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On the homology of BU(2n,..-, co)

By

Kazumoto KOZIMA

§1. Introduction

We denote by X (n, •-• , cc ) the (n-1)-connectiv e fibering over X .  The cohomology
ring H*(B U(2n, ••• , 00); Fp) was determined by the work of Adams [1 ] , of Stong [9]
and of Singer [ 8 ] .  The purpose of this paper is to calculate the image of

11*(BU(2n, ••• , c 0 ) )  - - - ->  H (B U )

(where 1„ is the fiber inclusion) in the stable range * < 4 n . Our method can be out-
lined as follows. First we construct a  map t n  from the n-fold smash product CP -  to
B U (2 n , •• , 0 0 ) . Using this map, we get a  system of elements

S1EH2111(BU(2n, ••• , 0 0 ))

where j2, ••• , in), ii > 0  a n d  I /I =D i . W e  s h a l l  show  that 13/ generate
1-1* (BU(2n, ••• , co))/Torsion in the stable range. To prove this, we will u se  a  result
of Adams [2 ]  on 1-4(bu).

I'd like to thank Professor A . Kono for his valuable advices.

§2. Construction of maps and elements

We write X A li for the n-fold smash product of a space X.

Let t n : BUAn—>BU b e  th e  n-fold tensor product o f virtual bundles o f virtual
dimension zero. We use the same t n  fo r its restriction to (C P - ) A n .  Since (CP - )An is
(2n-1)-connected, we have a map

i n : (CP - )An --> B U(2n, ••• , cc)

such that in°1 t n•
L et E  b e a  complex oriented theory. Then E ( C P - )  i s  a free E * (pt)-module

generated by 31, rJ3 2, • • • k  7 where 13k is  the dual element o f  th e  k-th  power of
the Euler c lass xE E 2 ( C P . ) .  (See Adams [ 2 ] ,  part II.) So E * ((C .P - )A n) is a free
E * (pt)-module generated by

019,7 , w here 2. 1, i2 l  . . •  2n > 0 .

We denote In(Ai l ®Ai,® •-• ®Ai)EE*(BU(2n, ••• , 0T)) as
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Remark. In the case of n=2, B U(4, •••, co) is  B S U and { ,} generate E * (B S U)
as algebra. This can be proved by the  sam e w ay a s  in  B a k e r  [ 5 ]  o r  Kozima
(See also Kochman [6].)

§ 3 .  The proof of the main result

Let ten : (CP 0 0 )An--+MU(2n) be the map induced from th e  external product o f  line
bundles. Then we have the following lemma.

Lemma 3.1. The diagram
ten

(CP - )An ---> M U(2n) E " M U

i n en 
X2n t

BU(2n, ••• , 00) E2 n  bu

commutes up to homotopy where t  is the Thom map and e„ the inclusion as the 2n-th term
of  spectrum.

Pro o f . Since bu*((CP - )A n)->K*((CP")^n) and K *((CP - )An)-*K*((CP - )n) are monic,
we show it  in  K*((C.13 °̀)70 .  Let (CP-)n-4CP00 b e th e  i- th  projection and e  the
canonical line bundle. Clearly t n . i n  represents

u-..(e,—.1).(e2-4).-. (en- 1 )

Where uEK,(pt) is the  generator and e ,= r t e .  On the other hand, b y  th e  multipli-
cativity of Thom class, we have

t(e1xe2x X en) =  t(e1)* t(e2) t(en)

=U -n  • (ei 1)' (e2 — 1 ) • • (en- 1 ).

Proposition 3.2. The image o f  the composition

t *
H (M U )— > H *(bu) — > H(bu)/Torsion

is epic.

P ro o f . Let Q, be the  localization of Z  a t  a  p r im e  p. Since 14(bu)/Torsion
HQ*(bu), it is sufficient to show

Im pot * =- Im p

where p : H *(bu)->HQ,.(bu) f o r  a l l  prime p .  By the  result of Adams ([2 ], part III,
proof o f 16.5.), H Q ( b u )  is the Qp-subalgebra of Q [ u ]  generated by u  and u 1/p.
Since I -4 (M U )=Z [b i, b2, •-• , •••] where bk=o - 2 (t243k+ 1) a n d  a n  easy calculation
shows t * b1=u/2 and t* bp_ i =uP - VP!, the result follows.

By (3.1), we have
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• bi n - 1 )

where i k  > 0  and b0 = 1 .  Since

H* (BU(2n, ,  co)) --> 11* (E 2 nbu)

is isomorphic for *<4n , the proof of the following theorem is clear.

Theorem 3 . 3 .  O i l generate

H * (B U(2n, •.•, co))/Torsion for * > 4 n .

Corollary 3 . 4 .  Ii..131 1 generate Im i n .  fo r  *<4n.

Remark. The condition on the degree is needed in these cases. The first problem
is H12(BU(6, ••• co ))/T ors ion . Using an easy argument on the Serre spectral sequence,

1one can prove that H12(BU(6, ••• 00))/Torsion generated Rr  (4 ,1 ,1 )  and  — • p b ( t h u s
4 "  '

11* (B U (2 n , « , 00))/Torsion is  n o t a polynomial algebra). On the other hand, Im(t 3.)

is generated by Rr  (4 , 1 ,1 ) and r (2, 2, 2)
- 3 -

 P(4, 1, 1) =
1

. ,6 1 2 ( , , i , i )  at this degree.

§  4  Relations between in *p ,

In this section we will give some relations of i n *181  in  E * (B U ) .  We write p ,  for
i n * p ,  in this section. Let

,X2y ••• y x n )

be the formal power series

1 +  E  p ix /E E * (B U )E x i, x2,t(t)=n

where 1(I) is the length of I  and x'=x11.42••• x;7z if  1=- (ii, j2, ••• in ).
Let + E  be the sum defined by the formal group of E .  Then we have the follow-

ing formulae.

Theorem 4.1.

(1) ,8(x,-(1), ••• x,-(o)-=P(xi, x 2 ,  • •  •  ,  x n )  for any Permutation r.

(2) p (x i , ,  X k - l y  X k + E X k i-i, x1 1 1 -2 , Y X 72)
=

P ( X 1 f  . . •  x n ) .

P (
X ly  '• • Xk+1, X ,z )•  P (X i,  '• •  y  xky  X1Y-1-2, x n )  for a ll k .

P roo f. We use the same notations as is the proof of (3.1) and put Then
t n c lass if ie s  v 1v 2 ••• 7)„ and  the Boardman im age of t n  i s  P(x i , x 2 , « ,  x n ). Since
9r(07,(2) ••• n r ( n )

= 7
)1 2 . • '  12 n , ( 1 )  is c le a r . (2) follows from the fact that p(x j , ,

X k + E X k + 1 ,  x 2, •••  X. )  is the image of the classifying map of

nk_i(ekek+i-1))2 . —  )2.

72k_0202k+172 . —  V n + V i  " '  nk-177 l7k+2— 72,z + 711 . "  Vk V I Z
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and the W hitney sum  o f bundles corresponds to the product in  E*(B U)jri, x2,
(See Ravenel-Wilson [8] and Kozima [7].)

Example 4 .2 .  F or example, in  H* ,  w e have

/3(x1, x 2 ± x 3)=18(x1, x2, x3)-P(x1, x2)• 48(xi, x3) b y  (4.1)(2).

So one can easily obtain

1+1 n13(1.4,»=(
2 •

) '  Po. i+ j) f o r  i ,  j > 0

and

W e have also

and, by  (4.1)(1)

/3(2, 2, 2)
= 6 .

4
8

(2 ,4 )
- 6 . 13 0 .8 )/

3
( 1. 1)

-
4
82

(1 .2 )•

p(x 3 ,  x d -x 2)= 19(x3, x 1 , x2)• /3(x3, x 1). /3(x 2 , x2)

pcx„ x 2 +x 3 )•p c x 2 , x3)=p(x1+x2, xo-pcx ,, po.
T h is  last equation gives the relations between /30 ,,,.
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