

P ro o f .  L e t X2($) ,S7,0 sa tis fy  0<x 2 < 1  a n d  supp X2 e21 >_501e31/21. Since the
first inequality o f (7.25) holds for any  u S an d  f  vanishes infinitely at the  o rig in , by
substituting X3 (D)h(x 1 /43)u in to  (7.25) w e have

2(Lu, u)_11DiX2(D)1111 2 4-11aD2X2(D)11112

— C{511ah(xi/43)D,X2(D)u11 2 +11u119 •
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Here h(t) is  th e  sam e as in  Section 5 .  If  3>0 is sufficiently  sm aller than 60 then  w e
have

2(Lu , 1/2{ j D1X2(D)u112 + Ila D2X2(D)u112 } —

for u E S  satisfying (7.27). Since (5.1) s till h o ld s , fro m  (7.28) w e  o b ta in  the  desired
estimate (7.14) because o f  11/310 2 _<(Lu, u). Q. E. D.

W e shall prove that if  po =(0, (0, 0, +1) and if then

(7.29) poOWF Lv im p lie s  po OWF v.

A s in Section 5, fo r  a  sufficiently small 3>0 w e d e fin e  yo6(x) and o (e ) with
a n d  e=(e', e4) R 4 r e p la c e d  b y  xER 3 a n d  e•=7 (e', $3) /?3 , respectively. T h e n  the
implication (7.29) is obvious, if  w e  sh o w  Lemma 5.4 fo r  th e  corresponding {ço,},
to  those p , T a.

W e shall derive (5.16) in  the present case, assuming K = I I x,1_<.431. Recall (5.17),
th a t  is,

[L, çc,
; (x)T -

 i (D )]= [L, y ) ; (x)]T i (D)-Fgoi ( x ) [ L ,  i (D)] .

W e see that
Regte(D

2
± fg D

3
)2 , g o ( x ) 1 u ,  yo,(x)u)

(CN) 2 11au ll2 f o r  u E S  .

A s in  the  proof o f  Lemma 5.4, fo r  a  m o m e n t  w e  d e n o te  b y  t h e  sa m e  no ta tion  C
different constants independent o f  N, M and  s. Therefore,

(log M 8 )2 Re ([az(D 2 -1- f gDo )2 , ÇD; (x)]?r i (D)u, çoi (x)T i (D)u)

< (C N ) 2 j11(log M .8 )Ti(D)au11 2 -1-(log M8 )2 11 [a, i(D)11u112 } •

Using (7.5), fo r  an y  s>0 w e have

Wog .11/18 )W i (D)au112 5_ C W og D3 18 )h((M '1 D31 - 3)/26)aull 2

u) f o r  u E C (K ),

i f  M__/14, fo r  a  la rg e  M8 > 0 .  Since (5.1) still holds (cf., (7.2)), by m eans o f  (5.13) we
see that

(log M 8)2) [ay  r i(D)]u11 2

(logAP) 4 M - 'I CK (Lu, u)+C 8 AT2 2 +8 M - 8 11u112 1, uEC7(K),

i f  log Als>.C/V. T herefo re , i f  log Ms C N  a n d  M  is  su ffic ien tly  la r g e  su ch  th a t
(log Ms) 4 M - i 1 then  w e have

(7.30) (log M 8 )2 Re ([a 2 (Do -1- f g yojriu, ço i f . fu)

(C {(Lu, u)d- C 8 1\12 8 1 - 8 111 Q,

Note that
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(log WY Re ( [D ;,  ; ( x ) ] r i (D)u , çoi (x)T i (D)u)

.<(C N) 2 (log M 8 )2 11X(x1/6)T;(D)u112

_- _(CN) 2 { II(logID31')//((1 - '1D,1-3)/26)X(x1/6)/111 2

+(log /14 8 )2 11[X(x1/5), r(D )1u

where Z(t) is  th e  sam e a s  in  (7.23). Using (7.23) and  (5.13) to  estim ate  th e  first term
and second one, respectively, we obtain

(7.31) (log M 8 ) 2 Re([D1, go.,(x)7 ,(D )u , uE C7)

°(K),

if  M  satisfies the  sam e condition as in (7.30). From  (7.30) and (7.31) w e obtain (5.23).
O n the  other hand, since coefficients of L  a r e  independent of x ,,  b y  n o t in g  th e  form
o f W., w e see that

(7.32) (log /1/8 )2 Re ( i (x)[L , i (D)1u, ço) (x ) r f (D)u)

C (log 1IP ) 2 {N 4 (aX0(D)u Ir N a (I ace' I X0(D)u, X 0(D)u)

N 2 ((a I a" I -1-a")Xo(D)u, Xo (D)u)

-FAIGM - 1 1JuP-PC8N2 8 +"111- ' - illu

where X0ES?, 0 satisfies

suppX0C1251$31-le'l.-aleglInI251$31/M_41.

Note th a t th e  a ssu m p tio n  a 0  im p lie s  a ' I / a  a n d  th a t  (A / a N) 3 aN 2 -1-(aN 2 )2 .
I f  log /14. 8 -CN then it follow s from  (7.32) that

(7.33) (log M 8 )2 Re (goi (x)EL , ¶(D)1 u, çoi (x)g i (D)u)

_<CN 2 I(log M 8 )4 11aX0(D)u112

+(1 +(log M 8 )4 M - 1 )11u IF+ csN2s-Hom
because we have

(aXo u, Xou)_<(log M 8 )2 11aXo u 112 +(log AP) - 2 1111112

By means of Lemma 7.3 an d  (5.1) w e have

(7.34) 11X0au112-5- CM111 DIXoaur 5CM - 2 (Lu , u) f o r  uECT(K).

U sing this to estim ate th e  first term  o f  th e  righ t hand  side  o f  (7.33) w e  g e t  (5.26) if
log Ms__CN a n d  M  is sufficiently large such that (log M 8 )4 M - 1 < l .  Since (5.23) and
(5.26) still holds w e obtain (5.16). Therefore , w e get (7.29) i f  p0 =- (0, (0, 0, ±1)).

The implication (7.29) fo r  p,=((0, x 0 2 ,  x 0 3 ) ,  (0, 0, ±1)) w ith  (x02, x02)(0, 0) is ob-

v io u s . In  fac t, Lemma 5.4 still holds for p 5 (x) corresponding to (Da(x)=  n h((x ) — x 0 )/6),

w h e re  x0 1 = 0 .  I n  v ie w  o f  Lemma 7.3, th e  preceding argum ent also yields (7.29) for
po =(x E  o )  w ith  e0 *(0, 0, ±1) if  we modify gra($) to  c o rre sp o n d  to  the direction
T h u s  t h e  p roof o f T heorem  8  is accomplished when (1, (x 1) vanishes infinitely at the
origin.
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In  the  finite vanishing case , the  above argum ents c a n  b e  c a rr ie d  o u t  u n t il  (7.32)
(without serious c h a n g e ) . Instead o f  (7.32), we employ

(7.32)' (log AP) 2 Re(Soi(x)CL, gr j(D)714 . yo(x )T (D )u)

C(log A4 2 )2 /V4 {11X0(D)u1I 2 +C sN "+"M  - 3 - 1 1Iu112 }.

I f  a  vanishes o f order / a t  x 1 =- 0, b y  th e  well-knowun H6rmander theorem  w e have

Ill D'1 1 '" + "ull 2 -S Cx(11Diu11 2 +11a(xi)D2u V) f o r  u E C ( K ) .

T his and  (7.26) give

(7.24)' 11X0(D)u112_ CM -2/0+11 ly1 l(L+ 1)X 0 (D)u 112

CM - 2 1 "(LU, u) f o r  uE C ( K ) .

By (7.32)' and  (7.34)' w e g e t (5.26) and  hence (5.16) in  the finite vanishing c a se . T h e
r e s t  o f  t h e  p r o o f  is  t h e  sa m e  a s  in  th e  infinite vanishing c a s e .  Now the  proof of
Theorem 8 is completed.

T o  end th is  p a p e r  w e  s ta te  a  c o n je c tu re  a b o u t th e  assumptions (25) a n d  (26).
T h a t is , (25) and (26) seem  to  be close to necessary under the additional condition that
f '  and g  are m onotone in ( -00, 0] a n d  [0, 00). For instance , as for (26) we consider
a  little  w eaker condition as fo llo w s :  For a positive ic<1  w e have

(26)' lim ta(Kt) log j f '(t) I =0.t- o

Suppose th a t (26)' does not h o ld . T h e n , w ithout loss o f  g e n e ra lity  w e  m a y  assume
tha t there  ex ist sù >0  a n d  a  sequence of positive numbers 1>t i >t 2 >•••>t,--->0 such that

(7.35) I Rt.?) I _exP{ so / t  a ( t )  I } (cf., (1.5) o f  [4]).

If  w e take  the change of variables x ,= y  ( j=1 . 2) an d  x 3 = y ,d- f (y ,)f : 2g(t)dt th e n  the

operator L  o f Theorem 8 becomes

(7.36) a(x1)21A+(D1— g(t)dtD3)2 ,

w here x denotes th e  new variables instead of y . L e t  C, be  a positive such that

(7.37) t, I a(Kt,) I log C., = s .

T hen Cj  te n d s  to  00 a s  j—*00. F o r each C, we consider a  sm all box  in  T*(Rr I X R ,,)

B ,={ rt,_x i t,, x3I 51/2, I t  I 1/2(1—k-)t,, le,—C, _<1/2 } .

Since f '  and  a  a re  m onotone  in  [0, 00), it follow s from  (7.35) and  (7.37) th a t o n  13
x2 ;  I x21 -<1} X B , w e have

(7.38) I — f/(x i ).Ço
s 2 g(t)dted / I a(x )I

it7 1f / a(Kt ,)

log Ci  .
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In v iew  of (7.38), the o p e ra to r  L  of the fo rm  (7.36) m ig h t b e  seen  "h yp erbo lic "  w ith
respect t o  D , on B ,  in a certain microlocal sen se  (see  a lso  Introduction of [ 1 2 ] ) .  We
m ig h t ex pec t the propagation of w ave front set a lon g  the null-bicharateristic cu rv e  of
D , passing  (0, (0, 0, CAE T*(R 3 ) ,  and hence  L  m ig h t  b e  n o t  hypoelliptic in a neigh-
borhood  of the origin . The sim ila r considera tion  can  be  done  to  the assum ption (25)
w ithout the change of variables.

YOSHIDA COLLEGE
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