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On the homology of BU(2n, -, «)

By

Kazumoto KozimaA

§1. Introduction

We denote by X(n, ---, o) the (n—1)-connective fibering over X. The cohomology
ring H¥BUQ2n, -, «); F,) was determined by the work of Adams [1], of Stong [9]
and of Singer [8]. The purpose of this paper is to calculate the image of

inst H(BU@n, -+, o)) —> H(BU)

(where 7, is the fiber inclusion) in the stable range *<4n. Our method can be out-
lined as follows. First we construct a map ¢, from the n-fold smash product CP= to
BU(?2n, ---, ). Using this map, we get a system of elements

ﬁlEHZIIl(BU(Zny Sty 00))

where I=(,, 45, =+, 4n), ;>0 and [[|=3X4,, We shall show that 8, generate
H«(BU_2n, ---, ))/Torsion in the stable range. To prove this, we will use a result
of Adams [2] on Hy(bu).

I'd like to thank Professor A. Kono for his valuable advices.

§2. Construction of maps and elements

We write X" for the n-fold smash product of a space X.

Let t,: BUN—BU be the n-fold tensor product of virtual bundles of virtual
dimension zero. We use the same ¢, for its restriction to (CP*)**. Since (CP**" is
(2n—1)-connected, we have a map

fn: (CP°Y\» — BU(2n, +++, o)

such that ipef,=1f,.

Let E be a complex oriented theory. Then E«(CP=) is a free E«(pt)-module
generated by Bi, Bz ==+, B, -+, Where B, is the dual element of the k-th power of
the Euler class xfeE?*CP.). (See Adams [2], part II.) So E<((CP=Y\") is a free
E4(pt)-module generated by

B:,QB:,Q - @B:, Wwhere iy, 4y, -+, 1,>0.
We denote 7.(8:;,Q@B:,& - @B:,)EELBUR2n, -+, o)) as
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Remark. In the case of n=2, BU{4, -+, =) is BSU and {Bqu,,»} generate Ex(BSU)
as algebra. This can be proved by the same way as in Baker [5] or Kozima [7].
(See also Kochman [6].)

§3. The proof of the main result
Let p,: (CP~Y\»—MU(2n) be the map induced from the external product of line
bundles. Then we have the following lemma.

Lemma 3.1. The diagram

Un tn
(CP=Y\» — MUQ2n) —> 2**MU
tnl . ZZ"tl
BU@2n, +++, ) —> 2X*™bu
commutes up to homotopy where t is the Thom map and ¢, the inclusion as the 2n-th term

of spectrum.

Proof. Since bu*((CP*)"*)—»K*(CP=Y**) and K*((CP=Y\")—»K*((CP*)") are monic,
we show it in K*((CP>)"). Let =;:(CP~)»—»CP>= be the i-th projection and & the
canonical line bundle. Clearly ¢,°f, represents

u (& —1)(5—1) - (§,—1)

Where ue K,(pt) is the generator and &§=nfé. On the other hand, by the multipli-
cativity of Thom class, we have

11X & X o+ XE)=1(61)- 1(&2) -+ H(En)
=u" (=1 (=1 - (6a— D).

Proposition 3.2. The image of the composition
Ty
Hy(MU)—> Hy(bu) —> Hy(bu)/Torsion
is epic.
Proof. Let Q, be the localization of Z at a prime p. Since Hy(bu)/TorsionC
HQ(bu), it is sufficient to show
Impety=Imp

where p: Hy(bu)—>HQ,«(bu) for all prime p. By the result of Adams ([2], part I,
proof of 16.5.), HQ,«(bu) is the Q,-subalgebra of Q,[u] generated by u and u?"'/p.
Since H«(MU)=Z[b,, by, -++, by, -] where bpr=0"%:f8:+1) and an easy calculation
shows t«b,=u/2 and ty«b,_,=uP~'/pl, the result follows.

By (3.1), we have
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Tt nuBiy ig s igy = tx(by;1biyor o+ by 1)
where 7,>0 and b,=1. Since
taxs He(BUQ2n, -+, o)) —> Hy(3*"bu)

18 isomorphic for *<4n, the proof of the following theorem is clear.

Theorem 3.3. {B;} generate
H«(BU?2n, -+, «))/Torsion for *>4n.

Corollary 3.4. {7,.;} generate Imi,. for x<4n.

Remark. The condition on the degree is needed in these cases. The first problem
is Hy(BU(6, --+, «))/Torsion. Using an easy argument on the Serre spectral sequence,

one can prove that H,,(BU(6, -+, o))/ Torsion generated S,;» and % B, (thus
H«(BU2n, -+, «))/Torsion is not a polynomial algebra). On the other hand, Im(¢s)
is generated by Bu..» and Be,e.0—3: B, 1.1)=%'}92(1. 1 » at this degree.

§4 Relations between 7,.;

In this section we will give some relations of 7,.8; in Ex(BU). We write §8; for
in+B; in this section. Let

ﬁ(xh Xay ***y xn)
be the formal power series

1+ ﬁ!x!EE*(BU)I[xh Koy *ty xn]l

L(h=n

where {(I) is the length of I and x?=xlix§2 .- xin if I=(3), 1y +++, 70).
Let 4+ be the sum defined by the formal group of E. Then we have the follow-
ing formulae.

Theorem 4.1.
D) B(xrays Xes 5 Xewd)=P(X1, X, =+, X3) for any permutation t.
(2) Bxy, =+ Xr-1, XatEXper, Xpay o5 Xa)=B(X1, v, Xn):
By, =+ Xaoty, Xaar, s Xn) B(Xa, =+, Xay Xrsos =+ Xa) for all k.
Proof. We use the same notations as is the proof of (3.1) and put 7,=§;.,. Then
t, classifies %,7;-- %, and the Boardman image of #, is B(x,, %, -+, x,). Since

ey Pee *** Neey="17z > Na, (1) is clear. (2) follows from the fact that B(x,, -, xx-1,
Xp-FEXr+1, Xpeor , Xq) IS the image of the classifying map of

Ny 77};-1(6k§k+l—1)7)k+2 Mg
-;ﬂl 77k—l77k7)k+17)k+2 77"+v1 vk-l"]kvk+2 cee 7]n+7]1 7]1:—17712+l7]k+2  Na
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and the Whitney sum of bundles corresponds to the product in E«(BU)[xy, X2, ***, Xal.
(See Ravenel-Wilson [8] and Kozima [7].)

Example 4.2. For example, in Hy, We have

.B(xh x2+xa)=,3(xn X2y xs)'ﬁ(xn xz)'ﬁ(xn x3) by (4.1)(2).

So one can easily obtain

and

i+J ..
ﬁu.i-j):( -}Z:J )’ﬁ(:.t+;) for 7, 7>0

,B(z,z.z)=6‘.3(z,4)_6'.3(1.3)190. 1)—.32(1.2) .

We have also

B(xs, x1+x2)=P(%s, X1, X2)* B(Xs, x1): B(Xg, X2)

and, by (4.1)(1)

B(x1, X3+ x35): B(x2, x)=B(x1+ %2, x3): B(x1, B2).

This last equation gives the relations between S, ).

(1]

(2]
[31]

[4]
(51
(6]
L71
L8l

Lol
(10]
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